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DISTANCE ESTIMATES, NORM OF HANKEL
OPERATORS AND RELATED QUESTIONS

NAJLA ALTWAIIRY, AMANI S. BAAZEEM AND MUBARIZ GARAYEV

(Communicated by G. Misra)

Abstract. We consider Berezin symbols and Hankel operators on the Hardy space H?(ID) over
the unit disc D ={z € C: |z] < 1} and give their some applications. Namely, we estimate
in terms of Hankel operators and Berezin symbols the distances from a given operator to the
algebra of all analytic Toeplitz operators and to the set of all Toeplitz operators on H>(ID). We
use Hankel operator also to prove some lower estimate for the so-called Berezin number of
bounded linear operators on H2. Some other related questions are also discussed.

1. Introduction and notations

Recall that if H is a Hilbert space and ®B(H) is the algebra of all bounded linear
operators on H, then for A € B(H) the so-called derivation A4 of the algebra B(H)
is defined by

Aa(B) := AB — BA.

If # is a subalgebra of B(H), then the norm of the restriction of the operator Ay
to % numerically characterizes the ”degree of concommutativity” of A with %Z. The
following two inequalities are proved in [7, Theorem 2 and Corollary 2].

(i) Forany A € B(H) the following inequality holds:

dist(A, A1) < 2[[Aa[As ],

where AL ={B€B(H):VB=BV}, here V is the forward shift operator on H .
(ii) If an operator K € B(H) is compact, then

1
dist(K, Ay) > > |[K]|. (1)

Note that in case of H = H? (Hardy space), A is the algebra of all analytic Toeplitz
operators Ty, @ € H”, defined by T f = @f, f € H? and V is defined by V f(z) =
zf(z). So, it is natural to prove in particular lower estimate for dist(A,Ay) in case of
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noncompact operators A € B(H?). Here we solve this problem (see Theorem 1 below).
Namely, we use Berezin symbols and Hankel operators in estimating of distance from
a given noncompact operator to the algebra of analytic Toeplitz operators on the Hardy
Hilbert space H> = H?(ID) over the unit disc D = {z € C: |z| < 1} and in obtaining a
lower estimate for the Berezin number of linear bounded operator on H2. We also give
a uniform estimate of the distance from the set of compact operators to some subset of
A+ (see Theorems 3 and 4 below). Moreover, we estimate the distance to the set of
all Toeplitz operators on H? and the set of all functions from model operators on the
model space Ky . Further, we prove in terms of the norms of Hankel operators a lower
estimate for the Berezin number of operators in B(H?) (see Theorem 9 in Section 3).

Before giving our results, let us introduce some necessary definitions and nota-
tions.

Recall that by a Reproducing Kernel Hilbert Space (RKHS) (see Aronzajn [1]) we
mean a Hilbert space .# = .7 (Q) of complex-valued functions on some set Q such
that evaluation f — f(A) at any point A of Q is a continuous linear functional on 7.
The classical Riesz representation theorem ensures that a functional Hilbert space .5
has a reproducing kernel, that is, a function k4 ; : Q x Q — C with defining property

(fikon)=FR)

forall f € .# and A € Q, where k) =k (,A) € . Let k) = ﬁ be
v |74
the normalized reproducing kernel of 7. For any bounded linear operator A on 7,

its Berezin symbol A is defined by (see [8])

AA) = <A%jf7l,%%l>7 AeQ.

Clearly, A is a bounded function on Q and sup
AeQ
For a bounded linear operator on a RKHS its Berezin set and Berezin number are

defined, respectively, as follows:

A)| < Al

Ber(A) := Range(A) = {X(?L) VS Q}

ber(A) :=sup{|n|:n € Ber(A)} = HK

L=(Q)
Before giving our results, let us introduce some more necessary definitions and no-

tations. The Hardy-Hilbert space H> = H?(ID) is the Hilbert space consisting of the
analytic functions on the unit disc I satisfying

27
1 i 12
7P = sup 5o [ |f(re")|dr < en
0<r<l1 0

The symbol H* = H*(DD) denotes the Banach algebra of functions bounded and an-
alytic on the unit disc D equipped with the norm || f||., := sup,cp |f(z)|. A function
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6 € H” such that |6(e")| =1 for almost all ¢ € [0,27), is called an inner function.
It is convenient to establish a natural embedding of the space H? in the space L> =
L?(T) by associating to each function f € H? its radial boundary values (bf)(&) :=
lim,_, ;- f(r&), which (by the classical Fatou Theorem) exist for m—almost all £ € T
(unit circle), where m is the Lebesgue measure on T. Then we have

~

sz{feLz(’JI‘): (n)zo,n<o},

where f(n) := [E f(&)dm(E) is the Fourier coefficient of the function f. We denote
T

~

sz{feLZ(T): (n):o,n>o}.

For ¢ € L™ =. L=(T), the Toeplitz operator T, with symbol ¢ is the operator on H>
defined by T,(f) = Py (@f); here P, is the orthogonal projection from L*(T) onto
H?. If ¢ € H, then the corresponding Toeplitz operator Ty, Tp(f) = @f, f € H?, is
called analytic Toeplitz operator. It is clear that Tq, Ty =Ty Ty = Tyy forall (p yecH”
The Hankel operator Hy, is defined by Hy(f) =P-(¢f), f € H*, where P_:=1— P+
It is obvious that H, = 0 forany ¢ € H=, and ||Hy|| < H(p||Lm for any (p cL”.

2. Distance estimates and norm of Hankel operators

In this section, we prove some distance estimates from a given operator to the sets
of analytic Toeplitz operators, Toeplitz operators and functions of model operator.
Let us denote by A the set(algebra) of all analytic Toeplitz operators on H? :

A ={TyeBH*):9eH"},

where B(H?) is the Banach algebra of bounded linear operators on the Hardy space
H?.
THEOREM 1. For any noncompact operator A on the Hardy space H*, we have

dist(A,Ay) > || Hz||,

where A is the Berezin symbol of A and Hj is the corresponding Hankel operator.

~ _ 2
Proof. Indeed, let kyp 5 = % be a normalized reproducing kernel of H2,

and let @ € H™ be any function. Then by considering that Tgkyp ; = Tokya 3 =
@A)k, 2 €D, and hence Ty (A) = @(A), A €D, we have:

|A=Tp| > HA T‘P)kHZ)LH ’<(A T¢)kHZAka2)L>‘

= [(A-Tp)" W) =|AA) - T )| = [AA) - o )|
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forall A € D, and hence

[4=Tp]| > sup |4 2) 0 (1)

1=(D)

So, it follows taking infimum in ¢, that

dist(A, Ay ) > dist (A“,H*’) = ||& ]l

as desired. [

Now we will give a uniform distance estimate from the set of all compact operators
to some subset of the set of A of all Toeplitz operators Ty, ¢ € L™, which, apparently,
can not be proved by the method of the proof of inequality (1) of Mustafaev and Shul-
man [7]. Our proof uses the following well known result of Englis [2], see also Karaev

—~ _iaP)2
[4], which shows that the normalized reproducing kernel kz» ; = % of H? are,
loosely speaking, asymptotic eigenfunctions for any Toeplitz operator T, ¢ € L(T)

(this generalizes the well-known fact that T¢§Hz7 1 = @(A)ky2, when ¢ is a bounded
analytic functionon D, i.e. ¢ € H).

LEMMA 1. Let ¢ € L™(T), and denote by @ its harmonic extension (by the Pois-
son formula) into D. Then Toky2  — @(A)ky2 5 — 0 radially, i.e.,

=0

llm HT(PkHZ,reh - 5(Feit)ky27reil

r—1-
foralmost all t € [0,27).

We set Ag :={T, € B(H?) : ¢ € L™ and there exists § > 0 such that |¢(z)| > 6,
Vz € D} and &..(H?) := {K € B(H?) : K is compact } .

THEOREM 2. We have

dist (G (H?),Ag) = 8 > 0. )

Proof. Let Ty € Ag and K € B..(H?) be any two operators. Then we have:

[K=Tp| = H(K T) ki JLH HTquHZAH - HKkHZAH
H (Tokia — 8 W) 1) + (R lH - HKkHz;LH
> [o(A)]— HTfpkHZJL—(P@ kHZ,AH - HKkHZJLH

ot =90 B + | |
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forevery A € D. Since HKZHM H — 0 as A — T (because %HZJL "0 when A — T
and K is compact), by applying Lemma 1 we deduce from the last inequality that
IK=T5] > 8

forany T, € As and K € &..(H 2, which obviously implies inequality (2). The theo-
rem is proved. [l

Let us denote
20 = {A e B(A(Q)): HAE;m —K(A)EWH — 0 whenever A — aQ}

and

AN ) = {A cA: zlgsfz X(z)) =0> 0}.

By Lemma 1, itis clear that T:= {T, € B(H?) : ¢ € L™} C A°(H?), also TNA°(H?)
# @ and TNAY(H?) C AL(H?). Now the following result, which generalizes Theorem
2, can be proved by the same arguments, as in the proof of Theorem 2, and therefore
we omit its proof. Recall that the RKHS 7 (Q) is standard in sense of Nordgren and

weakl

Rosenthal [8], if E#}L “570 whenever A — & € 9Q.

THEOREM 3. Let 5% = € (Q) be a standard RKHS in sense of Nordgren and
Rosenthal. Then
dist (& (), A3(H)) = 6.

Letnow A:={T, € #(H*): ¢ € L (T)} denote the set of all Toeplitz operators
on the Hardy space H?, and let .7, denote the set of Hankel operators with harmonic
symbols:

= {Hy : v € h” (D) and Hy, : H? — H? is the Hankel operator } ,
where 7 (D) is the set of all bounded harmonic functions on D.
THEOREM 4. IfA € A (Hz) and A is its Berezin symbol, then
dist(A,A) > dist(Hz, 7G,,) -

Proof. Indeed, by using obvious inequalities ||B|| > HEHLW(D) and ||y, > ||Hy||

for any operator B € % (H?) and function y € L” (T), we have for any function ¢ €
L= (T) that

A—T,| > HA/;T/ > HHN
H ‘PH [ (D) A-T,
= |tz =z, | = = 51
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where ¢ is the harmonic extension of ¢ into the unit disc D (see, for instance, Englis
[2]). Since @ € h™ (D), the last inequality implies that

JA=Toll > int |~ | = s (. ).

as desired. [

Recall that the functional model operator of Sz.-Nagy and Foias (see, for instance,
in [10]) is defined by
M@ = PQS | Ke,

where Kg := (9H2)L = H? & 0H? is the so-called model space associated with the
inner function 6, Sf(z) = zf (z), is the shift operator on H> and Py :=1—ToTj =
I — Ty T is the orthogonal projection of H 2 onto Kgy. For any function ¢ € H*, the
model operator My admits functional calculus by the formula @ (Mg) = Py | Ky, that
is @(Mg) f =Py (¢f) forany f € K.

Our next result estimates distance from arbitrary operator A € % (Ky) to the fol-
lowing set .y of all function from model operator My :

Fo:={¢(Mp): 9 €H"}.

THEOREM 5. If 0 is an inner function and A € % (Kyp), then

06 — 06

inf |||A—o@(Mp)|+
” QO( G)H 1_|0|2

A > max (|| Hz

dist (4,.Zp)) .

L=(D)

1
Proof. Let @ € H™ be arbitrary. Since k2 ; (2) = % is the reproducing
’ — Az
kernel of the space H2, the reproducing kernel of the closed subspace Ko C H? will be
Poky2 5, , because forany f € Kg and 4 € D

(f+Pokppz ) = (Pof k2 p) = (frkpzp) = f(A).
Since Py has the form Pg =1 — Ty Ty and Tgkyn ; = (/l)kHle forany A € Q, it is
easy to see that the normalized reproducing kernel of the subspace Ky has the form

. 1— A7 1-0(1)6(2)
k = — , A eD.
=T 1-%s

Then by using the well known fact that (see Englis [2]) Tl,, (AM)=wy(A) forall A €D,
it can be shown (see Karaev [5]) that the Berezin symbol

—~—

@ (Mp) (1) == (¢ (Mg) kg 1.ko ), 2 €D,
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is the following function:

——  p(M)-0(M)ed(A)
0 () (1) = EE I e, 3)

where @0 is the harmonic extension of the function @6 into I. Now by using (3),
we have for any ¢ € H™ that

_ > laZom | ey
40 0o)] > [|a—oo)| _ = [A—oa0)]_
~ @—0¢p0 ~ ¢ 090
B T A_(P+<(p_1—e|2> 1-1oP
L=(D) L=(D)
~ 6]>0— 090
= (A~ )‘1_7\9\2
L=(D)
i 6(qo§—qo§)
- @llz-(o) 1—16)? ’
L=(D)
and hence
- 90— 9o
A- <A =@ (Mp)|| + || —5 : 4
[8=0]),..p, <l4-000)] I @
because |0 ()| < 1 forall A € D. It follows from (4) that
. 00— 0 ™
inf ||[A—@(My)|l+ ||— > inf ||[A— 5
U [ @ (Mo)|| 0P LW(D)] o A= ) (5)

= dist <&H°°> = HH;H (Nehari formula).

On the other hand, it is obvious that

. 00— 0
H}}; HA_QD(MG)”"_ 2
UE 1—-16] L~(D)
. |lpp- g0
> inf ||A—¢@(Mp)|+ inf L (,02
pEH™ peH= || 1 — 0] (D)
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606
and inf % = 0. Therefore we obtain from inequality (4) that
peH= || 1—10]" || ..
(D)
. (p@—(?)v?
inf ||[A—o@(Mp)|+||—— 6
LA O e ©

> inf [|A— ¢ (M) = dist(A, Fp).
peH=

Now (5) and (6) prove the theorem. [J

In conclusion of this section, we prove some lower inequality for ||Hy|| in terms
of values of corresponding Toeplitz operator 7y,. In order to formulate our result, we
need to some notation.

Let (4),>; C D be a fixed sequence, and & is a (closed) subspace defined by

&t = {f e H*: (M), CNull(f)},
where Null (f) is the set of nulls of f in ID. We denote by &/ the unit sphere of &% .

THEOREM 6. Let y € L (T) be a function. Then

|Hy|| = sup sup (1 - Mn|2> ’ |(Tyf) (An)],

fesln=1
where Ty is the Toeplitz operator on H 2.

Proof. Let f € &} be arbitrary. Then we have for any i € H* that (Ty,f) (As) =
(Ty—nf) (An) forall n=1,2,.... By using this, we have:

(1- M)% (Tyf) ) = (1= |An|2)% (Ty-nf) (An)
= (Tyuf la,) = (£.Ty sk, )

D=

(1= 12/ >

(o) = (1 )

(1- M | )
nZ
I—MI :
— [ = Q) £ dm (D),
T

Nl—

2
-4,
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where dm (§) is the normalized Lebesgue measure on the unit circle T. From this, by
using that ‘1 — Ay

= |{ — Ay| and applying the Holder inequality, we have that

1 o 2
(1= 102) 1) ()| < (esssuply—it ) | [2amc)

T ‘C_x'n|
1
3
/ 7P dm(©)
=|wv— h||L.,<. forallh e H™,
1— |4 . .
=1, ———5 =1I) s
because || f|l, =1, and T P, (&) is the Poisson kernel, and therefore

=4
o (§) = 1.
4|c—an|2

Hence by virtue of Nehari formula, we obtain

S

[y || = dist (v ) = inf [y =hlgz) > (1= )| (Tyf) ()]

forall f € &} and n € N, which implies that

1

[ty = sup sup (1= 12af*) | (Fy) ()]

fE(f’ neN
This proves the theorem. [J

Weset & = {f€H*: f(0)=0and ||f||,=1}.
The following apparently must be known.

COROLLARY 1. If y € L*(T) is a function such that sup |(f, )| = ||wl|,, then
re&y

Iwll, < ||Hy|| < \Wl... In particular, if y is unimodular, then ||Hy|| = ||y|.. =1

Proof. Since sup |(f,¥)| = ||y/l,, the proof is immediate from Theorem 6. [
fesp
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3. An inequality for the Berezin number of operators

Let A be any nonscalar (i.e. A # c¢I) bounded linear operator on the RKHS 7 =
2 (Q). Tt is easy to see that
ber(4) < [|A]|.
However, it is well known that in general there is no a universal constant C > 0 such
that ||A|| < Cber(A) (see Karaev and Iskenderov [6] and Karaev [5], and references

therein). So, it will be interesting to find a positive number ¢, depending from a given
operator A (i.e. a number o = & (A) > 0), such that

ber(A) > o (A). (7

In the present section, we will prove an inequality of the type (7) for any operator
AeBH 2) in terms of Hankel operators. For the related results, see, for instance,
Karaev and Iskenderov [6] and Giirdal and etc. [3].

Below (H”), :={y € H”:|y|. <1} will denote the closed unit ball of the
space H”.

THEOREM 7. Let A € B(H?) be any fixed nonscalar operator on the Hardy space
H?, such that radial boundary values A" (&) of A exist and are finite almost every-
where on T. For any ¢ € H”, let us define the following operator on H? :

Noa:=Ty(I—A).
Then

ber(A) > sup HHN,M (8)

QE(H™), A

Proof. Arguing in the same manner, as in the Theorem 2 of [6] and Theorem 4 of
[3], we obtain:

Npa(A) = (Noakez 2Kz 1 )

<T¢ I-A kH”,kH”>

I A kHZ A, >kk[{Z A

S

() oy

1-2z % 1-2z

Nl—

1-2Az 1-Az
(1= A g 1) = 9(R) 1= A)" (1)
(/1)( A)(A) = 9(A) ~ (AR

(¢
(o-s
< 1—IM) ’ﬁ(1—x|) >
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for all A € D. This implies that
[Noa(2) = 0(1)] = lo(0)] [A1)|
forall A € D, and thus

[Npa(h) = 0(2)| < sup [9(2)] sup |A(2)] = o]l bex(4)
S S

for any function @ € H”. Since Npa(L) = @(A) — @(L)A(X) and @(A) and A(L)
have radial boundary values almost everywhere on T, we have that Ngf;{ (&) exists for
almost all & € T. Then from the last inequality we have for any ¢ € (H™), that

esssupzer (N4 (£) — 9(&)| < ber(d),
or
arad <
HN""A (pHL""(’]I‘) < ber(4)

forany ¢ € (H),, which implies by virtue of the inequality ||Hy || < ||y||;~, y€L~,
that (since A has the finite radial limits almost everywhere on T, ]V(:,“_j e L*(T))

o

forany ¢ € (H*),, which obviously proves inequality (8), as desired. [J

Herua Herua Herua
Noia—@ Neia Neia

ber(A) > ‘ —H,
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