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SHAPIRO’S UNCERTAINTY PRINCIPLE RELATED TO
THE WINDOWED FOURIER TRANSFORM ASSOCIATED
WITH THE RIEMANN-LIOUVILLE OPERATOR

AYMEN HAMMAMI

(Communicated by D. Han)

Abstract. Quantitative Shapiro’s dispersion uncertainty principle and umbrella theorem are proved
for the windowed Fourier transform associated with the Riemann-Liouville operator.

1. Introduction

In [1], the authors have defined the Riemann-Liouville operator Z; a > 0, by
o 1ol — 1
E/ / Flrsv/1T =12 x+ 1) (1— 2% 2(1 — s5)* Ldrds; if o > 0,
—1/-1

1 /! dt
- V1 =12, x+ rt) ————, if o = 0;
e )

Hao(f)(r,x) =

(1.1)

where f is any continuous function on R?, even with respect to the first variable.

A convolution product * and a Fourier transform % connected with the Riemann-
Liouville operator %, have been defined and many harmonic analysis results have been
established [2, 18]. Also, many uncertainty principles related to the Fourier transform
74 have been proved see for example [16, 17] and the references therein.

In [20], Shapiro has studied the localization for an orthonormal sequence (@ )re N -
He showed that if the means and the dispersions of the orthonormal sequence (@ )re N
and their Fourier transforms (@ )e v are uniformly bounded, then (@ )xc v is finite. In
[12], the authors gave a quantitative version of the Shapiro’s theorem, that is if (@ )re N
is an orthonormal sequence in L?(R), then for every n € N,

n

Y. (o B+1bal3) > (n+1)2 (1.2)
k=0

Mathematics subject classification (2010): 42A38, 44A35.

Keywords and phrases: The windowed Fourier transform, uncertainty principle, Hilbert-Schmidt op-
erator, time-frequency concentration, Fourier transform, dispersion principle, Shapiro’s theorem, Umbrella
theorem.

© depay, Zagreb 1015
Paper OaM-11-70


http://dx.doi.org/10.7153/oam-2017-11-70

1016 A. HAMMAMI

Recently, in [15], the author obtains a quantitative multivariables version of Shapiro’s
theorem for generalized dispersion, in fact the author showed that if (@) v is an
orthonormal sequence in L?(IR¢); then for every positive real number s and for every
ne N*

n
s

Y (11 b 13+11 P ) > Cnl*, (13)
k=1

where C is a constant which does not depend on s. The author obtains also a strong un-
certainty principle of the above theorem by showing that if (@ )ie n is an orthonormal
sequence of L*>(R?), then for every positive real number s,

sup (1] < e |5+ 151 1) = 4. (1.4)
ke N

Time frequency analysis [1 1] plays an important role in harmonic analysis, in par-
ticular in signal theory. In this context, Dennis Gabor [7] has introduced the Gabor
transform, in which he uses translation, convolution and modulation operators of a sin-
gle Gaussian to represent one dimensional signal. The Fourier transform gives no more
than what frequency components exist in the signal, to investigate the time localiza-
tion of the spectral components, one has needed to introduce a time-frequency repre-
sentation through many distribution as notably Weyl-Heisenberg transform, short time
Fourier transform and windowed Fourier transform. The uncertainty principles play
an important role in harmonic analysis. These principles state that a nonzero function
f and its Fourier transform f can not be simultaneously and sharply localized at the
same time. Many mathematical formulations of this fact have been checked in the last
decades [3, 4, 8]. Recently, new uncertainty principles involving these representations
have been investigated with different approaches, we refer in particular to the papers of
Ghobber, Omri and Lamouchi [9, 10, 13], (see also [12, 15, 20]).

Motivated by their impact in real-life signals, we define in this paper the win-
dowed Fourier transform connected with the Riemann-Liouville operator, which was
introduced in [5, 7, 8]. For this, we define the modulation operator for any function g
in L2(dvg) by

Mg e0(8) = Fa (V18 20 (17al@)P) )i V(G &) € 0, xR, (1)

where

2ot gy dx

20T (o+1)V21’
then, L?(dvy); p € [1,4<], is the Lebesgue space on [0, +oo[xR with respect to the
measure dV, and with the L” -norm denoted by |[.|[,,v,, -

e dvy the product measure defined on [0, 4oo[ xR by dvy(r,x) =

e .F, is the so-called Fourier-Bessel transform defined on L!(dvy,) by

V(I A) € [0, +oo[xR: Fo(f)(11,A) = /0 ) L5020 jalrw) e Fdva(r). (16)

e j, [22] is the modified Bessel function defined by

= (D
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® T, ¢, is the translation operator associated with the Riemann-Liouville trans-
form that will be defined in the second section.

Then, for any non-zero window function g in Lz(dva), the windowed Fourier
transform associated with the Riemann-Liouville operator (WFTRL) of any signal f €
L?(dve) with respect to the window g is given by:

KD, E8)) = [ [ F63) T (Mg (@) dvalsny). (1)
We prove for this transform the following Parseval’s formula
LN (M)vove = (flhyve:  f.h€ L(dVa), (1.9)

where Vi & Vg is the product measure on ([0, +oo[xR)? defined by

d(Va ® V) ((r,x)7 (s7y)) =dvy(r,x) @dvy(s,y),

then L?(dvy ®dvg) is the Hilbert space of square integrable functions on ([0, 4-oo[xR)?
with respect to the measure v, ® v, equipped with the inner product

Ulehisne = [ oy (0 (6290 (050, 5) dvalrin) vt

and the norm =/ (f1f)vaove-
We conclude a resolution of identity when g is non-zero positive window, that is

(1R, ngzv [/ [CERCR=)L R
X(M(él7éz>(8>>(-’~>dva(r,x)dva(€1,éz)lh>m

Therefore, the signal f can be recovered from its the WFTRL by

flr) = Hg\lzv //0+°°[X]R (N ((rx), (&1,8)) 7, (1.11)
X (Mg, £,)(2))(, Jave (rx)dva (1, &),

in a weak sense.

In the second part of this work, based on the paper of Malinnikova [15], we will
prove a quantitative Shapiro’s dispersion uncertainty principle for the WFTRL. More
precisely, we show the following result:

If (@m,n) gnn)e w2 be an orthonormal sequence in L?(dvg), then for every positive

real number s and for every nonempty finite subset .#~ C N?, we have

Z (1] [(r,x)]* 74 ((Pmn)Hz va®va+” 1(&1,82) 7/(90111")”2 va®va) (1.12)
(mn)e &

S
> ¢y card( ) T
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where the constant ¢, depends only on s and .
Using the pervious inequality, we obtain the following strong uncertainty principle
for the WFTRL:

sup ([ 1(n ) # (@) B v + I 1(E1 E2)[ P ()|

(m,n)€ N2

S vaovg) =t (1.13)

Next, based on an idea of Malinnikova [15], we will show an analogue of Shapiro’s
Umbrella theorem for the WFTRL, we formulate the following theorem:
Let .# C N? be a nonempty subset and (@mn)(mnyer be an orthonormal se-

quence in L*(dvy,), if there is a function y € L?(dvy ® dVy) such that
‘ %(¢m,n)((r,x);(€l,g2)) | < W((rvx)7(€lag2))7

for every (m,n) € 2 and for almost every ((r,x),(&1,&)) € ([0,+oo[><R)2, then %~
is finite.

2. Harmonic analysis results related to the Fourier transform associated
with the Riemann-Liouville operator

In this section, we recall some harmonic analysis results related to the Fourier
transform associated with the Riemann-Liouville operator (see [1, 2]).

d
Let A} = > and A, be the singular partial differential operator defined by
b

> 2a+l1d 0°
N=—— 42—~ o xR, o >0.
2 8r2+ P i Mk (r,x) €10,4oo[xR, ¢ >0

Then, for all (A9,A) € C?; the system
Aru(r,x) = —idu(r,x);
Apu(r,x) = —kgu(nx);

u(0,0) =1, %(O,x) =0; Vxe R,

admits a unique solution @, ; given by

V(r,x) € [0,+oo[xR; @y 2(nx) = jo(ri/ A3 +22) e, 2.1)

where j, is the modified Bessel function defined by

Ja(2) 1 < (_l)k (Z

2k
o et ),Zg)kll"(a+k+l) _> » 22

Vze C; jo(z) =2°T(a+1) 5

and Jy is the Bessel function of first kind and index . The Bessel functions (Jg) - 1
have been studied by many authors and from many points of view [6, 14]. In particular,
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the modified Bessel function j, has the integral representation

Jol(z) = Mlo+1) )/11(1 —tz)af% exp(—izt)dt. (2.3)

1
Val(a+1) /-

Consequently, for every k € N and z € C; we have } Jo' (2)] < elm@l,

It is known that the eigenfunction ¢, ; is bounded on ]R2 if and only if (A9,A) €
Y, where Y is the set given by

Y = R*U{(id0,A); (A0, A) € R [Ao] <[A[}, (2.4)
and in this case, sup |(p;LO7;L(r,x)} =1.
(rx)e R2

e The function @, ; has the following Mehler integral representation

P2 (1)
—/ / cos (Rorsy/T—12)e H4m) (1 — 203 (1 — )% Lards;if o > 0,
_ ST i 2.5)
— cos 12)e it ,if oo =0.
/ (2o Je V1—1t2

e From the definition of the operator %, given in the first section and the relation
(2.5), we deduce that @y, ; (r,x) = Zq(cos(Ao-)e~™)(r,x) which gives the mutual
connexion between the functions ¢y, ; and cos(ﬂo-)e“%' . For this reason, the operator
P is called the Riemann-Liouville transform associated with the operators A and A, .

The eigenfunction @, ; satisfies the product formula

INa+1)
Qa2 (1X) @1, 4 (5,Y) = \/_i“(a—i— / 9%)/1 \/r2+s2+2rscos(9 x+y) sin?% 0d6.

(2.6)

This formula allows us to define the translation operators and the convolution product.

DEFINITION 2.1. (i) For every (r,x) € [0, +e[xR, the translation operator 7.
with the Riemann-Liouville operator is defined on L?(dvy); p € [1,+e°] by

M i 2 2 . 2a
\/ﬁr(a—k%)/o f(\/r +5%+2rscos0,x+y) sin**(0)d6. (2.7)

(ii) The convolution product of f,g € L'(dvy) is defined for every (r,x) €
[0,+e[xR, by

T(r,x) (f) (S’y) =

f*g(rx) /er/ Tr,—x) )g(s,y)dVe(s,y), (2.8)

whenever the integral exists, where f(s,y) = f(s,—y).
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Moreover, we have the following properties:
e The translation operator satisfies the following product formula

Tw) (025,2)(8,Y) = @3 2. (1.X) 93, 2. (5,Y)- (2.9)
e Forall (r,x) € [0,4<; f€ L'(dVy),

/;m /RT(r.,X)(f)(SaY)dVa(Say) = /0 ” /R F(5,9)dVe(s,). (2.10)

e For every (r,x) € [0,+e[xR, 1., is a positive bounded operator on L?(dVy);
p € [1,4°], and forever f € LP(dvy),

%) D]y, < 1oy @.11)

1 1 1
o If p,q,r € [1,+0o] such that —+ — = 1+ —, then for every f € LP(dvy) and
2} r
g € LY(dvy), the function f x g belongs to the space L"(dVvy) and we have

1S * 8llrve < [1f1p.vellgllgve- (2.12)

Now, using the eigenfunction ¢, ; given by the relation (2.1), we can define the
Fourier transform.

DEFINITION 2.2. Forevery f € L!'(dvy), the Fourier transform of f is defined
by

Jroo
¥(20.2) € ¥, Fa() 0 = [ [ f0)0 (00dva(r0). @.13)

In the following, we give some properties of this transform (see [22, 23]):

e For every f € L'(dvg), the function .Z4(f) is bounded on the set Y and for
every (A0,4) € Y, [ Za(f) (R0, )] <[ fl1.va-

e Forevery f € L'(dvy) and (r,x) € [0,4oo[xR, the function 7, (f) belongs
to L'(dvy) and we have

V(%,A«) S ﬁa (T(rx)(f))(loal) = Opy,2 (r,x)fa(f)().o,k) (2.14)
e Forall f,g € L'(dvy), the function f* g belongs to L!(dv,) and

o Forevery f € L'(dva); Za(f) (Ao, k) = Za(f)(\/ A3 +A2,1), where Zq is
the mapping defined on L' (dv,) by the relation (1.6).

e (Inversion formula) For every f € L!(dvg), such that %( f) belongs to
L' (dvg) and for almost every (r,x) € [0,+oo[xR, we have

162 = [ [ Za().2) falri) & dvau.2)
= Za(Zalf)) (r,—x). (2.16)
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e (Plancherel theorem) The transform % can be extended to an isometric iso-
morphism from L?(dve) onto itself and for every f € L?*(dvy),

v

F3'(f) = Zalf) = Falf). 2.17)

e Forevery f € L'(dvy); g € LP(dVy); p € {1,2}, the function f g belongs to
L?(dvy) and we have

Fo(f*8) = Falf) Falg). (2.18)

e Forall f,g € [*(dvy), the function f+g belongs to %p.(R?) (the space of
continuous functions f on R?, even with respect to the first variable and such that

lim  f(r,x) =0) and we have
r24x2— oo

Frg =T (Falf) Zal®) = Fu(Falf) Fal2). (2.19)

e For all f,g € L*(dvy), the function f g belongs to L?(dvy) if and only if
Fa(f) Fa(g) € L*(dVvy) and in this case;

Fa(f+8) = Falf) Falg). (2.20)

3. The windowed Fourier transform associated
with the Riemann-Liouville operator

In the sequel, we introduce the windowed Fourier transform associated with the
Riemann-Liouville operator and we give some properties, the main references are given
in [4, 5,7, 8].

Forevery g € L*(dvy) and (&1,&) € [0, +oo[xRR; the modulation of g by (&;,&)
is defined by

Mg, &)(8) = Fa (\/%1.,52) (1Za(8)P)) = (2. G.D

From the Plancherel theorem for :/5& and the relations (2.10) and (2.16), we have

Mg, 2 (@)|12ve = 18] |2.v4- (3.2)

For a non-zero window function g in L?(dvy); and all (r,x), (&1,&) € [0, +oo[xR;
we define the function g(,.,) ¢, .&,) by

8. (E1.82) = Tr) (M2, £,)(8))- (3.3)

Forevery f € L*(dvy), we define the windowed Fourier transform associated with the
Riemann-Liouville operator (WFTRL) by

HN(:0,60.8) = [ [ F63) som@a 6 dvalsy), G
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which can be also written in the form

Ye(/)((nx),(81,82)) = (Flg(r). &80 ve = F % 8(E1.80) (1 —X) (3.5)

Moreover, from Cauchy-Schwarz’s inequality and relation (3.2), we get

1PNl vasve < llgl12.ve- (3.6)
The WFTRL possesses the following properties

PROPOSITION 3.1. Let g be a non-zero window function g in L*(dvy).
i. Forevery f € L? (dva), we have the Plancherel-type theorem for Y4

176 (f) lgll2,ve- 3.7)
ii. Forall f,h € L*(dvy), we have the orthogonality-type relation for Ve
(Fe(DN7e(h)vaeve = (1) ve- (3.8)

Proof. 1) From the relations (2.16), (2.20), (3.1), (3.5) and Fubini’s theorem, we
have

I5(f //[0+ z}f*g‘i"‘iz rx| dve(r,x) dve(&1,62)

// //}%(f)(u,v) T(&.8) (|%(g)|2)(u,—v)dva(u,v)>dva(§l,§2)
= [T L1700 P ([ ] (1 Za@)l) G &) dvalér, &) )avaluy)
- [ / Zaln ) Pavaten) [ [ | Zale)(& 8 dvaler&)

2
18112,v4-

ii) Follows from i) by polarization. [

From the relations (3.6), (3.7) and the Riesz-Thorin interpolation theorem [21], we
have

THEOREM 3.2. For every non-zero window function g in L*(dvy) and
f € L*(dvq), the function ¥(f) belongs to LI(dvy ®dVy); 2 < q < oo, with

1% |lgll2,ve- (3.9)

In the following, we establish a reconstruction formula for 7;.

q:Vo DV <

THEOREM 3.3. (Reconstruction formula) Let g € L?(d V) be anon-zero window
function. Then, for every fin L*(dvy), such that V4(f) € L'(dveq @ dVy), we have

169 =i o ZH 06 8D 6 3Vl 61,6,
(3.10)

weakly in L*(dve).
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Proof. From relations (3.4), (3.8) and by Fubini’s theorem, we have for all h in
L?(dvg)

(v = =5 o

2, Vg
HgH2 S o200, (61,60 TG0, (G B v, &)
HgH%V S Lo U sy 0520 61800 5,209

xdva(r X)dva(&1.&2) ) 1ls y>dva<s,y>

(i o H 61080000 0 (el )

which gives the result. [J

4. Mean dispersion theorem for the WFTRL

In this section, g will be a fixed nonzero window function in L?(dvy) with ||g||2.v,

=1 and X be a subset of the time-frequency set ([0,4—00[><R)2 of finite measure 0 <
Vo @ Vg (Z) < oo. We introduce a pair of orthogonal projections on L?(d vy @dVe). The
first, denoted Py, is the orthogonal projection from L*(dvy ® dvy) onto 7 (L*(dvy))
and the second is the time-frequency limiting operator defined by:

Ps(F)=F 15; F € L*(dVy ®dVy,). (4.1)

We begin this section by the following useful lemma which shows that, for a given
window function g, the Hilbert space #;(L?(dVe)) has a reproducing kernel. This
allows to express the orthogonal projection operator over ¥g(L*(dVvq)).

LEMMA 4.1. (Reproducing kernel Hilbert space) The space 74(L*(dvy)) poss-
eses a reproducing kernel [19] given by

%((7’7)6),(51752)7(.Ly),([,hl)) ( )(g(/,t,l))) ((”»x)7(§1,§2))~ 4.2)

H H2va

Furthermore, the kernel Jt, is pointwise bounded, that is

‘%((V,X),(51,&2),(5,)’),(”,2,))‘ < 17 V(V,X),(51752),(5,_)7),(,LL,2,) € [0’+°°[Xﬂi'
(4.3)

Proof. For every ((s,y),(u,1)) € ([0,+oo[><R)2; the function 7, ,)(g(u.1)) be-
longs to L*(dV), consequently, for every ((s,y),(i,A)) € ([07+oo[><R)2; the func-
tion g ((.,.),(,.),(s,), (K, A)) belongs to ¥ (L*(dVy)). Moreover, from Plancherel
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theorem, the relations (2.11) and (3.2),

H‘%fg((v ')v ('7 ')v (s,y)7 (”vk)) H%,va@)va = |‘7/g(r(s,y) (g(u,)L))) I |%,va®va

[1gll3.v, sza

1
= ——— 1Ty @)y, < 1. (44)

Hg| ‘2’V11

(Reproducing property)Let F € ¥4(L*(dva)); F = ¥(f); f € L*(dvey). For every
((5,9),(1,2)) € ([0, —|—<><>[><}R)2 and applying orthogonality property, we get

1
(FI (42 (1 (539, (. 20) e = T (a1 (T (8002 vaove
= (175 (8ua)hva = Y5 () ((5,3), (1,2))
= F((s,y), (. 1)). 4.5)
Now, by the relations (2.11), (3.2), (3.3) and (3.5), we deduce that
1
[ (0500, (81, &0), (590, (A= 17— (T (8100218008120
2.V
1
S Teig s Bua)llzve 80,6120 ll2ve

< L

This achieves the proof. [

The following proposition shows that the WFTRL cannot be concentrated inside a
set with finite measure arbitrary small.

PROPOSITION 4.2. Let £ C ([0,+<><>[><R)2 such that 0 < vq @ v (X) < 1. Then,
forevery f € L*(dvy),

||12F ( H2 Vo:®Vo: 1 —Va®va HgH2 Vo (46)

Proof. From (3.6), we get

1127 (N)]12 18112 v, Ve ® Va(Z).

Now since
15 Ve (DB vgeve = 1760113 — 7N vgeoves
from relation (3.7), we obtain

A > If112.v,

Hence, the proofis complete. [

(1 = veg®@vy(X)).

The following proposition shows that the operator norm ||PsP,|| can be estimated
by Hilbert-Schmidt norm ||PsPy||us -
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PROPOSITION 4.3. The operator PsP, is an Hilbert-Shmidt operator such that

|PPy|| < [|PsPe||1is < v/ Vo @ Va(Z). (4.7)

where ||.|| denotes here the classical operator norm and ||.||gs denotes the Hilbert-
Schmidt norm. Moreover, if ||PsP;|| < 1, then for every f € L*(dvq),

122 Y (F)ll2vaeva = /1= [1Ps Pel > 1| £ll2,ve llg]12,v- (4.8)

Proof. Let F € L*(dvy®dVy); F =Py(F)+G; G L %(L?(dvy)). Forall (s,y),
(1,2) € [0,4o0[xR; the function % ((.,.),(.,.),(s,y), (1, A)) belongsto ¥ (L*(dvy));
S0

<F|‘}gg(('v')7('v')7(S7y)»(uvl))>va®vfx = <Pg(F)|‘}gg(('7°)v('7')»(*9»)})7(”vk))>va®va
= Pg(F)((s,y)7([J,7L)), (49)

because % is a reproducing Kernel of %;(L?(dvq)).
Hence, for every F € L?(dVg ®dVy),

Py Py(F)((s.y), (1. 2))

:/ 2'%@((S7y)v(”7)t')7(rvx)7(51752)) F((rvx)7(él752))dv0€(r7x)dva(§l7é2)7
([0,4oo[xR) 4.10)

where the Kernel 7, is given by

%((S,y), (u,l),(r,x),(él,ég)) = 12((57.)7)’ (“72’))‘%/3’((r’x)7(€1a52)’ (s,y),(u,)t)).

Now, by Fubini’s theorem and the relation (4.4),

S 1o 60050, 0120, (29, (61 ) Pt vt M) v v, &)

= s O (AN IAEC ), (590, (01 ) B e ) Ver(,2)
< Vo ® Ve (Z). (4.11)
The relations (4.10) and (4.11) show that PsP, is an Hilbert-Shmidt operator and that
1PsPel s
=/([07+M[Xw|%((s7y),(Lwl%(F»XL(617éz))\2dva(&y)dva(u,l)dva(m)dva(él,éz)
< Vg @V (Z).

This involves that

|PsPg|| < [|PsPy||rs < / Vo @ Va(Z). (4.12)
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On other hand, for every f € L?(dvy)
lefq//é’(f)H%,va@va = ||7/g(f)‘|%,va®va - ‘|127/g(f)|‘%,va®va'

Now since
174 (f) = PePe(%(f)),
and then from the relation (3.6), we get
115 Y (D Bvgeve = (1= 1PPe) 17 (N1 vacove
= (1= 1P Bl ) [1£113.v,, gl 3.0, - (4.13)

Hence, the proof is complete. [J

THEOREM 4.4. Let % be a finite subset of N*> and let (©mn)(mnye x be an

orthonormal sequence in L*(dvy). Then, for every nonempty finite subset # C N2,
we have

Y (=Y Pma)ll2vaove) < Vo @ Va(Z). (4.14)
(mn)e &

Proof. Let (hn.,m)(n,m)eNZ be an orthonormal basis of L?(dvyq ® dVy), since PsP,
is a Hilbert Schmidt operator satisfying relation (4.7), we deduce that the positive op-
erator P, Py P, satisfies

Z <PgP2Pghm,n

(m,n)eN?

hm,n)m@va = HPZPgH%-]s <Ve® Voc(z) < oo, (4.15)

which means according to [24, Theorems 2.6 and 2.7], that PsP,Ps is a trace class
operator, with

tr(PyPsPy) = ||PsPy||fis < Vo @ Ve (Z). (4.16)

Actually, since (Qm,n)(mne » be an orthonormal sequence in L?(dVy), then by rela-

tion (3.8) we deduce that (7 (@mn))(mn)e » be an orthonormal sequence in L2 (dvy ®
dvy), hence

z <P27/g((Pm,n) | 7/g(‘Pm,n»vc@vc: = 2 <PgPZPg7/g((Pm,n) ‘ 7/g((Pm7n)>Va®Va

(mn)e & (mn)e &
< tr(PyPsPy). 4.17)
Then by (4.16) we obtain
2 (BT Pnn) | V(@) vasve < Vo @ Va(Z). (4.18)
(mn)e &

Then by Cauchy-Schwartz’s inequality,

(P (@mn) | Ve(@mn))vasve = 1= (PecVe(@mn) | Ve(Omn))vaova
21— |1z (@) |2, va@ve - (4.19)
Therefore by (4.18), we deduce the desired result. [
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DEFINITION 4.5. Let € be a positive real number. We say that 7,(f) is €-time-
concentrated on X, if

|15 74 (f)] 2.ve 1812,ve - (4.20)

Then by Theorem 4.4, we shall deduce the following proposition which show that,
if the WFTRL of an othornormal sequence are €- time-frequency concentrated in a

2,Va®Vq < 8Hf|

given centred ball of ([0, +oo[><R)2, then such sequence is necessary finite.

PROPOSITION 4.6. Let 0 < € < 1 and let # C N’ be a nonempty subset and
let (@mn)(mmnyc # be an orthonormal sequence in LX(dVe). If Ve(Qmp) is €-time-

concentrated on B = {((nx), (s,y)) € ([07+°°[><R)2; P+x?+s2+y2 < pz}, then,
the subset J¢ is finite and

_ p4a+6
220837200 +4)(1— €)'

card(X) (4.21)

Proof. Let J#1 C £ be a nonempty finite subset, then by Theorem 4.4, it follows
that

Y (= e Ye(@ma)llvesva) < Va ® Va(BY). (4.22)

(mn)e ot

However for every (m,n) € 1, \|1<B;)C”f/g((pm7n)| 2vesve < €, and we have

40+6
P

g — 42
203200+ 4) 2

Vo Vo (B;)

This involves that for every finite subset %] of JZ", we have
p4a+6
(1—¢g)2203T200+4)

card(J4]) <

which means that 7" is a finite subset and satisfies relation (4.21). [

Therefore if the generalized dispersion of the elements of an orthonormal sequence
is uniformly bounded then this sequence is finite and we can give a bound on the number
of elements in that sequence. More precisely:

COROLLARY 4.7. Fix A > 0. Let J# be a nonempty subset of N*> and let
(@mn) (mmn)e s be an orthonormal sequence in L?(dvy) that satisfies

11020, (&1, &) T (@m0 < 4. (4.24)
Then ¢ is a finite subset and
2(206+3)(2/.\'71)+1

AYOFO, 4.2
F(200+4) (4.25)

card( ) <
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Proof. Since

2vaove <P IH((1%), (81562))1 Ve (@mn)]

HI(B;)"%((Pm,n”

2,Va®@Ve 1

then if we choose p = A 2!/%, we deduce that for every (m,n) € H#'; Yg(@mn) is 1-
time-concentrated in the ball B;. Therefore from Proposition 4.6 we obtain the desired
result. [

LEMMA 4.8. Let s > 0 and let ((Pm,n)(m,n)e N2 be an orthonormal sequence in
L?(dVy). Then, there exists jo € 7 such that

Wim,n) € N2, || (), (1, E)I Ye(@ma) ||y v = 27 (4.26)
Proof. Forevery je Z,let
Py ={(mn) € N2 271 <[] 1((10), (81, 8 4 (@ma) 1} vy < 27}

Then, N> = | | P;, Pj, NP;, =0 if ji # j, and for every (m,n) € P;,
j€z
s 1/s 1
[1105), (1, E) F (@man) 15y <2 (4.27)
Applying Corollary 4.7, we deduce that P; is finite and
2(20¢+3)(%71)+1(2j)4a+6

d(p)) <
card(F;) T(20+4)

(4.28)

Thus, for j negative and |j| sufficiently large, we get card(P;) =0 or P;j = 0. This
means that there exists jo € Z such that Vj < jo, P; = 0. So,

~+oo
N=Jp=P. O (4.29)
Jje Z J=Jo
Then we have an analogue of Shapiro’s uncertainty principle for the WFTRL and

the proof of this Theorem is inspired from the paper of Malinnikova [15], who proved
a similar result for the usual Fourier transform (1.3).

THEOREM 4.9. (Shapiro’s uncertainty principle for the WFTRL)
Let (Qmpn) (mnye n2 be an orthonormal sequence in L?(dvy), then for every positive

real number s and for every nonempty finite subset # C N?, we have

Y ()o@l B vgeve + 11 1ELE Ve (@ma) Bvpov,)  (4:30)
(mn)e &

> Coa card(%)““m.

(2446 _ [(200+ 4)) =53

where cg o = ( 2(2a+3)(4+%>+2
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k
Proof. Let jy be defined in Lemma 4.8. For every k > jo, we put Q; = U P;.
J=Jo
From the relation (4.28),
card(Qy) = Z card(P o 20800 (k+1) (4.31)
Jj=jo
2(20(+3)(2/s71)+1
h so = .
WHETE e = 86 1T 20+ 4)
i) If card(#) > 2 ag o 214400+ 1); et k > jo such that
2 a5 24K L card () < 2 ay o 240TORHD, (4.32)
From the relations (4.31) and (4.32), we have
d(#
card(Q_1) < % : (4.33)

On the other hand,
> (X)) Y (@ma)| 3

(mn)e A

= X ), (G 8)) P Y (Pnan) B v,

(mn)€ A NQx—1

+ X ), G &) Ye(oma) |12

(mpn)e A \Qr—1

> Y ), (6 &) e (Pman) B v

(mn)e A \Or—1

But, for every (m,n) € # \ Q1.

111((rx), (&1, 62)) Y2 (@) |3

Then, from the relations (4.32) and (4.33), we deduce that

Y 1), (61, E) e (@nn) 3 vpove

(mn)e &

4(k71)s

=

4(k 1)s S card(F\ Q1) = 4k=1)s %
( (2%0t6 2a+4)

2a+3 +3)42

2a+3 s
) card(.# ) T3

Thus,

Y UG e @nn)l3 vgeve + G EDI Ve (@ma)ll2

(mn)e A

)

> c_y7acard(z%/)l+ﬁ.
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i) If card(#) < 2 ag,o 214 T0)U0t1) | By Lemma 4.8, we have
> (), (G &) Y (@) vy ove
(mn)e A

24046 _Ir2o+4
2(2043)(3+3)+2

> card(¢) 4Uo=1s > ( ( )) T card( )RS, (434)

Then,

Y (e e @nn)l2 vgeve + 1111 EP Ye(@ma)l
(mn)e A

2
2,va®va)

> ¢y gcard( ) T,
This complete the proof. [J

The last dispersion inequality implies in particular that, there does not exist an
infinite sequence (@m,n)(mnn)ene Of L*(dvy) such that the two sequences

(1121 Y (@) 3. v v manyene

and
2 )
2,Va®Va (m,n)GNZ

(1S, 62)I Ve (@mn)]

are simultaneously bounded. More precisely:

COROLLARY 4.10. Let (@) n)e w2 be an orthonormal sequence in L*(dvq),

then for every positive real number s and for every nonempty finite subset # C N2,
we have

( Sl)IPX{H (50 e (@mn) B vgiove + 11 181,82 % (@n)|Bpove ) (439)
mn)e

> Csa card(%)ﬁ.

In particular, we obtain the following strong uncertainty principle for the WFTRL who
proved a similar result for the usual Fourier transform (1.4):

sup (|1 1(n) "7 (@ma) 3 voove + 11 1E1:E2)[ Y (@)

(m,n)€ N2

3 vyovy) = oo (4.36)

Next, we shall prove an analogue of Shapiro’s umbrella theorem for the WFTRL.
More precisely:

THEOREM 4.11. (Shapiro’s umbrella theorem for the WFTRL) Let .# C N? be
a nonempty subset and (@) (mnc » be an orthonormal sequence in L2(dvy), if
there is a function W € L*(dVy ® dVy) such that

‘ %g((pm,")((nx)?(éhéz)) | < W((r7x)v(§l7§2))v

for every (m,n) € 2 and for almost every ((r,x),(&1,&)) € ([0,—|—°°[><R)2, then &
is finite.
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Proof. Following the idea of Malinnikova [15, Corollary 2], for every positive real
number 0 < € < 1, there is a subset Ay . C ([0,4—00[><R)2 such that

Va ®Va(Au/,e) = inf{Va & Va(Z)QH Isey H2,va®va < 3}7

and

J L | P00, (6080) P dvar)ava6rn) =2

Hence, according to the hypothesis, for every (m,n) € %, we have

/] | Heloman) (), (61,8)) P dVa(ro)dva(&r, &) <€ (437)
([0, oo xR)\Ay
Let J#1 C ¢ be a nonempty finite subset, then by Theorem 4.4, it follows that

> (1- |‘I(Al,,ﬁg)c"f/g((l’m,nﬂ|2,va®va) < Va @ Va(Aye)-
(mn)e o

Therefore, by (4.37), we can conclude that for every finite subset 7] of %", we have

1
Card(%) < : Vo & V(‘X(A],/’g).

which means that ¢ is a finite subset and

card(. %) < % Vo @ Ve (Aye). O (4.38)
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