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Abstract. We define the differential-difference operator which generalizes the Dunkl operator
and the Bessel-Struve operator in the space of analytic functions in an arbitrary starlike p -
symmetric domain of the complex plane with respect to the origin, where p is some positive
integer. We investigate conditions of the equivalence of this operator to the power of the usual
differentiation. We describe the commutant of this operator. We establish the hypercyclicity and
the chaoticity of this operator. We investigate properties of diagonal operators induced by the
Taylor coefficients of the generalized hypergeometric function.

1. Introduction

Let G be an arbitrary domain of the complex plane. By H (G) denotes the space
of all analytic functions in G equipped with the topology of compact convergence. By
L (H (G)) we denote the set of all linear continuous operators in the space H (G) .

Let α be an arbitrary complex number. If G is a symmetric domain of the complex
plane with respect to the origin, then the Dunkl operator Λα acts in the space H (G)
according to the rule

(Λα f )(z) = f ′(z)+ α
f (z)− f (−z)

z
.

This operator has been introduced by Dunkl in [9]. The Dunkl operator and some of
its modifications in spaces of analytic functions were studied in [2, 3, 4, 5, 14]. Let
G be an arbitrary domain of the complex plane containing the origin and α ∈ C . The
Bessel-Struve operator lα acts in the space H (G) according to the rule

(lα f )(z) = f ′′(z)+ α
f ′(z)− f ′(0)

z
.

In [10] the harmonic analysis associated with the Bessel-Struve operator in the space
of entire functions H (C) was studied in the case α > 0. Similar investigations can
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one find in [11] for the space of analytic functions in circular domains. Further investi-
gations of various properties of the Bessel-Struve operator in various functional spaces
can be found in [12, 13, 15].

In this paper we define the differential-difference operator which generalizes the
Dunkl operator and the Bessel-Struve operator. We study some properties of this
differential-difference operator in the space of analytic functions in domains. Let m

and p be arbitrary fixed positive integers, ω = exp
(

2π i
p

)
. Suppose G is an arbitrary

starlike domain of C with respect to z = 0 that is invariant under the rotation about the
origin by the angle 2π

p , i.e., ωG = G . Note that a domain G of the complex plane is
called p -symmetric with respect to the origin if ωG = G .

For any complex numbers α j , j = 0, p−1, by B we denote the operator which
acts in the space H (G) according to the rule

(B f )(z) = f (m)(z)+
p−1

∑
j=0

α j
f (m−1)(ω jz)− f (m−1)(0)

z
, (1)

z ∈ G\{0} , (B f )(0) =

(
1+

p−1
∑
j=0

α jω j

)
f (m)(0) . If G is a starlike domain of the com-

plex plane with respect to the origin, then the operator B can be represented in the
following form:

(B f )(z) = f (m)(z)+
p−1

∑
j=0

α j

ω j∫
0

f (m)(tz)dt. (2)

It follows from (2) that the operator B acts linearly and continuously in the space
H (G) .

If m = 1, p = 2 and α1 = −α0 , then the operator B coincides with the Dunkl
operator Λα0 . If m = 2, p = 1 or m = p = 2, α1 = 0, then the operator B coincides
with the Bessel-Struve operator lα0 . Therefore, the operator B generalizes the Dunkl
operator and the Bessel-Struve operator. The Dunkl operator and the Bessel-Struve op-
erator are equivalent to the differentiation and the square of differentiation respectively
in different functional spaces. This fact is significantly used in studying properties of
the Dunkl operator and the Bessel-Struve operator.

2. Preliminaries

Recall that two linear continuous operators A and B acting in a topological vector
space H are called equivalent if there exists an isomorphism S of H such that SA = BS .
Herewith the operator S is called a transmutation of A into B . Transmutation operators
were first introduced by Delsarte in [6] for studying of the equivalence of differential
operators.

In order to prove the equivalence of the operators lα and d2

dz2
the transmutation

operator has been constructed in [10, 11] in the form of the infinite operator series.
This method was introduced by J. Delsarte and J. L. Lions in [7] for the proof of the
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equivalence of differential operators of finite order in the space of entire functions.
Therefore, such transmutation operators are called the Delsarte-Lions series. In order
to prove the continuity and the isomorphicity of the Delsarte-Lions operator series in
H (C) the possibility of expanding an arbitrary entire function in a power series was
used significantly. The above-mentioned method for constructing of the transmutation
operator for differential operators does not work for solving analogous problems in the
space of analytic functions in non-circular domains G , since functions of the space
H (G) cannot be expanded as a power series.

In this paper we study the conditions of equivalence of the operator B to the op-
erator of m-fold differentiation in the space H (G) . For the pair of these operators we
construct the transmutation operator in the form of a diagonal operator. For this pur-
pose, we shall study the general properties of diagonal operators in the space H (G) .
Results obtained in the process will be used to describe the commutant of the operator
B . In addition, we establish the conditions of the hypercyclicity and the chaoticity of
one class of operators.

3. Properties of diagonal operators induced by the Taylor coefficients of the
generalized hypergeometric function

Let G be an arbitrary domain of the complex plane containing the origin. Then the
formula (Δ f )(z) = f (z)− f (0)

z , z �= 0, (Δ f )(0) = f ′(0) defines the Pommiez operator Δ .
The operator Δ acts linearly and continuously in the space H (G) .

If G is a starlike domain of the complex plane with respect to the origin, then by
J denote the integration operator which acts linearly and continuously in the space

H (G) according to the rule (J f )(z) =
z∫
0

f (t)dt ; the integration is carried out along

the straight line segment joining the points 0 and z . By Uz and E denote the operator
of multiplication by the independent variable and the identity operator respectively. By
D denote the operator of differentiation. For any a ∈ C , n ∈ N denote by (a)n the
Pochhammer symbol, i.e., (a)n = a(a+1) . . .(a+n−1) , n � 1, (a)0 = 1.

LEMMA 1. Let G be an arbitrary starlike domain of the complex plane, a ∈ C .
Then the diagonal operator Pa acting on powers of z according to the rule Pa(zn) =
(a)n
n! zn , n = 0,1, . . . can be extended to an operator of the class L (H (G)) .

Proof. Let m be an arbitrary fixed positive integer. For any a ∈ C , 0 < Rea < m ,
by Qa denote the operator acting according to the rule

(Qa f )(z) =
1

Γ(a)Γ(m−a)

(
m−1

∏
j=1

(UzD+ jE)

) 1∫
0

(1− t)m−a−1ta−1 f (zt)dt.

Note that the operator Qa belongs to the class L (H (G)) . For any n = 0,1, . . . we
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have

(Qa)(zn) =
1

Γ(a)Γ(m−a)

(
m−1

∏
j=1

(n+ j)

)
Γ(m−a)Γ(n+a)

Γ(n+m)
zn =

(a)n

n!
zn.

Therefore, for all 0 < Rea < m the operator Pa can be extended to an operator from the
class L (H (G)) by the following formula Pa = Qa . By virtue of the arbitrariness of
m we get that the operator Pa can be extended to an operator from the class L (H (G))
for all a ∈ C , Rea > 0.

By δk denote the linear continuous functional acting on the space H (G) by the
rule δk( f ) = f (k)(0) , k = 0,1, . . . . Let m ∈ N , a ∈ C , Rea > −m . Then the formula

Ra = (a)mJ mPa+mΔm +
m−1

∑
k=0

(a)k

(k!)2Uk
z δk

defines the operator Ra of the class L (H (G)) . If n < m , then we have

Ra(zn) =
m−1

∑
k=0

(a)k

(k!)2 zkδk(zn) =
(a)n

n!
zn.

If n � m , then

Ra(zn) = ((a)mJ mPa+mΔm) zn = (a)m(J mPa+m)(zn−m)

= (a)m
(a+m)n−m

(n−m)!
J m(zn−m) = (a)m

(a+m)n−m

(n−m)!
(n−m)!

n!
zn =

(a)n

n!
zn.

Thus, Pa(zn) = Ra(zn) , n = 0,1, . . . . Therefore, for all a ∈ C , Rea > −m , the operator
Pa can be extended to an operator of the class L (H (G)) by the rule Pa = Ra . Since
m is an arbitrary fixed positive integer, the operator Pa can be extended to an operator
of the class L (H (G)) for all a ∈ C . �

Henceforth throughout the paper by Pa , a∈C , we denote the operator of the class
L (H (G)) such that Pa(zn) = (a)n

n! zn , n = 0,1, . . . .

LEMMA 2. Suppose G is an arbitrary starlike domain of the complex plane with
respect to the origin, a ∈ C . The operator Pa is an isomorphism of the space H (G) if
and only if

a �= −n, n = 0,1, . . . . (3)

Proof. Necessity. Assume that the operator Pa is an isomorphism of the space
H (G) . Assume that (3) does not hold. Hence Pa has a non-trivial zero in the space
H (G) . We obtain a contradiction, since Pa is an isomorphism of the space H (G) .

Sufficiency. Suppose that (3) holds. Let us choose an arbitrary m ∈ N such that
Rea > −m . By P̃a denote the operator acting by the rule

(P̃a f )(z) =

(
m−1

∏
j=0

(a+ j)

)−1( m

∏
j=0

(UzD+(a+ j)E)

) 1∫
0

(1− t)a+m−1 f (tz)dt.
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The operator P̃a belongs to the class L (H (G)) . For all n = 0,1, . . . we have

P̃a(zn) =

m
∏
j=0

(n+a+ j)

m−1
∏
j=0

(a+ j)

Γ(a+m)Γ(n+1)
Γ(a+m+n+1)

zn

=

n+m
∏
j=n

(a+ j)

m−1
∏
j=0

(a+ j)

Γ(a+m)n!
m+n
∏
j=m

(a+ j)

zn

Γ(a+m)
=

n!
(a)n

zn.

Therefore, (PaP̃a)(zn) = (P̃aPa)(zn) = zn for all n = 0,1, . . . . Since the system (zn)∞
n=0

is complete in H (G) , the operator Pa is an isomorphism of the space H (G) and
P−1

a = P̃a . �

THEOREM 1. Suppose G is an arbitrary starlike domain of the complex plane
with respect to the origin, a,b ∈ C and

b �= −n, n = 0,1, . . . . (4)

Then the operator Sa,b acting on powers of z according to the rule

Sa,b(zn) =
(a)n

(b)n
zn, n = 0,1, . . . ,

can be extended to an operator of the class L (H (G)) .

Proof. Since (4) holds, by Lemma 2 the operator Pb is an isomorphism of the
space H (G) . For all n = 0,1, . . . we have Sa,b(zn) = (PaP

−1
b )(zn) . Therefore, the

operator Sa,b can be extended to an operator of the class L (H (G)) by the rule Sa,b =
PaP−1

b . �

THEOREM 2. Let G be an arbitrary starlike domain of the complex plane with
respect to the origin, a,b∈C . Suppose that conditions (3) , (4) hold. Then the operator
Sa,b is an isomorphism of the space H (G) .

Proof. The operators Pa , Pb are isomorphisms of the space H (G) . Since Sa,b =
PaP

−1
b , the proof is complete. �

COROLLARY 1. Suppose G is an arbitrary starlike domain of the complex plane
with respect to the origin. Let l be a fixed positive integer, a = (a j)l

j=1 , b = (b j)l
j=1 ∈

Cl , a j,b j �= −k , k = 0,1, . . . for all j = 1, l . Then the operator Sa,b acting on powers
of z according to the rule

Sa,bz
n =

(a1)n(a2)n . . . (al)n

(b1)n(b2)n . . . (bl)n
zn, n = 0,1, . . . ,

can be extended to an isomorphism of the class L (H (G)) .



1038 ST. LINCHUK AND Y. LINCHUK

Proof. If l = 1, then Corollary 1 coincides with Theorem 2. For all l ∈ N Lemma
1 is obtained by induction over l . �

Let G be an arbitrary starlike m-symmetric domain of the complex plane with
respect to the origin. By Hk(G) , k = 0,m−1, denote the closed subspaces of the
space H (G) which are determined as follows:

Hk(G) = { f ∈ H (G) : f (ωz) = ωk f (z),∀z ∈ G},

ω = exp 2π i
m . It was shown in [8] that the space H (G) is a direct sum of subspaces

Hk(G) , k = 0,m−1, i.e.

H (G) = H0(G)⊕H1(G)⊕ . . .⊕Hm−1(G).

An arbitrary f ∈ H (G) can be represented uniquely in the form f (z) =
m−1
∑
j=0

f j(z) ,

z ∈ G , where f j ∈ H j(G) , j = 0,m−1. Herewith

f j(z) = (Pj f )(z) =
1
m

m−1

∑
l=0

ω− jl f (ω l z).

The operators Pj are projectors in the space H (G) and H j(G) = Pj(H (G)) , j =
0,m−1. Thus, an arbitrary function f ∈ H (G) can be represented in the form

f (z) =
m−1

∑
j=0

(Pj f )(z). (5)

By Gm denote the set {zm : z ∈ G} . Clearly, the domain Gm is starlike with respect
to the origin, since the domain G has the same property. It was shown in [8] that
the subspace H j(G) , j = 0,m−1, is isomorphic to the space H (Gm) . Herewith the
operator Uj acting by the rule (Ujg)(z) = z jg(zm) , j = 0,m−1 is an isomorphism of
H (Gm) on H j(G) . From the above assertions we deduce the following result.

LEMMA 3. Let G be an arbitrary starlike m-symmetric domain of the complex
plane with respect to the origin. Then an arbitrary function f of H (G) can be repre-
sented uniquely in the form

f (z) =
m−1

∑
j=0

z j f j(zm), (6)

z ∈ G, where f j ∈ H (Gm) , j = 0,m−1 .

THEOREM 3. Suppose m and l are positive integers. Let G be an arbitrary
starlike m-symmetric domain of the complex plane with respect to the origin. Let

c(r),a(r)
j ,b(r)

j , r = 0,m−1 , j = 1, l , be complex numbers such that c(r) �= 0 , a(r)
j �=−n,
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b(r)
j �= −n, n = 0,1, . . . . Then the operator T acting on powers of z according to the

rule

Tzmn+r = c(r)

(
a(r)

1

)
n

(
a(r)

2

)
n
. . .
(
a(r)

l

)
n(

b(r)
1

)
n

(
b(r)

2

)
n
. . .
(
b(r)

l

)
n

zmn+r, (7)

r = 0,m−1 , n = 0,1, . . . , can be extended to an isomorphism of the space H (G) .

Proof. Let us denote

γmn+r = c(r)

(
a(r)

1

)
n

(
a(r)

2

)
n
. . .
(
a(r)

l

)
n(

b(r)
1

)
n

(
b(r)

2

)
n
. . .
(
b(r)

l

)
n

, (8)

r = 0,m−1, n = 0,1, . . . . First, it will be proved that the operator T can be extended
to an operator of the class L (H (G)) .

For any r = 0,m−1 by Tr denote the operator acting on powers of z according
to the rule Tr(zn) = γmn+rzn , n = 0,1, . . . . It follows from (8) and Corollary 1 that the
operator Tr , r = 0,m−1, is an isomorphism of the space H (Gm) . Let us choose an
arbitrary function f of H (G) . Let us represent the function f in the form (6) , where
f j ∈ H (Gm) , j = 0,m−1. By T̃ denote the operator acting by the rule

(T̃ f )(z) =
m−1

∑
j=0

z j (Tj f j) (zm), z ∈ G.

Since Tj ∈ L (H (Gm)) for all j = 0,m−1, the operator T̃ belongs to the space
L (H (G)) . For all r = 0,m−1, n = 0,1, . . . we have T̃ zmn+r = γmn+rzmn+r . There-
fore, the operator T̃ is an extention of the operator T to the operator of the class

L (H (G)) . Note that the sequences (γn)∞
n=0 and

(
1
γn

)∞

n=0
have the same structure.

Hence, the operator T ′ acting on powers of z by the rule T ′zn = 1
γn

zn , n = 0,1, . . . ,
can be extended to an operator from the class L (H (G)) . For all n = 0,1, . . . we
have (TT ′)(zn) = (T ′T )(zn) = zn . Since the system {zn}∞

n=0 is complete in the space
H (G) , TT ′ = T ′T = E . Therefore, the operator T ′ is inverse to the operator T . Thus,
the operator T is an isomorphism of the space H (G) . �

4. Equivalence of the operator B to the power of the usual differentiation in the
space H (G)

If the operator B is defined by (1) , then B(zn) = 0, n = 0,m−1, and B(zn) =
n!

(n−m+1)!λnzn−m ,

λn = n−m+1+
p−1

∑
j=0

α jω j(n−m+1), (9)

n = m,m+1, . . . .
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THEOREM 4. Suppose p and m are positive integers such that p is divisible by
m. Let G be an arbitrary starlike p-symmetric domain of the complex plane with
respect to the origin. The operator B is equivalent to the operator Dm in the space
H (G) if and only if

λn �= 0, n = m,m+1, . . . . (10)

Proof. Necessity. Assume that the operator B is equivalent to the operator Dm in
the space H (G) . Since dimensions of kernels of equivalent operators are equal among
themselves and dimKer(Dm) = m , dimKer(B) = m . It follows from (1) that B(zn) = 0
for all n = 0,m−1. Therefore, zn ∈Ker(B) , n = 0,m−1. Since dimKer(B) = m ,
B(zn) �= 0, n � m . Herewith B(zn) = n!

(n−m+1)!λnzn−m , n � m . Therefore, (10) holds.

Sufficiency. Assume that (10) holds. Let γr , r = 0,m−1, be arbitrary non-zero
complex numbers. Let

γmn+r = γr

n−1
∏

ν=0
(νm+ r+1)

n−1
∏

ν=0
λ(ν+1)m+r

, (11)

n = 1,2, . . . , r = 0,m−1. By M denote the operator acting on powers of z according
to the rule

Mzmn+r = γmn+rz
mn+r, (12)

n = 0,1, . . . , r = 0,m−1. Let us show that the operator M can be extended to an
isomorphism of the space H (G) . Let us transform the numbers γpn+r , where r =
0, p−1, n = 0,1, . . . . Since p is divisible by m , p = ml , where l ∈ N . Let us represent
r in the form r = mq+ r1 , where q = 0, l−1, r1 = 0,m−1. Then

γpn+r = γm(ln+q)+r1 = γr1

ln+q−1
∏

ν=0
(νm+ r1 +1)

ln+q−1
∏

ν=0
λ(ν+1)m+r1

= γr1

q−1
∏

ν=0
(νm+ r1 +1)

ln+q−1
∏

ν=q
(νm+ r1 +1)

q−1
∏

ν=0
λ(ν+1)m+r1

ln+q−1
∏

ν=q
λ(ν+1)m+r1

= cr

ln−1
∏

μ=0
((μ +q)m+ r1 +1)

ln−1
∏

μ=0
λ(μ+q+1)m+r1

with c(r) = γr1

q−1
∏

ν=0

νm+r1+1
λ(ν+1)m+r1

, r = mq+ r1 and the product on an empty set of indices is

equal 1. Thus,

γpn+r = c(r)

ln−1
∏

μ=0
((μ +q)m+ r1 +1)

ln−1
∏

μ=0
λ(μ+q+1)m+r1

. (13)
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Let us transform the numerator and denominator of the right-hand side of (13) . Since
ln−1
∏

μ=0
dμ =

l−1
∏
s=0

n−1
∏
k=0

dkl+s ,

ln−1

∏
μ=0

λ(μ+q+1)m+r1 =
l−1

∏
s=0

n−1

∏
k=0

λ(kl+s+q+1)m+r1

=
l−1

∏
s=0

n−1

∏
k=0

(
mkl +ms+mq+ r1+1+

ml−1

∑
j=0

α jω j(ms+mq+r1+1)

)

=
l−1

∏
s=0

n−1

∏
k=0

(mkl + λm(s+q+1)+r1) =
l−1

∏
s=0

(ml)n
n−1

∏
k=0

(
k+

λm(s+q+1)+r1

ml

)

=
l−1

∏
s=0

(ml)n
(λm(s+q+1)+r1

ml

)
n
= (ml)nl

l−1

∏
s=0

(λm(s+q+1)+r1

ml

)
n
.

Similarly,

ln−1

∏
ν=0

((μ +q)m+ r1 +1) =
l−1

∏
s=0

n−1

∏
k=0

((kl + s+q)m+ r1 +1)

=
l−1

∏
s=0

(ml)n
n−1

∏
k=0

(
k+

ms+mq+ r1 +1
ml

)

=
l−1

∏
s=0

(ml)n
(

ms+mq+ r1 +1
ml

)
n

= (ml)nl
l−1

∏
s=0

(
ms+mq+ r1 +1

ml

)
n
.

Denote a(r)
s = ms+mq+r1+1

ml , b(r)
s =

λm(s+q+1)+r1
ml . Then (13) can be represented in the

following form:

γpn+r = c(r)
l−1

∏
s=0

(
a(r)

s

)
n(

b(r)
s

)
n

.

It follows from (10) that c(r) �= 0, a(r)
s �= −n , b(r)

s �= −n , r = 0, p−1, s = 0, l−1,
n = 0,1, . . . . Then by virtue of Theorem 3 the operator M can be extended to an iso-
morphism of the space H (G) .

For all n = 1,2, . . . , r = 0,m−1 we have

(BM)(zmn+r) =
(mn+ r)!

(m(n−1)+ r+1)!
λmn+rγmn+rz

m(n−1)+r

=
(mn+ r)!

(m(n−1)+ r)!
γm(n−1)+rz

m(n−1)+r = (MDm)(zmn+r).

Hence, (BM)(zn) = (MDm)(zn) , n = 0,1, . . . . Since the system (zn)∞
n=0 is complete

in the space H (G) and {B,M,Dm} ⊂ L (H (G)) , the above equalities imply that
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BM = MDm . Therefore, the operator B is equivalent to the operator Dm in the space
H (G) . �

The proof of sufficient conditions of Theorem 4 implies the following result.

COROLLARY 2. Let p and m be arbitrary integers such that p is divisible by
m. Let G be an arbitrary starlike p-symmetric domain of the complex plane with
respect to the origin. Suppose α j , j = 0, p−1 are complex numbers, the numbers λn ,
n = m,m + 1, . . . are defined by (9) and (10) holds. Then the operator M acting on
powers of z according to the rule (12) can be extended to an isomorphism of the space
H (G) , where γmn+r , n = 1,2, . . . , r = 0,m−1 are defined by (11) , γr , r = 0,m−1
are complex numbers.

For the Dunkl operator Λα , α ∈ C , we have λn = n + α
(
1+(−1)n+1

)
, n =

1,2, . . . . Therefore, Theorem 4 implies that if G is a starlike symmetric domain of the
complex plane with respect to the origin, then the Dunkl operator Λα is equivalent to
the operator D in the space H (G) if and only if

α �= 1−2k
2

, k = 1,2, . . . .

In particular, this allows to find the result obtained in [10] by Gasmi and Sifi in the
space H (C) since they deal with α > 0 (proposition 2.1 and remark 2.2).

For the Bessel-Struve operator lα , α ∈ C , we have λn = n−1+ α , n = 2,3, . . . .
Therefore, Theorem 4 implies that if G is a starlike symmetric domain of the complex
plane with respect to the origin, then the Bessel-Struve operator lα is equivalent to the
operator D2 in the space H (G) if and only if

α �= −n, n = 1,2, . . . .

In particular, this allows to find the result obtained in Theorem 2.2 [16] by Ben Salem
and Kallel in the space H (C) since they deal with α > 0 (proposition 2.1 and remark
2.2).

5. Commutant of the operator B

Let (βn)∞
n=0 be a sequence of non-zero complex numbers. The operators of gen-

eralized differentiation Dβ and generalized integration Jβ induced by the sequence

(βn)∞
n=0 act on powers of z according to the rules Dβ (zn) = βn−1

βn
zn−1 , n = 1,2, . . . ,

Dβ (1) = 0, Jβ (zn) = βn+1
βn

zn+1 , n = 0,1, . . . respectively.

LEMMA 4. Let p and m be arbitrary integers such that p is divisible by m. Let
G be an arbitrary starlike p-symmetric domain of the complex plane with respect to
the origin. Let α j , j = 0, p−1 be complex numbers. Suppose that the numbers λn ,
n = m,m+1, . . . , are defined by (9) and (10) holds. Suppose that the numbers γmn+r ,
n = 1,2, . . . , r = 0,m−1 , are defined by (11) , where γr , r = 0,m−1 are non-zero
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complex numbers. Then the operators Dβ and Jβ induced by the sequence βn = γn
n! ,

n = 0,1, . . . can be extended to operators of the class L (H (G)) by the following
formulas

Dβ = MDM−1, Jβ = MJ M−1, (14)

where the operator M is defined by Corollary 2.

Proof. For all n = 0,1, . . . we have

Dβ (zn) = (MDM−1)(zn), Jβ (zn) = (MJ M−1)(zn).

Therefore, the operators Dβ and Jβ can be extended to operators of the class L (H (G))
by formulas (14) . �

COROLLARY 3. Under the conditions of Lemma 4 the equality B = Dm
β holds.

Proof. It follows from Theorem 4 and Lemma 4 that B = MDmM−1 , Dβ = MDM−1 .
Therefore, B = (MDM−1)m = Dm

β . �

COROLLARY 4. Under the conditions of Lemma 4 the operator Dβ is equivalent
to the operator D and the operator Jβ is equivalent to the operator J in the space
H (G) .

Let us describe the commutant of the operator B in the space H (G) , i.e., we
find all operators T ∈ L (H (G)) such that TB = BT . For this purpose, we need the
description of the commutant of the operator Dm in the space H (G) . It was shown
in [17] that if G is a bounded starlike m-symmetric domain of the complex plane with
respect to the origin, then the general form of operators T1 of the class L (H (G))
such that T1Dm = DmT1 can be represented by the formula

T1 =
m−1

∑
r=0

PrJ
r

∞

∑
j=0

c(r)
j D j, (15)

where (Pr f )(z) = 1
m

m−1
∑
l=0

ω−rl f (ω l z) , ω = exp 2π i
m . Herewith the following condition

lim
j→∞

j
√

j!|c(r)
j | = 0, r = 0,m−1 (16)

holds.

THEOREM 5. Let p and m be arbitrary positive integers such that p is divisible
by m. Let G be an arbitrary bounded starlike p-symmetric domain of the complex
plane with respect to the origin. Let α j , j = 0, p−1 , be complex numbers. Suppose
that the numbers λn , n = m,m+1, . . . , are defined by (9) and (10) holds. The operator
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T acts linearly and continuously in the space H (G) and commutes with the operator
B if and only if

T =
m−1

∑
r=0

PrJ
r

β

∞

∑
j=0

c(r)
j D j

β , (17)

where c(r)
j are complex numbers such that (16) holds.

Proof. By virtue of Theorem 4 the operator B in the space H (G) is equivalent
to the operator Dm and BM = MDm , where M is an isomorphism of the space H (G)
constructed in Theorem 4 (see also Corollary 2). Therefore, the operator T of the class
L (H (G)) commutes with B if and only if T = MT1M−1 , where T1 is an operator of
the class L (H (G)) such that T1Dm = DmT1 . The general form of linear continuous
operators T1 ∈ L (H (G)) such that T1Dm = DmT1 is described by formula (15) .

Since equalities (14) hold and the operators Pr commute with M , an operator
T ∈ L (H (G)) commutes with B if and only if

T = MT1M
−1 = M

(
m−1

∑
r=0

PrJ
r

∞

∑
j=0

c(r)
j D j

)
M−1

=
m−1

∑
r=0

Pr(MJ M−1)r
∞

∑
j=0

c(r)
j (MDM−1) j =

m−1

∑
r=0

PrJ
r

β

∞

∑
j=0

c(r)
j D j

β ,

where c(r)
j , j = 0,1, . . . , r = 0,m−1, are complex numbers such that (16) holds. �

6. Hypercyclicity and chaoticity of one class of operators

We begin with some definitions and concepts of the theory of dynamical systems
[1]. Let A be an operator of the class L (H (G)) . A function f ∈ H (G) is called a
hypercyclic element of the operator A if the system of functions (An f )∞

n=0 is dense in
the space H (G) . An operator A is called hypercyclic if A has a hypercyclic element.
A function f of H (G) is called a periodic element of A if there exists a positive
integer n such that the equality An f = f holds. An operator A is called chaotic if A
has the set of periodic elements which is dense in H (G) .

THEOREM 6. Let p and m be arbitrary positive integers such that p is divisible
by m. Let G be an arbitrary bounded starlike p-symmetric domain of the complex
plane with respect to the origin. Suppose α j , j = 0, p−1 are complex numbers. Sup-
pose that the numbers λn , n = m,m + 1, . . . are defined by (9) and (10) holds. If
(cn)∞

n=0 is a sequence of complex numbers such that lim
n→∞

n
√

n!|cn| = 0 and there exists

at least one n � 1 such that cn �= 0 , then the operator T =
∞
∑

n=0
cnDn

β is hypercyclic and

chaotic in the space H (G) .
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Proof. By virtue of Lemma 4 the operator of generalized differentiation Dβ is
equivalent to D in the space H (G) , Dβ = MDM−1 , where M is the isomorphism of
H (G) defined in Corollary 2. Therefore,

T =
∞

∑
n=0

cnD
n
β = M

(
∞

∑
n=0

cnD
n

)
M−1 = MT1M

−1.

But, the operator T1 =
∞
∑

n=0
cnDn is hypercyclic and chaotic in the space H (G) , since

the operator T1 commutes with D and T1 differs from the scalar operator [5]. It follows
from the equality T = MT1M−1 that the operator T is hypercyclic and chaotic in the
space H (G) . �

From Theorem 6 and Corollary 3 we deduce the following result.

COROLLARY 5. Under the conditions of Theorem 6 the differential-difference
operator B is hypercyclic and chaotic in the space H (G) .
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