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Abstract. The generalized Rhaly Cesaro matrices A, are the triangular matrix with nonzero
entries @, = o' ¥/ (n+1) with o €[0,1]. In [Proc. Amer. Math. Soc. 86 (1982), 405-
409], Rhaly determined boundedness, compactness of generalized Rhaly Cesaro matrices on ¢,
Hilbert space and shown that its spectrum is ¢ (Aq,¢2) = {1/n} U{0}. Also in [32], lower
bounds for these classes were obtained under certain restrictions on ¢, by Rhoades. In this
paper, boundedness, compactness, spectra, the fine spectra and subdivisions of the spectra of
generaled Rhaly Cesaro operator on ¢¢ and ¢ have been determined.

1. Introduction

Let x = (x,), y = (y») be complex sequences. The generalized Rhaly-Cesaro
transform Agx =y of a sequence x = (x;) is defined by

1 n
=— N o* =0,1,2,... 1.1
Yn n+1k§O Xk, N g Ly 4y ( )

where o € (0,1]. Tt is clear that if oo =0, then Ay is a diagonal matrix and if ot =1,
then A = C; is Cesaro matrix. Boundness and spectrum on various sequences spaces
of C| matrix were considered by several authors [21, 28]. Throughout the article we
will get o € (0,1).

In 1982, Rhaly [29] determined the spectrum of generalized Rhaly-Cesaro matrix
Ag on the Hilbert space ¢,. The main purpose of this paper is to present boundness,
compactness, spectrum, fine spectrum and subdivision of the spectrum of continuous
linear operators on the spaces cp and ¢ of all null and convergent sequences of complex
numbers, respectively.
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2. Boundness of generalized Rhaly-Cesaro operator

In 1982, Rhaly [29] showed that generalized Rhaly-Cesaro operator A, is a bounded
linear operator on the Hilbert space ¢,. We will show that A, is bounded linear opera-
toron c¢g and c.

When A = (a,,) is an infinite matrix, necessary and sufficient conditions for
boundness of A on various sequence spaces were considered by several authors.

From [27], it is known that

DREYES Sup% || < oo

A= eB <=
(@) € B(co) ii) lima,; = 0

2.1)

i) [|A[] = supX|an| < e
n k

A= (ay) € B(c) <= (2.2)

ii) lim S, aw = a, (for all fixed p)”
n k:p

Now, first let us show that generalized Rhaly-Cesaro matrix is bounded linear
operator on sequence spaces c¢o and ¢ and then calculate norm of this operator.

THEOREM 1. Aq € B(co) and [|Aq| gy =1 for o € (0,1).

Proof. From (2.1), we have
D) [|Ae| = sup, Xy |am| = sup, Xi_o

% =0si.e, ||Ay|| <1 and hence Ay € B(co).

ok 1 n _
m‘ < Supnmzkzol =1 and

i) lim, a,; = lim,,
Then, since

o +xq a2x0+ocxl+x2 a3x0+a2xl+ax2+)r3
X0, 77 3 > 4

)

[Ix]

we obtain||Aq|[p ) =1. O
THEOREM 2. Aq € B(c) and [|Aq| gy =1 for a € (0,1).
Proof. 1t is similar to the proof of the previous Theorem. [

3. Compactness of generalized Rhaly-Cesaro operator

Compact linear operators have a great deal with application in practice. For in-
stance, they play a central role in the theory of integral equations and in various prob-
lems of mathematical physics.
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Theory of compact linear operators served as a model for the early work in func-
tional analysis. Their properties closely resemble those of operators on finite dimen-
sional spaces. For a compact linear operator, spectral theory can be treated fairly com-
pletely in the sense that Fredholm’s famous theory of linear integral equations may be
extended to linear functional equations Tx — Ax =y with a complex parameter A . This
generalized theory is called the Riesz-Schauder theory.

Definition of compact linear operator is as follows;

Let X and Y be normed spaces. An operator 7 : X — Y is called a compact
linear operator (or completely continuous linear operator) if 7 is linear and if for every
bounded subset M of X, the image T (M) is relatively compact, that is, the closure
T (M) is compact.

From the definition of compactness of a set we readily obtain a useful criterion for
operators:

THEOREM 3. [25] Let X and Y be normed spaces and T : X — Y a linear
operator. Then T is compact if and only if it maps every bounded sequence (x,) in X
onto a sequence (Tx,) in Y which has a convergent subsequence.

The compact linear operators from X into Y form a vector space.
Furthermore, the following Theorem also implies that certain simplifications take
place in the finite dimensional case:

THEOREM 4. [25] Let X and Y be normed spaces and T : X — Y a linear
operator. Then:

(a) If T is bounded and dimT (X) < o, the operator T is compact.

(b) If dimX < oo, the operator T is compact.

THEOREM 5. [25] Let (T,) be a sequence of compact linear operators from a
normed space X into a Banach space Y. If (T,) is uniformly operator convergent,
then the limit operator T is compact.

The compactness of the Rhaly operator was discussed in [38], [39], [40]. In 1982,
Rhaly [29] showed that generalized Rhaly-Cesaro operator A, on the Hilbert space ¢
were compact linear operator. Our aim is to show that A, is compact linear operator
on ¢o and c.

THEOREM 6. Ay is compact on ¢ for o. € (0,1).

Proof. Let
(r) L 1 L. [
Ay’ (x) = x07—(ax0+x1),—(axo—I—O{xl—f—xz),...,—Za x,0,0,...].
2 3 r+15

Since dim (A7, (cp)) =r+ 1 < oo for all r € N, from Theorem 4, A], is compact linear
operator on ¢q for all r € N. For each x € ¢y, we have
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-y

1 r+1 1 r+2
= 0,0,...,—— (X"irilxk,— (x””’zxk,...
0 r+2 5 r+35

< | su o' X
(s v,

0]

1 < n—k
= E o
R PR

nzr

= o'+ a1
i‘gwl( +o a1 o
1 1_an+l
= lxll,, L

x| . l_an-‘rl
= Il su ( )—>07 as r — oo,

1—«a n>r n+1
Hence
H(Aa_Ag)> (x) ) 1 1_an+l
‘Aa—Ag) < sup 0 < sup —0, as r — oo,
x#6 ”cho l—o >y ntl
Therefore

AY Ay, asr— e (U.O.C)

and from Theorem 5 Ay, is compact linear operator on ¢y. U

THEOREM 7. Ay is compact on ¢ for o € (0,1).

Proof. 1t is similar to the proof of the previous Theorem. [

4. Spectrum of generalized Rhaly-Cesaro operator

Let X # {0} be a complex normed space and 7 : D(T) — X a linear operator
with domain D (T) C X. A complex number A that satisfies the conditions

(R Ry (T) := T)L’1 := (T — AI)™" resolvent operator exists,

(R2) Ry, (T) is bounded, and

(R3) R, (T) is defined on a set which is dense in X.
is called a regular value of 7.

p(T):={A €C: A isaregular values of T'}

is called resolvent set of T. ¢ (T) = C— p (T) is called spectrum set of 7T .
Furthermore, the spectrum o (7') is divided into three disjoint sets, some of them
may be empty, as follows.

e The point spectrum or discrete spectrum o, (T') is the set such that R; (7') does
not exist. A A € 0, (T) is called an eigenvalue of 7'.
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e The continuous spectrum o, (T) is the set such that R (T') exists and satisfies
(R3) but not (R2), that is, R, (T') is unbounded.

e The residual spectrum o, (T) is the set such that R, (T) exists (and may be
bounded or not) but does not satisfy (R3), that is, the domain of R (T) is not
dense in X.

Spectral theory is one of the main branches of modern functional analysis and its
applications. Roughly speaking, it is concerned with certain inverse operators, their
general properties and their relations to the original operators. Such inverse operators
arise quite naturally in connection with the problem of solving equations (systems of
linear algebraic equations, differential equations, integral equations). For instance, the
investigations of boundary value problems by Sturm and Liouville and Fredholm’s fa-
mous theory of integral equations were important to the development of the field. For
more information on spectrum, see [25].

The following theorem tells us that the point spectrum of a compact linear operator
is not complicated. In fact, it is known from the following theorem that every nonzero
spectral value of a compact linear operator is an eigenvalue. The spectrum of a compact
linear operator largely resembles the spectrum of an operator on a finite dimensional
space.

THEOREM 8. [25] The set of eigenvalues of a compact linear operator T : X — X
on a normed space X is countable (perhaps finite or even empty), and the only possible
point of accumulation is A = 0. Every spectral value A # 0 of T is an eigenvalue of
T. However, if X is infinite dimensional, then 0 € ¢ (T).

4.1. Spectrum of generalized Rhaly-Cesaro operator on ¢\

Spectrum of compact Rhaly operator was specified in [38], [39] and [40]. The
spectrum of generalized Rhaly-Cesaro operator A, on the Hilbert space ¢, was exam-
ined by Rhaly [29] in 1982. Now we determine spectrum of A, on cg.

1
THEOREM 9. 0, (Ag,co) = {; :neN} =:Sfor0<a<l.

Proof. Let
X0 = AXO
%(axo +x1) = Ax;
% (a2x0 + oxg +x2) = Axy

Agx = Ax <

(3 2 _
4(06 X0+ o x1+06x2—|—x3) Ax3 . @.1)

n
1 —
T (2 o ka) = Ay
k=0
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i) From (4.1), we have (1 —A)xp=0. If xp # 0, then A = 1. From (4.1), we get

(oxo+x1) =x1 = %cho = %xl = Xx; = 0Xxg

W= =

(azxo + oxy +x2) =X = %azxo = %xz =Xy = a2x0

n
ﬁ(ﬁ a"kxk) =Xy =x,=0"x0, x0#0,0<ax<1.
k=0

Hence we take xp = 1. Since

ol < 1,

n

The series Y, |x,| converges, therefore x, — 0;i.e, x = (x,) € ¢o. Therefore we have
A=1€0,(Ag,c0).
ii) In (4.1), let x9o = 0. Then

1 1 . 1
§X1—7LX1=> <7L—§>x1—0:> 1fx17é0,then?t—§.

Hence from (4.1), we have

Xy =na" 'x;, x0=0, xy =1, e (0,1).

Since
Xn+1

— |a| < 1,
Xn

the series Y, |x,| converges, therefore x, — 0; i.e, x = (x,) € ¢o. Hence, we get
1

A =5 €0p(Aa,co).
iii) If m is the smallest integer for which x,, # 0, since

m—|—1 (Zam k )z?txm, X #0

and xo =x; =--- =x,;—1 = 0, we have
1
m—_me = Axm, Xm %0
i.e, .
A= o

Thus, the equation (4.1) becomes

1
" (Z o kx) :m+1xnforalln>m
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equation. Therefore, we have

(m+1)(m+2)---(m+n)
n!

X = o Xy, foralln > 1, x,, #0.

Hence, since

(m 1) (m+2) (mtn) (mtnt1) B
 (m+ 1) (m+2)--(m+n)(n+1) ot] — o] <1,

Xm4n+1

mern

we have Y, |x,| < e and therefore (x;4,) € co. Then we get

A« = m—-|-l S Gp(Aa,CO).

As a result, eigenvalues for each m are simple and % €0p (Ag,co), i.e;
1
0y (Ag,c0) = {— Tm= 1,2,...} =S O
m
LEMMA 1. [34, p. 221-223] Each bounded linear operator T : X — X is de-

termined by an infinite matrix of complex numbers, where X = cg, c, {;.

We will use the following Lemma to find the adjoint of a linear transform on the
co sequence space.

LEMMA 2. [42,p. 260] Let T : co — cq be a linear map and define T* : £} —
b, by T'g =goT, gccy =4y, then T must be given with a matrix by Lemma 1,
moreover, T* : {; — (| is transposed matrix of T .

THEOREM 10. 0, (A, c; =) =S for 0 <a < 1.

Proof. From Lemma 2, it is clear that the matrix of (Ag)™ is transpose of matrix
Ag,le;

akfn
. L 0<n<k
ank:{écﬂ n>Z . (4.2)
Let A} x = Ax. Since A}, is transpoze of A, for n > 1, we have
o o? o’
X0+§x1+?)€2+7)€3+"':7mo
bt & +a2 to=A
2)61 3)62 4)63 = AX]
ot Tt =4
3)62 4X3 = AX2
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where x # 0. Thus, forall n > 1

e 1 n
Xp=— i = oc_l_[1< )xo 4.3)

is valid. Hence, for all n > 1, since the eigenvector corresponding to A = 1/n is
x=(l,—(n—1)/o,—(n—1)/o?,,...,—(n—1)/a"1,0,0,...) € {1,
wehave A =1/n€ 0,(A}, (1), i.e
S={1/n:neN} Co,(Ay,co={1).
Since

Xn+1
Xn

1—

1 1
m’—>5>1’ (n— o0),

the series Y, |x,| is divergent, if A ¢ {— ‘ne N} . So there is no other eigenvalue, i.e;

1
o

S

we have

1
GP(AZ,KI):S:{Z:nzl,z,...}. 0

In this section, finally, we compute the spectrum of A, over c¢g.

THEOREM 11. 0 (Ag,co) =SU{0} for 0 < ax < 1.

Proof. Since dimcy =0, 0 € 6 (Ag,co) and A, is compact linear operator from
Theorem 6, if A € 6 (Aq,co),then A € 0, (Ag,co). Therefore, we have 0 (A, co) =
Su{o}. O
4.2. Spectrum of generalized Rhaly-Cesaro operator on ¢

In this section, we will examine the spectrum of operator A, over c.

THEOREM 12. 0, (Ag,c) =S for 0 < o < 1.

Proof. Tt is similar to the proof of the previous Theorem 9. [
The following lemma is useful for finding the adjoint of a linear transformation on

the sequence space c.

LEMMA 3. [43,p. 267] If T : ¢ — c is a linear transformation and T* : {1 — {1,
T*g=goT, ge€c* =V, then T and T* have matrix representations, also T* : £ — {;
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is given by
T =A" = ( (@) A’
x (limA) ¥ O O -
ap apo aip axo -
= aj Gor aiy azi -
a ap arp ax -
where

a, = limank

x (A) =limAe — Z limAe;, = hmZank — thank

k=0
ﬁn:x(PnoT):(PnoT e—Zank,
k

ane = By (T (ek>) = (T (ek))n :

If ¥ (A) #0, then A is called co-regular matrix and if x (A) =

co-null matrix.

Let’s now find the adjoint over ¢ of the generalized Rhaly Cesdro matrix.

LEMMA 4. For 0 < o < 1, adjoint of Ay on c is given by

000 0 O -
2 3
01%%%.

a o

A= [002 5 T
*=1000 3 ¢ -
0000 7 -

Proof. By Lemma 3, we have

X (Ay) = lim 2 apr = limAe — 2 limAey

= k=0

—hmZank—hm <1+ + 4 +---+#)

n—?ook 0
1

. n 1—(L w 1 n+1
— lim &~ —\@)  _ |ijm =

n—eo L -1 n—soo (n+1)(1—0))
o 1 . l_an+1 o
= g im =0

and so Ay is a co-null matrix. Also we get
n—k

o
a; = hma,,;< = lim =0

n—>o<)n_|_1

963

0, then A is called

(4.4)
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and
n n an—k ol n 1 k
A = = —
,Z;) k ,g;)nﬂ n+lkz()<a>
o 1 " o [1-=ty
- 14— ... — o
L ()

Finally, we have

o o1 A
(ProAg)e = X0 + X1+ -+ o 1+Xn}
n+1 —e
oo o+l 1 1ot
B n+1 o+l -«
I 1 1—o"t! 1
ﬂn: Pn A - nk — — (X"+l—1
(Proda)e ,Zaak n—H{ l—«a (a—l)( )}

1
(n+1)(1—a){

1—a" a1} =0.

This proves Lemma. [

Now we can calculate the point spectrum of the adjoint of Ay on c.
THEOREM 13. 0, (A}, c* = 0)={L:n=1,2,...}U{0} for 0< x < 1.

Proof. Let x#0 and Ajx = Ax;i.e;

0000 0 - X Axg
01%%20673. X Ax
(R 1 I
A = 904 1 ‘. = . 4.5)
0000 1 .|| A

AXO =0
2
Axn = 2o+ 2501 + X ga + -+, foralln > 1

is valid. If 0 = Axo then we have A =0 or xo =0. We obtain A =0 € 6, (A}, c* = ()
since the eigenvector corresponding to A = 0 is x = (1,0,0,...). From the second
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equation of (4.5), we get

2
x+%n+%xa+=Ax _
11 32 0323 : :>x2_%x1
ZXQ+§X3+TX4+---:A)CQ
4.6
%xz—l—%m—l-%zm—i----:lxz N (A-3)(A-1) (4.6)
Lo @y v — ) BE T ayr M
3X3 + gXa+ X3
where x; # 0. From (4.6), we have
1 (A=) (-1 =Y
o= = T xl:a””kl:[l 1= Jaforalln>1 " (4.7)

where x| # 0. We obtain A =1 € 6, (A}, c* = {) since the eigenvector correspond-
ingto A =1 is x = (x0,x1,0,0,...) € {; where x; # 0. From (4.7), for all m € N,
A= % € 0, (A, c" = 4y), because x; # 0 x = (x0,X1,...,%2,0,0,...), is response
to A = % which is eigenvector where x; # 0 for all k = 1,...,m. So, we obtain
S={l:neN}co,(A,c=20).

Do you have another eigenvalue? If A # 0 and A # % for all m € N, then we
have
Tni1

Xn

1],
T o

—ﬁ‘ —>$> I, (n—e0)
i.e; there is no other A € C that makes Y, |x,| < o. Therefore, we get
0y (AL 01) = SU{0} = {% n— 1,2,...}u{0}. 0
THEOREM 14. 0 (Ag,c) =SU{0} for 0 <o < 1.
Proof. The proof is done as the proof of Theorem 11. [
THEOREM 15. [10] If A € B(c), then 6(A,c) = 0(A,lw).
COROLLARY 1. 0(Ag,le) =SU{0} for 0 <o < 1.

4.3. An application to the summability

In this section, let us prove a Mercerian theorem with the help of spectrum.

The convergence domain ¢4 of A = (a,) is defined by ¢4 = {x:Ax€c}. If
ane =0 for n > k, then A is called a triangle matrix. If c4 = ¢, then A is called a
Mercerian matrix and if ¢4 C ¢, then A is called a conservative matrix.
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THEOREM 16. [43] A conservative triangle A is Mercerian iff A~' is conserva-
tive.

THEOREM 17. Let A #0 and A # 7~ €R, (m=0,1,2,...). IfA:=2AI+ (1 —
A)Ag, then cp = c.

Proof. By hypothesis, we have % #0 and % + 1_1m (m=0,1,2,...). If
A =1, then it is clear that ¢4 = c. Let A # 1. Since

A=A+ (1-A)Ag=(A—1) [%I—Aa]

-1
by Theorem 14, % ¢ 0 (Ag,c) and thus % € p (Ag,c). Therefore, [%I—Aa] €
B(c). Hence

-1 ] A - -1
A= (A—1) {HI—AQ] — A+ (1—2)Ad] "' € B(0).

By Theorem 16, cy =c. U

5. Fine spectrum

If X is a Banach space and B(X) denotes the collection of all bounded linear
operatorson X and T € B(X), then there are three possibilities for R (T):
MR(T)=X

() R(T) =X, but R(T) # X,

(I R(T) # X
and three possibilities for 77!

(1) T~ exists and continuous,

(2) T~ ! exists but discontinuous,

(3) T~ ! does not exist.

If these possibilities are combined in all possible ways, nine different states are
created. These are labelled by: 1y, b, I3, 11, I, 113, 111}, I1I,, 1115. For example, if
an operator is in state I1l;, then R(T) # X and T~! exists and is discontinuous. From
the closed graph theorem, I, is empty (see [20]).

Applying Goldberg’s classification to the operator T := Al —T, where A € 6(T,X)
the spectrum of 7', considered as an operator in B(X) where X = ¢y or X = ¢, we have

(I) T), = AI —T is surjective

() R(Ty)=X,but R(T))) # X,

() R(T3) # X
and three possibilities for TA_I :

(1) T) = AI—T is injective and T, ' =: R, (T) is bounded,

(2) T, = AI—T is injective and T)L’1 is unbounded, and

(3) T, = AI—T is not injective.
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If A is a complex number such that T) = AI—-T €I, or T, =AI—-T €1,
then A € p(7,X). All scalar values of A notin p(7,X) comprise the spectrum of
T . The further classification of o(7,X) gives rise to the fine spectrum of 7. That is,
o(T,X) can be divided into the subsets Lo (T,X), 0(T,X), ILo(T.X), Io(T,X),
I1Lo(T,X), [ILo(T,X), I1I6(T,X). For example, if 7) = AI—T is in a given state
III, (say), then we write A € IILo(T,X).

We can summarize the above situation in a table as follows:

1 2 3
R (T) exists R, (T) exists R, (T)
and is bounded | and is unbounded | does not exists

I |RAI-T)=X | 2Aep(T) - A€o, (T)
I |RAI-T)=X | Aep(T) A€o (T) A€o, (T)
W | RA-T)#X | Aeo.(T) A€o (T) A €0,(T)

Table 1: Goldberg’s decomposition of the spectrum

This classification of the spectrum is called the Goldberg Classification. Let’s give
the theorems that will help the Goldberg Classification.

THEOREM 18. [20, p. 58] If T* has a bounded inverse, then R (T*) is closed.
THEOREM 19. [20, p. 59] T has a dense range if and only if T* is 1-1.

THEOREM 20. [20, p. 60] R(T*)=X" ifand only if T has a bounded inverse.

THEOREM 21. [20, p. 60] R(T)=X and T has a bounded inverse if and only
if R(T*) = X" and T* has a bounded inverse.

The relationship between the fine spectrum of bounded linear operator and fine
spectrum of its adjoint is given by Fig. 1.

The fine spectrum of the operators on some sequence spaces was first discussed in
[11], [21], [30], [31], [38] and [42]. Later, many authors [2], [4], [5], [6], [8], [9], [12],
[131, [19], [22], [23], [24], [26], [33], [35], [36], [37], etc. have made a fine division of
the spectrum and the work on this subject is still ongoing.
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111

1L

111

11

b

11

I
T*

J4)

L L L I 1L IL I 1L 1L

T

Figure 1. State diagram for B(X) and B(X™) for a non-reflective Banach space X .

5.1. The fine spectrum of generalized Rhaly-Cesaro matrices on ¢,

We will examine the fine spectrum of the generalized Rhaly Cesaro operator on
co, which is compact in this section.

THEOREM 22. 0 € I,6 (Ag,co) for 0 < a < 1.

Proof. Since 6, (Ag,c0) =S, wehave 0¢ 6, (Ag,co). Thus, there exists (Ae) L.
Therefore, Ag € (1)U (2). Let us now show that Ay € II, that is, R(Ag) = ¢y and
R(Ag) # co. Since 0, (Ay,c; = ¢) =S and therefore since 0 ¢ o), (Ay,, /1), the op-
erator A}, is 1-1. Thus, from Theorem 19, we get R(Ay) = ¢o. Let us now show that
R(Ay) # co. If Agx =y is solved, then we get

1 c n—k
Yn = nl kg{)a X -

Thus, we obtain
x0 =yo and x, = (n+ 1)y, — oy,
from the equations

(n+1)y, = a’xg+ o Lxp + -+ ax, 1 +x,
any,—1  =o (" o+ i+ x)
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Hence, A,' = (b,;) matrix is given by

n+l, k=n
byuy=< —on, k=n—1 .
0 , otherwise

—

_1)"
n+1

If we take y = (y,) = ( ) € ¢, then for all n, we get

(_l)n n—1 no
PR 17

)= (41 )=(1raa.
Therefore, x & ¢o. Thus, since y = (y,) € co, but x = (x,) ¢ co, Ay is not onto, that is,
R(Ay) # co. Hence Ay € I1. As aresult, Ay € I} or Ay, € I1,. Since 0 € 6 (Ag, o),
we have Ay ¢ 11, . Then we get Ay € I, thatis, 0 € IL0o (Ag,c0). O

THEOREM 23. Forall A =L m=(1,2,...), XA €16 (Ag,co) where 0 < ot <

Proof. Since 0, (Aq,c0) =S, A =1 €0, (Aq,co) =S forall m. Therefore, T =

(Al —Ag) has no inverse, i.e; we have T € (3). The adjoint operator T* = Al — A}, is
not 1-1 for A = L, because A = % € 0, (Ay,c0). From Theorem 19, T) = Al — A,

m
does not have a dense image. Therefore, R(T) # co; that is, T), € I1I. Accordingly,
T, = %I—Aa €lllz and A = % € 16 (Ag,co) are obtained. [

5.2. The fine spectrum of generalized Rhaly-Cesaro matrices on ¢

We will examine the fine spectrum of the generalized Rhaly Cesaro operator on ¢,
which is compact in this section.

THEOREM 24. 0 € II1L,6 (Ag,c) for 0 < o < 1.

Proof. For 0 < ar < 1, adjoint of Ay on c is given by

000 0 0
2 .3
01%%%.

o o
w0925
a 000 % 2.
0000 7 -

from Lemma 4. Thus, for y = (1,0,0,...), there is no x € ¢; satisfying A}, x = y; that
is, A}, is not onto. Therefore, from Theorem 20, A, has not a bounded inverse and thus
Ag € (2). On the other hand, the operator A}, isnot 1-1, because 0 € 6, (Ay,,¢;). Thus,
A does not have a dense range from Theorem 19, that is, A, € 111, and consequently
Ag €IIl;,andso 0 € IILo(M,c). O
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THEOREM 25. Forall A =L m=(1,2,...), 2 €116 (Aq,c) where 0 < a <

Proof. The proof can be made in the way of Theorem 23. [

6. Subdivision of the spectrum of A,

A bounded linear operator T in a Banach space X is given. Then, if ||x|| =1 and
|ITxe|| — 0 as k — oo, sequence (xg); in X is called a Weyl sequence for 7.
In what follows, we call the set

Oup (T) :={A € K there exists aWeyl sequence for A] — T} (6.1)
as the approximate point spectrum of 7'. Moreover, the subspectrum
05 (T):={A €0o(T):AI—T is not surjective} (6.2)

is called defect spectrum of T .
The two subspectra (6.1) and (6.2) form a (not necessarily disjoint) subdivision

o(T)= Ouap (T)Uos(T) (6.3)
of the spectrum. There is another subspectrum,
0o (T)={AL€K:RA-T)#X} (6.4)

which is often called compression spectrum in the literature and which gives rise to
another (not necessarily disjoint) decomposition

0 (T) =04 (T) UG (T) (6.5)

of the spectrum. Clearly, o, (T) C 0,4, (T) and o, (T) € 65(T). Moreover, we note
that

Gr(T) = GC()(T) \Gp (T) (66)
and
0c(T) =0 (T)\[0p(T) U0 (T)] (6.7

Sometimes it is useful to relate the spectrum of a bounded linear operator to that
of its adjoint.

PROPOSITION 1. [7, Proposition 1.3] The spectra and subspectra of an operator
T € B(X) and its adjoint T* € B(X™) are related by the following relations:

(a) 6 (T*) =0 (T).

(b) 0c(T") € Gap (T).

(¢) Oup (T") = 05 ().

(d) o5 (T*) = O'ap( )-
(e) 0, (T*) = Gu)( )
(f) 6co (T) 2 0, (T).
(g) o(T) =04, ( YU, (T*) =0, (T)Uoup (T7).
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We can write the above definition as the following table

o A lot of separation of the spectrum is possible. The non-discrete spectrum (Ap-
poroximate point spectrum, defect spectrum and compression spectrum) can be
found in the book entitled “Nonlinear Spectral Theory”, published by J. Appell
et al.

e This separation of an operator for the first time in the literature was handled in
2011 by Kh. Amirov and Nuh Durna, Mustafa Yildirim [1].

o After these studies, this separation has been studied by various authors in [14],
[15], [16], [17], [18], [19], [41] and is still being studied.

(D) (2) 3)
Ry (T) exists R (T) exists Ry (T)
and is bounded | and is unbounded | does not exists
o ~ Aeo,(T)
(I) RAI-T)=X Aep(T) A € 6oy (T)
Aeo.(T) Aeo,(T)
RAI-T)#X A € 6up (T) A € 64y (T)
U\ rar=my=x | *ePT) A c oy (T) A€oy (T)
A€o, (T) A€o (T) A €oy(T)
— A €04y (T) A€oy (T)
on | T | B | Al | A
A €0 (T) A €0y (T)

Table 2: Separations of the spectrum ([1])

6.1. Subdivision of the spectrum of A, on ¢,

In this section, We will examine subdivision of the spectrum of the generalized
Rhaly Cesaro operator on cg.

THEOREM 26. For 0 < a <1,
a) Oup (A, co) =SU{0}

b) 05 (Aa,co) = SU{0}

C) Oco (AOtaCO) =S.
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Proof. a) Since 0 (Ag,co) =SU{0} from Theorem 11, 11130 (Ag,co) =S from
Theorem 23 and 15,0 (Ag,co) = {0} from Theorem 22, we get 111,06 (Ag,co) = @ from
Table 2. Hence, we have

Oup (Aa,C()) = G(Aa,CO)\IIhG (Aa,C()) =SU {0}

from Table 2.

b) We have 30 (Ay,co) = @ from Table 2, because o (Ag,co) = SU {0},
1110 (Ag,co) =S and 1o (Ay,co) = {0} from respectively Theorem 11, 23 and 22.
Hence, we get

Os (Aa,C()) = G(Aa7C())\I3G(Aa,CQ) = SU{O}

from Table 2.

¢) Since 0 (Aq,co) = SU{0}, 116 (Ag,co) =S and 1Ho (Ag,co) = {0} from
respectively Theorem 11, 23 and 22, we have I11,6 (A, co) = 0 from Table 2. Conse-
quently,

Oco (AOHC()) =IIl,o (Aa,C()) ullho (Aa,C()) Ulllho (Aa,C()) =S
from Table 2. [J

LEMMA 5. For 0 < o < 1,
a) Oap (A, ") =SU{0}
b) o5 (A, ') = SU{0}.

Proof. Since 0,y (A}, (') = 05 (Aa,co) and 05 (A}, 0') = Oup (Aa, o) from The-
orem 1, proof is clear. [l

6.2. Subdivision of the spectrum of A, on ¢
In this section, We will examine subdivision of the spectrum of the generalized

Rhaly Cesaro operator on c.

THEOREM 27. For 0 < o <1,
a) Oup (Ag,c) =SU{0}

b) 05(Aq,c) =SU{0}

¢) 0o (Ag,c) =SU{0}.

Proof. a) We have I11;6 (Aq,c) = 0 from Table 2, because ¢ (Ay,c) =SU{0},
110 (Ag,c) =S and 1116 (Ag,c) = {0} from respectively Theorem 14, 25 and 24.
Hence, we get

Oup (Ag,¢) = 0 (Ag,c) 1110 (Ag,c) =SU{0}

from Table 2.
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b) Since 6 (Ag,c) =SU{0} from Theorem 14, I11,6 (Ag,c) = {0} from Theorem
24 and I1I30 (Ag,c) = S from Theorem 25, we get 130 (Ay,c) = 0. Hence,

05 (Ag,c) = 0 (Ag,c)\J30 (Ay,c) = SU{0}

from Table 2.
¢) Since 6 (Ag,¢) = SU{0}, 116 (Ag,c) = {0} and 110 (Ag,c) =S from
respectively Theorem 14, 24 and 25, we get I11,6 (Ay,c) = @ from Table 2.

Geo (A,€) = 1116 (A, ¢) UIIL 6 (Ag, ) UIII0 (Ag,c) = SU{0}
from Table 2. As aresult, 6. (Ay,c¢) =SU{0} from Table 2. [

LEMMA 6. ForO0<a <1,
a) Oup (A, c* = 0') =SU{0}
b) 05 (A, c* ~ (') =SU{0}.

Proof. Since Oy (A}, c* ') = 05 (Aq,c) and 05 (A}, c* = 0') = 04 (Ag,C)
from Theorem 1, proof is clear. [

7. Conclusions

The spectra of summability methods and the Goldberg classification of the spec-
trum and the non-discrete spectral separation of these summability methods were dis-
cussed by various authors earlier. Still, a lot of mathematicians work on this subject.
Discrete generalized Cesaro operators’s spectrum on Hilbert space ¢, was calculated
by Rhaly [29] in 1982. In this article, we have obtained the spectra and various spectral
separations of this operator over the sequence spaces c¢o and c¢. In another our paper,
we gave the spectral and spectral division of this operator over the sequence spaces £,
where 1 < p < . The spectral and spectral separation of this operator over the other
sequence spaces are left clear problems.

Competing interests The authors declare that they have no competing interest.

Authors’ contributions This work was carried out in collaboration between all au-
thors.

Acknowledgements. Our research was partially supported by the grant of Cumhu-
riyet University Scientific Research Project (F-523).

REFERENCES

[1] R. KH. AMIROV, N. DURNA AND M. YILDIRIM, Subdivisions of the spectra for Cesaro, Rhaly and
weighted mean operators on co, ¢ and £, ,1IST (2011) A3, 175-183.

[2] P. AVINOY AND P. C. TRIPATHY, The spectrum of the operator D(r,0,0,s) over the sequence spaces
L and by, , Hacet. J. Math. Stat. (2014) 43 (3), 425-434.



974

[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]

[20]
[21]

[22]
[23]
[24]
[25]
[26]

[27]
[28]

[29]
[30]

[31]

M. YILDIRIM, M. MURSALEEN AND C. DOGAN

A. M. AKHMEDOV AND F. BASAR, On the ne spectrum of the Cesdro operator in ¢, Math. J. Ibaraki
Univ. 36 (2004), 25-32.

A. M. AKHMEDOV AND S. R. EL-SHABRAWY, Spectra and fine spectra of lower triangular double-
band matrices as operators on £, (1 < p < o), Math. Slovaca (2015) 65 (5), 1137-1152.

B. ALTAY AND M. KARAKUS, On the spectrum and the fine spectrum of the Zweier matrix as an
operator on some sequence spaces, Thai J. Math. (2012) 3 (2), 153-162.

M. ALTUN, On the fine spectra of triangular Toeplitz operators, Appl. Math. Comput (2011) 217 (20),
8044-8051.

J. APPELL, E. D. PASCALE AND A. VIGNOLI, Nonlinear Spectral Theory, New York, Walter de
Gruyter Berlin, (2004).

H. BILGIC AND H. FURKAN, On the fine spectrum of the generalized difference operator B(r,s) over
the sequence spaces £, and bv,, (1 < p <o), Nonlinear Anal. 68 (3) (2008): 499-506.

R. BIRBONSHI AND P. D. SRIVASTAVA, On some study of the Fine Spectra of n-th band triangular
matrices, Complex Anal. Oper. Theory (2016), 1-15.

J. M. CARDLIDGE, Weighted Mean Matrices as Operators on {,, Ph. D. Thesis. Indiana University
(1978).

C. COSKUN, The spectra and fine spectra for p-Cesaro operators, Turkish J. Math. (1997) 21 (2),
207-212.

R. DAS AND B. C. TRIPATHY, Spectra of the Rhaly operator on the sequence space bvo Nl , Bol.
Soc. Paran. Mat. (2014) 3 (2), 1263-1275.

R. DAS, Spectrum and fine spectrum of the Zweier matrix over the sequence space cs, Bol. Soc. Paran.
Mat (2016) 35 (2), 209-221.

R. DAS, On the spectrum and fine spectrum of the upper triangular matrix U(ry,r2;s1,52) over the
sequence space cq , Afrika Mat. (2017), 1-9.

N. DURNA, M. YILDIRIM, Subdivision of the spectra for factorable matrices on ¢ and (P, Math.
Commun. (2011) 16 (2), 519-530.

N. DURNA, Subdivision of the spectra for the generalized upper triangular double-band matrices A"”
over the sequence spaces ¢ and ¢, ADYUSCI (2016) 6 (1), 31-43.

N. DURNA, M. YILDIRIM AND U. C UNAL, On The Fine Spectrum of Generalized Lower Triangular
Double Band Matrices Over The Sequence Space, Cumhuriyet Science J. (2016) 37 (3), 281-291.

N. DURNA, M. YILDIRIM AND R. KILIC, Partition of the Spectra for the Generalized Difference
Operator B(r,s) on the Sequence Space cs, Cumhuriyet Science J. (2018), 39 (1), 7-15.

S.R. EL-SHABRAWY AND S. H. ABU-JANAH, On the Fine Structure of Spectra of Upper Triangular
Double-Band Matrices as Operators on £, Spaces, Appl. Math. Inf. Sci. (2016) 10 (3), 1161-1167.
S. GOLDBERG, Unbounded Linear Operators, McGfraw Hill, New York, 1966.

M. GONZALEZ, The fine spectrum of the Cesaro operator in {,(1 < p < o), Arch. Math. (Basel)
(1985) 44 (4), 355-358.

J. FATHI AND R. LASHKARIPOUR, On the fine spectra of the generalized difference operator A,
over the sequence space cop, J. Mahani Math. Research Center GMMRC) (2012) 1 (1) 1-12.

V. KARAKAYA AND M. ALTUN, Fine spectra of upper triangular double-band matrices, J. Comput.
Appl. Math. (2010) 234 (5), 1387-1394.

V. KARAKAYA AND E. ERDOGAN, Notes on the spectral properties of the weighted mean difference
operator G(u,v;A) over the sequence space {1, Acta Math. Sci. (2016) 36 (2), 477-486.

E. KREYSZING, Introductory Functional Analysis with Applications, John Wiley & Sons Inc., New
York Chichester Brisbane Toronto, 1978.

R. LASHKARIPOUR AND J. FATHI, On the fine spectra of the Zweier matrix as an operator over the
weighted sequence space {,(w), Int. J. Nonlinear Anal. Appl. (2012) 3 (1), 31-39.

1. J. MADDOX, Elements of Functional Analysis, Cambridge, University Press, (1970).

J. B. READE,, On the spectrum of the Cesaro operator, Bull. London Math. Soc. (1985) 17 (3), 263—
267.

H. C. RHALY, JR, Discrete Generalized Cesaro Operators, Proc. Amer. Math. Soc. (1982) 86 (3),
405-409.

B. E. RHOADES, The fine spectra for weighted mean operators, Pacific J. Math. (1983), 104 (1),
219-230.

B. E. RHOADES, The fine spectra for weighted mean operators in B(¢), Integral Equations Operator
Theory (1989), 12 (1), 82-98.



[32]
[33]

[34]
[35]

[36]
[37]
[38]
[39]
[40]
[41]
[42]

[43]

THE SPECTRUM GENERALIZED RHALY-CESARO MATRICES 975

B. E. RHOADES, Lower bounds for some matrices, II, Linear And Multilinear Algebra (1990) 26
(1-2), 49-58.

B. E. RHOADES AND M. YILDIRIM, Spectra and fine spectra for factorable matrices, Integr. Equ.
Oper. Theory (2005), 53 (1), 127-144.

R. B. TAYLOR, Introduction to functional Analysis, John Wiley and Sons, 1980.

B. C. TRIPATHY, A. PAUL, The spectrum of the operator D(r,0,0,s) over the sequence space ¢y and
¢, Kyungpook Math. J. (2013) 53 (2), 247-256.

M. YESILKAYAGIL AND F. BASAR, On the fine spectrum of the operator defined by the lambda matrix
over the spaces of null and convergent sequences, Abstr. Appl. Anal. 2013, Art. ID 687393, 13 pp.
M. YESILKAYAGIL AND M. KIRISCI, On the fine spectrum of the forward difference operator on the
Hahn space, Gen. Math. Notes (2016) 33 (2), 1-16.

M. YILDIRIM, The spectrum and fine spectrum of the compact Rhaly operators, Indian J. Pure Appl.
Math. (1996) 27 (8), 779-784.

M. YILDIRIM, The spectrum of Rhaly operators on {,, Indian J. Pure Appl. Math. (2001) 32 (2),
191-198.

M. YILDIRIM, The spectrum of Rhaly operators on bvg, Indian J. Pure Appl. Math. (2003) 34 (10),
1443-1452.

MUSTAFA YILDIRIM, NUH DURNA, The spectrum and some subdivisions of the spectrum of discrete
generalized Cesaro operators on (P (1 < p <o), J. Inequal. Appl. (2017), 193, 1-13.

R. B. WENGER, The fine spectra of the Holder summability operators, Indian J. Pure Appl. Math.
(1975), 6 (6), 695-712.

A. WILANSKY, Summability Through Functional Analysis, (1984) North Holland.

(Received September 17, 2017) Mustafa Yildirim

Department of Mathematics, Faculty of Science
Sivas Cumhuriyet University

Sivas 58140, Turkey

e-mail: yildirim@cumhuriyet.edu.tr;
yvildirim.mustafa.63@gmail.edu.tr

M. Mursaleen

Department of Mathematics
Aligarh Muslim University
Aligarh, 202002, India

e-mail: mursaleenm@gmail .com

Cagla Dogan

Department of Mathematics, Faculty of Science
Sivas Cumhuriyet University

Sivas 58140, Turkey

e-mail: cagla.dogan.2627@gmail .com

Operators and Matrices
www.ele-math.com

oam@ele-math.com



