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INVERSE STURM-LIOUVILLE PROBLEM
FOR A STAR GRAPH BY THREE SPECTRA

VYACHESLAV PIVOVARCHIK

(Communicated by F. Gesztesy)

Abstract. A three spectra problem for a star graph of three edges is solved. The given data are
1) the spectrum of a boundary value problem on the whole graph with the Dirichlet boundary
conditions at the pendant vertices, continuity and Kirchhoff’s conditions at the interior vertex,
2) the spectrum of the Dirichlet-Neumann problem on one of the edges, 3) the spectrum of the
Dirichlet-Dirichlet problem on the union of two other edges. The aim is to find the potentials on
the edges. Conditions on three sequences of numbers are found sufficient to be the spectra of
these three problems.

1. Introduction

Usually the term ’quantum graphs’ means metric graphs considered as quasi-one-
dimensional domains with differential operations defined on these domains, see e. g.
[20], [3]. In quantum mechanics the Sturm-Liouville or the Dirac equation are consid-
ered on the edges of a graph subject to matching conditions at the interior vertices and
boundary conditions at the pendant vertices. These are Dirichlet, Neumann or Robin
conditions at pendant vertices and continuity conditions together with Kirchhoff’s con-
ditions at interior vertices. These conditions correspond to selfadjoint operators see
[19]. Such models are often used in problems of free-electron theory of conjugate
molecules in chemistry and in the theory of quantum wires and thin wave-guides. The
differential operations together with the matching and boundary conditions define an
operator which is usually called continuous Laplacian. Since the literature on this topic
is vast we refer just to some of the authors: [1], [6], [7], [10], [11], [12], [19], [21].

Finite-dimensional analogues of the above boundary value problems appear in the
theory of vibrations of nets and graphs of the so called Stieltjes strings or Sturmian
systems (see [13], [14], [15], [26]). Another source of boundary value problems on
graphs is synthesis of electrical circuits (see, e.g. [32]).

Let us summarize the main results known for inverse problems on graphs.

1. In case of commensurable lengths of the edges and zero potentials the spectrum
does not determine uniquely the form of the graph [16]. In case of non-commensurable
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lengths of the edges and zero potentials the spectrum determines uniquely the form of
the graph [2].

2. If we consider two spectral problems with Dirichlet boundary condition at a
pendant vertex the first one and with Neumann boundary condition at this vertex the
second one, then the spectra of these two problems uniquely determine the potential on
the edge incident with this pendant vertex (see [5] and [35]).

3. Inverse problem for a star graph where the given data consists of the spectrum
on the whole graph and the spectra of the Dirichlet-Dirichlet problems on the edges was
solved in [29]-[31].

4. Estimates on maximal possible multiplicity of an eigenvalue depends only on
the form of the graph [25], [17]. Estimates on all possible multiplicities of eigenvalues
for the problem on a star graph see in [4].

5. Ambarzumian’s theorem is true for trees [8] and some other graphs [33], [18].

Our goal is to solve an inverse problem on a star graph with different potentials on
the edges. We use classical results of I. Gel’fand, B.M. Levitan [24], V.A. Marchenko
[27] as a tools in our investigation.

In Sec. 2 we give physical motivation for the problem under consideration. We
show that such problems occur in description of transverse vibrations of a star graph of
smooth strings as well as in quantum theory of waveguides. In Sec.3 we consider the
direct problem, i.e. we describe location of the spectra (including the asymptotics) of
the boundary value problem on the whole star graph, of the Dirichlet-Neumann problem
on one of the edges and of the Dirichlet-Dirichlet problem on the union of the rest two
edges. In Sec. 4 we consider the corresponding inverse problem. We find conditions
sufficient for three sequences of numbers to be the spectra of these three problems.

2. Physical motivation

Let us consider a plane star graph of three smooth inhomogeneous stretched strings
(labeled by subscripts 1,2,3) each having one end joined at the interior vertex of the
graph and the other end fixed. Small transverse vibrations of such a graph with the
edges denoted by e; (j=1,2,3) are described by the following system of equations

9? 9?

Wuj(sj) —pj(s)ﬁuj(s,t) =0, j=1,2,3, s€[0,]], (1)
u;(0,1) =0, (2)
ur(l,1) = ua(l,t) = uz(l,1), (3)
30
;auj(s,t) =0. (4)

s=I
The strings are supposed to be of the same length /. Here u(s,7) stands for the trans-
verse displacement of the j-th string at position s and time 7, p;(s) is the density of
the j-th string. Conditions (2) mean that the pendant vertices are fixed, conditions (3)
mean continuity of the net at the interior vertex, condition (4) describes the balance of
forces at the interior vertex.
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Substituting u;(s,t) = v;(1,s)e”*" into (1)~(4) we obtain
2

52" vi(A, s)+ A2 pi(s)vi(A,s) =0, (j=1,2,3), se0,]],

vj(4,0) =0,
vi(A,1) =w(d,0) =vi3 (A1),

30
;avj(l s

If the densities p;(s) belong to the Sobolev space W3 (0,1) and p;(s) > 0 for s € [0,1],

=0.

s=l

then we write pj[x;] wf pj(s(x;)), apply the Liouville transformation [9] (p. 292), see

also [28] (p. 47): ‘
9= | i),
0

Yi(Ax;) = pil] v (A, s(x)))

and obtain
Y]+ A% —qi(x)y; =0, j=1,2,3, x€[0,aj], (5)
yj(A,0)=0, j=1,2,3, (6)
pila] V414 ar) = palaa] Ve (A, ar) = pslas] Vs (A, a3), (7)
3
2 (A,a;)+Byi(A,a1) =0, (8)

where primes denote x-differentiation and

d2
ai(x) = pyles) 2 (il ). ©

3 s
ﬁ _ _% ij[aj}—l dp][‘,/}

Xj=a;

Thus, we consider problem (5)—(8). It is known (see, i.e. [28], Theorem 8.4.1)
that the spectrum of problem (5)—(8) obtained this way consists of real nonzero normal
(isolated Fredholm) eigenvalues.

This problem occurs also in quantum mechanics when one considers a quantum
particle subject to the Schrodinger equation moving in a quasi-one-dimensional star-
shaped wave-guide. In this case g; are not obtained from (9) but are real L,(0,a;)-
functions and problem (5)—(8) may have a finite number of pure imaginary eigenvalues
located symmetrically with respect to the origin (see [28], Theorem 8.4.1). In the sequel
we consider this general case.
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3. Direct problem

. . d
For the sake of simplicity we suppose in what follows a; = a; = a3 éfa, pilai] =

p2laz] = p3las]. Thus, we deal with the main problem:

—Yj+a;(xj)y=2A%j, xj€0,a], j=1,2,3, (10)
yj(0)=0, j=1,2,3, (11)

yi(a) = y2(a) = y3(a), (12)

Yila) +5(a) +Y5(a) + Byi(a) =0 (13)

with real potentials g; € L>(0,a) and a real constant 8. The spectrum of the main
problem we denote by {JLk}°_°N7 k20 (A_p = —A).
Simultaneously we consider the Dirichlet-Neumann problem on the edge e

— W +aq1(x)y1 =A%y, x€(0,d] (14)

y1(0) =y} (a) =0, (15)

with the spectrum denoted by {u}”_ 20 (M—x = — ), and the Dirichlet-Dirichlet
problem on the union of edges e U e3

—¥j+4;(x)y;=A%;, x;€[0,a] j=2.3, (16)
yj(0)=0, j=2,3, (17)
y2(a) = y3(a), (18)
Ya(a) +y5(a) + Byz2(a) =0 (19)
with the spectrum denoted by {vk}°_°w’ ko (Vi = —Vg).

Let us denote by sj(A,x) (j=1,2,3) the solution of (10) which satisfies the
conditions

57 (,0) = ,(2,0) = 1 =0.

Looking for a solution of (10)~(13) in the form y; = Cjs;(4,x) where C; are
constants we find that the spectrum of problem (10)—(13) c01nc1des with the set of
zeros of the function

O(A) =51 (A,a)s2(X,a)s3(A,a) +s1(A,a)sh(A,a)s3(A,a) +s1(A,a)s2(A,a)sh(A,a)+
Bsi(A,a)s2(A,a)s3(A,a). (20)

In the same way, the spectrum of problem (16)—(19) coincides with the set of zeros of
the function

w(A) :=sh(A,a)s3(A,a) +s2(A,a)s5(A,a) + Bsa(A,a)s3(A,a). (1)

The spectrum of problem (14)—(15) coincides with the set of zeros of 5} (4,a).
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DEFINITION 1. (see Definition 12.2.2 in [28] or Section 2.5 in [34]). An entire
function @ of exponential type < o is said to belong to the Paley-Wiener class .£° if
its restriction to the real axis belongs to Ly (—eo,0).

We will use the following representations (see e.g. [28] Corollary 12.2.10):

sinda cosia  f(R)
A PR Ea
sinla  f(A)
— 23
where B; € R. Here and in the sequel we use the same notation f for different functions
from £¢.
Substituting (22) and (23) into (21) we obtain

_ sin2ka  (Bo+B3)cos2Aa  F(A)
v =" PR

si(A,a) =

(22)

sy(A,a) =cosAa+B;

(24)
where F € £,

DEFINITION 2. ([28], Definition. 5.1.20). The function 6 is said to be a Nevan-
linna function, or .4 -function if:

(i) 6 is analytic in the half-planes ImA > 0 and ImA < 0;

(i) 0(A) = 0(A) if ImA #£0;

(iii) ImAImO(A) > 0 for ImA # 0.

DEFINITION 3. ([28], Definition. 5.1.26).

1. The class 4¢P of essentially positive Nevanlinna functions is the set of all
functions 6 € 4" which are analytic in C\[0,<) with the possible exception of finitely
many poles.

2. The class A4, is the set of all functions 6 € .4 such that for some y € R
we have O(4) >0 forall A € (—eo,7).

v(/7) ep
LEMMA 1. 1. AW EAW e N,

2 n(x/{;l()f;z()\/ia) GJ;/JreP’

9(v2) ep
3 yosivea €

Proof. 1. Since Eéa; € AP we conclude that
si(Vza

A B O S X G
AVas(Vaa) S e

2. We evaluate

(/50)53(V7a) _ ((szwz
%

-1

u) (52

2) " s)

RIR

v(v7) (vz

N
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Since j,’ Eﬁzg € AP we conclude by Lemma 5.1.22 in [28] that
J ’

2(va.a)s5(y7.a)
vivo <

It is clear from (22) and (23) that (i/‘—q) —  +0 and therefore statement 2 is true.
Z7——o0

3. Since

0(vz)  _ n(Vza)s(Vz49) n s1(vz,4)

STVzaY () v(v3) S (V2a)

we arrive at statement 3. [

COROLLARY 1. I. The sequence {lz}z;l of zeros of ¢(,/z) interlace with the
union {E2Y7_ | = {2}, U{V2}r_, of sequences of zeros of the functions s|(\/z,a)

and y(\/z):
—eo < EP KA G KA <L KE AL

2. Multiplicity of any 7L2 and any ék does not exceed 2.
A=A isa double zero then EF < A7 = &2 =AM < &Z,.

Proof. Statement 1 follows from statement 3 of Lemma 1. Statement 2 for A?
is a consequence of the general result in [17] (Theorem 4.3) while for ék it follows
from simplicity of uf and v{. To prove statement 3 we notice that if A7 = A2, then
interlacing in statement 1 implies A2 = &2, = A2,,. In this case s j(/lk7 a) =0 for
j=1,2,3. Assume that & is a double zero, then & = A = u, for some p. That
means s} (A4, a) = s} (Up,a) = 0 what contradicts s;(A,a) =0. O

NOTATION. We set Bj = 5 [iq;j(x)dx and here and in the sequel use the same
notation {Bi}”_. ;o (or {B}7..) for all sequences which belong to 1.

DEFINITION 4. We call the indexing of the sequence {A;} of real numbers proper
if:

() Ak =N

(i) & = A, if k> p>0;

(iii) the multiplicities are taken into account;

(iv) the index set is Z if 0 € {A} and is Z\{0} if 0 ¢ {A«}.

LEMMA 2. ([28], Theorem 7.4.7 with Vv = 0).
1. The set {i}".. ;. of zeros of s\ (A,a) which being indexed properly (U_j =
—ty, (W)? < (y1)? for k € N) behave asymptotically as follows:
w(k—1/2
(SN

+_

He= 7 K
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2. The set {Vi}~ 1.0 of zeros of W(A) can be represented as a union of se-
quences {vlgz)} o and {vf)} o which being enumerated properly behave

asymptotically as follows:

v(z) _ TL'_k By + B3 &
k a 2k k’

B
3 TL'(k—l/Z) B2+B3+_ ﬁk
v = P R

LEMMA 3. ([28], Theorem 7.4.7 with V = 0). The set {M}iak#o of zeros of

3 . oo
@(A) can be represented as the union of three subsequences lul { p,ij )} o which
j= —oo

B

being enumerated properly behave asymptotically as follows:

pk :7—’—7—'—77 ]:1727 (25)
1 3
(3 _mk—3) 1 B B
P =Ty ;Bﬂ—n o (26)

where M; (j = 1,2) are the solutions (all real but not necessarily different) of the
equation

d.
P(M) 3M% —2(B, + B, + B3)M + (B\B2 + B\B3 + B2B3) = 0.

LEMMA 4. ([28], Corollary 7.4.8) Let q;(x) belong to the Sobolev space Wy (0,a).
Then
1. The sequences {W}” ., o behave asymptotically as follows
ﬂ(k — 1/2) B ﬁk

SR

2. The sequences {v,ij ) }m 0 behave asymptotically as follows:
v(z) _ TL'_k B>+ B3 &
k a 2k k2’

v(g)_ﬂ:(k—l/Z) Bz+B3+§+&
ke a 2k—1 K2
3. Instead of (25)-(26) we have
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REMARK 1. If gj(x) € W}(0,a) for j=2,3 then

B
(3)_717(/(—1/2) By+B3+% B Br
e =T Tl et

27)

where B is a real constant.

In the next section we find sufficient conditions on three sequences of real numbers
to be the spectra of the three above problems and give a method of recovering ¢, ¢,

g3 using {4} 00 I 00 1V k0

4. Inverse problem

Here we deal with the problem of recovering the potentials {¢;(x)} (j =1,2,3)
and the parameter 3 from the spectral data.

DEFINITION 5. (see, e.g. Definition 11.2.15 in [28] or [23], Sec. 1) An entire
function @ of positive exponential type is said to be a sine type function if

(i) there is & > 0 such that all zeros of ® lie in the strip {A € C: |[ImA| < i},

(ii) there are h; € R and positive numbers m < M such that m < |o(A)| < M
holds for A € C with ImA = hy,

(iii) the exponential type of ® in the lower half-plane coincides with the exponen-
tial type of ® in the upper half-plane.

The next theorem is the version of Theorem 8.4.1 in [28] adapted for the case of
a star graph of two edges, i.e. for the graph P, which consists of the edges e, and
e3. Also we omit requirement V12 > 0 and admit ¢; be arbitrary real functions from
L»(0,a). Tt can be achieved shifting A2 — A2 4+ ¢ where ¢ € R in Theorem 8.4.1 of
[28].

THEOREM 1. Let three properly indexed sequences (\7,5"));’700 ko0 J = 2,3, and
(Vi) r ok £0 of real numbers be given, satisfying the following conditions:
1. The sequences (\7,5]));":_00 k20> j=2,3, are such that:
(1) \71
(ii) v 3& vk, ) whenever (k,j)# (K, ]);
(iii)
Gy _ ™k Bi B .
vy ——+k+k—2,]—2,3,k6N, (28)
where the B j are real constants, B, # Bs.
2. The sequence (Vi)y__.. 2o can be represented as the union of two properly

indexed subsequences (ﬁ,g’ ))Z’:ﬂok 200 k = 2,3, which behave asymptotically
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@) w(k—3)
B ==

+k—27 keN,

B B
k
where By € R and M, = %
3. The properly indexed sequences of real numbers (Vi)y__ ., 2o and (~k)Z°:_oo k20
)

=

interlace, where the sequence (Ek)f:_.x,.k o I8 the union of the sequences (NIEJ )iz —en 02
j=2,3:
vi<El<vi<&l<....

Then there exists a unique set (q2,q3,) where real functions q; € L>(0,a) and
B € R such that the sequence (Vi)y__.. Lo coincides with the spectrum of problem
(16)—(19), where
ﬁ = 7'[(230—32—33) N

and such that the sequences (\7,51'));’:_%. k20> Jj = 2,3, coincide with the spectra of
problems
—¥j+qj(x)y;=A%;, x;€[0,a] j=2.3, (29)

yj(0) =yj(a) =0, j=2,3. (30)

Now we are ready to state the main result of this paper.
Denote by Q the class of sets {{g;(x) ;: 1»B}, which satisfy the following con-
ditions: the real-valued functions ¢;(x) (j € 1,2,3) belong to L,(0,a), B € R.

THEOREM 2. Let three properly indexed sequences be given denoted by
{,uk}i"w?k;éo, {Vk}of%k;,go and { A}~ 40 satisfying the following conditions:
o 2)1 o0 3) e o 3 N
Lo Avit 0 = {VIE )}700,1(7&0 U{VIE )}7oo,k7é0’ {0 = jgl {PJEJ)}_N k0"

where
nk—1/2) D1 Bk

e = - +(k_%)+k—2,keN, (31
2 %+%+%jeM (32)
v ”(k_al/z) 2]?_31+]€T—3+f§,keN,
I£J>_”_k+]%+%, j=12,keN,
o _ n(ka—%)+(k€o%)+%’ LEN

Here D; (j=1,2,3), M; (j=1,2), By and T are real constants and

D,  2Ds
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My My = 221 2D
1 2= 3 3 ’
D5 +4D1D; > 12MM,. (33)

oo oo d oo oo
2. The sequences { M}~ ;.o and {&}”.. éf{ﬁlk}_.x,,k;,e()U*{Vlc}_o<,71c;«feo (Sk =
—&, & < &y ) interlace in the strict sense:
El <Al <E <A< (34)
Then there exists a set {{qj(x)};:l,ﬁ} € Q such that the sequence {4}, ;4
coincides with the spectrum of problem (10)—(13), where

B = (D3 —D»)

and the sequence {vk}‘fw? k20> Coincides with the spectrum of problem (16)~(19) and
{ ,LLk}°_°N7 k20 coincides with the spectrum of problem (14)~(15).

Proof. Let us construct the functions

o0) =TT (55 (W2~ 22) ). =12, 39
o0 =TI (Wipz (07 —Az)> 7 (36)
V(i) = kH (nz—; (v —AZ)) : &)
V(1) =kﬁl Wiﬁ ((v,E”)z—Az)) : (38)

It is known (see Lemma 12.3.4 in [28]) that

_sinda  wMjcosAa Ejsinda  f(A)

0;(2) = = ottt i=12, (39)
¢3(A)=cosxa+”B°ZinM E3°;§A“+ffé), (40)
Wz(k):sin;ta_nDz)ci;)s)La Ngs/lirgka_i_f/(lét), @1
lI/}(M:Cos/la_’_71:Dgsin7m_’_Ngcos7La fA) 42)

A A? A2
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nD;sinAa EcosAa = f(A)

e
where E;€R (j=1,2,3), N;eR (j=2,3).

It is clear in view of (39)—(43) that the functions @(A) = A2¢;(A)d2(A)P3(A),
Ay (A)yn(A) and 7(A) are of sine type.

Consider the functional equation

T(A)X(A) +2ya(A)y3(A)Y (A) = 361 (A)92(A) 3 (1) (44)
with a pair of unknown functions (X,Y). It is clear that due to T(t;) =0 we have

Y () = 22 () 92 (t4ic) 93 (1) 45)

2y () w3 ()

T(A) =cosAa+ (43)

where the denominator is nonzero because {1} 10N {Vi}7o. 20 = 0 due to (34).

By Lemma 1.4.3 in [27] or Lemma 12.2.1 in [28] we know that for any Paley-
Wiener function f the sequence {f (,uk)}‘j’m’k 40 € l>. Substituting (31) into (39)-(42)
we obtain

sinppa  mwMjcosppa  Ejsinpa - f(ug)

O; (k) = + + (46)
! M w T w
_ (=Dfla -3
B n(k—1/2)+0(k )
nBosinuga  Ezcospra  f(uk)
¢ () = cos Uga + + + 47
M g ug
D _aB ﬂk
— (L 1980 Pk
(~DE2 4 (R B
singpa  mDycosa  Nysinpyga — f(L)
va () = - + + (48)
U ug u} up
_ (=D)"a -3
B n(k—1/2)+0(k )
nDssinpga  Nacosuga  f(Uy)
w3 () = cos ya+ + + (49)
Ui ug Uz
D) _1aDs | B
S Nl TS LS S B
We look for a solution (X,Y) of equation to (44) in the form where
sinla mDjcosAa Y(A)
Y(A)= — . 50
()= ot (50)
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Then using (45) we obtain from (50)

3ug o1 (k) 02 (1) 93 (1) '

Y (ug) = — Uy sin pga + wDy cos tra +

2y (1) w3 (k)
In view of (46)—(49) this implies
Pu) = (-1} FE R e B

Since 7 is sine-type we conclude (see [23], Theorem A or [28], Theorem 11.3.14)
that the series

oo

Y(A)ZT(A) Z — Y(.uk)
b MG
=Hk

converges uniformly to a function from .Z“ on any compact domain of the complex
plane and on the real axis in the norm of L(—ee,e0). Thus if we denote {o}}*_ . £0
the sequence of zeros of Y then due to (50) Lemma 3.4.2 in [26] or Lemma 12.3.2 in
[28] implies
nk wD; ﬁk
Op=—+—+—. 51
k=t (51
Now let us consider equation (45). If (= &,, then due to (34) there are p — k squares
of zeros of the function y»(A)y3(A) and p — 1 squares of zeros of ¢;(A)@(1)¢3(A)
located on the interval (—oo,;,tk) Since due to (35)-(38) y;(A) , ~+eo and
A

0;(A ) ~ +oo we arrive at le()L)lV3(7L))Lz—> +oo and ¢1(7L)¢2(7L)¢3(7L)M—> oo,

—oo ——o0 ——o0

Thus, (— 17y i) > 0 and (17161 ()6a(1s) (1) > 0 and, conse-
quently,

301 (ki) 92 (1) 03 (1) (1)

RN
Y () (—1) 2y (1) v ()

>0, k> 1.

Therefore, taking into account (51), (31) we conclude that {o}}~ K0 interlace with
= K20
p<ol<pi<ol<...

Using Theorem 3.4.1 in [27] or Theorem 12.6.2 in [28] we conclude that there exists
a unique real function ¢, € L,(0,a) which generates the Dirichlet-Neumann problem
(14), (15) with the spectrum {p}”_, ;o and Dirichlet-Dirichlet problem

W +aq1(x)y =A%, x€[0,4]

v1(0) =yi1(a) =0.

with the spectrum {o;}* oo, kA0 The method of recovering ¢ is described, e. g.,
[27], Theorem 3.3.1 or [28] Proposition 12.4.8.
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We are looking for a solution (X,Y) to (44) with X of the form

.2 . )
X(A) = sn;z?ta —nDQSIHM;OS}La +3V5111)ij
cos’Aa  X(A)

+TC2(3M1M2 — DlDz)T + 7,

where
V=—Ri—R,—R3+S,

D} aD; aDsM; d’E;
R, =34+ J_ 2T (i=1.2
i=% T on 2 z U=12)

D3 D? D; EiD;
Ri=T4+ 343422
T T A

D3 D3 D; ED;s

S=T+-34+ 324+
T3 T2

2)

Substituting A = v,E into (44) we obtain

13

(52)

(53)

Here T(V,Ez)) = 0 because of (34). Substituting (32) into (39), (40) and (43) we arrive

at

0;(v) =

Uy (2

e M,»>+ﬁ" j=1,2,

2 )T
o3(v7) = (~1) 0k ),
t(v{?) = (=1 + 0(k ).
Using (54)—(56) we obtain from (53) that

30 (v (vPes(v?)
&)
T(v™)

a* D% Bx
= ——= —D Dy +3M M, —.
n_2k4 ( 4 1 2+ 1 2)+k4

On the other hand, (52) implies

4 2 (1,2
@) a _& _ X(Vk )
X(vk )—771:2(](_1/2)4( 1 D1D2+3M1M2>+ .

Comparing (57) with (58) we obtain

ROV sso € b

(54)
(55)

(56)

(57)

(58)

(59)
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3)

Substituting A = v,E into (44) we obtain

Here T(V,£3)) # 0 because of (34). Since

_1)klg .
¢j(v;§3))=77£(k1_>1/2)< —&>+& j=12,

and

we conclude that

300y (v )es () 3 AN}
T(V,Eg)) m2(k—1/2)? \ D, — % K2 k*
a2 £1% ﬂk
2k—127 @ e
On the other hand, (52) implies
(3) @ v, X))

):n2(k—1/2)2+k4 Iz
Substituting (62) into (60) and comparing the result with (63) we obtain

RO 0 €

and with account of (59)
X (Vi)Yo 0 € Lo

(60)

(61)

(62)

(63)

Since Ay»(A)w3(A) is a sine-type function with simple zeros (v,Ej ) = v,(f) if and
only if k= p and j =i) we conclude (see [23], Theorem A or [28], Theorem 11.3.14)

that the series
- X(vi)
oo dAlyn (A A
) k£0 lllz(d)zlh( ) (A—v)

X(A) =Ayr(A)ys(2)

)L=Vk

(64)

converges uniformly to a function from -#2% on any compact domain of the complex
plane and on the real axis in the norm of L,(—eo, ). Here we set X (0) = 0 by defini-

tion. Substituting (64) into (52) we find X (1).
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If we denote by {xx}”.. , £0 the sequence of zeros of X then we conclude that this
sequence can be given as the union of two subsequences {x}~_. . 0= { 75152) } koY

{x]£3) }ojo(,?k;éo Where

j_mk T B 65
Xk P + X + a (65)
T
=3 (D2t \/D§+4D1Dz— 12M M),
T = g(Dz_ \/D%+4D1D2— 12M M)

(see Proposition 4.5 in [22]). Here 7; € R due (33). The sequences {xk}°_°o<,7k#0 =

{xéz)} Zeogezo Y {%53)}0:&71{#0 and {vi}7, 0 = {V1£2)} Zeokto Y {VI£3)}°—°oo7k7£0 satisfy
the condition 1 of Theorem 1 with f/,Ej) = ,Ej), Bi=T,, [),Ej) = ,Ej), M, = D, and
By=Ds.

Let us prove that they satisfy condition 2 in Theorem 1. To this end we nitice that
by (44) we have

X(v) = 3¢1(Vk)fz‘(/:§)¢3(vk)

where T(vi) # 0 for all k due to (34). If vy =&, then there are p —k squares of
zeros of the function 7(A) and p — 1 squares of zeros of ¢;(A)¢2(A)¢3(L) on the
interval (—co, V7). Since T(MM_) = +oco and ¢j(/l)12—> = +co we conclude that

——o0

T()L)M—> =+ and ¢ (7L)¢2(7L)¢3(7L)12—> = +oo. Thus, (—1)?~*7(v;) >0 and

——o0 ——o0

(—=1)P~1 o1 (Vi) @2 (Vi) 93 (vi) > 0 and, consequently,

X(v)(— 1)1 = 3910020V 93(vi)

1Ykl
=) (=) >0.

Therefore, taking into account (52), (28) we conclude that {v;}=_ K£0 interlace with
V3 anyons
Vi<yl<vi<pi<..

Thus, by Theorem 1 there exists a pair ¢a,g3 of real functions from L,(0,a)
and a real constant 8 such that the spectrum of problem (16)—(19) is {vx}~_ . 20 =

{v,iz)}"jw.k;ﬁo U {v,£3)}°_°w.k¢0 and the spectra of problems (29), (30) are {x,&z) % e k0
and { 1,53)}"_"007,{ o~ For the method of recovering of {¢,¢3,} see the proof of Theo-
rem 8.4.1 in [28], in particular, in our terms § = w(2D3 —T» — T3).

We have already seen that obtained g; generates problem (14), (15) with the spec-
trum { ,uk}"jw? K20 It remains to prove that the spectrum of problem (10)—(13) generated
by the found ¢1,¢2,93 and 3 coincides with {2}~ ; . Indeed, for j =1,2,3, let
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S;(A,x) be the solution to (29) with the potential ¢; which satisfies S;(4,0) =0 and
S}(/LO) = 1. By (20) the characteristic function ¢ of problem (10)—(13) is given by

d(A) := S} (A,a)S2(A,a)S3(A,a) + S1(A,a)(Sh(A,a)S3(A,a)
+82(2,a)S5(A,a) + BS2(A,a)S3 (A, a)). (66)

We already know that the sequence of zeros of S| (4,a) coincides with the sequence

of zeros of 7(A) while the sequence of zeros of (S5(4,a)S3(A,a)+S2(A,a)S5(A,a)+
BS2(A,a)S3(A,a)) coincides with the sequence of zeros of yi(A)y,(A4). Comparing
(23) with (43) we see that S7(A,a) and T(A) have the same leading terms. Since
S}(A,a) and T(A4) are sine type functions with the same set of zeros and the same
leading term it follows from Lemma 11.2.29 in [28] that

Si(A,a) = 1(A). (67)
We have seen that the set of zeros of
(Sh(A,a)S3(2,a) + S22, @)Sh(A,a) + BSa(%.a)S3(A,a))
coincides with {vk}"jw’k o~ Using (21) and (24) we obtain

S)(4,a)S3(A,a) +S2(A,a)Sh(A,a) + BSs(A,a)S3(A,a) = Si“;’l“ . @

Comparing (24) with the formula

2y (i) = S22 L)

which is a consequence of (41) and (42) we conclude that the sine type functions
22y (A)y3(A) and A(S1(A,a)(S5(A,a)S3(A,a)+S2(A,a)S5(A,a)+BS2(A,a)S3(A,a))
have the same leading terms and the same set of zeros and by Lemma 11.2.29 in [28]

$3(A,a)S3(4,a) +$2(A,a)S5(A,a) + BS2(A,a)S3(A,a) =2yn(A)ys(4).  (68)

As we have seen the set of zeros { Xk}iok £0 is the union of the spectra of problems
(29), (30) with j =2 and with j = 3, i.e. the union of the sets of zeros of S(A,a) and
S3(A,a). Comparing (52) with the representations (22) for S»(A,a) and S3(A,a) we
see that X (A) and S»(A4,a)S3(A,a) have the same main term and therefore

X (1) =82(1,a)S3(A,a). (69)
The comparison of (50) with (22) for j = 1 implies
Y(A)=S1(4,a). (70)
Substituting (67)—(70) into (66) we obtain
O(R) = T(A)X(2) + 292 (A)ys (L)Y (1).
Comparing this equation with (44) we arrive at (1) =3¢ (1) (A)p3(A). O

Comparing Theorem 2 with Lemmas 1-3 and Remark 1 we see that the sufficient
conditions of Theorem 2 are close to the necessary conditions.
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