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ON SYMMETRY OF BIRKHOFF-JAMES ORTHOGONALITY OF LINEAR
OPERATORS ON FINITE-DIMENSIONAL REAL BANACH SPACES

DEBMALYA SAIN, PUJA GHOSH AND KALLOL PAUL

(Communicated by L. Molndr)

Abstract. We characterize left symmetric linear operators on a finite dimensional strictly convex
and smooth real normed linear space X, which answers a question raised recently by one of the
authors in [7] [D. Sain, Birkhoff-James orthogonality of linear operators on finite dimensional
Banach spaces, J. Math. Anal. Appl. 447 (2017) 860-866 1. We prove that T € B(X) is left
symmetric if and only if 7 is the zero operator. If X is two-dimensional then the same charac-
terization can be obtained without the smoothness assumption. We also explore the properties of
right symmetric linear operators defined on a finite dimensional real Banach space. In particular,
we prove that smooth linear operators on a finite-dimensional strictly convex and smooth real
Banach space can not be right symmetric.

1. Introduction

The principal purpose of the present paper is to answer a question raised very
recently in [7], regarding Birkhoff-James orthogonality of linear operators. We also
explore other related questions in order to obtain a better description of the symme-
try of Birkhoff-James orthogonality of linear operators on finite-dimensional Banach
spaces. Let us now briefly establish the relevant notations and terminologies. For a
more detailed treatment of Birkhoff-James orthogonality, we refer the readers to the
classic works [1, 3, 4] and to some of the more recent works [2, 5, 9, 10].

Let (X,].]|) be a normed linear space. In this paper, we would always consider
X to be over R. For any two elements x,y in X, x is said to be orthogonal to y in the
sense of Birkhoff-James[1, 4], written as x_Lgy, if and only if ||x|| < |[[x+ Ay|| for all
A € R. Birkhoff-James orthogonality is related to many important geometric properties
of normed linear spaces, including strict convexity, uniform convexity and smoothness.
Let B(X) denote the Banach algebra of all bounded linear operators from X to X.
T € B(X) is said to attain norm at x € Sx if ||Tx|| = ||T||. Let M7 denote the set of all
unit vectors in Sx at which T attains norm, i.e., Mr = {x € Sx: ||Tx|| = ||T| }.

James [3] proved that Birkhoff-James orthogonality is symmetric in a normed lin-
ear space X of three or more dimensions if and only if a compatible inner product can
be defined on X. Since B(X) is not an inner product space, it is interesting to study

Mathematics subject classification (2010): Primary 47L05, secondary 46B20.
Keywords and phrases: Birkhoff-James orthogonality, symmetry of orthogonality, bounded linear op-
erators, finite dimensional Banach spaces.

© depay, Zagreb 1087
Paper OaM-11-75


http://dx.doi.org/10.7153/oam-2017-11-75

1088 D. SAIN, P. GHOSH AND K. PAUL

the symmetry of Birkhoff-James orthogonality of operators in B(X). It is very easy
to observe that in B(X), T 1LpA may not imply A Yp T or conversely. Consider T
= ((1) 192) and A = (8 (l)) on (RZ2,].][2). Then it can be shown using elementary
arguments that 7 LgA but A Y T.

In [7], Sain introduced the notion of left symmetric and right symmetric points in
Banach spaces, defined as follows:

Left symmetric point: An element x € X is called left symmetric if x Lpy = y Lpx
forall y € X.

Right symmetric point: An element x € X is called right symmetric if y1lpx =
xLpy forall y e X.

Let us say that an element x € X is a symmetric point if x is both left symmetric
and right symmetric. The following two notions, introduced in the same paper [7], are
also relevant in context of our present work:

For any two elements x,y in a real normed linear space X, let us say that y € x™
if ||x+Ay|| > ||x|| for all A > 0. Accordingly, we say that y € x~ if [|x+ Ay|| = ||x]|
forall A <0.

In [2] we proved that if H is a real finite-dimensional Hilbert space, T € B(H) is
right symmetric if and only if My = Sy and T € B(H) is left symmetric if and only
if T is the zero operator. It should be noted that if H is a complex Hilbert space then
Theorem 2.5 of [11] gives a complete characterization of right symmetric bounded
linear operators in B(H), in terms of isometry and coisometry. However, these results
are no longer true in general if we allow the operators to be defined on a Banach space
instead of a Hilbert space. In fact, Example 1 in [7] suffices to validate our remark.
Sain proved in the same paper that a linear operator 7" defined on the two-dimensional
real [,(1 < p < eo) space is left symmetric if and only if T is the zero operator. He also
remarked in [7] that it would be interesting to extend this result to higher dimensional
I, spaces, and more generally, to finite-dimensional strictly convex and smooth real
Banach spaces, if possible.

In this paper we completely characterize left symmetric linear operators defined
on a finite-dimensional strictly convex and smooth Banach space X. We prove that
T € B(X) is left symmetric if and only if T is the zero operator. It should be noted that
if X is two-dimensional then we can do away with the smoothness assumption, since
only strict convexity is sufficient to obtain the desired characterization in this case. We
also explore the right symmetry of Birkhoff-James orthogonality of linear operators
defined on finite-dimensional Banach spaces. We show that if X is a finite-dimensional
strictly convex and smooth Banach space and 7' € B(X) is a smooth pointin B(X) then
T can not be right symmetric. Furthermore, when the underlying Banach space is not
necessarily strictly convex or smooth, we prove two results involving right symmetric
property of linear operators.

2. Main results

We begin this section with the promised characterization of left symmetric opera-
tor(s) defined on a two-dimensional strictly convex Banach space.
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THEOREM 2.1. Let X be a two-dimensional strictly convex Banach space. Then
T € B(X) is left symmetric if and only if T is the zero operator.

Proof. 1f possible suppose that T is a non-zero left symmetric operator. Since X
is finite-dimensional, there exists x; € Sx such that ||Tx|| = ||T]|.

It follows from Theorem 2.3 of James [4] that there exists x, € Sx such that
xy L x1. Furthermore, it follows from Theorem 2.5 of Sain [7] that Tx, = 0.

‘We next claim that x; Lg x»>.

Once again, it follows from Theorem 2.3 of James [4] that there exists a real
number a such that ax, +x; Lpx;. Since xp Lpx; and xj,x3 #0, {x1,x2} is linearly
independent and hence ax; +x; # 0. Let z = HZZJJ:EH . We note that if 7z = 0 then
T is the zero operator. Let Tz # 0. Clearly, {x,,z} is a basis of X, since X is two-
dimensional.

Let |[c1z+ coxz|| = 1, for some scalars c1,cs. Then we have, 1 = |[c1z+ x| >
le1]. Since X is strictly convex, 1 >| ¢; |, if ¢ # 0. We also have, ||T(c1z+ cax2)| =
lleiTz|| =|c1 | |Tz|| < ||Tz|| and ||T(c1z+ cax2)|| = ||Tz|| if and only if ¢; = £1 and
¢y =0. This proves that M = {+z}. However, we have already assumed that x; € Mr.
Thus, we must have x; = *z. Since z L g xp, our claim is proved. Thus, x1,x; € Sx
are such that x; Lgx, and xp Lpx;.

Let u € Sx such that Tx; Lp u. By Theorem 2.4 of Sain [7], Tx; is a left
symmetric point in X and so u Lp Tx;. By strict convexity of X, we must have,
|lx1 +x2]] =2 — 6 forsome 0 < & < 1.

Choose 0 < € < %.

Let v € B(u,€) be such that v =tou+ (1 —#9)Tx;, for some 7y € (0,1). We may
and do note that such a choice of v is always possible.

Define a linear operator A as follows:

Axy =u

Axy) =v

Itis easy to verify that T Lp A, as x; € My and Tx; LpAx;.
Now, by virtue of our choice of €, we have,

<X1+X2 )_ lutvll _2-

€
= >
[|x1 42| X1 +xf = 2-6

Since ||A|| > 1, x1,x & My. Let z= —oyx; 4+ 0px; € Sx be chosen arbitrarily, where
ay,0p > 0. Since X is strictly convex, x; Lpxs, xo Lpx, and z € Sx, it can be easily
verified that o, 0p < 1.

Now

X1 +x2 )

lAz|| = (e — o) )u+ o (v—u)|| < |0 — oy |+ |oa|[[v—ul| < 1+¢€ <A<
[|x1 4+ 22|

and so z = (—oyx; + 0px2) & My, where 0,05 >0 and z € Sx.
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By taking the symmetry of Sx about the origin into consideration, this effectively
proves the following: “Let z € M, . Then z must be of the form z = ;x| + ox,, where
op,0p are of same sign.”

We further note that o, oy # 0, since x,x & Mjy.

Let us first assume that o, 0 > 0. We have, Az = oqu+ opv and Tz = o Tx;.

We claim that Tz ¢ (Az) ™.

From Proposition 2.1 of Sain [7], it is easy to observe that it is sufficient to show:
Tx; ¢ (qu+opv)—.

Now,

oqu+ oy =oqu+ op(tou+ (1 —10)Tx1) = (0 + opto)u+ o (1 — 1) Tx;.
So,

lonu+ ooy —on(1 —10)Txi|| = ||(ou + oto)u|| < [[(ot + cato)u+ 0o (1 —19)Txy ||
= |lou+oyv||

= Tx; ¢ (oqu+ opv)~, as claimed.

Similarly, if oy, 0 < 0, we can show that Tz ¢ (Az) .

Since forall z € My, Tz ¢ (Az)~, using Theorem 2.2 of Sain [7], we conclude that
A [ p T, which contradicts our initial assumption that 7 is a non-zero left symmetric
operator. [

For the corresponding result on higher dimensional Banach spaces, we first need
the following lemma. We would also like to remark this gives an alternative proof to
the last part of Theorem 2.2 in [8].

LEMMA 2.1. Let X be a Banach space, T € B(X) and x € Mr. If in addition,
both x and Tx are smooth points in X then for any y € X, we have, x Lpy=Tx 1p
Ty.

Proof. Without any loss of generality we can assume that ||7|| = 1. Since x is a
smooth point, there exists a unique linear functional f € Sx- such that f(x) = ||x|| = 1.

Again since Tx is a smooth point, there exists a unique linear functional g € Sx=
such that g(Tx) = ||Tx|| = ||T||[]x|| = 1.

Now goT is a linear functional on X and ||go T < ||g||[|T]| = ||IT]| = 1. So
llgoT|| = 1. From the uniqueness of f we get, f =goT.

As x Lgy, we have f(y) =0, i.e., g(Ty) =0. However, this is equivalent to
Tx Lp Ty, which completes the proof of the lemma. [l

When the dimension of X is strictly greater than 2, we have the following theorem
regarding left symmetric linear operator(s) in B(X). In this case we need the additional
assumption of smoothness on X.

THEOREM 2.2. Let X be an n-dimensional strictly convex and smooth Banach
space. T € B(X) is left symmetric if and only if T is the zero operator.
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Proof. 1f possible suppose that 7' is a non-zero left symmetric operator. Since X
is finite-dimensional, there exists x; € Sx such that ||Tx|| = ||T]|.

We first claim that x| is right symmetric.

If possible suppose that x; is not right symmetric, i.e., there exists y € Sx such
that y Lgxy, but x; £py.

Let H be the hyperplane of codimension 1 such that y | p H. Thenany w € X can
be written as w = ay+ h for some scalar a and & € H. Define a linear operator A on X
such that Aw = aTx; . Clearly, My = +{y}. Since X is smooth and y | g x|, we have
x1 € H, so Ax; =0, from which it follows that Tx; LpAx;. As x; e My, T 1pA.
Now x; fpy, and x; € M7, so by Proposition 2.1 of Sain [8], we get Tx; f5 Ty, i.e.,
Ay Yp Ty. Since My = £{y}, by Theorem 2.1 of Sain [9], it follows that A Yp T,
which contradicts that 7' is left symmetric. Hence x; must be right symmetric.

We next claim that x; is left symmetric.

If possible suppose that x; is not left symmetric, i.e., there exists z € Sx such that
x1 Lpz,but Z,J/_Bxl.

We now prove that 7z = 0.

If possible suppose that 7'z # 0. Let H, be the hyperplane of codimension 1 such
that z Lp H,. Now, any w € X can be written as w = az+ h for some scalar a and
h € H,. Define a linear operator A on X such that Aw = aTz. Since X is strictly
convex, My = +{z}. As Az {p Tz, applying Theorem 2.1 of [9], we conclude that
A JYp T. Since X is smooth and x; | z, applying Lemma 2.1 we get, Tx; LpTz. It
is easy to check that Ax; = Tz. So Tx; Lp Ax;. Since x; € Mr, we have, T LpA.
Thus we have, T Lp A but A [ T, which contradicts our assumption that 7 is left
symmetric. This completes the proof of our claim.

Now, from Theorem 2.3 of James [4], it follows that there exists a scalar k£ such
that kx; +z Lpx;. As T is left symmetric, by Theorem 2.5 of Sain [7], we get
T(kx;+z) =0. Since Tz =0 and Tx; # 0, it now follows that k =0. So z Lpx, a
contradiction to our choice of z. Therefore x; is left symmetric. Thus, combining these
two observations, we conclude that x; is a symmetric point in X.

Let H; be the subspace of codimension one such that x; Lp H;. Since xj is
symmetric, H; L x; and by Theorem 2.5 of Sain [7], T(H;) = 0. Suppose that
{x2,x3,...,x,} is a basis of H; such that x, Lp span{x3,x4,...,x,}. Since X is
smooth, using Theorem 4.2 of [4], we conclude that x, L span{xj,x3,...,X,}.

Let u € S suchthat Tx; 1L pu. By Theorem 2.4 of Sain [7], Tx; is left symmetric
and so u 1 g Tx; . As in the proof of Theorem 2.1, by strict convexity of X, |lx; +xz]| =
2—0 forsome 0 <4 < 1.

As before, choose 0 < € < % andlet v € B(u, &) suchthat v=rou+ (1 —19)Txy,
for some 79 € (0,1).

Define a linear operator A on X in the following way:

Axi =u
Axy) =v
Axi =0, n=>i>3

Itis easy to verify that T Lp A, as x; € My and Tx; LpAx;.
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Now following the same arguments as in the Theorem 2.1, we get,

< X1 +x2

Y
[|x1 4+ 22|

Since ||A|| > 1, xi ¢ My forall n>i>1. Let z=—oyx; +0px2+ ...+ Opx, €
Sx, where o, 0 > 0. Since X is strictly convex, x; Lp span{xy,x3,...,x,}, x2 Lp
span{x;,x3,...,x,}, and z € S, it can be easily verified that 0,0 < 1.

Since

X1 +x )

lAz|| = |(or —o)u+ 0 (v—u)|| < |on — ay|+|o|||lv—ul| <1+¢€ <A(7
[|lx1 4+ x2|

we may conclude that, z = (—oyx; + 0pxy + ... + 0x,) & My, where 0,0, > 0 and
7 € Sx.

Similar to the proof of Theorem 2.1, we thus have the following conclusion:

Let z € My . Then z must be of the form z = (oyx; + 0xy + ... + Oyx,), where
oy, 0 are of same sign. We further note that o, oy # 0, since x1,x & Mjy.

Next we may proceed in the same way as in Theorem 2.1, to show that Tz ¢ (Az) ™.
This, along with Theorem 2.2 of Sain [7], lead to the conclusion that A [ g T. This
proves that T is not a left symmetric point in B(X) and completes the proof of the
theorem. [

In the next theorem we prove that smooth linear operators defined on a finite-
dimensional strictly convex and smooth Banach space can not be right symmetric.

THEOREM 2.3. Let X be a finite-dimensional strictly convex and smooth Banach
space. Let T € B(X) be smooth. Then T is not right symmetric.

Proof. 1f possible suppose that T is a right symmetric operator on X and 7T is a
smooth point in B(X). We first note that since T is smooth, it follows from Theorem
4.2 of [6] that M7 = {+£x}, for some x € Sx. We claim that x is left symmetric.

If possible, suppose that x is not left symmetric. Then there exists y such that
x Lpybuty fpx. Let Hy be the hyperplane of codimension one such that y Lp H,.
Clearly, any z € X can be written as z = oy + h for some h € H,,.

Define a linear operator A on X such that A(oy +h) = oTx.

It is easy to show that My = +{y}. Clearly, A Lp T, since Ay Lp Ty.

Since y fp x, by Proposition 2.1 of Sain [8] we have Ay [ p Ax, i.e., Tx [p Ax.
Since My = {=+x}, it follows from Theorem 2.1 of [9], that T /5 A, which contradicts
that 7 is right symmetric. Therefore we must have that x is left symmetric.

Let H, be the hyperplane of codimension one such that x 1p H,. Since x is
left symmetric, H, Lp x. Consider the point z = x + hy, where hy € H, such that
|Tho|| > ||T||. Take 7 = re7- Since X is strictly convex, by Theorem 4.3 of James
[4], Birkhoff-James orthogonality is left unique. Since ho Lpx, z Lp x.

Now, there exists a scalar d such that (dT7 + Tho) Lp T7 .

We next claim that d # 0.

If d =0, then Thy L TZ , from which it follows that Thy Lg (Tx+ Thy).
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But
|Tho — (Tx+Tho)|| = |Tx|| = [|T[| <[ Thol|,

which contradicts that Thy Lg (Tx+ Thy). So d #0.

Let H, be the hyperplane of codimension one such that 7/ 1 g H,. Then any w € X
can be written as w = oz’ + &' for some W' € H,.

Define a linear operator A on X such that

Alaf +1) = o(dT7 +Thy).

It is easy to show that My = +{7'}. Clearly, A 1 5 T, since A7 15 T7 .

We provethat T /5 A.

If T Lp A, using Theorem 2.1 of Sain and Paul [9] it follows that Tx Lp Ax.

Now x = a7 +}' for some I’ € H,. It s easy to check that ot # 0.

So Ax = 0AZ = a(dTZ +Thy).

As Tx 1 (dT7 +Thy) and x € My , by Proposition 2.1 of [8], we have, x Lg
(dZ 4+ ho). Now x Lg hy and X is smooth. So x Lg 7. Also since x is left symmetric
and Birkhoff-James orthogonality is homogeneous, we have z 1 g x, which contradicts
that z Y p x.

Hence T [/ A. This proves that T is not a right symmetric operator. []

When X is not necessarily strictly convex or smooth, we have the following two
theorems regarding right symmetric operators.

THEOREM 2.4. Let X be an n-dimensional Banach space. Let xo € Sx be a left
symmetric point. Let T € B(X) be such that My = {%xxo} and xq is an eigenvector of
T. Then either of the following is true:

(i) rank T > n—1.

(ii) T is not a right symmetric point in B(X).

Proof. We first note that the theorem is trivially true if n < 2. Let n > 2. Since xg
is an eigenvector of T, there exists a scalar Ay such that Txy = Agxg. We also note that
since My = {£x0},A0 #0. If rank T > n—1 then we are done. Let rank T <n— 1.
Then ker T is a subspace of X of dimension at least 2. Let xo Lp Hy, where Hy is
a hyperplane of codimension 1 in X. Since dim ker T > 2, there exists a unit vector
ug € Sx such that ug € HyNker T. Since x is a left symmetric point and xo L p ug, we
have ug L g xg. There exists a hyperplane H; of codimension 1 in X such that uy L p H
and xo € H,. Let {xo,y; :i=1,2,...,n—2} be a basis of H;. Then {ug,xo,y; : i =
1,2,...,n—2} is basis of X such that ug Lp span{xo,y;:i=1,2,...,n—2}. Define a
linear operator A € B(X) as follows:

1 1
Aug = ug,Axp = §x07Ayi = 5V
It is routine to check that ug € My . Since Aug L g Tuyg, A 1L g T. However, since
Ao # 0,Txo = Aoxo £ %xo = Axp. This, coupled with the fact that M7 = {£x0}, im-
plies that T /5 A and thus T is not a right symmetric point in B(X). [
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THEOREM 2.5. Let X be an n-dimensional Banach space. Let T € B(X) be such
that My = {+xo} and ker T contains a non-zero left symmetric point. Then either of
the following is true:

() I LT and T LI, where I € B(X) is the identity operator on X.

(ii) T is not a right symmetric point in B(X).

Proof. Let ug € ker T be a non-zero left symmetric point. Without loss of gen-
erality let us assume that |lug|| = 1. We have, [[I+AT|| = |1+ AT uo|| =1 = |||,
which provesthat I Lp T. If T Lp I then we are done. If possible suppose that T £ 5 1.
Since My = {+xo}, it follows that Txy £ Ixg = xo. Let Hy be a hyperplane of codi-
mension 1 in X such that ug Lp Hy. Let {uj,us,...,u,—1} be a basis of Hy. Then
{uo,u1,...,uy—1} is a basis of X such that ug Lp span{uy,uz,...,uy_1}.

Clearly, we have ug Lp oqu;+ ...+ 04— 1u,—1. Since ug is a left symmetric point
in X, ajuy+...+ 0, 11,1 Lpug.

We claim that op = 0. We have, 1 = ||xo|| = ||oouo + (0qus + ...+ Oy 1up—1)|| =
H(aml Fo Oy Up—) + O(()M()H > (oquy + ...+ cy—quy—1)||-

We also have, ||T(ajuy+...+ 0p—1un—1)|| = [| T (ctouo + ctyuy + . . .+ 04— 1uy—1) ||
= ||Txo|| = ||T||. This proves that (cyu; + ...+ Qy—1up—1) € Mr. Since My = £{x},
we must have xo = (oquy + ...+ 04— 1up—1) or xo = —(0quy + ...+ 0p—1u,—1). Since
Xo = Opug~+ Uy + ...+ 01U, € Sx, this shows that xo = (a1u1 +...+ O‘n—l“n—l)
and o9 = 0.

Thus we have, xo = aju; +...+ &, ju,—1 and ug Lpxg. Let {xo,yi:i=3,4,...,n}
be a basis of Hy. Then {ug,xo,y; :i=3,4,...,n} is a basis of X such that uy Lp
span{xo,y; :i=3,4,...,n}. Define a linear operator A € B(X) as follows:

1 1
Aug = up,Axo = §x07Ayi = 5V
As before, it is easy to check that ug € My. Clearly, A L5 T, since Aug Lp Tug=0. We
also note that since My = {+xp} and Txo Lp Axo = %xo, we must have that T /g A.
This proves that T is not a right symmetric point in B(X) and completes the proof of
the theorem. [J

In view of the results obtained in the present paper, we would like to end it with
the remark that obtaining a characterization of right symmetric linear operators defined
on a finite-dimensional strictly convex and smooth Banach space, seems to be a very
interesting problem. It should be noted that for complex Hilbert spaces, right symmetric
bounded linear operators are characterized by isometries or coisometries [11].
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