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DISTANCE ESTIMATES, NORM OF HANKEL

OPERATORS AND RELATED QUESTIONS

NAJLA ALTWAIJRY, AMANI S. BAAZEEM AND MUBARIZ GARAYEV

(Communicated by G. Misra)

Abstract. We consider Berezin symbols and Hankel operators on the Hardy space H2(D) over
the unit disc D = {z ∈ C : |z| < 1} and give their some applications. Namely, we estimate
in terms of Hankel operators and Berezin symbols the distances from a given operator to the
algebra of all analytic Toeplitz operators and to the set of all Toeplitz operators on H2(D). We
use Hankel operator also to prove some lower estimate for the so-called Berezin number of
bounded linear operators on H2. Some other related questions are also discussed.

1. Introduction and notations

Recall that if H is a Hilbert space and B(H) is the algebra of all bounded linear
operators on H, then for A ∈ B(H) the so-called derivation ΔA of the algebra B(H)
is defined by

ΔA(B) := AB−BA.

If R is a subalgebra of B(H), then the norm of the restriction of the operator ΔA

to R numerically characterizes the ”degree of concommutativity” of A with R. The
following two inequalities are proved in [7, Theorem 2 and Corollary 2] .

(i) For any A ∈ B(H) the following inequality holds:

dist(A,Λ+) � 2‖ΔA|Λ+‖ ,

where Λ+ = {B ∈ B(H) : VB = BV} , here V is the forward shift operator on H .
(ii) If an operator K ∈ B(H) is compact, then

dist(K,Λ+) � 1
2
‖K‖ . (1)

Note that in case of H = H2 (Hardy space), Λ+ is the algebra of all analytic Toeplitz
operators Tϕ , ϕ ∈ H∞, defined by Tϕ f = ϕ f , f ∈ H2 and V is defined by V f (z) =
z f (z). So, it is natural to prove in particular lower estimate for dist(A,Λ+) in case of
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noncompact operators A∈B(H2). Here we solve this problem (see Theorem 1 below).
Namely, we use Berezin symbols and Hankel operators in estimating of distance from
a given noncompact operator to the algebra of analytic Toeplitz operators on the Hardy
Hilbert space H2 = H2(D) over the unit disc D = {z ∈ C : |z| < 1} and in obtaining a
lower estimate for the Berezin number of linear bounded operator on H2. We also give
a uniform estimate of the distance from the set of compact operators to some subset of
Λ+ (see Theorems 3 and 4 below). Moreover, we estimate the distance to the set of
all Toeplitz operators on H2 and the set of all functions from model operators on the
model space Kθ . Further, we prove in terms of the norms of Hankel operators a lower
estimate for the Berezin number of operators in B(H2) (see Theorem 9 in Section 3).

Before giving our results, let us introduce some necessary definitions and nota-
tions.

Recall that by a Reproducing Kernel Hilbert Space (RKHS) (see Aronzajn [1]) we
mean a Hilbert space H = H (Ω) of complex-valued functions on some set Ω such
that evaluation f → f (λ ) at any point λ of Ω is a continuous linear functional on H .
The classical Riesz representation theorem ensures that a functional Hilbert space H
has a reproducing kernel, that is, a function kH ,λ : Ω×Ω → C with defining property〈

f ,kH ,λ
〉

= f (λ )

for all f ∈ H and λ ∈ Ω, where kH ,λ = kH (.,λ ) ∈ H . Let k̂H ,λ :=
kH ,λ

‖kH ,λ‖H

be

the normalized reproducing kernel of H . For any bounded linear operator A on H ,
its Berezin symbol Ã is defined by (see [8])

Ã(λ ) :=
〈
Ak̂H ,λ , k̂H ,λ

〉
, λ ∈ Ω.

Clearly, Ã is a bounded function on Ω and sup
λ∈Ω

∣∣∣Ã(λ )
∣∣∣� ‖A‖ .

For a bounded linear operator on a RKHS its Berezin set and Berezin number are
defined, respectively, as follows:

Ber(A) := Range(Ã) =
{

Ã(λ ) : λ ∈ Ω
}

ber(A) := sup{|η | : η ∈ Ber(A)} =
∥∥∥Ã∥∥∥

L∞(Ω)

Before giving our results, let us introduce some more necessary definitions and no-
tations. The Hardy-Hilbert space H2 = H2(D) is the Hilbert space consisting of the
analytic functions on the unit disc D satisfying

‖ f‖2 := sup
0<r<1

1
2π

2π∫
0

∣∣ f (reit )
∣∣2 dt < +∞.

The symbol H∞ = H∞(D) denotes the Banach algebra of functions bounded and an-
alytic on the unit disc D equipped with the norm ‖ f‖∞ := supz∈D | f (z)| . A function
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θ ∈ H∞ such that
∣∣θ (eit)

∣∣ = 1 for almost all t ∈ [0,2π) , is called an inner function.
It is convenient to establish a natural embedding of the space H2 in the space L2 =
L2(T) by associating to each function f ∈ H2 its radial boundary values (b f )(ξ ) :=
limr→1− f (rξ ), which (by the classical Fatou Theorem) exist for m−almost all ξ ∈ T

(unit circle), where m is the Lebesgue measure on T. Then we have

H2 =
{

f ∈ L2(T) : f̂ (n) = 0, n < 0
}

,

where f̂ (n) :=
∫
T

ξ
n
f (ξ )dm(ξ ) is the Fourier coefficient of the function f . We denote

H2
− =

{
f ∈ L2(T) : f̂ (n) = 0, n > 0

}
.

For ϕ ∈ L∞ = . L∞(T), the Toeplitz operator Tϕ with symbol ϕ is the operator on H2

defined by Tϕ( f ) = P+(ϕ f ); here P+ is the orthogonal projection from L2(T) onto
H2. If ϕ ∈ H∞, then the corresponding Toeplitz operator Tϕ , Tϕ( f ) = ϕ f , f ∈ H2, is
called analytic Toeplitz operator. It is clear that TϕTψ = TψTϕ = Tϕψ for all ϕ ,ψ ∈H∞.
The Hankel operator Hϕ is defined by Hϕ( f ) = P−(ϕ f ), f ∈H2, where P− := I−P+.

It is obvious that Hϕ = 0 for any ϕ ∈ H∞, and
∥∥Hϕ

∥∥� ‖ϕ‖L∞ for any ϕ ∈ L∞.

2. Distance estimates and norm of Hankel operators

In this section, we prove some distance estimates from a given operator to the sets
of analytic Toeplitz operators, Toeplitz operators and functions of model operator.

Let us denote by Λ+ the set(algebra) of all analytic Toeplitz operators on H2 :

Λ+ =
{
Tϕ ∈ B(H2) : ϕ ∈ H∞} ,

where B(H2) is the Banach algebra of bounded linear operators on the Hardy space
H2.

THEOREM 1. For any noncompact operator A on the Hardy space H2, we have

dist(A,Λ+) �
∥∥HÃ

∥∥ ,

where Ã is the Berezin symbol of A and HÃ is the corresponding Hankel operator.

Proof. Indeed, let k̂H2,λ = (1−|λ |2)
1
2

1−λz
be a normalized reproducing kernel of H2,

and let ϕ ∈ H∞ be any function. Then by considering that T ∗
ϕ kH2,λ = TϕkH2,λ =

ϕ (λ )kH2,λ , λ ∈ D , and hence T̃ϕ (λ ) = ϕ (λ ) , λ ∈ D , we have:∥∥A−Tϕ
∥∥ �

∥∥∥(A−Tϕ
)
k̂H2,λ

∥∥∥�
∣∣∣〈(A−Tϕ

)
k̂H2,λ , k̂H2,λ

〉∣∣∣
=
∣∣(A−Tϕ

)∼ (λ )
∣∣= ∣∣∣Ã(λ )− T̃ϕ (λ )

∣∣∣= ∣∣∣Ã(λ )−ϕ (λ )
∣∣∣
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for all λ ∈ D, and hence ∥∥A−Tϕ
∥∥ � sup

λ∈D

∣∣∣Ã(λ )−ϕ (λ )
∣∣∣

=
∥∥∥Ã−ϕ

∥∥∥
L∞(D)

.

So, it follows taking infimum in ϕ , that

dist(A,Λ+) � dist
(
Ã,H∞

)
=
∥∥HÃ

∥∥ ,

as desired. �
Now we will give a uniform distance estimate from the set of all compact operators

to some subset of the set of Λ of all Toeplitz operators Tϕ , ϕ ∈ L∞, which, apparently,
can not be proved by the method of the proof of inequality (1) of Mustafaev and Shul-
man [7] . Our proof uses the following well known result of Englis [2] , see also Karaev

[4] , which shows that the normalized reproducing kernel k̂H2,λ = (1−|λ |2)
1
2

1−λ z
of H2 are,

loosely speaking, asymptotic eigenfunctions for any Toeplitz operator Tϕ , ϕ ∈ L∞(T)
(this generalizes the well-known fact that Tϕ k̂H2,λ = ϕ(λ )k̂H2,λ when ϕ is a bounded
analytic function on D, i.e. ϕ ∈ H∞ ).

LEMMA 1. Let ϕ ∈ L∞(T) , and denote by ϕ̃ its harmonic extension (by the Pois-
son formula) into D. Then Tϕ k̂H2,λ− ϕ̃(λ )k̂H2,λ → 0 radially, i.e.,

lim
r→1−

∥∥∥Tϕ k̂H2,reit − ϕ̃(reit)k̂H2,reit

∥∥∥= 0

for almost all t ∈ [0,2π) .

We set Λδ := {Tϕ ∈ B(H2) : ϕ ∈ L∞ and there exists δ > 0 such that |ϕ̃(z)| � δ ,
∀z ∈ D} and G∞(H2) :=

{
K ∈ B(H2) : K is compact

}
.

THEOREM 2. We have

dist
(
G∞(H2),Λδ

)
� δ > 0. (2)

Proof. Let Tϕ ∈ Λδ and K ∈ G∞(H2) be any two operators. Then we have:∥∥K−Tϕ
∥∥ �

∥∥∥(K−Tϕ
)
k̂H2,λ

∥∥∥�
∥∥∥Tϕ k̂H2,λ

∥∥∥−∥∥∥Kk̂H2,λ

∥∥∥
=
∥∥∥(Tϕ k̂H2,λ − ϕ̃(λ )k̂H2,λ

)
+ ϕ̃(λ )k̂H2,λ

∥∥∥−∥∥∥Kk̂H2,λ

∥∥∥
� |ϕ̃(λ )|−

∥∥∥Tϕ k̂H2,λ − ϕ̃(λ )k̂H2,λ

∥∥∥−∥∥∥Kk̂H2,λ

∥∥∥
� δ −

[∥∥∥Tϕ k̂H2,λ − ϕ̃(λ )k̂H2,λ

∥∥∥+
∥∥∥Kk̂H2,λ

∥∥∥]
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for every λ ∈ D. Since
∥∥∥Kk̂H2,λ

∥∥∥→ 0 as λ → T (because k̂H2,λ
weakly→ 0 when λ → T

and K is compact), by applying Lemma 1 we deduce from the last inequality that∥∥K−Tϕ
∥∥� δ

for any Tϕ ∈ Λδ and K ∈ G∞(H2), which obviously implies inequality (2) . The theo-
rem is proved. �

Let us denote

A0 :=
{

A ∈ B(H (Ω)) :
∥∥∥Ak̂H ,λ − Ã(λ )k̂H ,λ

∥∥∥→ 0 whenever λ → ∂Ω
}

and

A0
δ (H ) :=

{
A ∈ A0 : inf

z∈Ω

∣∣∣Ã(z)
∣∣∣= δ > 0

}
.

By Lemma 1, it is clear that T :=
{
Tϕ ∈ B(H2) : ϕ ∈ L∞}⊂A0(H2), also T∩A0(H2)


= ∅ and T∩A0
δ (H2)⊂A0

δ (H2). Now the following result, which generalizes Theorem
2, can be proved by the same arguments, as in the proof of Theorem 2, and therefore
we omit its proof. Recall that the RKHS H (Ω) is standard in sense of Nordgren and

Rosenthal [8] , if k̂H ,λ
weakly→ 0 whenever λ → ξ ∈ ∂Ω.

THEOREM 3. Let H = H (Ω) be a standard RKHS in sense of Nordgren and
Rosenthal. Then

dist
(
G∞ (H ) ,A0

δ (H )
)

� δ .

Let now Λ :=
{
Tϕ ∈ B

(
H2
)

: ϕ ∈ L∞ (T)
}

denote the set of all Toeplitz operators
on the Hardy space H2 , and let Hhh denote the set of Hankel operators with harmonic
symbols:

Hhh :=
{
Hψ : ψ ∈ h∞ (D) and Hψ : H2 → H2

− is the Hankel operator
}

,

where h∞ (D) is the set of all bounded harmonic functions on D .

THEOREM 4. If A ∈ B
(
H2
)

and Ã is its Berezin symbol, then

dist(A,Λ) � dist(HÃ,Hhh) .

Proof. Indeed, by using obvious inequalities ‖B‖�
∥∥B̃∥∥L∞(D) and ‖ψ‖∞ �

∥∥Hψ
∥∥

for any operator B ∈ B
(
H2
)

and function ψ ∈ L∞ (T) , we have for any function ϕ ∈
L∞ (T) that ∥∥A−Tϕ

∥∥ �
∥∥∥Ã−Tϕ

∥∥∥
L∞(D)

�
∥∥∥H

Ã−Tϕ

∥∥∥
=
∥∥∥HÃ −HT̃ϕ

∥∥∥=
∥∥HÃ −Hϕ̃

∥∥ ,
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where ϕ̃ is the harmonic extension of ϕ into the unit disc D (see, for instance, Engliš
[2]). Since ϕ̃ ∈ h∞ (D) , the last inequality implies that∥∥A−Tϕ

∥∥� inf
h∈h∞(D)

∥∥HÃ −Hh

∥∥= dist
(
HÃ,Hhh

)
,

as desired. �

Recall that the functional model operator of Sz.-Nagy and Foias (see, for instance,
in [10]) is defined by

Mθ := PθS | Kθ ,

where Kθ :=
(
θH2

)⊥ = H2 � θH2 is the so-called model space associated with the
inner function θ , S f (z) = z f (z) , is the shift operator on H2 and Pθ := I − Tθ T ∗

θ =
I −Tθ Tθ is the orthogonal projection of H2 onto Kθ . For any function ϕ ∈ H∞ , the
model operator Mθ admits functional calculus by the formula ϕ (Mθ ) = Pθ ϕ | Kθ , that
is ϕ (Mθ ) f = Pθ (ϕ f ) for any f ∈ Kθ .

Our next result estimates distance from arbitrary operator A ∈ B (Kθ ) to the fol-
lowing set Fθ of all function from model operator Mθ :

Fθ := {ϕ (Mθ ) : ϕ ∈ H∞} .

THEOREM 5. If θ is an inner function and A ∈ B (Kθ ) , then

inf
ϕ∈H∞

⎡⎣‖A−ϕ (Mθ )‖+

∥∥∥∥∥ ϕ̃θ −ϕθ
1−|θ |2

∥∥∥∥∥
L∞(D)

⎤⎦� max
(∥∥HÃ

∥∥ ,dist (A,Fθ )
)
.

Proof. Let ϕ ∈ H∞ be arbitrary. Since kH2,λ (z) =
1

1−λz
is the reproducing

kernel of the space H2 , the reproducing kernel of the closed subspace Kθ ⊂H2 will be
PθkH2,λ , because for any f ∈ Kθ and λ ∈ D〈

f ,Pθ kH2,λ
〉

=
〈
Pθ f ,kH2 ,λ

〉
=
〈
f ,kH2 ,λ

〉
= f (λ ) .

Since Pθ has the form Pθ = I−Tθ Tθ and Tθ kH2,λ = θ (λ )kH2,λ for any λ ∈ Ω , it is
easy to see that the normalized reproducing kernel of the subspace Kθ has the form

k̂θ ,λ (z) :=
1−|λ |2

1−|θ (λ )|2
1−θ (λ )θ (z)

1−λz
, λ ∈ D.

Then by using the well known fact that (see Engliš [2]) T̃ψ (λ ) = ψ̃ (λ ) for all λ ∈ D ,
it can be shown (see Karaev [5]) that the Berezin symbol

ϕ̃ (Mθ )(λ ) :=
〈
ϕ (Mθ ) k̂θ ,λ , k̂θ ,λ

〉
, λ ∈ D,
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is the following function:

ϕ̃ (Mθ )(λ ) =
ϕ (λ )−θ (λ ) ϕ̃θ (λ )

1−|θ (λ )|2 , λ ∈ D, (3)

where ϕ̃θ is the harmonic extension of the function ϕθ into D . Now by using (3) ,
we have for any ϕ ∈ H∞ that

‖A−ϕ (Mθ )‖ �
∥∥∥ ˜A−ϕ (Mθ )

∥∥∥
L∞(D)

=
∥∥∥Ã− ϕ̃ (Mθ )

∥∥∥
L∞(D)

=

∥∥∥∥∥Ã− ϕ − θ̃ϕθ
1−|θ |2

∥∥∥∥∥
L∞(D)

=

∥∥∥∥∥Ã−ϕ +

(
ϕ − ϕ

1−|θ |2
)

+
θ̃ϕθ

1−|θ |2
∥∥∥∥∥

L∞(D)

=

∥∥∥∥∥(Ã−ϕ
)
− |θ |2 ϕ − θ̃ϕθ

1−|θ |2
∥∥∥∥∥

L∞(D)

�
∥∥∥Ã−ϕ

∥∥∥
L∞(D)

−
∥∥∥∥∥∥

θ
(

ϕθ − ϕ̃θ
)

1−|θ |2

∥∥∥∥∥∥
L∞(D)

,

and hence ∥∥∥Ã−ϕ
∥∥∥

L∞(D)
� ‖A−ϕ (Mθ )‖+

∥∥∥∥∥ϕθ − ϕ̃θ
1−|θ |2

∥∥∥∥∥
L∞(D)

, (4)

because |θ (λ )| � 1 for all λ ∈ D . It follows from (4) that

inf
ϕ∈H∞

⎡⎣‖A−ϕ (Mθ )‖+

∥∥∥∥∥ϕθ − ϕ̃θ
1−|θ |2

∥∥∥∥∥
L∞(D)

⎤⎦� inf
ϕ∈H∞

∥∥∥Ã−ϕ
∥∥∥

L∞(D)
(5)

= dist
(
Ã,H∞

)
=
∥∥HÃ

∥∥ (Nehari formula).

On the other hand, it is obvious that

inf
ϕ∈H∞

⎡⎣‖A−ϕ (Mθ )‖+

∥∥∥∥∥ϕθ − ϕ̃θ
1−|θ |2

∥∥∥∥∥
L∞(D)

⎤⎦
� inf

ϕ∈H∞
‖A−ϕ (Mθ )‖+ inf

ϕ∈H∞

∥∥∥∥∥ϕθ − ϕ̃θ
1−|θ |2

∥∥∥∥∥
L∞(D)
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and inf
ϕ∈H∞

∥∥∥∥∥ϕθ − ϕ̃θ
1−|θ |2

∥∥∥∥∥
L∞(D)

= 0. Therefore we obtain from inequality (4) that

inf
ϕ∈H∞

⎡⎣‖A−ϕ (Mθ )‖+

∥∥∥∥∥ϕθ − ϕ̃θ
1−|θ |2

∥∥∥∥∥
L∞(D)

⎤⎦ (6)

� inf
ϕ∈H∞

‖A−ϕ (Mθ )‖ = dist(A,Fθ ) .

Now (5) and (6) prove the theorem. �

In conclusion of this section, we prove some lower inequality for
∥∥Hψ

∥∥ in terms
of values of corresponding Toeplitz operator Tψ . In order to formulate our result, we
need to some notation.

Let (λn)n�1 ⊂ D be a fixed sequence, and E is a (closed) subspace defined by

E λ :=
{

f ∈ H2 : (λn)n�1 ⊂ Null( f )
}

,

where Null( f ) is the set of nulls of f in D . We denote by E λ
1 the unit sphere of E λ .

THEOREM 6. Let ψ ∈ L∞ (T) be a function. Then

∥∥Hψ
∥∥� sup

f∈E λ
1

sup
n�1

(
1−|λn|2

) 1
2 ∣∣(Tψ f

)
(λn)

∣∣ ,
where Tψ is the Toeplitz operator on H2 .

Proof. Let f ∈ E λ
1 be arbitrary. Then we have for any h ∈ H∞ that

(
Tψ f

)
(λn) =(

Tψ−h f
)
(λn) for all n = 1,2, . . . . By using this, we have:

(
1−|λn|2

) 1
2 (

Tψ f
)
(λn) =

(
1−|λn|2

) 1
2 (

Tψ−h f
)
(λn)

=
〈
Tψ−h f , k̂λn

〉
=
〈

f ,T ∗
ψ−hk̂λn

〉

=
〈
f ,T ψ−hk̂λn

〉
=

〈
f ,P+

(
ψ−h
) (1−|λn|2

) 1
2

1−λnz

〉

=

〈
f ,ψ−h

(
1−|λn|2

) 1
2

1−λnz

〉

=
∫
T

(
1−|λn|2

) 1
2

1−λnζ
(ψ −h)(ζ ) f (ζ )dm(ζ ) ,
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where dm(ζ ) is the normalized Lebesgue measure on the unit circle T . From this, by

using that
∣∣∣1−λnζ

∣∣∣= |ζ −λn| and applying the Hölder inequality, we have that

(
1−|λn|2

) 1
2 ∣∣(Tψ f

)
(λn)

∣∣ �
(

esssup
T

|ψ −h|
)⎛⎝∫

T

1−|λn|2
|ζ −λn|2

dm(ζ )

⎞⎠ 1
2

×
⎛⎝∫

T

| f (ζ )|2 dm(ζ )

⎞⎠ 1
2

= ‖ψ −h‖L∞(T) for all h ∈ H∞,

because ‖ f‖2 = 1, and
1−|λn|2
|ζ −λn|2

= Pλn (ζ ) is the Poisson kernel, and therefore

∫
T

1−|λn|2
|ζ −λn|2

dm(ζ ) = 1.

Hence by virtue of Nehari formula, we obtain

∥∥Hψ
∥∥= dist(ψ ,H∞) = inf

h∈H∞
‖ψ −h‖L∞(T) �

(
1−|λn|2

) 1
2 ∣∣(Tψ f

)
(λn)

∣∣
for all f ∈ E λ

1 and n ∈ N , which implies that

∥∥Hψ
∥∥= sup

f∈E λ
1

sup
n∈N

(
1−|λn|2

) 1
2 ∣∣(Tψ f

)
(λn)

∣∣ .
This proves the theorem. �

We set E 0
1 =

{
f ∈ H2 : f (0) = 0 and ‖ f‖2 = 1

}
.

The following apparently must be known.

COROLLARY 1. If ψ ∈ L∞ (T) is a function such that sup
f∈E 0

1

|〈 f ,ψ〉| = ‖ψ‖2 , then

‖ψ‖2 �
∥∥Hψ

∥∥� ‖ψ‖∞ . In particular, if ψ is unimodular, then
∥∥Hψ

∥∥= ‖ψ‖∞ = 1 .

Proof. Since sup
f∈E 0

1

|〈 f ,ψ〉| = ‖ψ‖2 , the proof is immediate from Theorem 6. �
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3. An inequality for the Berezin number of operators

Let A be any nonscalar (i.e. A 
= cI ) bounded linear operator on the RKHS H =
H (Ω) . It is easy to see that

ber(A) � ‖A‖ .

However, it is well known that in general there is no a universal constant C > 0 such
that ‖A‖ � Cber(A) (see Karaev and Iskenderov [6] and Karaev [5] , and references
therein). So, it will be interesting to find a positive number α, depending from a given
operator A (i.e. a number α = α (A) > 0), such that

ber(A) � α (A) . (7)

In the present section, we will prove an inequality of the type (7) for any operator
A ∈ B(H2) in terms of Hankel operators. For the related results, see, for instance,
Karaev and Iskenderov [6] and Gürdal and etc. [3] .

Below (H∞)1 := {ψ ∈ H∞ : ‖ψ‖∞ � 1} will denote the closed unit ball of the
space H∞.

THEOREM 7. Let A∈B(H2) be any fixed nonscalar operator on the Hardy space
H2, such that radial boundary values Ãrad (ξ ) of Ã exist and are finite almost every-
where on T. For any ϕ ∈ H∞, let us define the following operator on H2 :

Nϕ,A := Tϕ (I−A) .

Then

ber(A) � sup
ϕ∈(H∞)1

∥∥∥∥HÑrad
ϕ,A

∥∥∥∥ . (8)

Proof. Arguing in the same manner, as in the Theorem 2 of [6] and Theorem 4 of
[3] , we obtain:

Ñϕ,A(λ ) =
〈
Nϕ,Ak̂H2,λ , k̂H2,λ

〉
=
〈
Tϕ (I−A) k̂H2,λ , k̂H2,λ

〉
=
〈
(I−A) k̂H2,λ ,T ∗

ϕ k̂H2,λ

〉

=

〈
(I−A)

(
1−|λ |2

) 1
2

1−λz
,T ∗

ϕ

(
1−|λ |2

) 1
2

1−λz

〉

=

〈
(I−A)

(
1−|λ |2

) 1
2

1−λz
,ϕ(λ )

(
1−|λ |2

) 1
2

1−λz

〉
= ϕ(λ )

〈
(I−A) k̂H2,λ , k̂H2,λ

〉
= ϕ(λ )(I−A)∼ (λ )

= ϕ(λ )
(
1− Ã

)
(λ ) = ϕ(λ )−ϕ(λ )Ã(λ )
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for all λ ∈ D. This implies that∣∣∣Ñϕ,A(λ )−ϕ(λ )
∣∣∣= |ϕ(λ )|

∣∣∣Ã(λ )
∣∣∣

for all λ ∈ D , and thus∣∣∣Ñϕ,A(λ )−ϕ(λ )
∣∣∣� sup

λ∈D

|ϕ(λ )| sup
λ∈D

∣∣∣Ã(λ )
∣∣∣= ‖ϕ‖∞ ber(A)

for any function ϕ ∈ H∞. Since Ñϕ,A(λ ) = ϕ(λ )−ϕ(λ )Ã(λ ) and ϕ(λ ) and Ã(λ )
have radial boundary values almost everywhere on T , we have that Ñrad

ϕ,A (ξ ) exists for
almost all ξ ∈ T . Then from the last inequality we have for any ϕ ∈ (H∞)1 that

esssupξ∈T

∣∣∣Ñrad
ϕ,A(ξ )−ϕ(ξ )

∣∣∣� ber(A),

or ∥∥∥Ñrad
ϕ,A −ϕ

∥∥∥
L∞(T)

� ber(A)

for any ϕ ∈ (H∞)1 , which implies by virtue of the inequality
∥∥Hψ

∥∥� ‖ψ‖L∞ , ψ ∈ L∞,

that (since Ã has the finite radial limits almost everywhere on T , Ñrad
ϕ,A ∈ L∞ (T) )

ber(A) �
∥∥∥∥HÑrad

ϕ,A−ϕ

∥∥∥∥=
∥∥∥∥HÑrad

ϕ,A
−Hϕ

∥∥∥∥=
∥∥∥∥HÑrad

ϕ,A

∥∥∥∥
for any ϕ ∈ (H∞)1 , which obviously proves inequality (8), as desired. �
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