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Abstract. Some estimates for the dimension of the kernel of the singular integral operator [ —
cUPy : Lj(T) — L}(T), p € (1,), with a non-Carleman shift are obtained, where Py is the
Cauchy projector, U is an isometric shift operator and ¢(r) is a continuous matrix function
on the unit circle T. It is supposed that the shift has a finite set of fixed points and all the
eigenvalues of the matrix ¢(z) at the fixed points, simultaneously belong either to the interior of
the unit circle T or to its exterior. The case of an operator with a general shift is also considered.
Some relations between those estimates and the resolvent set of the operator c¢U are pointed out.

1. Introduction

Let T denote the unit circle in the complex plane, T, and T_ denote the interior
and the exterior (eo included) of T, respectively. We will also consider the domains
Dy ={zeC:|z| <sin %} and D_ ={z€C:|z] >sin"! %} ; here and bellow we always
assume p € (1,%0), in correspondence with the Lebesgue space L,(T). Evidently,
Dy =Ty, for p=2. On L,(T) we consider the singular integral operator (SIO) with
Cauchy kernel, defined almost everywhere on T by

(59)(0) = (x) ! [o(e)(z—1)"dx,

where the integral is understood in the sense of its principal value. The operator S is a
bounded linear involutive operator (S? = I, where I is the identity operator on L,(T)).
Then it is possible to define in L,(T) a pair of complementary projection operators,

1
Pr=5(1£5),

and to decompose L, (T) = L, (T)® L, (T), with L (T) =imP; and L, (T) =imP-.

We also set L, (T) =L, (T)®C.
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As usual, L..(T) denotes the space of all essentially bounded functions on T'. Let
us introduce the concept of matrix function generalized factorization (see, for instance,
[3] and [21]). Let p,q € (1,0), with p~' 4+ ¢! = 1; we say that a matrix function
c € LL"(T) admits a (right) generalized factorization in L, (T), if it can be represented
as

c=c_Acy, (1)

where

c_ e [Ly (D))", =t e [L (M), e € [LF(M]™", 7' e [LHm)]"™",

A(r) =diag{t™i}, ;€ Z, j= T,n, with 5¢p > 50 > ... > 5, , and ¢_Pyc_'I rep-
n
resents a bounded linear operator in Lj(T). The number s = 3. 5; is called the
j=1

factorization index of the determinant of the matrix function c¢. The integers s; are
uniquely defined by the matrix function ¢ and are called its right partial indices.

Any non-singular continuous matrix function ¢ € C"*"(T) admits a generalized
factorization (1) in L,(T) (see, for instance, the above cited [3] and [21]); for our
purposes, it will be assumed that

e (T, )

For the particular scalar case we note that » = indc if ¢ € C(T); as usual, ind ¢
denotes the Cauchy index of a continuous function ¢ € C(T), i.e.,

. 1
indep = %{arg(p(t)},eqy.

Now let w be a homeomorphism of T onto itself, which is differentiable on T
and whose derivative does not vanish there. The function o : T — T is called a shift
function or simply a shift on T. By

o (t) = olop_1(1)], o@)=o@), w@)=t, (€T,

we denote the k-th iteration of the shift, k > 2, k € N.

A shift o is called a (generalized) Carleman shift of order n € N\ {1} if w,(r) =1,
but @y (r) Z ¢ for k= 1,n— 1. Otherwise, if ® is not a Carleman shift, it is called a
non-Carleman shift. In what follows we will consider four different shifts, i.e., ® =
¢,m,o,B: ¢ and n are general shifts, in the sense Carleman or non-Carleman shifts;
o and f are non-Carleman shifts having a finite set of fixed points {7y, 7,..., T},
s > 1. Other properties of these shifts will be specified later on whenever necessary.

On L} (T), p € (1,e0), associated with a shift @, we consider a shift operator Uy,
defined by

(Uo9)(t) =uo(t)plo()], 1€T,
where the function u, is chosen in such way that the following properties hold ':
!Given a shift @, the property i) is always satisfied taking ug (1) = |@’ (t)\% . To verify the property ii)

the function ug has to be chosen depending on the concrete shift @ (see Section 3.2), which is not always
possible.
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i) Uy is isometric, i.e., HUw(p||L,;) = ||quL,;), o=_§n,0pB.
i) UpS = SU,, where S is the SIO with Cauchy kernel, ® =1, 3.

Let ¢ € C""(T) be a given continuous matrix function; in this paper, we consider
the SIO with shift T, : L(T) — L, (T), p € (1,%0), @ = {,n, e, B, defined by

Ty =1—cUypP;. (3)
We note that for the SIO with shift of the form
T(A1,A2) = APy +ArP-, 4)
where A and A, are the functional operators
Al =al+b\Uy, Ay =ayl+byUy,

and ay,az,by,by € C""(T), the Fredholmness conditions and the index formulas are
known [13]. The Fredholm criterion can be formulated as follows: the SIO with shift
T(A1,Az) is Fredholmin L} (T), p € (1,e0), if and only if the functional operators A;
and A, are continuously invertible in L;’,(T) . The solvability theory (calculation of the
defect numbers, construction of bases for the defect subspaces, spectral properties) of
the operator T (A;,A;) has been less studied (see [4], [10], [11], and [12]), even for the
case of a Carleman shift. For the case of a non-Carleman shift, the question remains
open (see [1], [9], [14], [15], and [16]).
We can also write the operator 7, defined by (3) in the form

To = (I — cUy)Py + P_.

So the question of Fredholmness of the SIO with shift 7, leads to the question of
continuous invertibility of the operator I — cUy ; on the other hand, the invertibility of
the operator I — cU,, is connected with the description of the resolvent set, and the
spectrum, of the operator cU,. We also can say that the essential spectrum of the
operator cUgPy is related with the spectrum of the operator cUy,.

We must say that, in general, in the case of a non-Carleman shift having a finite
set of fixed points {7y, 7,..., T}, s > 1, the shift o and the corresponding shift oper-
ator Uy, considered in this paper, the necessary and sufficient conditions of invertibility
for the operator I — cU,, can not be expressed in an explicit form. A specificity of
the conditions is expressed by a particular choice of a, so-called, ¢ -solutions of the
homogeneous functional equation associated with the operator I — cU, (see Sections
3.4.1-3.4.11, pp. 118-142,in [13], and the Remark 1.1 below). Let us recall some re-
lated key concepts. Let 6(g), p(g) and ||g|,, denote the spectrum, the spectral radius
and the spectral norm of a matrix g € C"*", respectively. Recall that p(g) = max{|A|:
A is an eigenvalue of g}; we also denote 6(g) = min{|A|: A is an eigenvalue of g}.
Given a bounded linear operator A : L7)(T) — L}(T), o(A) and p(A), denote the
spectrum and the resolvent set of the operator A, respectively; c(A)Up(A) =C. By
O.ss(A) C 0(A) we denote the essential spectrum of A, i.e., the set of those A € C for
which A — A1 is not a Fredholm operator in L},(T).
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DEFINITION 1.1. A continuous matrix function d € C""'(T) is called a matrix

of normal form on T if .
o dl(l) o
d(t) - <0k><m dz(t) ) (5)

where d; € C""™(T), d, € Cka(’JI‘), k+m=n, O™ is a r X s zero matrix, and

oldi(t;)] C Ty, olda(t))]CT-, j=1,s, detdsr(t)#0, VreT.

DEFINITION 1.2. A continuous matrix function ¢ € C"*"(T) is called o -reducible
to the normal on T if there exists a continuous non-singular matrix function b(z) such
that

b~ (1)e(r)blo(r)] = d(r), (6)

where d(¢) is a matrix of normal form on T.

The following invertibility criterion for the matrix operator I — cUy, takes place in
the general case.

THEOREM 1.1. [13] The operator I — cUy, is continuously invertible in L;(T),
p € (1,00), if and only if the matrix c(t) is o -reducible to the normal form on T.

LEMMA 1.1. [13] The block triangular matrix a € C""(T),

B d (l) 0m><k
= (6 o ) @

where d and dy satisfy the conditions of Definition 1.1, and f € C**"(T), is a-
reducible to the normal on T.

REMARK 1.1. The o -reducibility of the matrix ¢(¢) to the normal form, i.e., the
construction of the non-singular matrix b(z) in (6), is connected with the existence of
a certain class of solutions, the o -solutions, of the homogeneous functional equation
(1) = c(t)pla(r)]. Ttis clear apriori that the o -solutions don’t belong to the space
L(T), otherwise the operator / — cUy would not be invertible in L7 (T).

For convenience, we emphasize four cases of explicit sufficient conditions of in-
vertibility for the operator I — cUy :

Case 1. The matrix c satisfies the property o[c(t;)] C Ty, j=1,s;

Case 2. The matrix ¢ satisfies the properties o[c(7;)] C T, j=1,s, and detc(r)
#0 forallt €T,

Case 3. The matrix c is a block diagonal matrix of normal form (5).

Case 4. The matrix c is a block triangular matrix of the form (7).

‘We note that if n = 1, the scalar case, then the conditions of case 1 and case 2 are
not only sufficient but also necessary for the invertibility of the operator I — cUy; i.e.,
the operator I — cUy is invertible on L, (T) if and only if either |c(7;)| <1, j=T,s,
or |c(tj)|>1, j=1,5,and c(t) #0 forall 1 € T.
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In [16], on the Hilbert space Lg(’]I‘), we obtained estimates for the defect number
dimker 7y, for the operator T, = I — cUgPy, with matrix and scalar coefficient, sat-
isfying one of the two sets of Fredholmness conditions: the cases 1 (o = {, o) and
2 (w =1n,B), above. In the present paper we revisited the mentioned work [16]; we
generalize some of the obtained results on the Lebesgue space Ly, (T), p € (1,0) (Sec-
tions 2-6). Then we consider the operator cUp in the matrix case (Section 7); in this
case we can only obtain subsets of the resolvent set of the operator cUp. We also con-
sider the operator cUﬁ in the scalar case (Section 8); we write the resolvent set, and the
spectrum, of this operator. In both cases, matrix and scalar, we write estimates for the
dimension of the kernel of the operator I — k’lcUpP+, where A belongs to the resol-
vent set of the operator cUp . We think we made a small progress on “the very difficult
question related to the solvability theory of the SIO of type (4) with a non-Carleman
shift” (G. S. Litvinchuk in [20], p. XVI).

2. A SIO with a general shift

In the Sections 2—-6 we present some estimates for the dimension of the kernel of
the operator (3) on the Lebesgue space Lj,(T), p € (1,e0). We follow the work [16]
where this estimates were obtained on the Hilbert space L}(T).

2.1. Estimate one

We begin considering a general shift { : T — T, the associated isometric shift
operator U, and the SIO with shift defined by (3) (with & = £)

Ty =1—cUPy. (8)
The following results take place.
THEOREM 2.1. [16] Let Ty be the operator defined by (8) and
N =1-aU¢P., )
M=I—rPr 'P.N7!, (10)
where r € C""(T) is an invertible matrix function satisfying the condition
PP =P (11)
and a(t) = r(t)c(t)r & (1))

If the operator N is invertible, then the following equality holds

dimker Tg = dimkerM.

PROPOSITION 2.1. [16] Let M be the operator defined by (10) and r a (n x n)
polynomial matrix satisfying the condition (11); let

I1(r) = maxl;;, (12)
i=1J/=1n
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where l; j is the degree of the element 1; j of the polynomial matrix r. Then the follow-
ing inequality holds
dimkerM < [y (r).

We can state the following result.

THEOREM 2.2. Let Ty =1 — cU¢Py be the operator defined by (8) and r a poly-
nomial matrix satisfying the conditions (11) and

max||r()e()r~"[¢ (1)) < sin %. (13)

Let R. be the set of all such matrices r, 1\(r) be the number defined by (12) for each
matrix r and

[(c) = min{l; (r)}. (14)

reR.

If the set R. is not empty, then the following estimate holds

dimker 7y <I(c).

Proof. We set a(t) = r(t)c(t)r~1[{(t)]; with (13) we can show that the operator
defined by (9) is invertible. Indeed, since max;er|[|a(t)|, <sin%, |Uel|, =1 and
P

HP+HL,, = sin~! % (see Corollary 2.5, p. 385, in [5]), it follows that N = I —aU¢Py is
an invertible operator whose inverse is given by the Neumann series

N~' =I+aUgPy + (aUcPr)* + -+

Taking into account Theorem 2.1 and Proposition 2.1, the result follows. [

2.2. Estimate two

Consider now a shift 1) such that the corresponding shift operator Uy, satisfies the
additional property

and the SIO with shift (3) (with @ =n)
Ty =1 — cUpP;. (15)
Moreover we suppose that the matrix function ¢ € C"*"(T) has the property
detc(r) #0, VreT. (16)

Under condition (16) the continuous matrix function ¢ admits the factorization (1). It
is assumed that (2) is satisfied.
We continue with the following result.
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THEOREM 2.3. [16] Let Ty be the operator defined by (15), where ¢ € C"**(T)
satisfies the conditions (16), (1) and (2), then the following estimate holds

dimker 7y < dimker(I — Uy, 'Py) + Y, | ], (17)
%j<0

e (o).

where ¢ = cic”
Now, supposing that the operator / — cU,; P, is under the conditions of Theorem
2.2, we can state the following result.

THEOREM 2.4. Let Ty = I — cUy P, be the operator defined by (15), where ¢ €
C" M (T) satisfies the conditions (16), (1) and (2); and r a polynomial matrix satisfying
the conditions (11) and

max [[r(0)E(0)r ! (1)), < sin g,

where ¢ = cyc e (n-1). Let Rz be the set of all such matrices r and 1(¢) the

number defined by (14) for the matrix c.
If the set R; is not empty, then the following estimate holds

dimker Ty, <1@)+ Y, |5,

%j<0

where »; € Z, j=1,n are the partial indices of the matrix c.

Proof. Since the operators Uy and Uy ! verify similar properties, the operator
I — NU,,’ 1P+ satisfies all the conditions of Theorem 2.2; thus

dimker(I — cUy 'P.) <1(7).

With (17) the result follows. [

3. A SIO with a non-Carleman shift

The estimate of the dimension of the kernel of the operator T,, ® = {,n, o, , is
related with the construction of the polynomial matrix » (see Theorems 2.2 and 2.4);
below we perform this task, in the case of a non-Carleman shift, ® = o,f, under
certain conditions for the operator T, : subcases of the cases 1 and 2 mentioned in the
Introduction. Indeed, then we show that the sets R., and R, introduced in Theorem
2.2, and Theorem 2.4, are not empty under those conditions.
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3.1. Casel
Let us consider the SIO with shift defined by (3) (with ® = «)
Ty =1—cUyPy, (18)

with a non-Carleman shift o : T — T, which has a finite set of fixed points {7}, 12,..., T},
s > 1; Uy is the associated isometric shift operator.
The following results take place.

PROPOSITION 3.1. For every continuous matrix function d € C"*"(T) such that

G[d(rj)} - ID)—‘rv .]: l,S, (19)

there exists a polynomial matrix r satisfying the conditions

1 T
max |r(0)d(t)r [eu(r)]]|, < sin s (20)
and
PP =P, (1)

Proof. We consider only the case when max,cr ||d()||, > sin %, because other-
wise we have simply r = E,, (E, is the unit n X n matrix).
Let

pj=pld(t)], j=1s.

Under condition (19) naturally we have that

. T .
pj<sin—, j=1,s.
4

Then, for each matrix d (’L’j) € C™" satisfying the condition (19), there exists a non-
singular matrix B; € C"*" such that (see, for instance, p. 316 in [6])

T
Bid(t; BTIH <sink, j=Ts.
H’(j)fzsmp Jj s
Now let B be the non-singular polynomial matrix, without zeros on the closure of T,
defined by (see, for instance, Sections 0.9.11 in [6] and 6.1 in [7])

B(t) = B1Ly(t) + BoLy(t) + - - - + BsLs(1),

where
N

ljll(t — ”L',')
) P A—
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are the Lagrange interpolating polynomials.
Then we define the continuous matrix function

where r
t) € C"(T), 1|, =y < sin—,
u(1) (1), max|lu(r)ll =y <sin

and v(¢) is a continuous real valued function on T such that

v(it)=>0>0, teT,

v(t)) <1, j=1,s.
Compare with (34)—(36), p. 207, in [16]; from here, doing exactly as in [16], pp. 207—
208, in a similar way we obtain the inequality (20). [

THEOREM 3.1. Let Ty, =1 — cUy P+ be the operator defined by (18), where ¢ €
C""(T) satisfies the condition (19). Then the following estimate holds

dimker Ty, < (c),

where 1(c) is the number defined by (14) for the matrix c.

Proof. According to Proposition 3.1, there exists a polynomial matrix r such that
the conditions (20) and (21) are verified for the matrix c. Taking into account Theorem
2.2, the result follows. [J

3.2. Case2

Now we consider a linear fractional non-Carleman shift preserving the orientation

on T
_at+b

C bt+a

B()

teT,

where a,b € C are such that |a|* — |b|* = 1. This shift has two fixed points, 7; and 7,
given by the formula
a—a+/(a+a)?r—4

2b '

T2 =

Obviously 1) # 1 if |[Rea| # 1
The shift B(z) admits the factorization

B(t) =B+ (0)iB-(1),
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where
1 at+b

B =0 B()="1

We see that the functions B, 3, ! are analytic in T and continuous in the closure of
T, respectively.

For the linear fractional shift (), it is convenient to consider the isometric shift
operator

(Upp) (1) = B+ (1)@[B()], (22)

because Uy satisfies the additional property
UgS = SUg.
Then we consider the operator (3) (with @ = f3)
Tﬁ =1— CUﬁPJm (23)

where we suppose now that ¢ € C"*"(T) has the properties

ole(rj)]cD-, j=12, (24)

detc(r) #0, VreT.

The non-singular continuous matrix function ¢ admits the factorization (1) and (2) is
assumed. Then we apply Theorem 2.3 to the operator (23); this implies the estimate

dimker7g < dimker(l—EUﬁ_lPJr) DL (25)
%j<0

where ¢=cyc e (Boy).
Now we analyze the operator [ — Wﬁ p, .

We note that the matrices ¢(z) and ¢~ !(z) are similar at the fixed points of the
shift; indeed at 7;, j=1,2,
c=cic el
We have that 6[c(7j)] C D_; then
ol ()] =ole(r)] c Dy, j=1,2.
Therefore the operator I — NUI; P, satisfies all the conditions of Theorem 3.1; thus
dimker( —cUy 'Py) <1(0).
Finally, with (25) we get the following estimate.

THEOREM 3.2. Let Tg =1 — cUgP; be the operator defined by (23), where ¢ €
C" " (T) satisfies the conditions (24), (16), (1)) and (2). Then the following estimate
holds

dimkerTs <I1(0)+ Y |5;

%j<0

)

where 1(c) is the number defined by (14) for the matrix ¢ = c+c_1c;1(ﬁ,1) and »j €
Z, j=1,n are the partial indices of the matrix c.



A SINGULAR INTEGRAL OPERATOR WITH SHIFT 1129

4. On the scalar case

4.1. The case of a general shift
Let us formulate the obtained results for the operator (8) in the scalar case:

Ty =1—cUgPy : Ly(T) — Ly(T). (26)

COROLLARY 4.1. Let Ty be the operator defined by (26); if there exists a poly-
nomial r of degree m, with zeros in T_,

m

r(t):H(t_x’k% M’k‘>17 k=l,m,
k=1

such that .
;Agc@hW§@ny<mn;, Vi e T, (27)

then
dimker Tg <m.
Proof. Follows from Theorem 2.2 with n=1. [
Now we consider the operator (15) in the scalar case:
Ty =1—cUyPy : Ly(T) — Ly(T), (28)
where ¢ € C(T) has the property
c(t) #0, vreT. (29)
The continuous function ¢ admits the factorization (1) and (2) is assumed; in this case
c=c_t"cy, (30)
where
c- €L, (T), c_' €L, (T), ey € LF(T), ¢ € L} (T), > =indc,

and it is assumed that

ctl e c(T). (31)
Suppose that a polynomial r, satisfying the condition (27) for the function ¢ and the
shift 17, does not exist, but there exists such one that (27) holds for the function ¢ =
cic ' (n-1). In this case we can state the following result.

COROLLARY 4.2. Let Ty, be the operator defined by (28). Then the following
estimate holds
dimker 7y, < m+ max(0,—indc),

where m is the degree of the polynomial r defined in Corollary 4.1 for the function
c= c+c_lc;1 (n=1) and indc is the Cauchy index of the function c.

Proof. Follows from Theorem 2.4 with n=1. [
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4.2. The case of a non-Carleman shift

Consider the operator (18) on L,(T), with ¢ € C(T),

Ty =1— cUyPs. (32)

COROLLARY 4.3. For every continuous function ¢ € C(T) such that

}c(rj)| < sin%, j=1,s,

there exists a polynomial r of degree m, with zeros in T_,

m

F(I)ZH(I_A’/{% M’k‘>17 k=l,m,
k=1

such that
|F(t)e(t)r a(t)]] < sin %, vreT.

Moreover
dimker 7y, < m,

where Ty, is the operator defined by (32).

Proof. Follows from Theorem 3.1 with n=1. [J

Now consider the operator (23) on L,(T),
Ty =1 — cUgPy, (33)
where ¢ € C(T) satisfies the properties (29), (30), (31) and

le(tj)| >sin™' =, j=1,2.

T
p

COROLLARY 4.4. Let Ty be the operator defined by (33). Then the following
estimate holds

dimker7g < m+max(0, —indc),

where m is the degree of the polynomial r defined in Corollary 4.3 for the function
c= c+c_lc;1 (B-1) and indc is the Cauchy index of the function c.

Proof. Follows from Theorem 3.2 with n=1. [
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5. A SIO with polynomial coefficient relative to the shift operator
Now let us consider the SIO with shift of the form
Ko =ApP+P_:L,(T)— L,(T), (34)

where
n

Ap =1+ aU},
=1

a; € C(T), i=1,n, and Uy, ® = n,f3, is the shift operator satisfying the property
UQ)S == SUw .
Consider also the matrix operator (see [15], [16], [13], and [18])
Ko =AoPs +P_: L}(T) — Li(T), (35)

with N
Aa) B I + an,

g (@@ o ar an
—En1 O(n-1)x1

The following result holds

where

PROPOSITION 5.1. [16] Let K, and I?w be the operators defined by (34) and
(35), respectively. The operator K is a Fredholm operator on L,(T) if and only if the

operator Ko is a Fredholm operator on L (T). In the affirmative case, dimkerK, =

dimker[?w and dimcoker K, = dimcokerKy,.

Obviously the operator Ko isa particular case of the operator T, defined by (15)
(with @ = 1) or the operator defined by (23) (with @ = f8). Then, taking into account
Proposition 5.1, Theorems 2.2, 2.4, 3.1 and 3.2, can be used to study the operator Ky, .

6. A SIO with a block triangular matrix coefficient

The results obtained for the matrix cases 1 and 2 (Theorems 3.1 and 3.2, respec-
tively) can be applied to treat the cases 3 and 4 (see Introduction). Let us consider the
SIO with non-Carleman shift Tﬁ =1/— cUﬁPJr, where c¢ is a block diagonal matrix of
normal form (5)

1 (t) Omxk

0= (o0 00 )

the operator 7 can be written in the matrix form

T Omxk
Tﬁ:<0k;m 7 ):L;(T)HL;(T),
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where
Ty =1-cUgPs :LZ’(’]I‘) — L’I’;(’]I‘),
Ty =1—cUgP; : L (T) — Li(T).

Then we have

dimker7g = dimker7; +dimker75. (36)
Consider now the operator 7g = I — cUgPy, where c is a block triangular matrix
of the form (7)
1 (t) 0m><k>
c(t) = ; 37
=56 2 4n

in this case the operator 7Ty can be written in the matrix form

Ty = (7; 0;2Xk> L L(T) — L5(T),
where T7 and 7> are defined above, and
F = —fUgP; : LI'(T) — L&(T).
It is not difficult to see that in this case we obtain the inequality °.
dimker7g < dimkerT; +dimker75. (38)
Now, considering the matrix blocks ¢; and c¢; satisfying the properties
olei(t)] C Dy, ofea(t)]CD_, j=1,2, detea(r)#0, VreT;

we note that:
a) The operator T} satisfies all the conditions of Theorem 3.1. Let I(c;) be the
number defined by (14) for the matrix c; ; then

dimkerT} < I(cy).

b) The operator 75 satisfies all the conditions of Theorem 3.2. Let the matrix c;
satisfy the properties (1) and (2); let I(¢3) be the number defined by (14) for the matrix
e =cyc e (B-1),and 3 € Z, j=1,n be the partial indices of the matrix c,. Then

dimker 7> <I(&2)+ Y, |5

%j<0

Taking into account (36) and (38) we can state the following estimate for the matrix
cases 3 and 4.

PROPOSITION 6.1. Let Tg =1—cUgP+ be the operator defined by (23), where ¢
is the block triangular matrix defined by (37). Then the following estimate holds

dimkerTg <I(c)+1(c2)+ Y, |5

%j<0

2The equality in (38) can happen when the equation To¢ = —F¢; is solved for all ¢;, with ¢@; € kerTj,
i=1,2,...,dimkerTj ; or in particular cases, including when f =0 (the case 3).
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7. On the resolvent set of the operator cU and the dimension of the kernel of a
SIO with shift — the matrix case

Let us consider on Ly(T), p € (1,0), the operators cU and cU — Al, where
¢ € C""(T) is a continuous matrix function, U is the shift operator defined by (22)
(ie., U:=Ug), and 4 € C. Consider A = 0; the operator cU — Al is invertible if and
only if detc(r) #0 forall € T. Let A # 0; the operator cU — AI or, equivalently, the
operator I — A ~'cU is invertible if and only if A !¢ is o -reducible to the normal form
on T, according to Theorem 1.1. Then, if detc(r) # O for all # € T, the resolvent set
and the spectrum of the operator cU are, respectively,

p(cU)={A =0V A €C\{0}: 1 'cis a-reducible to the normal form on T},

o(cU)=C\p(cU).

Moreover, the essential spectrum of the operator cU Py is given by (see Introduction)
Oess(cUPL) = o (cU).

If detc(r) =0 for some 7 € T, the resolvent set and the spectrum of the operator cU
are, respectively,

p(cU) ={A €C\ {0} : A~ 'cis a-reducible to the normal form on T},

o(cU)=C\p(cU);

and
Oess(cUPL) = o (cU).

We can obtain concrete subsets of the resolvent set of the operator cU, taking into
account the four cases of explicit sufficient conditions of invertibility for the operator
I — cU mentioned in the Introduction.

Let A # 0; the operator I — A~ !cU is invertible if one of the two following con-
ditions is fulfilled

a) oA te())] C Ty, j=1,2;

b) o[A " te(z;))] CcT-, j=1,2, and det{A 'c()]#0 forall r € T.

Let

p=maxple(tj)],  v= min 6[c(7;)].
j=12 j=12
The condition a) implies that |A| > u, and the condition b) implies that 0 < [A]| < v.

Then, if detc(r) #£0 for all z € T the following set belongs to the resolvent set of
the operator cU ,

{AeC: A<V V |A|>u}Cp(cU). (39)

If detc(r) =0 for some r € T the following set belongs to the resolvent set of the
operator cU ,
{AeC:|A|>u} Cp(cl).
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Now we consider the SIO with shift on L},(T), p € (1,), defined by
T, =1—-A"'cUP;. (40)
and the subsets of the set (39)

A= {)L eC:|A| >usin_1§},

b4
B:{AE(C:O< \7L|<vsin—}.
p
The following results take place
PROPOSITION 7.1. Let A € A; then there exists a polynomial matrix r satisfying

the conditions T
Le(@)r Y [B(1)] ||2 < sin »

Itnea}ﬂ‘xHr(t)?F

and
P+ri1P+ = rilPJr.

Moreover
dimker Ty <I(A " '¢), (41)

where Ty, is the operator defined by (40), and (A~ 'c) is the number defined by (14)

for the matrix A~ c.

Proof. Itis easy to see that p[A~'c(7;)] <sinZ,ie., o[A (1)) C Dy, j=1,2;
this means that the operator 7), satisfies all the concﬁtions of Theorem 3.1 and it follows
the result. [J

PROPOSITION 7.2. Let A € B; let T), be the operator defined by (40), where the
matrix function ¢ € C"*"(T) satisfies the properties

detc(r) #0, VreT,
(1), and (2). Then the following estimate holds

dimker Ty <I(A)+ Y |5, (42)

%j<0

where 1(AC) is the number defined by (14) for the matrix A¢, ¢=cic'c¢'(B-1), and
»j €L, j=1,n are the partial indices of the matrix c.

Proof. We have that p[A~'c(z;)] > sin~! Lo, oA e(z))] cD_, j=1,2;
and the matrix A ~'c admits the factorization A !¢ = A~ !c_Ac, . Evidently the partial
indices of the matrices A~!c and ¢ are the same. We conclude that the operator T,
satisfies all the conditions of Theorem 3.2 and the result follows. [l
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Now let
=m t
& =max ()]

and the subset of the set A
E = {A eC:|A] >§sin_1z}.
P

The following result takes place

PROPOSITION 7.3. Let A € E; then
dimker7; =0,
and the operator T), defined by (40) is invertible.

Proof. Since max,er ||A~"c(t)||, <sin%, |U[l, =1,and [|P\[, = sin~! it
follows that T; = — A ~'cUP, is an invertible operator whose inverse is given by the

Neumann series

o c c 2
T;' =1+ 7UP+ <XUP+> e O
The operator I — A ~'cU is also invertible if the matrix c is the block triangular
matrix » .
ci(t o )
c(t) = , 43
=% @

where ¢; € C""(T), ¢, € COK(T), f € C*™(T), k+m=n, and
oA tei(t)] Ty, oA lea(ry)] CTo, j=1,2, detfA ler(t)] #0, VreT.
Let
p=maxplei (7)), va=m

We have that  u; <|A| A 0 <|A]| < V2.
Suppose that (1; < v, *; then, the following set also belongs to the resolvent set of

the operator cU,
{AeC:u <|A] <} Cp(cl). (44)

REMARK 7.1. In general, the subsets, (39) and (44), of the resolvent set of the
operator cU are not disjoint.
Let us consider now the SIO with shift defined by (40)

T, =1—A"'cUP;, (45)

where c¢ is the block triangular matrix defined by (43) and the matrix c¢; satisfies the
properties (1) and (2); and the subset of the set (44)

F= {/l GC:ulsin’1%< A| < vzsing}.

The following result takes place.

3Suppose that p; > v, ; in this case, i < [A|A0 < |A| < vz, defines an empty set.
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PROPOSITION 7.4. Let A € F and T), be the operator defined by (45). Then the
following estimate holds

dimkerT) <I(A " 'c))+1(Aé)+ Y, |5], (46)

#j<0

where 1(A~c1) and 1(Acy) are the numbers defined by (14) for the matrices A~ 'c;
and A¢c3, respectively, ¢ = cyc e (B-1), and 3 € Z, j=T1,n are the partial
indices of the matrix c;.

Proof. The operator T), can be written in the matrix form

_ T)L,l Oka .qn n
T;L—< F T, .Lp(’JI‘)—>Lp(’]I‘),
where

Ty =1-2""ciUP; : L}(T) — LI(T),

Tyo=1—A""cUPy : Li(T) — Li(T),
F=—A""fUP; : L}}(T) — Li(T).

The operator T} ; satisfies all the conditions of Proposition 7.1 and the operator T} ,
satisfies all the conditions of Proposition 7.2. Taking into account Proposition 6.1, the
result follows. [

REMARK 7.2. Since the subsets (39) and (44) of p(cU), and the sets A (or B)
and F, are not disjoint in general, we can have two estimates, (41) and (46), or (42) and
(46), holding for the same concrete operator 7) defined by (45).

8. On the resolvent set of the operator cU and the dimension of the kernel of a
SIO with shift — the scalar case

Now let us consider on L,(T), p € (1,%0), the operators cU and cU — A1, where
¢ € C(T) is a continuous function, U is the shift operator defined by (22), and A € C.
Consider A = 0; the operator cU — A is invertible if and only if ¢(¢) #0 forall € T.
Let A # 0; the operator cU — A or, equivalently, the operator I — A ~!cU is invertible
if and only if if one of the two following conditions is fulfilled

a) A7 e(ty)| <1, j=1.2;

b) [A7te(t;)| > 1, j=1,2, and A~'c(r)#0 forall 1 € T.

Let

Yzjrr:lallf;}C(Tj) , 8= minfe(7)].

The condition a) implies that |A| > ¥, and the condition b) implies that 0 < [A| < §.
Then, if ¢(z) # 0 for all 7 € T, the resolvent set and the spectrum of the operator
cU are, respectively,

p(cU)={AeC:|A| <8V |A|> 7},
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o(cU)y={AeC:6<|A| <7}
The essential spectrum of the operator cUP;. is given by
Oess(cUPL) = o (cU).

If ¢(r) =0 for some ¢ € T, the resolvent set and the spectrum of the operator cU are,
respectively,

p(cU)={A€C:|A] >y},
o(cU)={AeC:|A| <7}

and
Oess(cUPL) = o (cU).

Now we consider the SIO with shift on L,(T), p € (1,e0), defined by
T, =I—A"'cUP,, 47)

and the subsets of p(cU)

G={reC:A|> ysin”! g}

= {A €eC:0< Al <5sin§}.
The following results take place

PROPOSITION 8.1. Let A € G; then there exists a polynomial r of degree m,
with zeros in T_,

Ht—?tk |A,k‘>1, k=1,m,
k=1
such that -
|r(O)A " e(t)r B ()] <sin=, VteT. (48)
p
Moreover

dimker T, < m,

where T, is the operator defined by (47).

Proof. We have that |A~'c(7;)| <sinZ, j=1,2; then the operator T} satisfies
all the conditions of Corollary 4.3 and it follows the result. [

PROPOSITION 8.2. Let A € H; let T), be the operator defined by (47), where the
Sunction ¢ € C(T) satisfies the properties

c(t)#0, VreT,
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(30), and (31). Then the following estimate holds
dimker T} < m+max(0,—indc),

where m is the degree of the polynomial r defined in Corollary 4.3 considering the
function Acic ¢! (B_1) instead of A"\c in (48), and indc is the Cauchy index of
the function c.

Proof. We have that |2 7'c(t;)| > sin~! %, j=1,2; and the function A~!¢ ad-
mits the factorization A ~'c = A~ 'c_t*c, , with » = indc. We conclude that the oper-
ator T) satisfies all the conditions of Corollary 4.4 and the result follows. [

Let

€ = ma t
max (1),

and the subset of the set G

L= {?L €C:|A|>esin”! E}.
p
The following result takes place

PROPOSITION 8.3. Let A € L; then
dimker7, =0,
and the operator T), defined by (47) is invertible.

1

Proof. Since max;er |2~ c(f)| <sin % , HU||LP =1,and ||P+||Lp =sin~ %, anal-

ogously to the matrix case, it follows that 7, =1 — A~ 'cUP; is an invertible operator
whose inverse is given by the Neumann series
c

A

c

2
UP) e O
ao)

Tt =1+ ZUP+ (
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