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HYPONORMALITY OF TOEPLITZ OPERATORS WITH POLYNOMIAL

SYMBOLS ON THE VECTOR VALUED BERGMAN SPACE

PUYU CUI, YUFENG LU AND YANYUE SHI

(Communicated by R. Curto)

Abstract. We arrive at a necessary condition and a sufficient condition for the hyponormal block
Toeplitz operator TF+G∗ on the vector valued Bergman space L2

a(D,Cn) , where F and G are
matrix valued analytic polynomials. Both of them are also new for the Bergman space L2

a(D) .

1. Introduction

In the complex plane C , let T be the unit circle and D be the open unit disk
with the normalized Lebesgue area measure dA . Denote by L∞(D) and h∞(D) the
space of essential bounded measurable functions and the space of all bounded harmonic
functions on D , respectively. Let L2(D) be the space of the square integrable functions
on D with respect to dA and L2

a(D) be the place of all analytic functions in L2(D) .
We denote the space of vector valued square integrable functions on D by L2(D,Cn) =
L2(D)⊗Cn and the vector valued Bergman space on D by L2

a(D,Cn) = L2
a(D)⊗Cn

respectively, where ⊗ means the Hilbert space tensor product.
Let Mn×n be the set of all n× n complex matrices and L∞(D)⊗Mn×n be the

space of matrix valued essential bounded Lebesgue measurable functions on D . For
Φ(z) = [ϕi j(z)]n×n ∈ L∞(D)⊗Mn×n , the block Toeplitz operator TΦ and block Hankel
operator HΦ with matrix symbol Φ(z) on L2

a(D,Cn) are defined by

TΦh = P(Φh) and HΦh = (I−P)(Φh), ∀h ∈ L2
a(D,Cn),

where P is the orthogonal projection from L2(D,Cn) onto L2
a(D,Cn) . Since L∞(D,Cn)

= L∞(D)⊕·· ·⊕L∞(D) and L2
a(D,Cn) = L2

a(D)⊕·· ·⊕L2
a(D) , the block Toeplitz oper-

ator TΦ and the block Hankel operator HΦ have the following matrix representations:

TΦ =

⎡⎢⎣Tϕ11 · · · Tϕ1n
...

...
Tϕn1 · · · Tϕnn

⎤⎥⎦ and HΦ =

⎡⎢⎣Hϕ11 · · · Hϕ1n
...

...
Hϕn1 · · · Hϕnn

⎤⎥⎦ ,
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where

Φ(z) =

⎡⎢⎣ϕ11(z) · · · ϕ1n(z)
...

...
ϕn1(z) · · · ϕnn(z)

⎤⎥⎦ ,

Tϕi j is the Toeplitz operator with symbol ϕi j ∈ L∞(D) and Hϕi j is the Hankel operator
with symbol ϕi j ∈ L∞(D) (1 � i, j � n) on the Bergman space L2

a(D) , respectively.
A bounded linear operator A on a Hilbert space is called hyponormal if A∗A−

AA∗ is a positive operator. There is an extensive literature on hyponormal Toeplitz
operators on the Hardy space H2(T) (see [2, 5, 7, 9, 13] for example). Some necessary
conditions and some sufficient conditions for the hyponormality of Toeplitz operators
with certain symbols on the Bergman space can be found in [1, 6, 8, 11, 12]. Further, the
corresponding problem has been studied in many other spaces. Some characterizations
of hyponormalToeplitz operators on the vector valued Hardy space can be seen in [3, 4].

In this paper, we consider the hyponormality of the block Toeplitz operator TF+G∗
on the vector valued Bergman space L2

a(D,Cn) , where F(z) = ∑N
k=0 Akzm+k and G(z) =

∑N
k=0 Bkzm+k with Ak,Bk ∈ Mn×n , m,N � 1. Recall that G∗ is the adjoint of the matrix

G . Denote by Mj = ∑N− j
k=0 (m+k)(m+k+ j)(Ak+ jA∗

k−Bk+ jB∗
k) for 1� j �N . Inspired

by the work in [6, 8, 11], we use the properties of the matrices {Mj}N
j=1 to study the

hyponormality of Block Toeplitz operators TF+G∗ on L2
a(D,Cn) .

2. A necessary condition

Our goal in this section is to show a necessary condition for the Toeplitz operators
to be hyponormal with matrix valued harmonic polynomial symbols on L2

a(D,Cn) .
Firstly, we recall some useful results.

THEOREM 1. ([10]) Let Φ(z)∈ h∞(D)⊗Mn×n . If TΦ on L2
a(D,Cn) is hyponor-

mal, then Φ∗(z)Φ(z) = Φ(z)Φ∗(z) on D .

THEOREM 2. ([10]) Suppose that F(z) and G(z) are vector valued analytic
polynomials. If TF+G∗ on L2

a(D,Cn) is hyponormal, then F ′(z) [F ′(z)]∗−G′(z)[G′(z)]∗
is a positive semi-definite matrix for all z ∈ T.

THEOREM 3. Suppose that Φ(z) = F(z)+G∗(z) ∈ h∞(D)⊗Mn×n , where F and
G are vector valued analytic functions. Then TΦ is hyponormal on L2

a(D,Cn) if and
only if H∗

F∗HF∗ −H∗
G∗HG∗ � 0 on L2

a(D,Cn) and Φ∗(z)Φ(z) = Φ(z)Φ∗(z) on D .

Proof. A direct calculation shows that

T ∗
ΦTΦ −TΦT ∗

Φ = T ∗
ΦTΦ −TΦ∗Φ +(TΦΦ∗ −TΦT ∗

Φ)+TΦ∗Φ−ΦΦ∗

= −H∗
ΦHΦ +H∗

Φ∗HΦ∗ +TΦ∗Φ−ΦΦ∗

= H∗
F∗HF∗ −H∗

G∗HG∗ +TΦ∗Φ−ΦΦ∗ .
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Combining Theorem 1, we get the desired result. �

Let F(z) = ∑N
k=0 Akzm+k and G(z) = ∑N

k=0 Bkzm+k with Ak,Bk ∈ Mn×n , m,N � 1.
It is clear that there exist polynomials fi j and gi j such that F(z) = [ fi j(z)]n×n and
G(z) = [gi j(z)]n×n . Denote by Mj = ∑N− j

k=0 (m + k)(m + k + j)(Ak+ jA∗
k −Bk+ jB∗

k) for
1 � j � N . Then

F ′(z)[F ′(z)]∗ −G′(z)[G′(z)]∗

=
N

∑
k=0

(m+ k)2(AkA
∗
k −BkB

∗
k)

+2Re
N

∑
j=1

N− j

∑
k=0

(m+ k)(m+ k+ j)(AkA
∗
k+ j −BkB

∗
k+ j)z

j, ∀z ∈ T.

By Theorem 2, if TF+G∗ is hyponormal, then

〈
N

∑
k=0

(m+ k)2(AkA
∗
k −BkB

∗
k)e, e〉Cn +2Re

N

∑
j=1

〈Mje,e〉Cn z j � 0

for e∈ Cn and z ∈ T. Integral the above inequality of z = eiθ with respect to θ from 0
to 2π , it follows that ∑N

k=0( m+ k )2( AkA∗
k −BkB∗

k ) is a positive semi-definite matrix.
In general, there does not exist complex number z ∈ T such that

z j〈Mj e,e〉Cn = −|〈Mj e,e〉Cn |

for any 1 � j � N . In the following, we consider the relationship between the above
positive semi-definite matrix and the matrix Mj (1 � j � N) .

THEOREM 4. Let F(z) = ∑N
k=0 Akzm+k and G(z) = ∑N

k=0 Bkzm+k with Ak,Bk ∈
Mn×n , m,N � 1 . If TF+G∗ is hyponormal on L2

a(D,Cn) , then the following statements
hold for any e ∈ Cn .

(1) 〈
N
∑

k=0
(m+ k)2(AkA∗

k −BkB∗
k)e,e〉Cn � 2

N+1

N
∑
j=1

|〈Mj e,e〉Cn | , if N � 3 ;

(2) 〈
N
∑

k=0
(m+ k)2(AkA∗

k −BkB∗
k)e,e〉Cn � 2

N

N
∑
j=1

|〈Mj e,e〉Cn | , if 1 � N � 2 .

Proof. For every e = (e1, · · · ,en)T ∈ Cn , let

c j =

{
− 〈Mje, e〉Cn

|〈Mje,e〉Cn | , if 〈Mje,e〉Cn 
= 0

1, if 〈Mje,e〉Cn = 0
.
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For 0 < a < 1, ul is defined as follows:

ul =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

1, if l = 0
i

∏
s=1

csc(N+1)−s

c(N+1)−i
a2i−1, if l = (i−1)(N +1)+ i, 1 � i � [N+1

2 ]

(
i

∏
s=1

csc(N+1)−s)a2i, if l = i(N +1), 1 � i � [N
2 ]

0, otherwise

.

Therefore,

(i) u0u1 = c1a ;

(ii) u(i−1)(N+1)u(i−1)(N+1)+i = cia4i−3 , when 2 � i � [N+1
2 ] ;

(iii) u(i−1)(N+1)+iui(N+1) = c(N+1)−i a4i−1 , when 1 � i � [N
2 ] .

Moreover, ulul+ j 
= 0 for any l ∈ Z+ and 1 � j � N if and only if one of the above
cases holds.

For every integer p � 1, we have ĥ(z) = ∑∞
l=0 ulzl+p ∈ L2

a(D) . In fact,

‖ĥ(z)‖2 �
∞

∑
l=0

|ul|2 = 1+a2 +a4 + · · ·+a2N =
1−a2(N+1)

1−a2 < +∞.

Denote h = e · ĥ = (e1ĥ, · · · ,enĥ)T = (h1,h2, · · · ,hn)T . Here, MT means the transpose
of the M . It is easy to see that h ∈ L2

a(D,Cn) . By Theorem 3, we have

0 � 〈(H∗
F∗HF∗ −H∗

G∗HG∗)h,h〉L2
a(D,Cn)

=
N

∑
k=0

〈[(AkH
∗
zm+k)(A∗

kHzm+k)− (BkH
∗
zm+k)(B∗

kHzm+k)]h,h〉L2
a(D,Cn)

+2Re
N

∑
j=1

N− j

∑
k=0

〈[(Ak+ jH
∗
zm+k+ j)(A∗

kHzm+k)− (Bk+ jH
∗
zm+k+ j )(B∗

kHzm+k)]h,h〉L2
a(D,Cn)

=
N

∑
k=0

∞

∑
l=0

∞

∑
q=0

〈(AkA
∗
k −BkB

∗
k)e,e〉Cn〈Hzm+k(ulz

l+p),Hzm+k(uqz
q+p)〉L2

a(D)

+2Re
N

∑
j=1

N− j

∑
k=0

∞

∑
l=0

∞

∑
q=0

〈(Ak+ jA
∗
k −Bk+ jB

∗
k)e,e〉Cn

×〈Hzm+k(ulz
l+p), Hzm+k+ j(uqz

q+p)〉L2
a(D)

=
N

∑
k=0

∞

∑
l=0

〈(AkA
∗
k −BkB

∗
k) e,e〉Cnulul〈Hzm+k zp+l,Hzm+k zp+l〉L2

a(D)

+2Re
N

∑
j=1

N− j

∑
k=0

[〈 ( Ak+ jA
∗
k −Bk+ jB

∗
k) e,e〉Cn

×
∞

∑
l=0

(
ul ul+ j 〈Hzm+k zp+l,Hzm+k+ j zp+l+ j 〉L2

a(D)
) ]

.
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The last equality comes from the fact that {Hzm(zk)} and {Hzs(zl)} are orthogonal in
L2(D) for k−m 
= l−s , and 〈H∗

zm2 Hzm1 zk+m1−m2 ,zk〉L2
a(D) > 0, ∀k � max{0,m2−m1}.

Divide the both sides of the above inequality by ‖Hzmzp‖2
L2

a(D) and let p → +∞ .
Note that

lim
p→+∞

〈Hzm+k zp+l,Hzm+k zp+l〉L2
a(D)

‖Hzmzp‖2
L2

a(D)

=
(m+ k)2

m2

and

lim
p→+∞

〈Hzm+k zp+l,Hzm+k+ j zp+l+ j〉L2
a(D)

‖Hzmzp‖2
L2

a(D)

=
(m+ k)(m+ k+ j)

m2 .

The details can be found in [11]. Therefore,

〈
N

∑
k=0

(m+ k)2( AkA
∗
k −BkB

∗
k) e,e〉Cn

( ∞

∑
l=0

|ul|2
)

� −2Re
N

∑
j=1

∞

∑
l=0

ulul+ j〈Mje,e〉Cn .

Combining conditions (ii) and (iii) of ul , it is easy to check that

〈
N

∑
k=0

(m+ k)2(AkA
∗
k −BkB

∗
k) e,e〉Cn

� 2
[ N+1

2 ]

∑
j=1

a4( j−1)+1 1−a2

1−a2(N+1) |〈Mje,e〉Cn |

+2
[ N

2 ]

∑
j=1

a4 j−1 1−a2

1−a2(N+1) |〈M(N+1)− je,e〉Cn |.

Letting a → 1, we get the desired conclusion.
Now we prove (2) . Let

vl =

⎧⎪⎪⎨⎪⎪⎩
(c1cN)k a2k, l = k(N +1)

ck+1
1 ck

Na2k+1, l = k(N +1)+1

0, otherwise

with 0 < a < 1 and k = 0,1, · · · . Direct calculations imply that if vlvl+ j 
= 0, then

vlvl+ j = c ja2kN+(2 j−1) for 1 � j � N . Replacing ul by vl , we set h̃(z) = ∑∞
l=0 vlzl+p ∈

L2
a(D) for p � 1. Then ‖h̃(z)‖2 � ∑∞

l=0 |ul|2 = 1+a2

1−a4 < +∞. As in the proof of (1), we
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get

〈
N

∑
k=0

(m+ k)2(AkA
∗
k −BkB

∗
k) e,e〉Cn

∞

∑
l=0

|ul|2

� 2
N

∑
j=1

+∞

∑
k=0

a2kN+(2 j−1)a2kN+2 j−1|〈Mje,e〉Cn |

= 2
N

∑
j=1

a2 j−1 1−a2

1−a2N |〈Mje,e〉Cn |.

The rest of the proof is similar to the proof of (1). �
In the case of n = 1, we have the following Corollary.

COROLLARY 1. Given f (z) = ∑N
k=0 akzm+k and g(z) = ∑N

k=0 bkzm+k with m,N �
1 . Let Mj = ∑N− j

p=0(m + p)(m + p + j)(ap+ jap − bp+ jbp) . If Tf+g is hyponormal on

L2
a(D) , then

(1)
N
∑
i=0

(m+ i)2(|ai|2−|bi|2) � 2
N+1

N
∑
j=1

|Mj| , if N � 3 ;

(2)
N
∑
i=0

(m+ i)2(|ai|2−|bi|2) � 2
N

N
∑
j=1

|Mj| , if 1 � N � 2 .

3. A sufficient condition

The following Theorem is our main result in this section. As a corollary, we
also get a sufficient condition for the hyponormal Toeplitz operators with polynomial
symbols on L2

a(D) .

THEOREM 5. Suppose that Φ(z) = F(z)+ G∗(z) ∈ h∞(D)⊗Mn×n , that F(z) =
∑N

k=0 Akzm+k and G(z) = ∑N
k=0 Bkzm+k with Ak,Bk ∈ Mn×n , m � 1 and N � 1 . If the

following conditions hold, then TF+G∗ is hyponormal on L2
a(D,Cn) .

(1) Φ∗(z)Φ(z) = Φ(z)Φ∗(z) on D;

(2) B jB∗
j −AjA∗

j is positive semi-definite;

(3) |〈Mj e1,e1〉Cn ||〈Mj e2,e2〉Cn | � |〈Mj e1,e2〉Cn |2;

(4) Re
[〈(Ak+ jA∗

k −Bk+ jB∗
k)e1,e2〉Cn〈(Ak+ j+lA∗

k+l −Bk+ j+lB∗
k+l)e1,e2〉Cn

]
� 0 ;

(5) 〈
N
∑
i=0

(m+ i)2(AiA∗
i −BiB∗

i )e,e〉Cn � 2
N
∑
j=1

|〈Mje,e〉Cn | ,

for all e1,e2,e ∈ C
n , 1 � j � N , 0 � k � N− j and 0 � l � N− (k+ j) .
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Proof. Let h(z) =
∞
∑

p=0
epzp ∈ L2

a(D,Cn) with
∞
∑

p=0

〈ep,ep〉Cn

p+1 < ∞. It is easy to check

that

〈(H∗
F∗HF∗ −H∗

G∗HG∗)h,h〉L2
a(D,Cn)

=
∞

∑
p=0

N

∑
k=0

〈(AkA
∗
k −BkB

∗
k)ep,ep〉Cn ‖Hzm+kzp‖2

L2
a(D)

+2Re
∞

∑
p=0

N

∑
j=1

N− j

∑
k=0

〈(Ak+ jA
∗
k −Bk+ jB

∗
k)ep,ep+ j〉Cn〈Hzm+k zp,Hzm+k+ j zp+ j〉L2

a(D)

=
∞

∑
p=0

N

∑
k=0

〈(AkA
∗
k −BkB

∗
k)ep,ep〉Cn ‖Hzm+kzp‖2

L2
a(D)

+2
∞

∑
p=0

N

∑
j=1

Re
[N− j

∑
k=0

〈(Ak+ jA
∗
k −Bk+ jB

∗
k)ep,ep+ j〉Cn〈Hzm+k zp,Hzm+k+ j zp+ j〉L2

a(D)
]

�
∞

∑
p=0

N

∑
k=0

〈(AkA
∗
k −BkB

∗
k)ep,ep〉Cn‖Hzm+k zp‖2

L2
a(D)

−2
∞

∑
p=0

N

∑
j=1

∣∣N− j

∑
k=0

〈(Ak+ jA
∗
k −Bk+ jB

∗
k)ep,ep+ j〉Cn〈Hzm+k zp,Hzm+k+ j zp+ j〉L2

a(D)
∣∣.

For non-negative integers m,k, j , we have

〈H∗
zm+ j+kHzm+k zp,zp+ j〉L2

a(D)

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(m+k)(m+ j+k)(p+m+ j+1)

m(m+ j)(k+m+ j+p+1) 〈H∗
zm+ jHzmzp,zp+ j〉L2

a(D), if p � m+ k

(p+1)(p+ j+1)(m+p+ j+1)
m(m+ j)(k+m+ j+p+1) 〈H∗

zm+ jHzmzp,zp+ j〉L2
a(D), if m � p < m+ k

(p+m+ j+1)
(p+m+ j+k+1)〈H∗

zm+ jHzmzp,zp+ j〉L2
a(D), if 0 � p < m

.

Therefore,

〈Hzm+k zp,Hzm+k+ j zp+ j〉L2
a(D)

� (m+ k+ j)(m+ k)
m(m+ j)

〈Hzmzp,Hzm+ j zp+ j〉L2
a(D)

� (m+ k+ j)(m+ k)
m2 ‖Hzmzp‖L2

a(D)‖Hzmzp+ j‖L2
a(D),

for m,k, j = 1,2, · · · and p = 0,1,2, · · · .
Recall Mj = ∑N− j

k=0 (m+k)(m+k+ j)(Ak+ jA∗
k−Bk+ jB∗

k) for 1 � j � N . Condition
(4) implies that,∣∣N− j

∑
k=0

〈(Ak+ jA
∗
k −Bk+ jB

∗
k)ep,ep+ j〉Cn 〈Hzm+k zp,Hzm+k+ j zp+ j〉L2

a(D)
∣∣

� 1
m2

∣∣〈Mj ep, ep+ j〉Cn
∣∣‖Hzmzp‖L2

a(D)‖Hzmzp+ j‖L2
a(D).
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To finish the proof, we only need to prove that

∞

∑
p=0

N

∑
k=0

〈(AkA
∗
k −BkB

∗
k)ep,ep〉Cn ‖Hzm+k zp‖2

L2
a(D)

� 2
m2

∞

∑
p=0

N

∑
j=1

∣∣〈Mj ep, ep+ j〉Cn
∣∣‖Hzmzp‖L2

a(D)‖Hzmzp+ j‖L2
a(D).

Note that ζi(k) =
‖Hzm+i zk‖2

L2
a(D)

‖Hzmzk‖2
L2

a(D)

( i = 1,2, · · · ,N ) is increasing and ζi(k)→ (m+i)2

m2

as k → +∞ . So ζi(k) � (m+ i)2

m2 . Combining conditions (2) and (5), we have

∑N
k=0〈(AkA∗

k −BkB∗
k)ep,ep〉Cn ‖Hzm+k zp‖2

L2
a(D)

‖Hzmzp‖2
L2

a(D)

� 1
m2 〈

N

∑
k=0

(m+ k)2(AkA
∗
k −BkB

∗
k)ep,ep〉Cn

� 2
m2

N

∑
j=1

|〈Mjep,ep〉Cn | � 0.

Let η(p) =
(

∑N
k=0〈(AkA∗

k −BkB∗
k)ep,ep〉Cn ‖Hzm+k zp‖2

L2
a(D)

)1/2

for p � 0. Then

η2(p)
‖Hzmzp‖2

L2
a(D)

� 2
m2

N

∑
k=1

|〈Mkep,ep〉Cn |

and

η2(p+ j)
‖Hzmzp+ j‖2

L2
a(D)

� 2
m2

N

∑
k=1

|〈Mkep+ j,ep+ j〉Cn |.

It follows that

η(p)η(p+ j) (1)

� 2
m2

( N

∑
k=1

|〈Mkep,ep〉Cn |) 1
2

( N

∑
k=1

|〈Mkep+ j,ep+ j〉Cn |) 1
2

×‖Hzmzp‖L2
a(D)‖Hzmzp+ j‖L2

a(D).

Thus
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∞

∑
p=0

η2(p) =
1
2

η2(0)+
1
2

N−1

∑
j=1

(∑N
k= j+1 |〈Mke j,e j〉Cn |

∑N
k=1 |〈Mke j,e j〉Cn | η2( j)

)

+
1
2

∞

∑
p=0

N

∑
j=1

( |〈Mjep,ep〉Cn |
∑N

k=1 |〈Mkep,ep〉Cn |η
2(p)

+
|〈Mjep+ j,ep+ j〉Cn |

∑N
k=1 |〈Mkep+ j,ep+ j〉Cn |η

2(p+ j)
)

�
∞

∑
p=0

N

∑
j=1

|〈Mjep,ep〉Cn | 1
2 |〈Mjep+ j,ep+ j〉Cn | 1

2 η(p)η(p+ j)(
∑N

k=1 |〈Mkep,ep〉Cn |) 1
2
(

∑N
k=1 |〈Mkep+ j,ep+ j〉Cn |) 1

2

� 2
∞

∑
p=0

N

∑
j=1

1
m2

∣∣〈Mjep,ep+ j〉Cn
∣∣‖Hzmzp‖L2

a(D)‖Hzmzp+ j‖L2
a(D).

The last inequality follows from the inequality (1) and the condition (3). Hence we
finish the proof. �

In particular, when n = 1, we have the following result.

COROLLARY 2. Given f (z) = ∑N
k=0 akzm+k and g(z) = ∑N

k=0 bkzm+k with m,N �
1 . Let Mj = ∑N− j

p=0(m + p)(m + p + j)(ap+ jap − bp+ jbp) . Suppose |bk| � |ak| for

1� k � N and Re
[
(ak+ jak−bk+ jbk)(ak+ j+lak+l−bk+ j+lbk+l)

]
� 0 with 1� j � N−k

and 0 � l � N− (k+ j) . Then Tf+g is hyponormal, if

N

∑
i=0

(m+ i)2(|ai|2−|bi|2) � 2
N

∑
j=1

|Mj|.

EXAMPLE 1. Let F(z)+G∗(z) =[
z+ z2 + z3 4z+ 1

2z2 + 1
6 z3

0 0

]
+

[
z+ z2 + z3 2z + 9

8 z2 + 1
3 z3

0 0

]
.

Then TF+G∗ is hyponormal on L2
a(D,C2) .

EXAMPLE 2. Consider the polynomial ϕ(z) = 1
3 z3 + 9

8 z2 +2z +4z+ 1
2 z2 + 1

6 z3 .
On the Bergman space, Corollary 2 shows that Tϕ is a hyponormal operator.
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