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REDUCTION OF DISCRETE ALGEBRAIC RICCATI
EQUATIONS: ELIMINATION OF GENERALIZED
EIGENVALUES ON THE UNIT CIRCLE

AUGUSTO FERRANTE AND LORENZO NTOGRAMATZIDIS

(Communicated by C.-K. Li)

Abstract. The purpose of this paper is to introduce a two-stage procedure that can be used to
decompose a discrete-time algebraic Riccati equation into a trivial part, a part that is entirely
arbitrary, and a part that can be obtained by computing the set of solutions of a reduced-order
Riccati equation whose associated symplectic pencil has no generalized eigenvalues on the unit
circle.

1. Introduction

In the past fifty years, Riccati equations have been found to emerge as fundamental
tools in several branches of engineering and applied mathematics, including network
analysis, optimal control and filtering, spectral factorization, stochastic realization to
name only a few. Several monographs have been entirely devoted to the study of Riccati
equations, [20, 21, 15, 14, 1].

In particular, many techniques have appeared in the literature on the issue of the re-
duction of the order of Riccati equations. These contributions include — but are far from
being limited to — [17, 11, 12, 13, 4, 9, 18]. The development of these techniques has
been even more intense for the case of discrete-time algebraic (and difference) Riccati
equations, because the structure of these equations is richer and more challenging than
the structure of their continuous-time counterpart. Two main theoretical/computational
difficulties arise in the determination of the set of solutions of a discrete-time algebraic
Riccati equation. The first is the case in which the symplectic pencil and/or the closed-
loop matrix is singular. The second is the one where some generalized eigenvalues of
the symplectic pencil lie on the unit circle.

Some results that have been published on this topic have focussed on reduction
techniques that are tailored to the task of computing the stabilizing solution of the Ric-
cati equation. Some others, which include [4, 9, 18], can be employed to reduce the
order of the Riccati equation to the end of obtaining the full set of Hermitian solutions
of the original Riccati equation.
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In particular, in [4] a method was presented which, differently from earlier con-
tributions presented on this topic, aimed at iteratively decomposing DARE(X) into a
trivial part and a reduced DARE whose associated closed-loop matrix is non-singular.
The subsequent contribution [9] achieves a similar goal by avoiding the need for an
iterative procedure. A further important advantage of [9] over [4] lies in the fact that
the technique in [9] can also be applied in the case of an indefinite Popov matrix. In
[18], the method of [4] was revisited and extended to the case of the so-called general-
ized discrete algebraic Riccati equation, which has been the object of intensive studies
in the past twenty years, because it provides an important generalization of the classic
Riccati equation and, as shown e.g. in [7] and [8], it represents the most natural tool to
use in the solution of indefinite/semidefinite, finite/infinite horizon discrete-time linear
quadratic optimal control problems, see also [1, 5, 6, 13, 14, 19]. For the dual version
in filtering problems we refer the reader to [23, 24, 25]. The framework associated with
the constrained generalized Riccati equation is the one that corresponds to the case in
which the symplectic pencil is singular. The procedure developed in [ 18] hinges on the
idea of decomposing the generalized Riccati equations into two parts, which correspond
to an additive decomposition X = Xy + A of each solution X of the Riccati equation.

The first part provides an explicit expression of the term Xy, which is fixed and
independent of the particular solution X . The second part can be either a reduced-order
discrete-time standard algebraic Riccati equation whose associated closed-loop matrix
is non-singular, or a symmetric Stein equation. However, regardless of the structure of
the original discrete-time algebraic Riccati equation, the reduced-order regular Riccati
equation obtained as a result of the application of any of the methods in [4, 9, 18] still
corresponds to a closed-loop matrix which may contain eigenvalues on the unit circle,
and this represents a major computational issue in the calculation of the set of solutions
to this equation, see for example the MATLAB® routine dare .m for the computation
of the stabilizing solution of the discrete-time algebraic Riccati equation.! The main
purpose of this paper is to address this issue, by proposing a reduction whose aim is
to decompose the Riccati equation that one obtains by applying one of the procedures
outlined in [4, 9, 18] (which is characterized by the fact that the closed-loop matrix is
non-singular) into a trivial part, a part which is arbitrary, a part that can be obtained by
solving a reduced-order discrete algebraic Riccati equation, and a part that can come
from the solution of a reduced-order continuous-time algebraic Riccati equation.

2. Preliminaries

This paper is concerned with the problem of computing the set of Hermitian solu-
tions of the so-called discrete-time algebraic Riccati equation DARE(X)

X = A'XA— (A'XB+S)(R+BXB)™ (B°XA+5)+0, (1)

where A, B, Q, R and S are given matrices of sizes n X n, n xXm, nxXn, mxm
and n x m, respectively, and are such that the Popov matrix, here denoted by IT, is

!When running the dare.m command in MATLAB ® | in such case one obtains an error message which
warns the user that “the symplectic spectrum is too close to the unit circle”.
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Hermitian and positive semidefinite, i.e., it satisfies
H“:ﬂ%;ﬂ:ﬂ*;& )

The set of matrices £ = (A, B;I1) is often referred to as Popov triple. For any matrix
X =X* € C"", we define the gain matrix

def

Ky = (R+B'XB) ' (S*+B"XA) 3)

as well as the closed-loop matrix

def

As recalled in Section 1, DARE(X) is generalized by the so-called constrained
generalized discrete-time algebraic Riccati equation, herein denoted by CGDARE(X),
given by

X = A'XA— (A'’XB+S)(R+B'XB)'(S"+BXA) + 0, ®)
ker(R+B"XB) Cker(A"XB+S), (6)

where the symbol 1 in (5) denotes the Moore-Penrose pseudo-inverse operation.”
CGDARE(X) — rather than DARE(X) — represents the natural equation arising in

the solution of Linear Quadratic optimal control and filtering problems, [19, 8]. In fact,

it is only when the underlying linear system (obtained by the full-rank factorization

= [gi} [C D] and considering a system described by the quadruple (A,B,C,D)) is
left invertible that the standard DARE(X) admits solutions. The dynamic optimiza-

tion problem, however, may still admit solutions in the more general setting where the
underlying linear system is not left-invertible so that the corresponding Popov func-
tion ®(z) = [G(z~)]'TT G(z), with G(z) = [(ZI_?) IB} , is singular. In these cases,
however, the standard DARE(X) does not admit solutions and the correct equation that
must be used to address the original optimization problem is CGDARE(Y), see e.g.
[5]. As discussed in [1, Chapt. 6], these general situations are particularly relevant
in the context of stochastic control problems, see also [3, 10] and the references cited
therein. It was also observed in [7] that generalized Riccati equations appear to be a
more direct and natural way than the standard Riccati equations in the solution of in-
definite Linear Quadratic optimal control problems. On the other hand, whenever the
standard DARE(X) admits solutions, the set of its solutions coincides with the set of so-
Iutions of CGDARE(ZX). This means that CGDARE(X) is a genuine generalization of
DARE(X). As already mentioned, in [ 18] two iterative procedures were presented that
reduce a general CGDARE(X) to a DARE(X) of smaller order featuring a non-singular
closed-loop matrix and a non-singular matrix R. Both these reduction procedures can

2We recall that given an arbitrary matrix M € C"*¥  there exists a unique matrix MT € C** that satisfies
the following four properties: (1) MM™M =M; (2) MTMM' =M"; (3) (M M)* =MTM; @) (MM')* =
MM’ . By definition, the matrix M is the Moore-Penrose pseudo-inverse of the matrix M .
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be carried out only using the problem data A,B,Q,R,S. This means that these two
procedures can be performed without the need to compute a particular solution of the
Riccati equation. The fact that, when R is non-singular, CGDARE(X) reduces to a
DARE(Y) is a consequence of the inclusion ker(R+ B*X B) C kerR, see [18, Proposi-
tion 1] and [5, Lemma 4.1]. This paper presents an additional iterative procedure — to
be carried out after the two aforementioned procedures have been applied to a Riccati
equation to obtain a DARE(X) with non-singular matrices Ay and R — that at each
step delivers a reduced order DARE where the eigenvalues on the unit circle of the
closed-loop matrix have been eliminated.

Since we are considering that at each iteration of the procedure presented here we
first perform the procedure in [ 18], we eliminate the closed-loop eigenvalues on the unit
circle assuming without loss of generality that DARE(Z) under consideration is such
that Ay and R are invertible.

The procedures in [4, 9, 18], together with the technique presented in this paper,
enable us to obtain the entire set of Hermitian solutions of any generalized discrete-
time algebraic Riccati equation by resorting to the computation of the set of solutions
of well-behaved reduced order Riccati equations or Stein equations.

We recall that the so-called symplectic pencil is defined as the matrix pencil Ny —
zMs , where

L, 00 A 0 B
Ms=E 10 -A"0 and MNZ210-L S
0-B0 $* 0 R

When the matrix pencil Ny —zMsy is regular (i.e., when there exists z € C such that
det(Nsy — zMy) # 0), CGDARE(X) becomes indeed a DARE(X), whereas the case
where Ny — zMs is singular (i.e., the determinant of Ny —zMs is the zero polyno-
mial) corresponds to a case in which DARE(X) does not admit solutions. It is shown
in [4] for DARE(Z) and in [6] for CGDARE(X) that if Ay is singular, the Jordan
structure of Ay associated with the eigenvalue A = 0 is completely determined by the
matrix pencil Ny —zMs (and therefore by the parameters of the problem), and is inde-
pendent of the particular solution X of DARE(X) or CGDARE(X). It is also shown
in [4] that in the case where the matrix pencil Ny —zMs is regular (or, equivalently,
the CGDARE(X) and the standard DARE(X) have the same solutions) the following
statements are equivalent:

(1) Ny is singular;
(2) Nz —zMsy has a generalized eigenvalue at zero;

(3) there exists a solution X of CGDARE(X) such that the closed-loop matrix Ay is
singular;

(4) for any solution X of CGDARE(Z), the corresponding closed-loop matrix Ay is
singular;

(5) at least one of the two matrices R and A — BRTS" is singular.
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The following result [ 18] is a well-known result of the classic Riccati theory, which
shows how to eliminate the cross-penalty matrix S.

def def def

A—BR'S* and QOy=0—SR™ Ls* Moreover, let T1, 2
] and Ty Z (AO,B I1y). Then, the following statements hold true:

LEMMA 1. Let Ay =
[Qo 0
0 R

(i) DARE(X) has the same set of Hermitian solutions as DARE(X,)

X =A,XAy—A,XB(R+BXB)"'B' XA, +Qy; (7)
(ii) for any Hermitian solution X of DARE(X), we have

Ay = Aoy ZAy—B(R+BXB) ' B X A;

(iii) Qo 2 0

Another useful result that can be established by direct computation is the following.

LEMMA 2. Let T € C™" be unitary. Let Ay 2 T*A,T, BZ T*B, and 0, £

T*QyT. Let also TI; £ [QOT 2] and ¥, 2 (A7,By,I1;). Then, X is a Hermitian

solution of DARE(X.) — and therefore also of DARE(X,) — if and only if X = T*X T is
a Hermitian solution of DARE(Z; )

X =K XA A XB(R+B XB)"'BX A+ 0o ®)
The following lemma presents a useful decomposition of the symplectic pencil,
see [6] for a proof.

LEMMA 3. Let X be a symmetric solution of DARE(X). Let Ry = R+ B*XB
and let Ky be the associated gain and Ay be the associated closed-loop matrix. Two
invertible matrices Uy and Vy of suitable sizes exist such that

Axy—zI, 0 B
Uy (Ns — zMy) Vy = 0 I,—zA; 0 |. 9)
0 —zB" Ry

Since Ry is non-singular, the dynamics represented by the symplectic matrix pencil
Ns — zM5 are decomposed into a part governed by the generalized eigenstructure of
Ay —z1,, a part governed by the finite generalized eigenstructure of 7, —zA}, and a part
which corresponds to the dynamics of the eigenvalue at infinity. Thus, the generalized
eigenvalues® of Ny —zM; are given by the eigenvalues of Ay, the reciprocal of the
eigenvalues of Ay, and a generalized eigenvalue at infinity whose algebraic multiplicity
is equal to m.

3Recall that a generalized eigenvalue of a matrix pencil N —zM is a value of z € C for which the rank of
the matrix pencil N —zM is lower than its normal rank.
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3. Main results

Given a solution X of DARE(Z), the spectrum corresponding to closed-loop ma-
trix Ay may contain eigenvalues on the unit circle

DE{zeC: |z =1}.

In this section, we show how DARE(X) can be decomposed into a part that has a solu-
tion which is completely arbitrary, and which is associated with the eigenvalues on the
unit circle of Ay, and a part that can be computed by solving a reduced-order Riccati
equation.

In particular, from now on we will refer to DARE(Y,), where we recall that
%y = (Ao, B,I1,) as defined in Lemma 1, since its set of solutions coincides with that of
DARE(Z). The corresponding symplectic pencil is 7Ny, — My, . First, if Ay contains
eigenvalues on the unit circle, the symplectic pencil z N5, — My, also contains general-
ized eigenvalues on the unit circle in view of Lemma 3. Let 8 € © be an eigenvalue of
Ay on the unit circle. The matrix pencil

Ay—61, 0 B
Ny, —OMs, = %0 9%;*;1,,2

loses rank with respect to the normal rank of N5, —zMs, . Since R is invertible, this
implies that its Schur complement

—_— Ay— 61, —6BR !B
L0 64—,

A—-01, 0 B| _
[l [l s

loses rank. We now investigate a very important property of the null-space of Wy.

LEMMA 4. Let v = [2} with vy,v, € C". Let 0 € ® be such that rankWy <

normrankW. Then, v € kerWy if and only if [1” € kerWy and “)2} € kerWy.

Proof. Sufficiency is obvious. Let us prove necessity. Let v € kerW,. We can
write

[_eBRlB* Ao—eln} [Vz] —0 (10)

OAS -1, o Vi

In a suitable basis of the state space, O, and A, can be written as

_|AOQ _ AL AR
Q0_|:OO:|7 A0_|:A21A22:|7
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where A is invertible. Let g denote its order. Let

d_ef A“—elq
Ko = { A

and

def Ap
H9 - |:A22_ elnq:| ’

so that, taking into account that 6 6% = 1 because 6 € ©, we can rewrite (10) as

—0BR'B'|Kg Hg | [ v,
0K; A O v | =0, (11)
0 Hj 0 0 Via

Vi1

where v, = {m

} has been partitioned conformably with Q,. From the second we

find v;; = —OA~! Kjv,. Substituting this expression into the first equation obtained
by expanding (11) gives

—OBR 'B'v,+Kgv,, +Hgvi, =0. (12)

Premultiplying both sides of (12) by v5, and taking into account that Hyv, = 0 using

the third equation obtained from (11), yields 6 v; Lgv, = 0, where Lg “BR B+
KQA‘IK;. Since both R and A are positive definite, then B*v, =0 and Kjv, = 0.
Since we have also H; v, = 0, we can conclude that

€ ker B — er 0BR !B
RER gar 1 | T eAr—1, |

which also implies that {1?2} € ker Wy . Moreover, from v, = —0 A~ K§v, and Kjv, =
0 we obtain v,; = 0 which, together with Hyv,, =0, leads to (A4, — 61,)v, =0 and
Qpv, =0, so that indeed {VO'] ckerWy. 0O

Thanks to Lemma 4, we can always consider as a basis matrix for the null-space

of Wy a block matrix in the form {Vl 0

0 W
Ag—01, . . 6BR ' B*
[ 0 "} and V, is a basis of the kernel of { ;
Qo eAO*In

two separate and independent reduction procedures for DARE(Z). The first aims at
eliminating vectors from the null-space of Wy that are in the range of V,. The second is
a reduction that eliminates vectors from ker Wy that are in the range of V,. Differently
from the problem of eliminating the singularity from the closed-loop matrix, where the
Jordan structure of the zero eigenvalue of the closed-loop is completely determined by
the symplectic pencil Ny —zMs (which in turn is an explicit function of the problem
data A,B,Q,R,S), here we have no a priori information on the Jordan structure of
the eigenvalues of Ay in ©. The iterative nature cannot be avoided by adapting in a
straightforward manner the techniques such as the one discussed in [9].

} , Where V, is a basis matrix of the kernel of

} . This enables us to introduce
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4. Reduction associated with V,

As already observed, we begin by examining the first reduction technique, which
can be carried out if V, is non-zero. We need to distinguish between two cases.

4.1. Casel: 0 € {—1,1}

We now consider a change of basis in the original DARE(Y), using the result of
Lemma 2, where the change of coordinate T is real-valued. In particular, we define
the change of coordinate matrix 7 = [T} T>], where 7; is an orthonormal basis for
imV, and T is orthogonal (so that T-'=T7 =T*). Thus, the subspace imV,, whose
dimension is denoted by v, is written in the new basis as im [I(;} . We define the
matrices Ay, B and O, as in Lemma 2.

Since (0 A;—1,)V, =0, we have also 6 A}V, = V,, which can be expressed in the
new basis as OA;T*V, = T*V,. Thus, in the new basis we can write

- [1,0 4
AO_ |: 0 A;2:|7 (13)

. Iv6 A;l Iy Iy * D+ * :

sothatindeed 6 | [0} = [0} . From B*V, =0, we find B* = [0 B;]. Consider
22

the decomposition of X = T*X T and O, = T*Q, T into block matrices whose sizes are

compatible with the decomposition in (13), i.e.,

< Xll X12 A Qll Q12
X = = .
[sz Xn} D [ O

One can verify by direct inspection that the following equalities hold:

XA — X1+ X242 0 + A5 X5 0 + A5 XAy XA 0+ A5 XnnAss
o A% X750 + A% XnAs A XnAsn ’
v D O*Xlsz +A* X22B2
AXB = 21 :
‘ { ALXnB,
DV D X11 X12 0 "
R+B'XB=R+|0B; =R+ B,X»B,.
[ 2}|:X1*2X22:| |:32:| 2422 D3

We define R, =R + B; X5, B, to simplify the notation. Using these expressions, we can
write (8) as

[Xu X12:| _ [Xu +X12A5 0 +A5 X[, 0+ A5 XAy X1,A5,0 +A§1 XAy

XI*Z X22 AZZXI*Z 0 +A32X22A21 AZ2X22A22
OXpBot AL XnBo| oy .
i { s 2} RV [0BiX", + B XosAsy B:XonAnn ]

Qll Q12
+[ Y sz]’
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which leads to the three equations

O == X12A21 6 +A31X1*2 6 +A31X22A21

—(6X1,B, +A§1X2232)R;1 (0B, X,,+ B, X0 A1) + 011, (14)
X1 =X0An0+A5 XnAsy — (0X,B,+ A Xn Bz)R;I B X0 Apy + Qua, (15)
X =A% XAy — A% X0 B, Rz_l B3 XA+ Q. (16)

We notice the following facts:
e None of these equations depend on X;;. Thus, X); is completely arbitrary.

e The third equation (16) is decoupled from the previous two (14-15), and is a
reduced-order DARE. This equation can be solved independently of X;,. If (16)
does not admit solutions, the original DARE has no solutions.

e Once X, is computed using (16), it can be substituted into (15), which then
becomes a linear equation in X, :

X = X120 (Ayy — By R, ' Bl Xy Agy) + (A3 Xn Agy — A3 Xy By Ry ' BiXon Ay + O12)
= X12 9AX22 + (A;l XZZAX22 + QlZ)a (17)

where the matrix Ay,, s Ay — By, (R+ By X Bz)_1 B3 X» Ax is the closed-loop
matrix relative to the subsystem 22. Thus, (17) can be written as

Xu([ - OAXZZ) - ASIXZZAXZZ + le.
This equation admits solutions if and only if *
ker(I — 0Ax,,) C ker(A} X»Ax,, +On). (18)

If this condition is not satisfied, then (15) does not admit solutions. Thus, also
the original DARE does not admit solutions. If (18) is satisfied and Ay,, has no
eigenvalues at 6, matrix / — Ay, is invertible, and (15) has only one solution

X, = (A5 X0 Axy, +01) (I — 0 Ax,,) " (19)

It is sufficient to check whether this solution also satisfies (14). If it does not,
again, the original DARE does not admit solutions, while if the only solution X,
of (15) also solves (14), we have parameterized the solutions of DARE into

X XI%
(X5)" Xa |’

where X), is arbitrary, X, is the solution of a reduced-order DARE and X, is
the only solution that satisfies simultaneously (14) and (15).

“This condition can equivalently expressed by saying that for any matrix Z such that (I — 6 A X )E=0,
we also have (A} X»Ax,, + 012)E=0,ie., (A5 X5 0+01)E=0.
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We may also have the case in which (15) has infinite solutions. The set of its
solutions is parameterized in terms of a matrix of suitable size K as

X12 = 5(\12 + KA7 Where 5(\12 d:d (AZIXZZAXZZ + Q12) (I — GAXZZ)T,

with the rows of A span the null-space of ker(/ — 0Ay ), i.e., A=0AAx 2. By

substitution of X, = )?12 + KA into (14) we obtain a new equation in A, which
reads as

KAO[Ay — BoRy ' B (60X, + XnAn)] + A% — (0Xa1 + A3 X00)BoR; ' By OAK
—KAB,R;'B;A K +Q =0, (20)

where

QE XAy 0 +AL X0 +A5 XAy
—(0X1,+ A% X00) ByR; ' By (6 X, + X0 Ay ) + Oy = 0.

Interestingly, (20) is a reduced-order non-square continuous-time Riccati equa-
tion, for which a rich literature is available, see e.g. [16, 2] and the references
cited therein.

4.2. Case2: 6 €D\ {l,-1}

We now consider a change of basis given by T = [T} T T;], where T; is an or-
thonormal basis for imV;,, each entry in 7, is the complex conjugate of the correspond-
ing entry in 7} and T is unitary (so that T—! = T*). Again, the subspace imV, in
the new basis is written as im [I(;} . In this case, partitioning A, conformably with this
basis, we find

01, 0 A,
Af=T*A;T=| 0 6I,AL| and B*=BT=[00B:]
0 0 AL

Let us also partition the matrices X = T*X T and Q, = T* Q, T accordingly as

. X X2 Xi3 ~ 01 Q12 Oi3
X=T"'XT = Xl*z X2 X3 and Q= T O T = sz 0 0
X5 X5; Xss 13 03 O3

One can directly check that
ASXA() -
X11+07X13A31+0A%, X[5+A%, X33431 (9*)2X12+9*X13A32+9*A§1X2*3+A§1X33A32 0" X13A33+A%, X33433

* X202 +6X3A32+0" A3, X35 +A%, X33A3, 0X3A33+A%,X33A33
* * A§3X33A33

)
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where the submatrices indicated by % are obtained by taking the complex conjugate of
the block entries that are symmetric with respect to the main diagonal. Then,

o 0" X3 B3 + A}, X33 B3
A;XB= | 0X;B; +A5X53B; | and Ry =
A%, X33 Bs

R+ B'XB =R+ B; X3 Bs.

We obtain the following 6 matrix equations:

O = 9*X13A31 + OA;kl X1*3 +A;:1 X33A31

—(0*X13B3 + A% X33 B3) Ry L (OB X, + Bi X5 A1) + Q1 Q1)
X = (9*)2X12 + 0" X3 An + 07 AL X55 + A5 X3 Ay,
— (0" X13By + A} X33 B3) Ry ' (6% By X5 + B} X33 An) + O, (22)

X13 = 6*X13A33 +A§1X33A33 - (6*X13B3 +A;<1X33 B3)R3_IB;X33A33 + Q137 (23)
O = 9X23A32 + 6*A§2X2*3 +A;2X33A32

—(6X53B; + A3 Xs3B3) Ry ' (0" B Xy + B X33Az) + O, (24)
X3 = 0Xp3 Az + A5 X33A5 — (0 X3 By + AL, X B3)R;l B X53A5+ 0ss (25)
X5 = A5 X345 — A X5 Bs R;l B X33A3+ Q. (26)

None of these equations depends on X;; and X,,, which are therefore completely
arbitrary. Moreover, the last equation (which is a reduced-order DARE with complex
coefficients) can be solved in X33 independently of the others. Denoting by

def

AX33 = A33 - B3 R3_1 B;‘ X33A33

the closed-loop matrix that corresponds to the solution Xs; of the reduced-order DARE
(26), equations (23) and (25) can respectively be written as

X13 (I - O*AX33) = A; X33AX33 + Q13 (27)

Xo3 (I = 0Ax;;) = Al X3 Axyy + O (28)

which are linear in X3 and X;, respectively. They admit solutions if and only if
ker(I— G*AX33) - kel‘(A;(1 X33AX33 +Q13) and kel'(l— OAX33) - ker(A§‘2X33AAX33 + Q23) s
respectively. We can parameterize the set of solutions of (27) as X3 = Xj3 + Ki3As3,

where X; & (A3 X33 Ax,; + 013) (I — (9*AX33)T and the rows of A3 span the null-space
of ker(I — 6* Ay, ), so that imAj; = ker(/ — 0*Ax,, ). Similarly, the set of solutions of

(28) can be written as X,; = Xos + Ko3 Ags, Where Xo3 & (A5 X33 Axy; +0n) (I— GAX33)T
and imAj; = ker(I — 0 Ax,).
Substitution of X13 = X13 +K|3 A13 and X23 = X23 + K23 A23 into (23) and (25) ylelds

KisAu6* Ay —BsR; ' B; (0X,+X5sAs1)|+[A7, — (0" X1 +A%, Xas ) BsR; ' BS|OAT KT,
—Ki3AiBiR; ' BIAL K 4+Q =0, (29)

K»3Ay30[A—B3Ry ' B (0% X +X33A5) | +]AL, — (0 X5 +A% Xs3 ) B3Ry ' BY| 0 ALK,
—Ky3 Ay BiR; ' BEALKS, + Qs = 0, (30)
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respectively, where
Qi3 = )?131431 0" + A}, )?1*39 + A% X33 Az
—(0" X3 +A§1X33)B3R;1 B; (0X)5+X3345,) + O3,
923 d:ef 5(\231432 9 +A;25(\2*39* +A;2X33A32
—(0 Xy + A%, X53) By Ry ' By (07 X5+ Xs3 Aza) + Q3.
Once X;; and X»; have been computed, and one verifies that they also satisfy the

first and the fourth equation, X;, can be computed from the second equation, which is
linear in X},, and always admits solutions if 6 # +1.

EXAMPLE 4.1. Consider DARE(X) with

00 -1 0 400 12
A:[z ) 0}, B=[1:|, Q:[ooo}, S:{o], R =36.

10 0 0 000 0
0 0 -1
It is easily seen that Ag = |5/3 -2 0 | and Q, = 0. Itis also easy to see that Wy loses
1 00
rank for 6 = £i. Consider 8 = —i. Then
10
00
. i 0
kerW_; =im T
0 2+4i
0 3i
V2/2
An orthonormal basis matrix for the upper block of the latter is givenby V,=| o |,
iv2/)2
V2/2 V220
so that we have a unitary change of coordinates T = 0 0 —1|. We easily
iv2/2 —iv2/2 0

find
5

1 R

. 3v2
A =T*AT = O—i—ri :
00 -2

from which we find Ay, = Ay, = —f—ﬁ and Ay; = —2. Let us also partition T*X T

accordingly as
X11 X12 X13
T*XT = XTZ X2 X3
X3 X33 X33

Equation (26) in this case reduces to
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whose solutions are x;;3; = 0 and x33 = 108. Let us first consider the solution x3; = 0.
In this case, Ay,, = As;, and (23) reduces to x;3 = —2ix;3, whose unique solution is
xi3 = 0. Similarly, equation (24) becomes (1 —2i)x,; = 0, whose solution is x,; = 0.
Notice that x;; = x,; = 0 satisfy the first and the fourth equations. We only need to
compute x;, using (22), which in this case becomes x;, = —xy,, so that x;, = 0. It
follows that the set of all solutions of the transformed DARE that arise from x;; = 0
can be written as diag{ca, 3,0}, where o, 8 € R are arbitrary. Thus, the corresponding
solution in the original basis is

a 00 3(a+B) 0 £(B-0)
X:T{olso]T*: 0 0 0 .
000 i 0

The first set of Hermitian solutions of DARE is therefore given by

p 0 iq
,%33:0: 0 00|:pgeR;.
—ig 0 p

Let us now consider x3; = 108. In this case, Ax;; = —1/2, and (23) reduces
to x;3 = —%ixm + 65_\/5)633’ whose solution is x;; = 362 — 18/2i. Similarly, (25)
gives x,; = 362+ 182i. Ttis easily seen that x5 satisfies the first equation, and
Xo3 satisfies the fourth equation. Finally, the second equation gives x;, = 18 —241i. It
follows that

X = 18+24i B 36v2+18V2i

36V2+18V2i 36v2—18+/2i 108

is another solution of the transformed DARE for any o, 8 € R. In the original basis we
have

o 18—24i 36\@—18\@']

$(o+B)+18 —72 24—k (a—P)
X = ) 108 -36
24+4 (a—B) —36 —18+} (o+B)

The second set of Hermitian solutions of DARE is therefore given by
rH18 =72 24—is
T =108 = { [ ~72 108 36 } 1S E R} ,
24+is —36 —18+r
and the complete set of Hermitian solutions of the original DARE is given by Z.,._U
<9//);33:108 .
4.3. Reduction associated with V,

In this section we examine the second procedure aimed at the elimination of V;.
We assume that we have carried out the reduction procedure associated with the pres-
ence of V,. As in the previous case, we need to distinguish between two cases.
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4.4. Casel: 0 € {1,—1}

We now consider a change of basis in R” given by T = [T; T»], where T} is an
orthonormal basis for V; and T is orthogonal. Thus, the subspace imV;, whose dimen-

sion is denoted by p, in the new basis is written as im {Ig } . Since (Ag—061,)V, =0, we
have also 6 A,V, = V,, which can be written in the new basis as 6T*A, T T*V, = T*V,.
Thus, in the new basis

T*A()T — |:Iu 0 A12:| ’

so that indeed 6 [IVOG ﬁ;ﬂ [Ig } = [Ig } . From Q,V, = 0, we find that in this basis

T*Qy T = diag{0,0,}. Let us consider the DARE in this new basis

T°XT = (T°AT)(T°XT)(T* A, T) — (T"A,T) (T*XT) (T* B)
X (R+ (B T)(T*XT)(T*B)) (B T)(T*XT)(T" Ay T) + (T* Qo T). (31)

Let us also introduce the partitioning

. X X X B,
T'XT = . T'B= _
|:X1*2 Xzz} [BJ

One can immediately verify that

(T*A(’;T) (T*XT) (T*AO T)
Xy 0 (X11A12 +X12A22)
0 (ATZX“ +A32X12) ATZXIIAIZ +A;2X1*2A12 +A>{2X12A22 +A32X22A22.

and

(BT)(T*XT)(T"A,T)
=[6(B: X\, +B;X},) B XAy + B, X1y Ay + B, X[, Ay + By X Ay |.

Finally,

def

In this case, the Riccati equation can be written as the three equations

0=—(Xi1 B, +X0B:) Ry ' (B; Xi1 + B3 X)),
Xn=0X1An+0X,An

-0 (X, B, —|—X1232)R;1 (BIX11Ap+ B XinAn + By X[ A + B X0 Ao,
Xn =Ap XA +AR XA+ ALXnAn+ Ay XnAyn

_(ATZXIIBI +A;2X1*231 +A72X12B2 +A;2X2232)R;1

X (B X1 A+ By X1nAn + By X[, Ay + By X Agy) + On-
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The first yields X, B; + X, B, = 0, which once substituted into the second yields X, =
0 XA+ 0X,A. These two equations can be written together as

[eA;Z 6A22—Inu] {x] Y
BB ]x

On the other hand, since the first elimination procedure has already been carried out,
the nullspace of the matrix

. 0 0
[OAB?*_ 1} = |04, 04,1,
B; B;

is the origin. This implies that the submatrices X;, and X, are zero. Therefore, the
third equation can be written as

X =A% XAy — A5 X0 B, (R + B X5, Bz)_l B X5, Ay + O,

which is a reduced-order Riccati equation.

4.5. Case2: 6 €D\ {1,-1}

We now consider a change ff basis given by 7 = [T} T T5], where T; is an or-
thonormal basis for imV,, T, =T, and T is unitary. Thus, imV;, whose dimension is

. L . .
denoted by p, in the new basis is written as im { g ] . In this case we find

0L, 0 Ap [00 0
T*A()T = 0 G*Iﬂ A23 and T*Q()T =100 0
0 0 As 1000

We partition 7*B and T*X T conformably as

X Xi2 X3 B,
T*XT = XI*Z X22 X23 and T"B = B2
X5 X5 Xz B;

One can easily verify that
i . . Xi1 X12(6%)% 6” (X1 A13+X12A23+X13A33)
(T AOT) (T XT) (T AO T) = * X2 G(XI*ZA13+X23A23+X23A33) 5

* *

where the submatrices indicated by % are obvious from the context and where

E= A>1k3X11A13 +A;3X12A13 +A§3X1*3A13 +AT3X12A23
+A;3 X22A23 +A;3 X2§A23 +AT3 X13A33 +A;3 X23A33 +A;3 X3§A33.

Moreover,

(BT)(T*XT)(T*AoT) = [0 (Bf X\, + B: X1n+ By X,3) 0% (B; X124+ B; Xon + B} X23) @],
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where

def

® = B X, A3+ B X12A + B X343
+B; X12A 13+ By X0 Ay + B, X3 As;
+B; X13A13+ B, X23A0s + B X33 Ass.

def

Again, Ry =R+ (B*T)(T*XT)(T*B). Writing the block submatrix in position (1,1)
of DARE written in this basis, we find

Xy=X—- (XllBl + X, B, +X13B3)R;1(BTX11 +B;X12 +B;X13),

which yields X, B, + X1, B, + X;3 B; = 0. Writing the block submatrix in position (1,1)
of DARE written in this basis, we find

X = (60%)* (Xio — (X1 B1 + X2 B, + X03B3) Ry ' (B} X124+ B Xoo + B Xo3) )

Using the identity X,, B, + X1, B, + X13B; = 0 found above in the block submatrix in
position (1,2) of DARE gives the equation X;, = X;,(0*)?. Since 6 ¢ {1,—1}, the
only solution is X;, = 0. The block submatrix in position (1,3) of DARE with respect
to this basis is

Xi3=0"X 1A+ 0" XAy + 07 X 3A5 — (XllBl + X2 B, +X13B3)R;1CD.

Using XllBl +X12B2 +X13 B3 == X11B1 +X13 B3 = 0 and X12 = 0 intO the latter giVeS
X13 B O*XUAU + 6*X13A33. ThlS equation and X11B1 +X12B2 +X13B3 == O can be
written together as

0A1, 0An—1] [Xu] _,
Bi  B; X5

Since the first elimination procedure has already been carried out, the null-space of the
Af—

. [eA;s—17 . .. .
matrix { } is the origin. Thus, X;; and X;3 are zero. In a similar way, the block

submatrix in position (2,2) is
X5 =X — (Xl*zBl + X5, By + Xo3 B3)R;1 (BT X+ B;Xn + B;‘ X23),

from which we find X} B, + X2 B>+ X»3 B; = 0. It follows that the submatrix in position
(2,3)1s
Xy = 9X22A23 + 9X23 Ass.

With the same argument used above, we find that X,; and X, are zero. As a result of
this discussion, we can write the submatrix in position (3,3) as

X33 = A;} X33 A33 - A;} X33 BS (R + B; X33 BS)_I B; X33A33 + Q337

which is again a reduced-order Riccati equation.
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5. Numerical examples
EXAMPLE 5.1. Consider the DARE with
0 0 0 0 100 0
A= [2 -1 0}, B= [9], 0= [0 0 0]7 S= [o}, R=16.

0 0 0 0 001 0

0
Matrix Wy loses rank at 6 = —1. Then kerW_; = span[0 0 0|0 1 0]". Let V; = [1} .
0

Consider the change of coordinate matrix

0(10
T=1|1/00],
0]01
—1-20
which gives T*A, T = [ 0 0 0] . Then, A;; =[—2 0] and Ay, =0. Moreover T*B =
0 00

9
[0} , which implies B; =9 and B, = 0. It follows that X;; and Xj, are zero, and the

0
reduced-order Riccati equation is simply

10
X22:Q22: [01}

Thus, the only solution of the original Riccati equation is

0(00 100
X=T|0|10]T"=1000
0101 001

EXAMPLE 5.2. Consider the DARE with

0 0 00 0 67 0 00 -72
=20 10 _lo _loooo _|o _
A_07102’B_ 77’Q_0000’S_ 0 , R=8l
0 0 00 0 0002 0

It is easily seen that Q, = diag{3,0,0,2} and
0 0 0 0
i i
A | v 20
07 L L _se
V2 V2 9
0 0 0 0

Matrix Wy loses rank at 6 =0 and 6 = +i. Let 6 =i. Then kerW; =[0000/0 1 i 0]".

0
1/V2 iBR~' B*
Let V, = l//g . The null-space of {léﬁ?‘)j } is {0}. Therefore, only the reduction

0
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relative to V; needs to be carried out. Consider the change of coordinates

0 0 10

1 | _1

—= —= 00
Tl

1 1

vel v

0 0 01

which leads to

7 .
—=1
i 0| —v2+FV2i Vi V2
0| —i|—v2-2Vv2i V2i _1
T* AT = 9 , T*B= |-
00 0 0
00 0 0 0
0

and
T*Q,T = diag{0,0,3,2}.

It follows that A;; is the zero matrix, so that X3; = Qs; = diag{3,2}. Thus, the only
solution of the original DARE is X = T diag{0,0,3,2} T* = diag{3,0,0,2}.

Concluding remarks

In this paper we have presented a reduction technique aimed at decomposing a
discrete algebraic Riccati equation into a part that is arbitrary, and a part that can be
obtained by computing the set of solutions of a reduced-order Riccati equation whose
associated symplectic pencil has no generalized eigenvalues on the unit circle. A del-
icate computational issue, which was not discussed in this paper, is the following. In
practice, the generalized eigenvalues of the symplectic pencil must be computed numer-
ically. Thus, it will very rarely occur that their modulus is exactly one. Therefore, it is
necessary to select a threshold that can be used to discriminate between the generalized
eigenvalues that can be numerically considered to be on the unit circle from those that
are structurally outside it.
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