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Abstract. In this paper we consider power series method which is also member of the class of
all continuous summability methods. We study a Korovkin type approximation theorem for a
sequence of positive linear operators acting from a weighted space Cp, into a weighted space
Bp, with the use of the power series method which includes both Abel and Borel methods. We
also consider the rates of convergence of these operators.

1. Introduction

In the development of the theory of approximation by positive linear operators,
the Korovkin theory has big importance. The classical Korovkin type theorems provide
conditions for whether a given sequence of positive linear operators converges to the
identity operator in the space of continuous functions on a compact interval [1, 11]. Ko-
rovkin type theorems have also been studied in L, spaces [3, 8, 14, 15]. This theory has
been extended with the use of summability methods since they provide a nonconvergent
sequence to converge [2, 6, 7, 10, 12, 13, 16]. This is the motivation behind Fejer’s fa-
mous theorem showing Cesaro method being effective in making the Fourier series of
continuous periodic function to converge [4]. In this paper we consider power series
method which is also member of the class of all continuous summability methods. This
paper has two main goals. The first one is to investigate a Korovkin type approximation
theorem for a sequence of positive linear operators acting from a weighted space Cp,
into a weighted space By, with the use of the power series method which includes Abel
method and Borel method. The second is to focus on the rate of convergence of these
operators. The main purpose of using summability theory has always been to make a
nonconvergent sequence to converge.

First of all, we recall some basic definitions and notations used in the paper. The
function p is called a weight function if it is continuous on R with non-increasing on
(—0,0), non-decreasing on (0, +oo)

lim p(x) =eco and p(0) = 1.

|x| o0
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Then the space of real valued functions f defined on R and satisfying for all x € R,
|f(x)] < Myp(x) is called weighted space and denoted by B,,, where M is a constant
depending on the function f. The subspace C, of B, is given by

Cp :={f € By : f is continuous over R}
The spaces B, and C, are Banach spaces with the norm

]
o= ot

Now let p; and p; be two weight functions. Assume also that the condition

p1(x)
IXIIEI‘X’ p2(x)

=0 (1)

holds. It is clear that C,) C Cp, and By, C By, . If {L,} is a sequence of positive linear
operators from Cp, into Bp, then the operator norm is given by

1Ly, —Bp, 7= sup [ILflpy = [IL(P1)lp,-

/1oy =1

Let (p,) be real sequence with pg > 0 and p, > 0 (n € N), and such that the
corresponding power series p(r) := X, pst”" has radius of convergence R with 0 <
R < oo, If, forall € (O,R),

lim Xopnt" =L
i~k p(t) 2 nPn

then we say that x = (x,) is convergent in the sense of power series method. Note that
the power series method is regular if and only if

lJ’l
lim 2"
1~k p(t)

=0, foreach n€N (2)

holds [5]. Let {L,} be a sequence of positive linear operators from C, into By, such
that for every f € Cp,

sup Lu(p1)|lp, put" < o (3)
0<t<RP( Z” le "

holds. Throughout the paper, the operators fulfill conditions (2) and (3). Consider the
operator V; from Cp, into B), defined by

‘ -

=
Les

VA(f(y)x)} = La(f(y);x)pat"

—~

)

foreach r € (0,R). In this study we present a Korovkin type theorem in weighted spaces
via power series method.

p
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2. Korovkin type theorem in weighted spaces

In this section we give a Korovkin type approximation of a function f by means
of a sequence of positive linear operators from a weighted space Cp, into a weighted
space Bp, with the use of the power series method. Now we can give our main theorem.

THEOREM 1. If

lim HV'tF‘t_F‘t”pl :07 12071727 (4)
t—R~
where Fi(x) = xlil (2) then we have for any f € Cp,

Tim Vi = fllp, =0,

REMARK 1. Notice that V;(F;) = V;(F;) — F; + F; and F; € By, for i =0,1,2,
then by the hypothesis (4) one can get V;(F;) — F; € Bp, which gives V,(F;) € By, .
Since p; = Fy+ F>, we have V;(p1) € By, . Also by condition (3) we can write, for
agiven f € Cpy that [[Vifllp, < suPocyop Villcy sy, Ifllpy < Millflpy . This im-
plies V;(f) € Bp,. Therefore we obtain V;(Cp, ) C Bp,. Using (1) and the fact that
SUPo<r<Rr HVtHCpl —Bp, = SUPp</<R IVi(p1)llp, < Mz < oo we observe that Vi{(.);x} is
also a positive linear operator from Cp, into B, .

We need a lemma which is used in the proof of the main theorem.

LEMMA 1. Under the assumptions of Theorem 1, we have for any s > 0, for any
f € CPI

hm [Vif = Fllpy,[=s,s := lim supM:O.

=R~ [x|<s pz(x)

Proof. Let f € Cp, and s > 0. For given £ > 0 there exists § > 0 such that for
any y € R and |x| <s

) = F)l < e+ (v —x)*Fo(v)Kp, (x,6) 5)
where K, (x,8) := 4Myp; (x)(15 + 1). Observe that
Vi (f)sx) = fO)] S Vi(If () = f(x)[sx) + [£ () [[Va (15x) — 1.
By (5) we obtain
V(£ ():%) = F()] < &+ Kp, (x,8) [Vi((y = %) Fo (v):)] + (€ + [£ () ) [V (150) — 1.

Also observe that

V(v =2)*Fo(»)ix)| < Vi(Fa(3)sx) = Fa ()| + 20l |V (F1 (v):x) — F1 (x)]
+22|Vi (Fo(y)sx) — Fo ()|
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and
Fo(x)[Vi (L:x) = 1] < [Vi(Fo(v):x) = Fo(x) [ + Vi (|Fo(y) — Fo(x) [sx).
Then we get
2
IVf = Fllps s < M(e+i=20||VtF,- —Fillpy)

for all # € (0,R) and for some M > 0. Taking limit as 7 — R~ we obtain the desired
result. [

Now we are ready to prove our main result.

Proof of Theorem 1. For given € > 0, pick an s such that p;(x) < gpa(x) for all
|x] > so. We may write for f € Cp,,

WVif— fllo < sup WSO =F@L o VelF30) = Tl
P2 X |x|<s0 P2 x>0 P2
HV’f_f”PL[—Smo] +el|Vif — fllp,

<
SAVAS = Fllpo [=s0.50) + €UV (D py + 111 )

and using the lemma and remark, we complete the proof. [l

3. Rate of convergence

Throughout this section we assume that p; (x) = 1 +x2. Also we consider the fol-
lowing weighted modulus of continuity [9]

S o ap MO I
wp, (f:0) = \,:yf;é p1(x) +p1(y)

where 6 is a constant and f € Cp, .
It is known that for all f € Cp,,

F0) = S < {p1(x) + pr () b, (1:8) (2+ ly;x|>

which implies

—x)?
700~ £2)] < 41 ()1 (g (1:8) (14 20,
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Using the linearity and positivity of V; for all # € (0,R), we have for any § >0
and all f € Cp,

V0):0) — 0] < VL7 0) — FC10) + LI (o))~ Foo)
..
< 4p 5w, (10 (1) + 91 () )

(
V2 (Fo(y)5x) — Fo(x)]

1( (

(

< Ap1(x)wp, (:8)[IVi(p1():x) — p1(x)[ + p1(x)
V(P () —)%2)] + [ (0)[[Vi (Fo(v):x) = Fo((x)].

Now we obtain that

1
IVef = iz < 4llprllpywpy (f§5){||Vt(Pl) = pPillp, + ||P1Hp2+§HVt(Pl§0x)Hp2}
+llp1llpa [1f 1o V(1) = L,

provided that V;(p1¢x) € Bp,. For example if we consider V; from Cp, into By, and
assume p1@, € Bp, then one can guarantee that V;(p1¢,) € Bp,. In this case putting
0 :=o(t) =/||Vi(¢x)|lp, and combining the above inequalities, we conclude,

IVif = fllpz < 4lprllpywo, (F58){1IVi(p1) = pillp, + llpallpy + 1}
Fllpullpy 1o V(1) = [y -
REMARK 2. Let p;(x) = 1 +x? and py(x) = 1 +x*. In this case the test func-

tions F; become F;(x) = x', i = 0,1,2. Consider the following classical Bernstein-
Kantorovich operator {L,} which is defined by

1

o~
T

L) =3 (A=) [ o

k=0

"’\«E]

n+1

T

Using the operators {L, f} define the sequence of positive linear operators U := {U, }
as follows:
Un(f5x) = (1 +54)La(f5x), for feCp,,

where s, = 1, n is square and 0 otherwise. Alsolet R=1, p(¢) = ﬁ and for n >0,
pn = 1. In this case the power series method coincides with Abel method. Note that
{sn} is convergent to 0 in the sense of power series method. It is easy to see that

U, (Fo;x) = 1+,

Un(F1§x) = (1+Sn){nn——fl+ﬁ}
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2

N n(n—1)x 2nx 1
U,,(Fg,x)—(l—an){ (1) +(n+1)2+3(n+1)2}'

Furthermore, since

nln—1)x2 2nx 1
Un(pl;x):1+sn+(1+sn){ En—kl)z + 5+ 2}

n(n— 1;x2 2nx 1 }

=1 1
“”{ T2 Tarr T3y

< 6p2(x),

supg<< Vil —B,, <H < e holds where

VA(FO))} = % i pul”.

Since all conditions of our main theorem holds for all f € Cp,, lim,_g- |[Vif — fllp, =
0. However {s,} is not convergent to zero it is clear that the classical theorem does not
hold.

It is noteworthy that

1
e inthecaseof R=1, p(r)= 1= and for n >0, p, = 1 the power series method

coincides with Abel method which is a sequence-to-function transformation,

1
e in the case of R=oo, p(¢) =¢' andfor n >0, p, = — the power series method
n!

coincides with Borel method.

We can therefore give all of the theorems of this paper for Abel and Borel conver-
gences.
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