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THE NORM OF BACKWARD DIFFERENCE
OPERATOR A" ON CERTAIN SEQUENCE SPACES

H. ROOPAEI AND D. FOROUTANNIA

(Communicated by F. Kittaneh)

Abstract. Let p > 1 and n be a non-negative integer and A = (@ x)mi>0 be a non-negative

matrix. In this paper the norm of backward difference operators A and A" from the se-
quence space [, into the certain sequence space A, are computed, where A, is the space of all
real sequences x = (xz);~, such that

P
< oo,

oo

>

m=0

oo

Z Am kX

k=0

Moreover, the results are applied for well known matrices such as Cesaro matrix of order n and
Hilbert and also new matrices which are introduced in this study.

1. Introduction

Let p > 1 and w denote the set of all real-valued sequences. Any vector subspace
of w is called a sequence space. The classical space [, is the set of all real sequences
x = (x)7o € ® such that

- 1/p
Ixllp = D lal? | <ee
k=0

Let A = (ami)mi=0 be a matrix. We define the matrix domain A, by

Ap={x=(x):Ax€l,}
o | o P

== Y| Y amp| <eop, (1.1

m=0 |k=0

which is a sequence space. The new sequence space A, generated by the limitation
matrix A from a sequence space [, can be the expansion or the contraction and or the
overlap of the original space [, [3].
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The matrix domain which plays an important role to construct a new sequence
space of classical space [, , has been studied by several authors. For instance, the matrix
domains of the difference operator are investigated in [1, 3, 14, 15, 16] and the matrix
domains of fractional difference operator are introduced in [2, 10, 11, 12, 13]. In these
works topological properties, inclusion relations, duals and matrix transformations of
these spaces are investigated, but the norm of matrix operators on these matrix domains
are not studied.

Although the norm of matrix operators on the sequence space [, have computed by
many mathematicians such as Hardy, Bennett and Borwein [4, 6, 7, 8, 9], the problem
of finding the norm of operators on matrix domains has not studied extensively. The
authors recently computed norm of operators on some matrix domains [17]. In this
present paper, we try to solve this problem for backward difference operator from [,
into Aj.

The semi-norm on the matrix domain A, |||, , is defined by

- NG
||XHAP = Z A kXk .
m=0 k=0

Note that this function will be not a norm, since if x = (1,—1,0,0,---) and the matrix
A is defined such that ag o = ao,1 = 1 and the remaining entries be zero, then ||x|[4, =0
while x # 0. Consider that A, =1, and ||.[[4, = ||.||,, for A =1.

Throughout this paper, we suppose that n is an arbitrary non-negative integer and
(,))=1and (}) =0 for k > n > 0. The backward difference operators A" = (5,5’;))

of order n and A=) = (6,5;")) of order —n are defined as below, respectively,

k. 0 otherwise,

and

scn_J (T o<k,
kj 0 otherwise.

Note that AW = A7) =1 , when n =0 and [ is the identity matrix.
In this paper, we consider the inequalities of the forms

1A x]la, Ulxllpy 1A x]la, <V,

for all sequence x € [,,. The constants U and V are not depending on x, and the norms
of A and A" are the smallest possible values of U and V, respectively. Note that
in the above inequalities, we choose the matrix domains A, which satisfy boundedness
of the operators A and A7)

We use the notation |[.|[4, for the norm of operators from [, into A, and ||.|,
for the norm of operators from [, into itself.

In this study, we focus on computing the norm of operator A® from [ p into Ap,
for p =1 in Section 2 and for p > 1 in Section 3. Moreover the norm of operator A(~")
from [, into A, is considered in Section 4.
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2. The norm of operator A" from [ 1 into A;

In this section, we try to solve the problem of finding norm of operator A”) from
l; into Ay, where A are Cesaro, Hilbert, identity and backward difference matrices. We
may begin with the following theorem which is essential in the study.

THEOREM 2.1. Let A = (ay;)ki>0 be a matrix and B = (by;)ki>0 be a lower
triangular matrix. If M = supjuj < o where

uj= Z ‘(AB)k,j )
k=0

for j=0,1,---, then B is a bounded operator from 1y into A| and

HB”AI =M

Proof. Let x be a sequence in [;. We have

=3

L5

-
Al Mx

1 Bxla, = Z Z a, jbjixi bi jx;
k=0|j=0
:Z ZAB kx| S ZZ|ABI<J|‘X/‘
k=0|j=0

(AB)ij|Ixj| = 2 ujlxil < Mllx|1,
j=0

Il
T
M

T
o
=
Il
=}

which says that ||B|la, <M. Let m be a non-negative integer. We take x = e,, which
em denotes the sequence having 1 in place m and O elsewhere, then |[x|; =1 and
||Bx||a, = um. Hence

< ”BHAN

and M = sup,, u,, < ||B||a, . Therefore we have the desired result. [

In the following, we investigate the norms of Cesaro matrix of order 1, cl =
(c,j)» which is defined by

1 .
=4 T 0SSk
ki 0 j>k

To do this, the following two lemmas are needed.

LEMMA 2.2. If n € N, then
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Proof. Use the identity (’;) = (;’j) +("; ") for j > 1, for m < n and note that the

left hand side of the equality is the summatlon of the coefficients of binomial (1 —z)"
form=n. O

LEMMA 2.3. If n € N, then

n—1 +1 n—1 n +1 n—1\ 2"-1
0 2 1 n\n—1)  n
Proof. By integrating from 0 to 1 of both sides of the identity

(142! 2:2(”_. 1)2’

J

the proof is obvious. [

THEOREM 2.4. Let C' be the Cesaro matrix of order 1. Then A is a bounded
operator from 1y into C 11 and

2" —1

1A g ==

Proof. According to above theorem and Lemma 2.2, we deduce that

) nt+j| k
u =Y |(c'a® >k.,- X > s
k=j ’ =jli=]
& (1) n o | e
- () ez ()

1 n—1+l n—l++l n—1
1V 0 j+2\ 1 j+n\n—1)

So by Lemma 2.3

2"—1

HA(n)”Cll = supuj =uy =
J

Consider the Hilbet matrix H = (h; ;) whose entries are & = +k - forall j,k>
0. For the next theorem, we need the definition of 3 function and the following lemma

Blmm) = [ 212 e

where m,n € N.
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LEMMA 2.5. Forne N

i(—n ( )Hm / Y1 —2)"dz=B(m,n+1).

J=0

Proof. By using identity

and multiplying both sides in term z”~! also integrating from 0 to 1, we get the re-
sult. [

THEOREM 2.6. If H is the Hilbert matrix, then A" is a bounded operator from
[y into H, and
1
1A |y, = ~

Proof. By the notation of Theorem 2.1 and Lemma 2.5

=

uj =3,

k=0

=

(A )k' Y

k=0

n+j

thl lj

i=j

s} 1 <5 pyi(" 1

ZOZJ ( )k+z+l kzm_zo(_ ><i)k+i+j+l
_ 2/ k(] ndz_/ szﬂ 2)dz

k=0

1

[ o= Bl L),
0o 1—z

hence u; = B(j+ 1,n). Since the function B(j,n) is decreasing with respect to j for
all n, so

1
1A |, = supuj = uo = B(1,n) = U
J

THEOREM 2.7. The backward difference operator A" is a bounded operator
from 1y into 1y and

1A, = 2".

Proof. According to notations of Theorem 2.1 for identity matrix, we obtain

n+j

-3

> o) =5 0=
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So

1"y = supu; =2". O
J

THEOREM 2.8. The difference operator AWM s a bounded operator from 1y into
A(lm) and

(n) __An+m
A0 oy =27

Proof. 1t is easy, so we omit the proof. [J

3. Upper bounds of the operator A™ from [ p into A,

The purpose of this section is to find the norm of operator A" from [ » space into
Cf, and H, spaces. To do this, we need the Schur’s Theorem and a lemma which are
essential in the study.

THEOREM 3.1. ([9], Theorem 275) Let p > 1 and T = (t,,x) be a matrix opera-
tor with ty, = 0 for all m,k. Suppose that K, R are two strictly positive numbers such
that

2 tmk <K forallk, N img <R forallm,
= k=0

(bounds for column and row sums respectively). Then

17|, < RVPKUIP,

where p* is the conjugate of p i.e. %—l— % =1.

The above theorem is known as Schur’s theorem.

LEMMA 3.2. Let p > 1 and A = (am ) be a matrix and T = (t,, 1) be a lower
triangular matrix. If AT is a bounded operator on l,, then T will be a bounded
operator from 1, into A, and

IT|a, = IAT][-
Proof. Forevery x €1,
p oo | oo oo p
||TxHﬁp 2 ZZak71t,7,x, :2 Zzak’iti"jxj
=0 |j=0i= k=0 |j=0i=j
o o p
= 3 |2 UTgn| = IATsl,

k=0|,j=0

so the proofis finished. [l
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Let the sequences a" = ()7 be defined by

ai = (Hj:_l), 3.1)

these sequences play an essential role in this study, hence we bring the first four of these
sequences in below:

a:1000 ---,
a':1111 -,
a?:123 4 -,
a®:13610---

One can note that the relation a”Jrl Z 0% 1s hold for these sequences which
is stated in the following lemma.

LEMMA 3.3. We have

i’ <n+j—k—1> B i <n+k—1> B <n+j>
o\ ok o\ k i)
Proof. The proof is obvious. [J

Also the next useful lemma shows that the above sequences a” are the coefficients
of the binomial (1 —z)™".

LEMMA 3.4. For |z| < 1, we have

(1—z)" Ea 7 = i(rH_J:_l)zj.

Jj=0 J
Proof. By differentiating n — 1 times of the identity (1 —z)~! = X0 7/, we get
the result. [J

If (ay) is a non-negative sequence with a9 >0 and A; = ap+a; +---+aj, the
Norlund matrix N, = (a;x) is defined as follows:

SR 0< k<, (3.2)
a; = J .
ik 0  otherwise.

The Cesaro matrix of order n, C" = (c’; «)» is the Norlund matrix N» with the sequence
a" asin (3.1). So '

G

Lk ) o0<k<
=4 T OSES

0 otherwise.

(3.3)
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Note that CY and C' are the well known identity and Cesaro matrices, respectively.
Hardy in [8] has proved that C" is a bounded operator on [, and
[(n+ DI(1/p")
C(n+1/p*)

*

where p > 1. In particular for n =1, HCal =p*.
The sequence space associated with C", according to relation (1.1), will be called

Cf,.So
p
<w}.

For proving our main theorem in this section, we need the following combinatoric
lemma.

IC"p = (3.4)

CZ:{x:(xk):i

k=0

()

j /=0

LEMMA 3.5. For j=1,2,---, we have

g aT)

Proof. By using Lemma 3.4 and the following identity
1= (1-2'(1-2)"

505
EEOCTE)
()

the result is obvious. [

THEOREM 3.6. Suppose that p > 1 and C" is the Cesaro matrix of order n. Then
A" s a bounded operator from | p into C; and

(O JT—
[A™]|cy = 1.

Proof. If B= C"A("), we have

e 2 ()5
= 5O (TZnT)

t
b= (C'AD), = Y ¢
i=s
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Now if t =, then t —s = 0 hence j =0 and by, = ﬁ Also if t > s, then u =

t —s > 1 hence by using Lemma 3.5

o))

1
Ty S=1
bs.,:{m ;

So

0 s#t,

and by applying Lemma 3.2, we have ||A(") llc = [IB||p- Since by Theorem 3.1 for B,
R< 1 and C < 1, we obtain ||A(")Hc;; < 1. Now let x = ¢, we have |le(||, =1 and
[A®erlcy = 1,50 AP || =1. O

4. Upper bounds of the operator A" from [ p into A,

In this section, we introduce four type of sequence spaces Hy,, Ej,, D[m " and B
and will find the norm of operator A" from [ » into these spaces.

THEOREM 4.1. ([9], Theorem 323) Let p > 1 and H be the Hilbert matrix. Then
H is a bounded operator on [, and

|H|p = mese(r/p).

THEOREM 4.2. Suppose that p > 1 and the matix H" is defined by

0 n!
I MG+ k+1+i0)

(for j,k=0,1,---). 4.1)
Then A" is a bounded operator from lp into H), and
IAC™ |y = mese(r/p).

Proof. According to Lemma 3.2 and Theorem 4.1, it is sufficient to prove H nA(=n)
= H. By Lemma 3.4, we have

(H"A" 2 hi ,;”

i n+j— m—l) n!
- j—m (+k+1)(j+k+2)(j+k+n+1)

J m

i —|—]—1> (j+k+m)n!
) (j+m+k+n+1)!
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+j .
= 2(" / )ﬂ(1+m+k+1,n+1)
=0\ ]
oo _1 1.
_ 2 (n—l—] )/ './+m+k(1_z)nd2
=N J 0
e n+-] 1 m—+k n
:/ 2 i "1 —2)"dz
0 5 J
1
:/0 (1—2) """ (1 —2)"dz
1
= =h,,. U
ktm+1 &

Note that for n = 0, we have H" = H .
In the following, we define matrix E" = (¢} ;) by

,1)./’*/" 1 .
o= (j+1 (jon) k<j<k+n-—1, (4.2)
I 0 otherwise.

For computing the norm of operator A=) from I p into sequence space £, we need
the following lemma.

LEMMA 4.3. For j=0,1,2,--- and n € N, we have

LG0T )

Proof. Let |z] < 1. By using identity

oo

jgozj =(1-2) =1~ "1z
505 ) ()
S ()

the proofis trivial. [J

THEOREM 4.4. Let the matrix E" be defined as in (4.2). Then A is a bounded

operator from l,, into E}, and HA(_”)HE; =p*.
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Proof. Tt is sufficient to prove E"A(=") = C! where C! is the Cesaro matrix. By
Lemma 4.3

J
(EnA(_n))j,m — Z 6?71{6]57;1”)

k=m
1 i(—l)";k n—1\ (n+k—m—1
R W j—k k—m
1 jim(_l)jfmfk n—1 n+k—1
R j—m—k k

1

= =C!

jH1

Hence from Lemma 3.2 and relation 3.4, we conclude the results. [

By the sequences a” in relation (3.1), we define a lower triangular matrix plmnl —

(dj7k) with
{ n+m+1 O k Js
J
0  k>j

(m+]]'.:;:7.l)
_ (n+l}1+ /)

0 k> j,

d;

where m and n are non-negative integers.
Note that for m =n =0, D% is the identity matrix, for m =1, n =0, DI s
the Cesaro matrix, and also for m = 0,1 and n =2, we have

100 --- 100 -
olo.. L1 ..

plo2 _ | 3 pta_ |11} 4.4
001 .. AR 4.4)

In sequel, we need the following lemma.

LEMMA 4.5. For non-negative integers n, m and j, we have

i’ <n+k—1> <m+j—k—1> B <n+m+j—1)
k=0 k =k J '

Proof. Let |z| < 1. From the identities

=g ()R (’"“‘l)
B (e



878 H. ROOPAEI AND D. FOROUTANNIA

and
- _ - — +m+j—1\ ;
(=2 "(1=2) "= (=) " =y ( Y )zx,
j=0 J
we obtain the claim. [
Now, we are ready to obtain the norm of operator A~ from 1, into Dgn’"] .

THEOREM 4.6. Suppose that D" is defined as in (4.3). Then A" is a bounded
, [m,n]
operator from I, into D" and

I'(n+m+1)T(1/p*)

AT i =
187 gt = =R 1707

In particular, ”I”D[”’] =p*.
P
Proof. By using Lemma 4.5

j
(DA = Y djady "
k=i /

1 '<n+k—i—1><m+j—k—1>
N A\ k- j—k
1 Ji n+k—1\(m+j—i—k—1
= ("+”.'+j) fard k j—i—k

J

|

—

S

T

3

T

~
~

M-~

(nerJ'rj.fifl)
=t 7 _cum
(n+r;'l+j) Jot

so DA — crtm - Now by applying Lemma 3.2 and relation 3.4, we deduce the
result. O

EXAMPLE 4.7. For both matrices in relation (4.4), we have

*2 *3

2p

5 6p
PEwL 1A=l

1A72]] oo = Pl = o
2 pm @D +1)
Bennett in Theorem 11.5 from [4] investigated the following inequality
T
Iy < el < I;CSC(E/p)IIX\\c;7 4.5)

for all x € [,,. Similarly, we have the following inequality.
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COROLLARY 4.8. If p > 1, then

Il < 18" xlly < = ese(/p) ey

T
p*
forall x€l,.

Proof. By Lemma 3.2 and Theorem 4.2, we have
1Al gy = |H" A" x|, = | Hxllp = |1¥]], -

Hence relation (4.5) completes the proof. [l

Bennett used the factorization H = C'B, to prove the right hand side of relation
(4.5), where B is given by

(j+1)
(j+k+1)(j+k+2)

Bji= (4.6)

and C' is the Copson matrix.

THEOREM 4.9. ([5], Proposition 2) If p > 1 and the matix B is defined by (4.6),
then B is a bounded operator on 1, and

T *
1Bl = ;CSC(”/P )-

For H" which is defined as in (4.1), we have a similar factorization of the form H" =
C'B", where B" is given by

no_ (n+DWGHR+T)
Tk (j+k+n+2)t

4.7

If n=0 in (4.7), then B" = B.

THEOREM 4.10. Suppose that p > 1 and the matix B" is defined by (4.7). Then
A" is a bounded operator from 1 p into B, and

n T X
m<m%:;mqmpy

Proof. According to Lemma 3.2 and Theorem 4.9, it is sufficient to prove B'Al=")
=B.

(B”A Ebk;jm :i<n—|—§:rmn—l)(n—|—l) Wj+k)!(k+1)
j=m

(j+k+n+2)!

= (k+1)§6 <"+j:_ 1>ﬂ(j+m—|—k+1,n—|—2)
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= (k+1) i <n+]:_ 1) /OIZHMU —z)"dz

=0 J

(k+ 1)/01(1 — 7)1 - 7"y

B (k+1) P
T mtk+D(mrk+2)
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