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SOME SPECTRAL PROPERTIES OF FOURTH
ORDER DIFFERENTIAL OPERATOR EQUATION

NIGAR M. ASLANOVA, MAMED BAYRAMOGLU AND KHALIG M. ASLANOV

(Communicated by M. Zinchenko)

Abstract. We consider boundary value problem for fourth order differential equation with un-
bounded discrete operator coefficient. One of the boundary conditions involves the A parameter.
The asymptotics of spectrum of corresponding selfadjoint operator is obtained. We also calculate
the trace of that operator.

Introduction

In this paper we extend the spectral analysis of second order differential prob-
lems with unbounded operator coefficient in equation and eigenvalue parameter in the
boundary condition to fourth order differential problems. Our main aim here is to inves-
tigate the spectrum of operator associated with that problem and derive the regularized
trace formula. In scalar case boundary value problems for the second order differential
equation with A dependent boundary condition were treated in [1, 2]. In stated works
considered problem is embedded into the theory of Hilbert space in which it can be
considered as the eigenvalue problem of a selfadjoint operator. That approach was used
for the Sturm-Liuville operator equations with unbounded operator operator-coefficient
and eigenvalue dependent boundary condition in [3, 4]. Namely, by introducing the
new Hilbert space they describe the selfadjoint extension of minimal operator and find
asymptotics of eigenvalues.

Theory of differential-operator equations is one of the most important methods
of contemporary mathematics. Many problems for partial differential equations lead
to problems for differential-operator equations posed in some functional spaces. And
sometimes that approach provides methods for solving problems which are impossible
to treat by classical methods. For example, in asymptotic expansion of eigenvalues
of boundary value problems for partial differential equations the remainder term does
not form convergent series. But usually that term is known for scalar problems. That
is why it is impossible to calculate regularized trace of an operator corresponding to
that problem by methods existing for scalar differential operators. We may refer to
monographes by M. L. Gorbachuk and V. I. Gorbachuk [5], F. S. Rofe-Beketov and
A. M. Holkin [6] where the theory of differential operator equations is developed.
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Comprehensive list of references to works where spectral properties of differential
operators with operator coefficients are studied is given in [8]. In that work authors
treat in detail basic spectral theory for self adjoint Schrodinger operators with oper-
ator valued potentials including Weyl-Titchmarch theory, Green’s function structure,
diagonalization and a version of spectral theorem.

History and current state of the traces of linear operators are presented in survey
paper [7].

In [9-14] we considered singular and regular differential operator equations of
second order with A dependentboundary conditions. For that problems we obtained the
asymptotics of A and established trace formulas. In [14] the boundary value problem
for fourth order differential operator equation without spectral parameter in boundary
condition is studied.

1. Problem statement

We consider in space L, ((0,1),H) (where H is separable abstract Hilbert space)
the boundary value problem

YW (%) + Ay (x) + g (x)y (x) = Ay (x), (1)
y(0)=y"(0) =0, )
y'(1)=0 3)
and
Yy (1)+Ay(1)=0. (4)

Here A is assumed to be a selfadjoint operatorin H, moreover A > I, [ is identity
operator in H, A~! € o... Under that assumptions A~! is compact operator and spec-
trum of A is discrete. Denote its eigen-vectors by @1, ¢,.... About g (x) we suppose
that it is operator-valued function in H for each x € [0, 1], and has weak derivatives
q" (x), where [ = 1,2. Moreover, it satisfies the next conditions:

1) q" (x) =q(x).

2) ¢ (x) € 01, (0y is space of trace class operators),

[qm (x)} =q¢"(x), 1=0,1,2

3) ;(Q(X) ®j,9;)dx=0.

Recall that L, ((0,1),H) is space of vector functions with integrible square of H
norms, namely class of vector functions y (x) with values from H and

1
J Iy @ldr <.
0
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Introduce the space H; = L, ((0,1),H) @ H of vectors ¥ = {y(x),y}, where
y(x) € Ly ((0,1),H), y1 € H. Define in H; the scalar product of elements Y,Z € H,,

Y=(x),y), Z=(z(x),z1) by
1

/ Jwdx+(y1,21)p -

0

Define in Hj operators Ly,L; by

D(Ly) = {Y € H;/y" (x) is absolutely contionous in norm |||,

Iv(x)—i—Ay()c)GLz((O,l),H),yl:y(l)}7
Loy = {y" (x) + A4y (x), =" (0)},
L=Ly+0Q, 0Y ={q(x)y(x),0}.

By the technic of [3, 4, 15] it might be shown that L and Ly are self-adjoint op-
erators in H;. The main questions to be treated in that paper are to investigate the
asymptotic behavior of eigenvalues of L and Ly and derive the regularized trace for-
mula for operator L. Under stated conditions Ly and L are both discrete operators.
Denote their eigenvalues by iy, ls,... and A; < Ay < ... respectively, in ascending
order by counting multiplicities.

2. Asymptotics of eigenvalues

Denote eigenvalues of A by 71 < » < .... Since A is a self-adjoint operator then
expanding the problem (1)—(4) in its eigenvectors we get the next spectral problem in
L, (0,1) for Fourier coefficients yy (x) = (v (x), @)y

yi, (%) + Yok (x) = Ay (x) (5)
yi(0) = y; (0) = (6)
¥ (1) =0, (7)
and
yi (1) + Ay (1) =0. (8)

Solution of equation (5) satisfying conditions (6) is

yi (x) = crsinv/A — yx + cosh /A — yix. 9)

Let
2=vVA— Y

Solution (9) satisfies (7) and (8) if and only if hold

—cysinz+cpshz =0 (10)
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and

— clz3 cosz+ CQZ3ChZ+ c1 (24 + )/k) sinz+c (14 + )/k) shz=0. (1)

System of equations (10), (11) in ¢1, ¢» has unique solution only if

—sing shz —0
—z¥cosz+ (24 + ) sinz chz+ (2 + %) shz|

or equivalently
2> (shzcosz — chzsing) —2(z4+yk) sinzshz = 0. (12)

Writing it in form

Z3

4+ ) +3cthz

187 =
8 2
we get that real roots are

(xk:nk+0<%>. (13)

Now look for roots of (12) having form z =iy (y > 0), if any. Taking in (12)
z =1y we have

(iy)? (shiycosiy — chiysiniy) — 2 ((iy)4 + )/k> siniyshiy =0
which simplifies to
—y? (shycosy — chysiny) = —2 (y4 + %) sinyshy.

The last is equivalent to (12). Thus

y:nm+0<l> (14)

m

and corresponding to that roots imaginary roots of (12) are eigenvalues of L are

woeiomrof3)

Eigenvalues of selfadjoint operator Ly are real and expressible like t = ¥ +z*, where
z is root of (12). Now we will study existence of roots of (12) of form y+ iy, since
fourth degree of that numbers yields real number

VY oy oY oty oYY oy oy e—ty+y]

2iv? . _
4 (yJ”y){ 2 2 2 2i

VTV oY oty _ pmy—iy 0
2i 2

-2 (=4 + %) [



SPECTRAL PROPERTIES OF FOURTH ORDER DIFFERENTIAL OPERATOR EQUATION 291

Multiplying the terms

2 2i

) ) e2iy_|_e2y _ 672}1 _ ef2iy e2iy _ e2y +672y _ ef2iy
" (y+iy)

e2iy _ 672}1 _ e2y+e2iy:| 0
- )

—2(—4f“%nJ[ 5

or

h?2 2 h2
(i’ —»?) {sh2y+isin2y+ Sy sinZy] —(n—4" {cos_y ¢ y} =0,
i

i i
+1

v (i—1) [—sh2y+s1n2y(z— 1)} — (yk—4y4) [ i

y? [~2sh2y+2sin2y] = (7 — 4y*) (cos2y — ch2y).

Expanding the last into power series

= (DF ) = (o)
2V3LZO 2k +1)! _Z‘(Zlﬁ—l)!

cos2y — cth} _0

:<n—4y“>[i“(’ )" 3% ]

k=0
After simplifications
e i RO (4 (4 + 1) (4 +2) + (dk — 1) 4k (4k+ 1) (4k+2) — 4y) _0
T (4k+2)! e

15)

Obviously starting with some k all coefficients at y* in (15) become positive.

Thus by Descarte’s rule of signs for each k (15) has exactly one positive root. Find
asymptotics of that roots. Rewrite (15) in the form

2y3 (sin2y — sh2y)

=% -4 16
cos2y —ch2y he= 2y (16)

Since left hand side of (16) is positive, then %, —4y* >0, thus 0 <y < {/ %
Expanding functions on the left of (16)

" 1(4n—1)! 4
S = A (17)
El (n—2)!
or 4n—2
< ()"
A B . B El @n—1)1
Way)=n—-4", oa@y)=""—"7
z (2y) "

=
—_



292 N. M. ASLANOVA, M. BAYRAMOGLU AND K. M. ASLANOV

and
Y

p— 4 —_— .
" Vaa() 14

Clearly, o (y) < 1 and close to 1.
Eigenvalues corresponding to that roots are

4o (y)
gyt =y k=1,2,....
He = Ye — 42y 4a(y>+47’k

Analogously putting in (12) z =y — iy we again get equation (16). Resuming all
stated above we conclude that for each k equation (12) has countable real roots and
exactly one root of forms y £ iy. Thus we have proved the next theorem.

THEOREM 1. Eigenvalues of operator Ly are repeated with multiplicities 2 and

they form two series
1\
Aem = Y+ (nm—l-O(%)) , (18)

A~ € (¥) Ve (19)

1 1
where ¢ (y) < 3 and close to X

Assume that ¥, ~a-k%, a >0, oo > 0. Then in virtue of (18), (19) also asymp-
totics (13), (14) and since Q is bounded operator in H;, by the way of Theorem 1 [15]
we get the next lemma.

LEMMA 1. Ifeigenvalues of operator A for big k values satisfy v, ~a-k* (a>0,
o > 0), then for eigenvalues of Ly and L the next asymptotic relation is true:

4o
Wy ~ A‘n ~ cnito

Now we turn to deriving trace formula for L.
From that lemma it follows that the resolvent of Ly and L is trace class operator

4
(from oy) if o > 3 So under that condition by the way of Theorem 1 and Theorem 2
from [16] we get that

2 (Aw — W) = lim 2 (An — ) = 2 OV, W), (20)

m—boc

where {y;}_, are orthonormal eigenvectors of Ly, n, some subsequence of natural

numbers. Sum Z (7L — Up) in accordance with [16] we call regularized trace. Thus
n=1

for evaluating sum of series in (20) we have to find orthonormal eigenvectors of L.

Eigenvectors of Ly are

Y = {[cy sin (04x) + cash (04,X)] @, — [c1 Sin 04y + cosh o] O}, m=0, o0, (09 =y +1iy)

Y= {[Cl sin (ﬁmx) +cash (ﬁmx)} Or, — [Cl Sinﬁm + CZShﬁm] (Pk} , M= 0’ %, (ﬂO =y—- iy) .
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Sin oy,
From (8) ¢ =cj———.
8) 2 Shoo,
Normof Y is
1
Y| /sm Gnt) + 250 ) sin (c )+Si“2°‘msh2(a ) d
= X) X X))+ —— x)| dx
H " shoy, " " sh2q, "
0
+4sin’ oy,
1 sin2o, sin ¢, 1
=__-7 ™ . — (ch oy, sin o, — sh o, cos o4,
2 Vi¥om shoy,, oy

sin? Oy sin0;, 1 sin? O

. 2
- = + 4 sin” oGy,
sh2a,, 4o, 2 sh2q, "

+

Taking into consideration from (12) that

—2 (04 + %) sin O4sh 0,

%,

ch oy, sin oy, — sh oy, cos o, =

after simplifications we get

204,8h 20y, — $in 204, 8h 2 0y, + 804y sh 2 04y, sin? 0y
404,sh2 oy,

1Yl =

8% sin? Oy sh 2 Oy

sin? 0, sh 204, — 204, sin’ o, — =
m

+ 40y,8h2ay,

» . . 2
The same result we get writing f3,, in place of o, . Thus taking ¢; = / W,
where

Hipm = (xmsh2am — sin2amsh2(xm + Samsh2am sin? O
. . 87 sin® o4, sh 2o
+sin? @, 8h 204, — 204, sin> 0y — %
m

(also expression Hy,, with f3, instead of o, which we shall denote H, , ) we obtain
orthonormal eigen-vectors of operator Lg.

Now we will prove absolute convergence of series Z (O, wy).
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LEMMA 2. Under conditions 1) — 3)

S & |4amsh?a, sna
Yy /C]k sin® (0,.x) dx+ /qu T h (ounx) sin (04,x) dx
itm=o| Him sh e
1 .
sin” o
+ / 9(5) Gz sh? (0) sin’ () d

—i—i i M / qr (x) sin® (Bx) dx+ / 2qi (x smB " sh (Bux) sin (Byx) dx

k=1m=0 HIQ m Sth
1 . 2[3
+ / g (x) 2 Pon 12 (B, sin? (Bx) dx | | < oo. @1
J sh2f,,

Proof. For the first of series in left of (21)

1
—2a,sh2 0,

1
4ct,sh2 oy,
TS O H / qr (x) cos (04x) dx. (22)
m

-2
x)sin“ (0gx) dx =
- O/ 4 (¥)sin’ (o)

Here condition 3) is used. In virtue of asymptotics o, (13) coefficient at integral
in (22) for big m values is equivalent to 2. Integrating twise by parts
1 L1

1 1
/ e (x) 08 (Omx) dx = —— sin (20mx) g (x)| — [ —— sin (205%) g (x) dx
J 204y, o 7 204,

1 1
= stOcmqk(l)—FmCOSZOCmfIi(l)

20, <

1
1 1
i (0) - / cos (20mx) ¢! (x) dx.

Now convergence of series with term (22) follow from asymptotics ¢, and con-

dition 2)
(

Now consider series with terms

< const, 1 =0, 1,2) .
1

O

sino .
/ qx (x) - (x,: sh (04x) sin (04,x) dx. (23)
0

From asymptotics o, it follows that

1
sino,, = O (—) ,
aﬂ’l
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sh (0nX)  o(e-1)
— =~ e . 24
sh oy, ¢ (24
By condition 2) it follows that E qx (x)| < const . Therefore from (24) and (2)
k=1

oo (=5} 1 .
53 [0k 0 (g0 i )
0

k=1m=1 sh oy,
1 1
oo — oo O (x—1)
NZ/iz dx<2c0nst/e dx
m=lO k=1 m=1 0 m
= const Z ! 1-— < const
o2\ oo
For m = 0 we have series
L1
s n
Y / ‘ O‘O h (o) sin (o) dx. 25)
k=1
0
For big k values root of (21) y is also quite big and reciprocal of norm is equivalent
to
1 1 .
(o0 =y+iy).

2sin’ o T 2en

The product in (25) with exception g (x) is equivalent to 2~ 1)
Now convergence of (25) follow from condition ||¢ (x)||, < const. Consider se-
ries with terms

oy

.2
sSin” ¢,
[ a0 052 h? (o) v (26)
0

Again from asymptotics of o, (26) for big m values behave like

shz(xmx 1
°(a >/ e ~o(z)
1 iy b
/qk (x) e Nax <0 (;) /qk (x)dx. (27)
0 "0

Convergence follow from (27). Using similar arguments we could justify also
convergence of series with terms f3,, instead of o,. Lemma 2 is proved. [
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From lemma 2 it directly follows that

o !
Y, (A= tn)
n=1

2 2 —— | —2a,sh ozm/qk (x) cos (04x) dx+
k=1m= km

1

+/261k (x) s;}r;;c: sh (o4,x) sin (0,x) dx +

0

1 .2

sSin” @, .

+ / () S5 (o) sin? (e,1) x| +
0

1

—2B,sh2B,, / c0s (2B) i (x) dx +

0

+ O/ 2qx (x) SSI}I:E: sh (Byx) sin (Bx) dx +

1 ; 2
+/qk (x) SS}I:ZE: sh? (ﬁmx) sin? (ﬁmx) dx
0

(28)

(29)

To evaluate the sum of that series we shall select a function of complex variable
z having as poles the roots of equation (12) and residues of which are terms of series
(28). Then by selecting appropriate extending closed contours involving zeros of that
function and investigating behavior of that function along that contours, by applying
Cauchy theorem we derive the trace formula.

Consider

= | =20,,sh2q,
o § [

Hk,m

—2Bsh?B,,

To evaluate Al/im Sy (x) we take the function

filr) =

Z7C0S27x

sin?z (—zcthz +zetgz — 272 — 23-’5) .

Obviously it has poles at points ¢, , B, v+ iy and mm.

res fi(z) =

=0y

O €08 (204,,x)
sin’ o, ( zcthz 4 zetgz — 272 —2 Y")
=0
0Oy €OS (204y,X)
sin? oy, <—cthz + =5 4%)
B z =0

—20t,8h2 0y, cos (204,.x)

Hk7m

cos (04x) gx (x) + —y cos (2Bux) gx (x)] .
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Then
res f1(z)
Z=nm
B mcos (27mx)
cos (27wmx) (—nmcth (mm) sin (mm) + wmcos (wm) — 2 (mm)? sin (wm) — 2”%;)’;“)
2
_ TmeosQmmy) o mmy).
m

Consider also functions
—2zsinzsh (zx) sin (zx)

shzsin’z (—zcthz+ zetgz — 272 — 2;’-@)

f(z)=

and
sin” zch (2zx)

f(z)=

sh2zsin’z (—zcthz+ zctgz — 272 — 2;’-@)

It might be shown by direct calculation that residues of that functions at pales
are second and third terms of series (28). f>(z) and f3(z) have no other poles with
exception o, and fB,,.

Take as contour of integration a regular contour / with vertices at =By, By £iAy,
where By, = M + % ,AN=nN+ % . For such choice of Ay inside considered countour
lie N real and M imaginary zeros of function fj (z). To include also zeros of form

v+ iy we shall take Ay > {/ %, By > |/ %. Since fi(z) is odd function points —icgy,

are also zeros of that function. That is why contour / should pass by imaginary zero
iy,y > 0 along small semicircle centered at iy on the left and —iy on the right.

Let z=u+iv. The order of f; (z) forlarge v values and for u >0 is O (m)

and integrals along upper and lower sides of contour vanish when M — co.
Thus we have

By+iAy

N . o
Sy (x)+ Y, cos(2mmx) = — / zcos (2zx)dz
m=0 2 sin’

z <—zcthz+zctgz —272— 2;’—5) .

(30)
i
By—iAy

2
/1 (2) for big z values is of order O (COS Zx) .

z7€0Ss2z
When N — « we have

AN+iBy AN+ico

1 1 cos2zx

lim — dz ~ — dz 31

MIan 2mi / fi(2)dz i / Z7C0S2zx ¢ 31
ANfiBM AN—ioo

oo

+
1 / cos7x (2N + 1) cos 2ivx — sinzwx (2N 4 1) sin 2ivxd
V.

T — (Ay +iv)cos2iv

—oo
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Absolute value of the last is less than

2 /(X[costx sin2vx} 2+ 2sin &

An ch2v + sh2v Aycos 5F
0

Therefore under condition

1
/ I dx < oo
o L)
it follows that
1 AN+iBy

lim lim —/ / f1(2)dzqi (x)dx = 0.

N—oco M—o0 2TT1
0 Ay—iBy

Analogously it can be shown that

1 Ay+iBy

1
A%TL,&TL%/ / (f2(2) + f3(z)) dzgp (x) dx = 0.
0 Ay iBy

Taking under consideration (29), (31), (32),

1

m=0 Hk,;n 0

‘lk(o)‘f'CIk(l).

= — lim / Y cos (27ux) gx (x) dx = — 4

N—see 0 m=0

From (28), (32) and (33) we obtain

1
& —20t,sh2oy, i
2 M/cos (204,%) g (X)dle\lllm Sy (x) qx (x) dx

4

i An— Up) = i +6]k(l)__trq(0)+trq(1).

Thus we have proved the next theorem.

(32)

(33)

(34)

(35)

THEOREM 2. Let be satisfied the conditions 1) — 3). If eigenvalues of A satisfy

4
Y ~ ak®, a>§

and (31) is fulfilled then for the regularized trace the formulae

=’ _trq(0) +trq(1)
S, () = - 71O Fra(D

n=1

is valid.
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