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CHAOTIC OPERATORS ON HYPERGROUPS

CHUNG-CHUAN CHEN AND SEYYED MOHAMMAD TABATABAIE

(Communicated by N.-C. Wong)

Abstract. In this paper, we initiate a study of chaos, in the sense of Devaney, and topological
transitivity on the L? space of hypergroups, and give some sufficient and necessary conditions
for weighted translation operators on hypergroups to be chaotic and transitive in terms of the
Haar measure, weight functions and center elements of hypergroups. A characterization of topo-
logically mixing weighted translations on hypergroups is also given.

1. Introduction

Recently, chaotic, topologically transitive and mixing weighted translation opera-
tors on locally compact groups are characterized in [4, 5], which subsumes some previ-
ous works on the discrete group Z in [6, 17]. We note that locally compact groups are
a special case of hypergroups which were introduced in [8, 12, 18]. Roughly speaking,
a hypergroup is a locally compact Hausdorff space with a convolution and involution
such that the corresponding space of regular Borel measures is an associative Banach
algebra. For instance, the double coset space G//H = {HgH : g € G}, in which H
is a non-normal compact subgroup of the locally compact group G, does not inherit a
group structure from G. However, the space of regular Borel measures on G//H has
an algebra structure induced by that of G. Classical examples of hypergroups include
locally compact groups, the double coset spaces, the dual object of a compact group,
the polynomial hypergroups (see [3]). Hence, naturally we intend to consider linear
chaos and topological dynamics on a wider setting of hypergroups.

Let X be a separable Banach space. An operator 7 on X is called topologically
transitive if for each non-empty open sets U,V C X, there exists some n € N such
that 7"(U)NV £ 0. If T"(U) NV # 0 holds from some n onwards, then T is called
topologically mixing. Following Devaney [7], we call T chaotic if it is topologically
transitive and the set of periodic elements of T, denoted by Z(T) :={xe€X:3ne€
N s.t. T7"x = x}, is dense in X . In this setting, topological transitivity coincides with
hypercyclicity. An operator T on X is called hypercyclic if there exists a vector x € X
such that the set {x,Tx,T2x,---,T"x,---} is dense in X. One of the criterions for
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topological transitivity (hypercyclicity) of T is the so called blow up/collapse property
[10, 11], that is, for any non-empty open sets U,V and W in X with 0 € W, there
exists some n € N such that 7"(U)NW # @ and T"(W)NV # 0. In this paper, we
show that for the operators on L? spaces related to hypergroups, the blow up/collapse
property and topological transitivity are equivalent.

In the investigation on linear dynamics, the weighted shifts on ¢7(Ng) or ¢P(Z)
are concrete examples to demonstrate the theory of transitivity and linear chaos. For
unilateral shifts 7 on ¢7(Np), S. Rolewicz [15] showed that a7 is topologically tran-
sitive whenever |ot| > 1. H. Salas characterized transitive bilateral weighted shifts on
¢P(Z) in [17]. Also, K. Costakis and M. Sambarino in [6] gave a sufficient and neces-
sary condition for bilateral weighted shifts on ¢7(Z) to be mixing. Linear chaos and
topological dynamics have been studied intensively in the past three decades. For more
details, refer to [2, 11, 13].

In this paper, we investigate topologically transitive, mixing and chaotic weighted
translation operators on the L? space of hypergroups, extending the results on Z and
locally compact groups. In Section 2, we give some preliminaries of hypergroups, and
introduce the center elements of hypergroups, and the corresponding operators. In Sec-
tion 3, we will give some sufficient and necessary conditions for weighted translation
operators on hypergroups to be chaotic, mixing and transitive in terms of weight func-
tions and center elements of hypergroups.

2. Center of hypergroups

In this section, we recall the definition of hypergroups and some related topics. We
refer to the classical papers and book [3, 8, 12, 18] for more details about hypergroups
(see also [14] and [20]). Let K be a locally compact Hausdorff space, and M(K) be
the Banach space of regular complex Borel measures on K. The predual of M(K) is
the Banach space Cy(K) of complex-valued continuous functions on K vanishing at
infinity. The support of a measure y € M(K) and the Dirac measure at x € K are
denoted by supp(u) and Oy, respectively.

DEFINITION 2.1. Suppose that K is a locally compact Hausdorff space, (i, Vv) —
WV is a bilinear positive-continuous mapping from M(K) x M(K) into M(K) (called
convolution), and x — x~ is an involutive homeomorphism on K (called involution)
such that:

1. (M(K),4+,*) is a complex associative algebra;
2. forall x,y € K, &, * 0, is a probability measure with compact support;

3. there exists a (necessarily unique) element e¢ € K (called identity) such that for
all xeK, 8% 8, = 8, % 8, = Oy;

4. forall x,y € K, e € supp(6y * ) if and only if x =y~ ;

5. forall x,y € K, (0% &) () = (8, * O, )(y), where y € Co(K) and (1) :=
y(™) (t€K);
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6. the mapping (x,y) — supp(8, * §,) from K x K into C(K) is continuous, where
C(X) is the space of all non-empty compact subsets of K equipped with the
Michael topology.

Then (K,*,” ,e) is called a hypergroup.

Throughout this paper, K is a hypergroup with convolution *, involution ~ and
identity e. For u,0 € M(K), the convolution U x & is given by

Jsdwro)= [ [ [ ra6s8)dutdst)  (f o).

If K is a locally compact group, then it is a hypergroup with the convolution &, * 8, =
Oyy and the inverse mapping x — x~! as involution.
Let f: K — C be a Borel measurable function. For each xi,...,x, € K, we put

Sl oxx,) = /de(&c1 k- ox Oy ),
if the integral exists. So by [12, 3.1F], we have

S (o okxy) = forg % .okxy) = 7 (%L kX ),

where for any x,y € K, f¥(x) = fu(y) := f(x*y). Given a measure 4 € M(K) and a
Borel function f on K, we define the convolution f u by

Frp(x) = /K Feey)duy)  (ny k)

if the integral exists. In particular, f* y(x) = f(x*y~) = f (x) is viewed as the right
translation of f by y™.

In the sequel, we will study weighted translation operators on the L” space of K
with respect to a right Haar measure. A non-zero non-negative regular Borel measure
A of K is called a (right) Haar measure if for each x € K, A x 6, = A . Itis not known
whether every hypergroup has a Haar measure. However, it is known that compact hy-
pergroups, commutative hypergroups, discrete hypergroups, double coset hypergroups
and nilpotent hypergroups admit a Haar measure (see [, 12, 19]). In what follows, we
assume that K is a hypergroup with a right Haar measure A. For all 1 < p < oo, we
denote by L?(K) the L? space with respect to the Haar measure A, where as usual, for

1
each f € LP(K), || f|l, := (Jx |f|PdA)? . We recall the definition of the center of K.

DEFINITION 2.2. The center of a hypergroup K is defined by
Ma(K) :={x €K : 0%, =0, = O— % }.

The study on the center of hypergroups was initiated by Dunkl [8, 1.6], and called
the maximum subgroup in an equivalent definition by Jewett [12, 10.4]. It should be
noted that if K is a locally compact group, then Ma(K) = K.
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EXAMPLE 2.3. Let G be a central group i.e. G/Z = Inn(G) is compact, where
Z:={xe G:foreachy € G,xy =yx} and Inn(G) is the inner automorphisms group
of G with the normalized right Haar measure ¢. Then (x,s) — s(x) from G x Inn(G)
into G is a continuous action of the compact group Inn(G) on G. For each x € G and
s € Inn(G), we put [x] := {s(x) : s € Inn(G)}, and Gy := {[x] : x € G}. Then G; with
the operation

(81 * 83)) (@) == / ¢([s(x)y)da(s), (¢ €Co(Gr))
Inn(G)

as convolution and [x]~ := [x~!] as involution, is a hypergroup and admits a (right)

Haar measure (for more details, see [12, 8.3]). We have Ma(G;) ={[z] :z € Z} [16]. In

particular, if G=SU(2), then G; = [0,27x] and Ma(Gy) = {0,2n}. Alsoif G=S0(2),

then G; = [0, x] and Ma(G;) = {0}.

EXAMPLE 2.4. Let Z7 be the one-point compactification of Z, := {0,1,2,...}.
Fix a prime number p. For all m,n € Z, , we define

5min{m,n}v m#n
O * Oy 1=

=2 oo 1 _
£71 5n +2k:n+l 17/(—7"6](’ m=n

and O, * Ow = O * O := . Then Z7 is a Hermitian hypergroup with the identity co.
This important class of compact countable hypergroups was introduced by Dunkl and
Ramirez in [9]. The dual of Z7 equals to {y,:n=0,1,2,..}, where the function Y,
is defined on Z7 by

1

, MZ2Nnorm=oo

Xn(m) := I;Tllv m=n—1
0, m<n-2.
Then we have the following convolution on Z"\j_’ =7

6Xmax{m.n}7 n # m
O O 1= 1 n—1  k—n p=2

T O T ko P Ot = O n=m
with o as the identity. If we identify ), and n, then Z, is a Hermitian hypergroup
(see [9]). We have Ma(Z,) = {0} and Ma(Z3) = {o}.

The center elements of a hypergroup have many nice properties. For instance, for
each a € Ma(K) and y € K, the sets supp(6, * 6,) and supp(8, * 6,) are singletons
by [12, 10.4B]. However, in general, supp(d, * 0,) does not need to be a singleton for
x,y € K. Hence if a € Ma(K) and n € N, we denote the unique element of the singleton

n—times

—_— . .
supp(8, * ... * ;) by a". Also, if we write

n—times

——
fx8 = f*(0g%---%0,),
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then f 0} = f * Oz . Also we have the right invariance of the norm of a Borel function
after translation by a € Ma(K). In general, for x € K and f € L’(K), one only has

171l < A1l -

LEMMA 2.5. Let a € Ma(K) and f € LP(K). Then || f*||, = || |-

Proof. Assume a € Ma(K) and f € LP(K). Then for g(x) := |f*(x)|?, supp(d; *
6u’) = {tx}7

7= [ 17z
= [ 50w
= /K g (x)dA(x) (apply [12, 3.3F] for right Haar measure)
= /Kg(x*a_)dl (x)
- [ s)art
= [ arare)
= [ rtra)rari
= /Klf(X)\”dl(X) =715

since

f(tx*a):/de(S,x*Sa):/de(5x*5a7*5a):f(x). O

In this paper, we investigate linear dynamics of weighted translation operators
induced by weight functions and center elements of hypergroups. Every bounded con-
tinuous function w : K — (0,0) is called a weight on K. Let a € Ma(K) and w be a
weight on K. Then a weighted translation operator T, ,, : LP(K) — LP(K) is defined
by

Ta,w(f) ::W'(f*aa) (fGLp(K)).

In fact,

(f*6u)(x):/Kf(x*y*)d&(y):f(x*a*):f“ (x)  (xeK).

For f € LP(K), one has T,,,(f) € LP(K) by [12, 3.3B]. It is clear that if w =1, then
by Lemma 2.5 we have ||T,,1|| = 1 and so 7, can not be hypercyclic.

Note that in general, for any x € K, there is no relation between (fg)* and f*g".
However, we have the following lemma for center elements.
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LEMMA 2.6. Let a € Ma(K) and f,g : K — C be Borel measurable functions.
Then (fg)* = f“g"

Proof. Let a € Ma(K) and x € K. Let {b} := supp(8, * ,). Since Oy * 9, is a
probability measure, we have 6, * 8, = 8,. Hence

(9" (0) = (f9)(rxa) = [ F)g()d(3+8,)(0)
- f(b)s(®)
=/de(5x>k5a)/Kgd(6x*5a)
— U@ (x). T

REMARK 2.7. By Lemma 2.6,

Ta%wf:Tu,w( awf) uw(Wf ) (Wf ) _wwa’ (u*)z

thus
T f =ww! ...w(af)mflf(“f)m
forall m € N.

Throughout this paper, we assume that w,w~! € L=(K). Under this assumption,
the operator 7, ,, has an inverse as follows.

LEMMA 2.8. Let w!' € L*(K) and a € Ma(K). Then the operator Sg,, : L (K)
— LP(K) defined by

Sthw(f):_*(sa’ (fELp(K))7
is the inverse of Ty .

Proof. By Lemma 2.6, for each x € K and a € Ma(K)

St )= (L 48, ) 0= (L) v = s rlova

w w(xxa)

Hence
T (Sapf) (%) = w(x) (Sapf)(xa") = /Sawf (8.8, )(t)
=mw4(§ywwﬂ@*@»m
=) [ (L) waté. 5,0

= w(x) (é)a(x*af)
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= w(x) (%)X(cf xa) (by [12, 3.1F])

— w0 (L) = ).

w

Similarly, one can show that S, ,,(T,wf) =f. O

3. Chaotic operators on hypergroups

In this section, we will first give sufficient and necessary conditions for weighted
translations on hypergroups to be topologically transitive and mixing. By applying
the characterization of transitivity, the description of chaos follows. Let us define the
convolution of two subsets A and B of a hypergroup K by

AxB:= U{supp(Sx*(Sy) :x €A,y €B}.
For each n € N and x € K, we put
n—times
Ax ) = (4T e (.
For a € Ma(K), x € K and n € N, we define
On(x) = w(xxa)w(xxa®)-- - wlx*d"),

and
~ 1

Pn(x) 1=

wx)w(xxa™) - wlxs (@)1

Also, we put

Va(E) 1= /E PP()dA(r)  and  Vu(E):= /E PP (x)dA (x),

where 1 < p < oo and E is a Borel subset of K.

Now we are ready to give a characterization for transitivity of 7;,, using a different
approach from that in [5] where the property of aperiodic elements (cf. Definition 3.3)
was applied in the proof of [5, Theorem 2.3]. Here we do not use aperiodicity to
obtain Theorem 3.1. In particular, if K is a locally compact group, then M(K) = K.
Hence Theorem 3.1 can be regarded as an extension of [5, Theorem 2.3] from aperiodic
elements of locally compact groups to center elements of hypergroups.

THEOREM 3.1. Let K be a hypergroup and a € Ma(K). Let 1 < p < e and
w,w™t € L*(K). If T, is a weighted translation operator on LP(K), then the follow-
ing are equivalent.

(i) T, is topologically transitive.

(ii) T, satisfies the blow up/collapse property.
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(iii) Foreach compact subset C C K with A(C) >0, there are a sequence of Borel sets
(Ex) in C, and a sequence (ny) of positive numbers such that A(C) = klim A(Ey)

and. lim vy, (E) = lim Vi (Ex) = 0.

Proof. (iii) = (ii). Let U,V and W be non-empty open subsets of L”(K) with
0 € W. Since the space C.(K) of continuous functions on G with compact support is
dense in LP(K), we can pick f,g € C.(K) with f € U and g € V. Let C be the union
of the compact supports of f and g. Assume that Ex C C, vy, (Ex) and V,, (Ey) satisfy
condition (iii).

Choose € > 0 such that B(0,¢) :={h e LP(K):||h—0|,<e} CW, B(f,e) CU,
and B(g,e) C V. By condition (iii), there exists N € N such that v, (Eg)||f]|Z < €”
and || f]|ZA(C\ Ey) < &P for all k > N. Using Lemma 2.5 and the right invariance of
the Haar measure A, we have the following estimate:

1 Ta (F e )17
= /KIW(X)W(X*CF)~~~W(X*(a’)”k’l)\”lf(X*(a’)"k)l”\xgk (cx (@)™ )[PdA(x)
= /KIW(X*a"k)W(X*a"FI)-'-W(X*a)l”lf(X)\”\xEk(X)I”dfl(X)

= a Iw(x s d™®Yw(xxa™ 1) - w(xsa) P f(x)|PdA (x)

= /E oh (O f ()P dA(x) < v (E) I fIIZ < €7
k
implying T,%(fxE,) € W. Moreover, fxg, € B(f,€) CU by

17 =55l = [ 17602600 — 1, (OIPa )
< IFILA(C\ED) <.

Hence, we attain
Tarflfv (fXEk) € Tanlfv(U) nw.

By applying a similar argument to Sg.,, with Vy, (Ey),
lim [lg —gxe ;=0 and  lim [[S35,(g2,) [ =0

Therefore, gxg, €V and SZf‘W(g)(Ek) € W, for some k. Hence,
Tarflévsgfw(g%lfk) =8XE, € Tarf];v(W) nv.

Hence the operator 7, satisfies the blow up/collapse property, and 7, ,, is topologi-
cally transitive.

(i) = (ii). Let T,, be transitive, and let C C K be a compact set with A(C) > 0.
We denote by yc € LP(K) the characteristic function on C. Given € € (0,1), by the
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assumption of topological transitivity of T, ,,, there exist a vector f € L?(K) and some
m € N such that

Hf—)CC||p<32 and “Tawa+XC||P<82'

Without loss of generality, we may assume that f is real-valued by the continuity of
the mapping h € LP(K,C) — Re h € LP(K,R) and the fact that 7,,,, commutes with
it. Also, the mapping h € L (K,R) — h* € LP(K,R) commutes with 7,,, where
h" = max{0,h}. Therefore, for a Borel set F C K, we have

T e lp < (TS ) lp = T = (=xc) + (=xe) |l
< T = (=xe))* ||p+||( o) llp
= (T f = (=xe) " llp < ITF + xellp < €2,
and
1F 2 llp < Mo = 1(F =2+ 2) "l
<NF=xo) llp+lxcllp

||f_XC||p < 82a
where f~ = max{0,—f}.Let A:={xeC:|f(x)—1| > €}. Then
e > ||f—96cH§Z/A\f(X)—l\deX)ZSPA(A)

Similarly, for B:= {x € C: [T}, f(x) + 1| > €},

& > T2+ xelly > [ TS0+ 17dR () > e2.(B).
Setting E = C\ (AUB), it follows that A(C\ E) < 2¢?,
fx)>1—-€e>0 and T f(x) <e—-1<0 (x€E).
Hence, by the right invariance of the Haar measure A,
€2 > (T2 ) ppnI2
= [ Pl @ TS (A )
= [ P G Il (@)™ PIF e (@)™ P )
> /K|XE*{a}"’ (v a™)[Pwlx s a™)wlesa ™) - wlxxa)|PLfF(x)|PdA (x)
= /EIW(x*a’”)W(x*a’"_l) ceow(xra)PLFT(x)]PdA (x)

(1-2)" [ phx)ar () = (1 =) va(E).
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and

p

& > f Xy 1 = || (ST ™) 2o

= [ 0P 85 (T I 00
1
N /K |XE*{H*}’” ()" [wlxka)w(x*a?) - w(x*am)|P
m 1
> [ e b @ e e
| 1 () PA ()

p

T~ (xxa™)|PdA(x)

1
B /E s (@)= Dwlxs (@)m=2) - wix)|P

> (1=e)" [ hdR () = (1= &) TulE).

(Tah )~ () [PdA(x)

which gives condition (iii). [

By strengthening the condition (iii) in Theorem 3.1, we give a sufficient and nec-
essary condition for weighted translation operators on hypergroups to be topologically
mixing.

COROLLARY 3.2. Let K be a hypergroup and a € Ma(K). Let 1 < p < o and
w,w™l € L*(K). If Ty, is a weighted translation operator on LP(K), then the follow-
ing are equivalent.

(1) T, is topologically mixing.

(ii) For each compact subset C C K with A(C) > 0, there is a sequence of Borel sets
(E,) in C such that A(C) = lim A(E,) and lim v,(E,) = lim v,(E) = 0.

Proof. (ii) = (i). Let U and V be nonempty open subsets of L”(K). We pick
f,8 € C.(K) with f € U and g € V. Let C be the union of the compact supports of f
and g. Assume E, C C, v,(E,) and v,(E,) satisfy condition (ii). As in the proof of
Theorem 3.1, we have

n

klgrolo ||T1:1w(fXEn)HI7 = 1}51010 HSa,w(gXEn)”P =0.

For each n € N and
Vo = [ X, +Saw(82s,) € L (K),
we have
e = Fllp < 1 2o, 1o+ 1Sa.0 (825, lp:
and
1 Tawvn = 8llp < e (F 2, Ml p + 118X, -
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Therefore, lim, v, = f and lim, ... T;',,v» = g, which imply 7 (U) NV # 0 from
some n onwards. /

(i) = (ii). Let T, be topologically mixing and C C K be a compact set with
A(C) > 0. Given € € (0,1), by the topological mixing of T,,,, there exist a vector
feLP(K)and N € N such that

Hf—XC||p<32 and HTarfwf_FXC||P<82a

for all n» > N. By a similar argument as in the proof of Theorem 3.1, one can obtain
condition (ii). [

Based on the result in Theorem 3.1 and the property of aperiodicity of elements,
we characterize chaotic weighted translation operators on hypergroups. Inspired by
the study on aperiodic elements of a locally compact group in [5], the definition of
aperiodic elements for hypergroups is formulated as below.

DEFINITION 3.3. Anelement a € Ma(K) is called aperiodic if for each compact
subset C C K with A(C) > 0, there exists N € N such that CN (C «{a}") = 0 for all
n>N.

If K is a locally compact group, then Ma(K) = K and we get another equivalent
condition for aperiodicity, that is, a € K is aperiodic if and only if, given compact
subset C C K with A(C) > 0, there exists N € N such that Ca NCa*" = 0, for all
n> N and r,s € Z with r# s. Indeed, if a is aperiodic and Ca™ NCa* # 0 with r <,
then for some y € C we have ya™ € Ca®™, which says y € C NCab=")"  a contradiction.
We formulate this condition for hypergroups as follows.

LEMMA 3.4. An element a € Ma(K) is aperiodic if and only if for each compact
subset C C K with A(C) > 0, there exists N € N such that (Cx{a}"™")N(Cx{a}™) =0
forall n = N and r,s € Z with r # s, where {a} ™" :={a" }".

Proof. Let a € Ma(K) and C C K be a compact set with A(C) > 0. Assume that
there exists N € N such that (Cx{a}")N(Cx{a}")=0,forall n >N and r,s € Z
with r # 5. Taking r =0 and s = 1, it follows that a is aperiodic.

For the converse, given a compact subset C of K with A(C) > 0, by the assump-
tion of aperiodicity of a, there exists N € N such that CN(C*{a}") =0, forall n > N.
Now take x € (Cx{a}™)N(C*{a}*™), for some n > N and distinct elements r,s € Z.
By [12, 4.1B], foreach A,B,E CK, AN(B+E)+# 0, if and only if, (AxE~)NB # 0,
where E~ :={r~ :t € E}. Using this property, one can deduce that x € C* {a}"" and
there exists an element z € CN ({x} x {a}*"). These imply that

2eCN(Cx{al™s {a} ™) =Cn(Cx {a} ),

which contracts the aperiodicity of a. [

Here, applying a similar idea as in the proof of [4, Theorem 2.1], we obtain the
next result. We include the proof for the sake of completeness.
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THEOREM 3.5. Let K be a hypergroup, and a € Ma(K) be an aperiodic. Let
1 <p<oo and wyw ' € L™(K). If Ty, is a weighted translation on LF(K), and
P(Tuw) is the set of periodic elements of T, ,, then the following are equivalent.

(1) T is chaotic.
(i) P(Tu) is densein LP(K).
(iii) Foreach compact subset C C K with A(C) >0, there are a sequence of Borel sets

(Ex) in C, and a sequence (ny) of positive numbers such that A(C) = klim A(Ey)

and

lim (z Vin, Ek —|—2V1nk E; ) =0.

k—so0 =1

Proof. We will show (ii) = (iii), and (iii) = ().

(ii) = (iii). Let C C K be a compact set with A(C) > 0. Since « is aperiodic,
there exists N € N such that CN (C* {a}™) =0 for all m > N. Let yc € LP(K) be
the characteristic function of C. By the density of &?(T,,,), we can find a sequence
(fx) of periodic points of T, satisfying || fi — xcl|, < 4%, and a sequence (1) C N
such that T,% fi = fv = Sa*wfi, where we may assume ng.y > ng > N. Therefore,
(Cx{a}™)N(Cx{a}™)=0,forall r,s € Z with r£s. Let Ay ={x € C:|fi(x)— 1] >
2%} and let E; = C\ A¢. As in the proof of Theorem 3.1, we have

A@>1- % (xeC\A4) and  A(C\AY) <

2k 20k"

Moreover, by the right invariance of the Haar measure A, and (Cx* {a}") N (C
{a}) =0, for r £,
3 > = xelp = [ 1) - ze@lart > [ 1n@rdae
> )PdA(x / )| PdA
z/c g 0 +2 [ PR
- 2 / eI ey DA (x) + 2 / @I Xy (A ()
= Z/ ‘Tlnkfk |pXC*{a}’”A( x)dA(x +Z/ |Sl"k ‘ Xc*{a }lﬂk( x)dA (x)
- 2 / T8 e ™) P g (% ")l A ()
+2 / I8 (e (@) iy G (@) ™)AL ()

- 2 / T2 fuloea™) P (x) +2 / ISI% fee (a™)1m) P (x)
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>3 [ T flendPare) + 3 [ ISt files (@) raaco

=3 [ 1omAPAW + X [ AP

1\’& 1\’ & -
> (l—?> lzivlnk(Ek)-F(l—?) Evlnk(Ek)

which proves condition (iii).

(iii) = (). It follows from Theorem 3.1 that 7, is topologically transitive.
Therefore, we only need to show that &(T,,,) is dense in LP(K). Let f € C.(K)
with compact support C C K. Then there is a sequence of Borel sets (E;) in C such
that A(C) = I}im A(Ey;). As in the proof of Theorem 3.1, one has

T o)y < Vi (EOIFIZ and ST (£ 1B < Vi (Eo)IIF112.
Now let

Ve = o+ 2 Tans (F2e) + Z Sas(f25) € L (G).

Then, by (C*{a}"™)N(Cx*{a}*"™) =0, we have

v = £115 < IFIEA KN Ex) +Z||Tl”‘ (fxE) \”+Z||Sl"" (Faedlly

< IFIZA KN Er) + || £1IZ (i Vin (Ex) + ivlnk(Ek)>
i=1

=1

which implies that vy — f as k — oo. Moreover,

T v = T4 (fxe) + 2, ToLTom (fxe,) +ZT"k S (fxE)
=1

Ms

(e + fae + 2 St (fxe,) = vi.

=1

Combing all these, Z(T,,,) is dense in LP(K). O
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