oerators
nd
atrices

Volume 12, Number 1 (2018), 27-37 doi:10.7153/0am-2018-12-03

HYPERCYCLICITY OF WEIGHTED
TRANSLATIONS ON ORLICZ SPACES

M. R. AziMI AND I. AKBARBAGLU

(Communicated by T. S. S. R. K. Rao)

Abstract. In this paper, we study the hypercyclicity of the weighted translation C,, defined on
Orlicz space L?(G) where G is a locally compact group, g € G and u is a weight function on
G. Itis shown that when g € G is a torsion element, then C, , cannot be hypercyclic. However,
for an aperiodic element g € G, necessary and sufficient conditions for C,, and its adjoint are
given to be hypercyclic.

1. Introduction and preliminaries

A bounded linear operator 7' on a Fréchet space X is called hypercyclic if there is
avector x € X whose orbit {7"x:n=0,1,2,...} isdense in X, where T" stands for the
n-thiterate of 7 and T is the identity map. Such a vector is called a hypercyclic vector
for the operator 7. We recall the well-known equivalence between hypercyclicity and
topological transitivity. An operator T acting on a Fréchet space X is hypercyclic if
and only if for each pair of no-empty open sets (U,V) in X, there exists an n € N such
that 7"(U) NV # 0. Further, an operator T satisfies the Hypercyclic Criterion if and
only if the operator T @ T is hypercyclic on X & X. An operator 7 on a Fréchet space
X is weakly mixing if and only if T @ T is hypercyclic on X @ X . It is readily seen
that weakly mixing maps are topologically transitive but in the topological setting, the
converse is not true. For example, any irrational rotation of the circle T is topologically
transitive but it is not weakly mixing. An operator T is fopologically mixing whenever
for each pair of no-empty open sets (U,V) in X, there exists an N € N such that
T"(U)NV #0 forall n > N. The operators of the form “identity plus a backward shift”
are the example of topologically mixing operators which are also hypercyclic. The
books [2] and [5] are the best interesting references in the dynamics of linear operators.

Let G be a locally compact group with the identity e and a right Haar measure
W. A continuous, even and convex function @ : R — R* U {0} is called a Young’s
Sunction whenever ®(0) = 0 and lim;_,.. ®(7) = o=. Usually for each Young’s function
®, another Young’s function ¥ : R — R* U{0} defined by

W(y) := sup{xly| - @(x) : x>0}
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is associated which is called complementary Young’s function of ®.

Let L®(G) denote the set of all Borel measurable functions f on G such that
Jo®(k|f])du < o for some constant k > 0. It is plain that L®(G) is a vector space
and equipped with the norm

No(f) :inf{k>0:/(;q)<%>du <1}

which is a Banach space and called an Orlicz space. A Young’s function @ is said to
satisfy condition A, -regular if there is a constant k > 0 such that ®(2r) < k®(r) for
large values of ¢+ when (G) < eo. In case [U(G) =, ®(2r) < k®(¢) foreach r > 0.
For further information the interested reader is referred to [7]. It is well known that
the hypercyclic phenomenon is occurred only on infinite-dimensional and separable
spaces([2, 5]). Hence we assume that G is second countable and Young’s function @
is Ay -regular([7]). A bounded continuous function u : G — (0,0) is called a weight.
For g € G let v, be the unit point mass at g. Given a weight # on G and g € G, a
weighted translation C,  : L*(G) — L®(G) is defined by

Cug(f):=u-fxvy  fEL®(G)

where f* Vv, is the following convolution
Fove®)i= [ fxave@) = 1) 1€ G,
G

Indeed it is the right translation of f by g~!. Further, it is easy to see that f x Vg €
L®(G) whenever f € L®(G). For if, consider

| @ ve@)Dante) = [ @kifie ) = [ SEauG) <

where 1g~! =y and du(r) = du(yg) = du(y).

Since the spectrum of hypercyclic operators meets the unit circle ([2] or [5]), then a
weighted translation C,, cannot be hypercyclic when ||u||.. < 1. Another case which
Cu¢ cannot be hypercyclic, appears whenever g is a torsion element. Recall that an
element g € G is called a forsion element if it is of finite order. An element g € G
is called periodic if the closed subgroup G(g) generated by g is compact. Further,
an element in G is aperiodic if it is not periodic. The hypercyclicity of the weighted
translations on L?(G) for 1 < p < = has been widely studied in [3] and [4]. In this
paper, we study the hypercyclicity of the weighted translation C,, on Orlicz space
L®(G). For an aperiodic element g € G, we give a necessary and sufficient condition
for C, ¢ to be hypercyclic. Moreover, it is shown that when g € G is a torsion element
then C, ¢ cannot be hypercyclic.
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2. Hypercyclicity of weighted translations On L (G)

One of the hypercyclicity criteria is the following which is known as Kitai’s hy-
percyclicity criterion.

DEFINITION 2.1. ([6]) Let X be a topological vector space and 7 : X — X bea
bounded linear operator. We say that T satisfies the hypercyclicity criterion if there ex-
ist an increasing sequence of integers (ny), two dense sets D;,D, C X and a sequence
of maps S, : D» — X (not necessarily linear or continuous) such that

o T"(x) — 0 forany x € Dy ;
e S, (y) =0 forany y € Dy;
o TS, (v) — 0 forany y € D,.
For the possible setting, ny =k and D| = D, itis called Kitai’s hypercyclicity criterion.

In this section, we characterize the hypercyclicity of the weighted translation C, ¢
when g € G is torsion and aperiodic. For an aperiodic, a given necessary and sufficient
condition is proved by Kitai’s hypercyclicity criterion.

LEMMA 2.2. Let g € G be a torsion element. Then a weighted translation C, g :
L®(G) — L®(G) is not hypercyclic.

Proof. The method of proof is similar to the one used in [3]. Let m € N be the
order of the element g i.e., g” = e. Foreach 1 € G, let u(t) := 17, u(tg™) where
g" = e. We shall proceed the proof with the two cases |||l < 1 and ||ty gl > 1.
The first case proceeds along the same lines as the proof of Lemma 1.1 in [3]. The orbit
of Cy ¢ at L®(G) may appear like

{f.Cug().Ca g (), Cl M (f),

tm,g f'sUm,gCuug (f)stm,g C2 (f) S umgChy 1(f)7
uﬁq,gf: ui,gclhg (f)a um,gclig (f)a ce aurzn,gCngl (f)7

}.

Indeed, because of ||un ]| < 1, itis clear that the orbit of the weighted translation
Cu is bounded and hence it cannot be dense in L?(G).

For the case ||t ¢l > 1, suppose on contrary that C,, is hypercyclic. Then
one may readily find a compact subset K C G and an € > 0 such that yu(K) > ﬁ.
Moreover we may assume that u(x) > 1 for all x € K, since u is continuous. "lfhe
hypercyclicity of C,, guaranties the hypercyclicity of the its m-th iterate, say Cy/,.
To see this well-known fact consult, [1]. Let yx be the characteristic function of K.
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Clearly yx € L®(G), since No(xx) and u is aregular measure. Recall that

_ 1
for a Young’s function @, @' : [0, +e0) — [0, 4] is defined by @~ !(y) := inf{x >
0:®(x) >y} with inf(0) = +oo.

That a Young’s function @ is assumed to be A, -regular, ensures that the set of all
simple functions and the set of all continuous functions with the compact supports are
dense in Orlicz space L®(G) (c.f., [7]). Hence, one may find f € L®(G) and n € N,

sufficiently large such that
Nq>(f—2)(K) <& and Nq)((C,Tg)nf) <E&.
Set S={re€ K:|f(¢)] <1}. Then

€ > Nq)(f — 2)(1{)

Therefore, we have 1 (S) < ﬁ. On the other hand,
€ > No((Cye)"f) = No(xk-s(Cyly)" f)

>
2 No((t o) XK —5)
P>

No(xk-s)
- 1
"o ()
Similarly, we obtain that p(K —S) < @. But we know that p(K) = u(S)+ u(K —
S) < —2— which is a contradiction. [J

o(3)
THEOREM 2.3. Let g € G be an aperiodic element and let C, ¢ be a weighted
translation on L?(G). Then the following conditions are equivalent:
(i) Cyug is hypercyclic.

(ii) For each compact subset K C G with [(K) > 0, there is a sequence of Borel sets
{Vi} €K such thar u(Vy) — w(K) as k — o and both sequences

n—1 n
ung = ([Tuxv))™" and wu, = ux vy
i=0 i=1

possess respectively subsequences {u, o} and {u, -1}y, such that

.8

kh_rg ||unk7g|VkH°° = ]}E}l ||unk7g,1 |Vk||oo =0.
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Proof. We take the same approach as in [3]. However, the novelty of our approach
lies on the structure of Orlicz spaces and the hypercyclicity criterion (Definition 2.1).
Suppose that C, , is hypercyclic. Let K C G be a compact set with t(K) > 0 and let
€ > 0. Since g € G is an aperiodic element, then by Lemma 2.1 in [3], there exists
an N € N such that KNKg™ =0 for n > N. We know that the set of all hypercyclic
vectors for C, . and the set of all simple functions form dense subsets in L®(G). Of
course, both these facts depend on Young’s function @ which is assumed to be A;-
regular. Hence there exist a hypercyclic vector f € L®(G) and ng € N, ng > N, such
that

No(f—xk) <& and No(Cl%f —xk) <&

where €] is chosenin such a way that 0 < & < 155 . Put Py ={r € K: [f(1) - 1| > &1 }.
Now note that

A\YARR\VARR\VARRV

Let

Then (I)_l(“(})el)) > & and so ﬁel)

Re, ={t€G—K:|f(t)| > &}. Then u(Rg,) < q%

> ®(L) which yields that u(P,) < ﬁ
€]

A
o1
=

A\VARR\VARR VARV

Let Spye; = { € K : |uny o(t) "1 f(tg7™) — 1| > & }. Then, consider the following

&f > No(Cl%f — k)
2 No(X8,.e, (Culef — XK))
1
—inf{k>0 ;/ Dl (1) Fleg™™) ~ xclt) ) da(0) < 1}

Snpeey
> No(&12s,,c,)
1

1 1
O (iEge)
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to deduce that p1(Sp,e, ) < ﬁ . But for each t € K — (Sy,.¢e, URg "), we have
£l

|f(tg™™)| £
Unyg(t) < - < - <€,

since KNKg" =0. Let Uny e, = {t €K :|u, ,1(t)f(t)| > € }. Again, by the assump-
tion KN Kg" = and the fact that u is a right invariant Haar measure, we have

& > No(Cl%f — xx)
[ () g ) —xK(t)\)du(t) <1}
k> o:/Gq>(%\uno7g,l(z)f(z)—xK(tgno ) )au( <1}

i {
{

>inf{k>0:/U @(%\unmgq(t)f() (™) )du(o) < 1)
{

~ inf k>0:/U @(%\unmgq(t)f(t)|>d,u(t)<1}

)
which implies in turn that ((Uy, ¢, ) < @ . Note that for each 1 € K — (Uy¢, UPy, ),
we have € &l
o O S T < 1o <
Eventually, define Vy ¢, := K — (Pe; URy e, USny.e, UUpg ¢, ) - Itis evident that, (K —
Viger) < ﬁ%) 1409 g1 [Vagey lleo < € and ([t vy, [l <€

Proceeding inductively, for each k € N there is a Borel set V; C K and n; < np <
<ng < h that p(K — Vi) < =, iy, 1|y llee < 1 and [ glv, [l < ¢
.. ny ... Suc a IJ. k (D(%) 5 unk,g LV ||eo T an unk,g Vi || oo %

For the reverse implication, we use Kitai’s hypercyclicity criterion (Definition 2.1)
essentially. Let {Vi} C K, {un¢} and {u,, .1} beitems satisfying condition (ii). We
use the fact that the set of all continuous functions with compact supports say C.(G),
is dense in L®(G), since Young’s function ® is assumed to be A, -regular. For more
details see [7]. We mean the support of a function f by the set {r € G: f(¢) #0}
which is denoted by o (f), for simplicity. Take D; = D, = C.(G) and define the maps
Sneg : Ce(G) = L®(G) by

Snig(f) = tngf % Ve

In this circumstance, we have C/%(S, o(f)) = f. It remains to show that
No(Cuyf) — 0 and No(Sy4(f)) — 0 as k — . Let € >0 and let {u, ,1} be
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bounded on o(f) by M. By the hypothesis, there exists an N € N such that u(o(f)—
W) < MN g7 - NoW, by Egoroff’s theorem, there is a Borel set Wy € o(f) such that

uWy—o(f)) < MN 7 and {t, g1} convergesto 0 umformly on Wy . Hence, there
exists an N € N such that for each ng > N, Up o1 <7 ( 7y on Wy . Now, by the change

of variable formula, for n; > N we have

Noo(Cilef) = No(Cile f2o(1)
{k / ,1kq)<%‘u(t)u(tgil)...u(tgf("kfl))f(tg*nk)‘)du(t) < 1}
{

—inf{k>0 / ( lu(tg™)u (zg<"k—1>)...u(zg)f(z)|)du(t)<1}
N@(unkgleWN)+N<1>( g S X () —wy)

€
N(D G No(f) + e MNa(f)

= inf

MNrb(f)

By repeating the similar method for the sequence {uy, .}, one may obtain that
No(Sp,.¢(f)) < 3€ and the proof is completed. [

PROPOSITION 2.4. Let g € G be an aperiodic element and let C, , be a weighted
translation on L(G). Then the following conditions are equivalent:

(i) Cyuy satisfies the Hypercyclic Criterion.
(ii) Cyq is hypercyclic.
(iii) Cyug @ Cyug is hypercyclic.

(iv) Cyg is weakly mixing.

Proof. We only prove the implication (ii) = (iif). In fact, the condition (i) in
Theorem 2.3 implies that C, ¢ @ C, 4 is topologically transitive. For if, consider two
pairs of non-empty open sets (Uy,V;) and (U, V3) in L®(G). Choose the functions
fihi € C.(G) with f; € U; and h; € V; (i=1,2). Let K =0 (f1)Uoc(f2)Uo(g1)Uo(g2)
be a compact set in G. Let {Vi} C K, {un ¢}z, and {u, 1}, be satisfied the
condition (i7) in Theorem 2.3. There exists an N; € N, such that for all n > Ny,
KNKg*" = 0 since g is aperiodic. Moreover, for each £ > 0 there exists N, € N such

that for each k > N, and n; > Ny, Up ot < 7 (f) on V;. Hence, for k > N,, by the
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change of variable formula we have
No(Cle fixv)

=inf{k>0: [ @(lututeg).oulog” V) o) ) < 1}
=inf{k>0: [ @ (¢ luleg™ utg™ ") _u(rg)fio)l ) an(o) <1}

= N(b(um o1 fixve)

Now define a map D, , on the subspace L®(G) of functions in LP(G) with compact
support by D, 4(f) := i * Vy—1. Then for each f € L2(G), CugDyug(f) = f. Again,
there exists N3 € N such that for each k > N3 and ng > N such that u,, , < ﬁ(hi) on
Vi.. For k > N3 note that

No(Dy, ug leA)
= inf (k>0 /vk;, o (k|u(tg)..l.u(tgnk)\'h"(tgnk”)d“(t)<1}
—nt{i> 0 | o (T )0 <1
- N(D(u"kvghlka)
< E.

For each k € N, let
Pik = fixv, + Ditshixv,.
Clearly p;x € L?(G),
No(pix — f) < No(fi) (K — Vi) + No (D hixv,)

and
No(Cplopik — hi) < No(hi) W (K — Vi) + No (Gl fixv, )

Hence limy_.cpix = fir limgwCilopix = hi and C5(U;) NVi # @ for some k €
N. 0O

COROLLARY 2.5. Let g € G be an aperiodic element and let C, ¢ be a weighted
translation on L®(G). Then the following conditions are equivalent:

(i) Cyg is topologically mixing.

(ii) For each compact subset K C G with [(K) > 0, there is a sequence of Borel sets
{Va} €K such that 1(V,) — U(K) as n — oo and both sequences

n
Up,g = (l_Iu*v;)*1 and  u, ZHu*v;,l
i=0 i=1



HYPERCYCLICITY OF WEIGHTED TRANSLATIONS ON ORLICZ SPACES 35

satisfy
i [u,6]v, [|eo = 1im [Jug, o1y, | = O

Proof. Using the full sequences {u, ¢} and {I/lmg—l} instead of subsequences, the
implication (ii) = (i) holds by Theorem 2.3. Indeed, we have used the fact that an
operator on a separable F-space satisfying the hypercyclicity criterion with respect to
the full sequence (n), is in turn topologically mixing [2]. For the reverse implication,
let K C G be compact with u(K) >0, € >0 and yx € L?(G) be the characteristic
function. Take U = {f € L*(G) : No(f — xx) < €} which is a non-empty open subset.
Since C,, is assumed to be topologically mixing and g is an aperiodic element, one
may find N € N such that forall n> N, C ,(U)NU #0 and KNKg" =0 (c.f. Lemma
2.1 1in [3]) hold simultaneously. Hence for each n > N, we can choose a function f,, € U
meanwhile Cy . f, € U. Then No(f — k) < € and No( “fn xx) < €. Now, the
rest of proof can be proceed by the similar arguments used in the proof of Theorem
23. O

PROPOSITION 2.6. Let g € G be an aperiodic element and let C,, : LY(G) —

LY(G) be the adjoint of a weighted translation C,, on L®(G) provided that ¥ is
assumed to be Ay -regular. Then C, , is hypercyclic if and only if for each compact
subset K C G with u(K) > 0, there is a sequence of Borel sets {V;} C K such that
w(Vi) — w(K) as k — o and both sequences

n n—1
dy g1 1= (Hu* v;,1)71 and dyg:= Qu* Vg
= =

possess respectively subsequences {d

g\ oot and {dy, ¢}, such that

i [ldy, o1 lvillee = 1im lid gy [lo = 0.

8™

Proof. Let (-,-): L®(G) x LY (G) — C be the duality defined by (, f) = [;hfdu,
for any h € L®(G) and f € L¥(G)([7, Corollary 4.1.9]). Now, consider the following
computations

(h,Cugl) = <Cu;,h /)= <uh*vg’f>
= [ utoneg™)r0)au )
= / u(tg)h(t)f(tg)du(tg)
_/h ws V1 (0 + Ve (£)dp (1)
= (h,ux Vv, f*Vg71>.
Therefore, the adjoint of C, , is obtained by

C,igf = U Vg1 - fx Vo1,
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which is again a weighted translation. Moreover, one may easily check that
n
Crof = [Hu* Vel fx vy
=

Hence, by scrutinizing the proof of Theorem 2.3, it is inferred that C; , is hypercyclic
if the sequences (TT7 u * v;, )7 and TT7Z) ux* vi satisfy condition (ii) of Theorem

23. O

REMARK 2.7. Infact, Cy , is hypercyclic if the weight function ux v, satisfies

that condition for g~! while Cy.¢ 1s hypercyclic whenever the weight function u satis-
fies so for g. However, the hypercyclicity of Cj , and C,¢ can be coincided in some
senses. As a specific example, one may consider the bilateral weighted shift on Z, the
group of all integer numbers which is due to H. N. Salas [8].

EXAMPLE 2.8. Consider the following Young’s functions
(1) = (e+|t])In(e + |t]) —e,
Do (1) = [t|*(1+[logle]]) > 1,
@3(1) = [t|* P (t| +¢) a>1,B>1,

where e is Napier’s constant. It is not so hard to check that all three mentioned func-
tions are A, -regular. Especially Y, and Y3, the complementary of ®, and ®3 re-
spectively, are also Ay -regular. Define the weight function u on G =R by

5 1<y,
u(t)=4q —5+1, -1<r <1,
3 r<—1.

Let K = [a,b]. Take Vi = [a,b— %) For g >0, choose ky € N such that a+ngg > 1.
Then for each k > ko and t € Vi, we have
0 <uyo1(t)=ult+g)u(t+2g) - u(t+kg)

< ula+g)u(a+2g) - u(a-+kag)

<M,
where M is a constant independent of k. Moreover, note that for each t € Vj, and
q = kog, we have u(t +q) = % Hence for k > ky,

U g1 (1) = u(a+glu(a+2g) - -ula+kogula+ (ko+1)g)---ula+kg)
1
< M(E)kfk0 —0 as k— oo,

The same argument can be applied to the sequence {uy g}y, convincing that the con-
dition (ii) of Theorem 2.3 is established and hence Cy 4 is hypercyclic.
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