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DIFFERENCE OF COMPOSITION OPERATORS

ON THE BERGMAN SPACES OVER THE BALL

MAOFA WANG AND XIN GUO

(Communicated by G. Misra)

Abstract. This paper characterizes the compactness of a linear combination of three composi-
tion operators on Ap

α (BN) , the weighted Bergman space over the unit ball BN in CN . In this
setting, we show that there is no cancellation property for the compactness of double difference
of composition operators, which extends Koo-Wang’s results over the unit disk in [13]. In addi-
tion, we investigate the compactness and essential norm estimate of the differences of weighted
composition operators between weighted Bergman spaces.

1. Introduction

Let B = BN be the open unit ball of the complex N -space CN , ∂B the boundary
of B , D = B1 the open unit disk in the complex plane C . For z = (z1, . . . ,zN) and
w = (w1, . . . ,wN) in CN , the Hermitian inner product of z and w is denoted by

〈z,w〉 = z1w1 + . . .zNwN ,

and we write

|z| =
√
〈z,z〉 =

√
|z1|2 + . . . |zN |2.

Denote by H(B) the space of all holomorphic functions on B . Let S = S(B) be the
class of all holomorphic self-maps of B . Then, for each ϕ ∈ S and u ∈ H(B) , the
weighted composition operator induced by u and ϕ is given by

uCϕ f := u · f ◦ϕ , f ∈ H(B).

We can regard this operator as a generalization of a multiplication operator Mu induced
by u and a composition operator Cϕ induced by ϕ , where Mu f = u · f and Cϕ f =
f ◦ϕ .

The investigations of composition operators have increasingly become a major
driving force in the development of modern complex analysis. The main subject in
the study of composition operators is to describe operator theoretic properties of Cϕ in
terms of function theoretic properties of ϕ . We refer to books by Cowen and MacCluer
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[6] and Shapiro [19] for various aspects on the theory of composition operators acting
on some subclasses of H(B) .

We first recall our function spaces to work on.
For α > −1, put

dνα(z) := cα(1−|z|2)αdν(z)

where the constant cα := Γ(N+α+1)
N!Γ(α+1) is chosen so that να(B) = 1 and dν is the normal-

ized volume measure on B. Now, given 0 < p < ∞ , the α -weighted Bergman space
Ap

α(B) is the space of all f ∈ H(B) such that the “norm”

‖ f‖Ap
α

:=
{∫

B
| f (z)|pdνα(z)

} 1
p

is finite. As is well-known, for each α >−1, the space Ap
α(B) equipped with the norm

above is a Banach space for 1 � p < ∞ and a complete metric space for 0 < p < 1 with
respect to the translation-invariant metric ( f ,g) �→ ‖ f −g‖p

Ap
α
.

Recently, there has been an increasing interest in studying the compact differ-
ences for composition operators acting on different spaces of holomorphic functions.
In 2005, Moorhouse [15] considered the compact differences of composition opera-
tors acting on the standard weighted Bergman spaces and necessary conditions were
given on a large scale of weighted Dirichlet spaces. In 2012, Choe et al. [2] charac-
terized the compactness of differences of composition operators over polydisks which
was analogous to Moorhouse’s results. Then, the compact differences of composition
operators on the Bergman spaces over the ball were also investigated by Choe et al.
in [3]. Moreover, in [11], the authors studied the compactness of the difference of
two weighted composition operators acting from the weighted Bergman space to the
weighted type space in the unit disk. In [20], the authors generalized the results of
[11] to the unit ball. Motivated by the ideas of these investigations, in this paper, we
give sufficient and necessary conditions for compactness and essential norm estimate
of the differences of weighted composition operators between the weighted Bergman
spaces. For further results about compact differences on various settings, we refer to
[5, 7, 8, 9, 10, 12, 17, 18, 22, 21, 23] and references therein.

More generally, study on linear combinations of composition operators has been
a topic of growing interest. Krite and Moorhouse [14] first considered some gen-
eral results on compact linear combinations on A2

α(D). Recently, the compact linear
combinations of three composition operators on Ap

α(D) were completely characterized
by Koo-Wang in [13]. These results show a quite rigid behavior of compact linear
combinations of three composition operators in the sense that the double difference
cancellation is impossible. More precisely, for distinct Cϕ1 , Cϕ2 and Cϕ3 , the form
(Cϕ1 −Cϕ2)− (Cϕ3 −Cϕ1) is compact on Ap

α(D) if and only if both Cϕ1 −Cϕ2 and
Cϕ3 −Cϕ1 are individually compact. In this paper, we extend such result to the unit ball
setting under a suitable restriction on inducing maps using different techniques and the
restriction is automatically satisfied in the case of the disk. For further results on linear
combinations of composition operators on various settings, see [1, 3, 4, 10, 13, 14] and
references therein.
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Constants. In the rest of the paper, we use the same letter C to denote various positive
constants which may change at each occurrence. Variables indicating the dependency
of C will be often specified in a parenthesis. We use the notation X � Y or Y � X for
nonnegative quantities X and Y to mean X � CY for some constant C > 0. Similarly,
we use the notation X ≈ Y if both X � Y and Y � X hold.

2. Preliminaries

In this section, we will give some notation and recall some well-known results on
the weighted Bergman space Ap

α(B) in the sequel.

2.1. Pseudo-hyperbolic distance

Recall that for a ∈ B, the involutive automorphism of the unit ball B which inter-
changes 0 and a is given by

σa(z) =
a−Pa(z)
1−〈z,a〉 +

√
1−|a|2 Pa(z)− z

1−〈z,a〉 ,

where Pa, the orthogonal projection from CN onto the one dimensional complex line
generated by a , is defined as

Pa(z) =
〈z,a〉
|a|2 a if a 
= 0

and P0(z) = 0. More details about the automorphism of the unit ball can be found in
[24, Sections 1.2].

The pseudo-hyperbolic distance between z,w ∈ B is given by

ρ(z,w) := |σz(w)|.

It is well known that ρ(z,w) is a metric on B (see [24, Corollary 1.22]). By a straight
calculation, we obtain by [24, Lemma 1.2] that

1−ρ2(z,w) =
(1−|z|2)(1−|w|2)

|1−〈z,w〉|2 (1)

and
1−|z|2

|1−〈z,w〉| =
√

1−ρ2(z,w)

√
1−|z|2
1−|w|2 (2)

for z,w ∈ B. In particular, we have

ρ2(z,w) � 1−
(

1−|z|2
|1−〈z,w〉|

)2

for |w| � |z| (3)

which is quite useful for our purpose.
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Throughout the paper, we assume the maps ϕ j : B → B are holomorphic ( j ∈ N)
and ϕi 
= ϕ j if i 
= j. Let ρi j(z) = ρ(ϕi(z),ϕ j(z)) for i 
= j. From (1), it is easy to
observe that

1−ρ2
i j(z) =

(1−|ϕi(z)|2)(1−|ϕ j(z)|2)
|1−〈ϕi(z),ϕ j(z)〉|2 . (4)

The pseudo-hyperbolic ball centered at z ∈ B with radius r ∈ (0,1) is defined by

Dr(z) := {w ∈ B : ρ(z,w) < r}.
Then, for given 0 < r < 1 and α > −1, by [24, Lemma 1.23] we have

να [Dr(z)] ≈ (1−|z|2)N+1+α ,

where the constants suppressed in these estimates depend only on r , α and N . This
yields the sub-mean value type inequality:

| f (z)|p � C
(1−|z|2)N+α+1

∫
Dr(z)

| f (w)|pdνα(w), z ∈ B

for all f ∈H(B) , 0 < p < ∞ and some constant C =C(r,α); for more details, see [24,
Lemma 2.24]. In particular, we have

| f (z)|p � C
(1−|z|2)N+α+1 ‖ f‖p

Ap
α
, z ∈ B (5)

for all f ∈ Ap
α(B) .

The following lemma is a vital tool in the proof of our main results, see [20,
Lemma 4].

LEMMA 1. There exists a constant C > 0 such that∣∣∣∣(1−|z|2)N+α+1
p f (z)− (1−|w|2)N+α+1

p f (w)
∣∣∣∣ � C‖ f‖Ap

α
ρ(z,w)

for all f ∈ Ap
α(B) and for all z,w ∈ B.

2.2. Test functions

It is well known that if w ∈ B and c > 0 then∫
B

1
|1−〈z,w〉|N+1+α+c dνα(z) ≈ (1−|w|2)−c (6)

as |w| → 1− (see [6]). For w ∈ B , let τw be the function on B defined by

τw(z) :=
1

1−〈z,w〉 .
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Let α > −1 and s > 0. By (6), it follows that if ps > α +N +1,τs
w ∈ Ap

α . Also, when
ps > α +N +1, we have

‖τs
w‖p

Ap
α
≈ 1

(1−|w|2)ps−α−N−1 (7)

and thus

τs
w

‖τs
w‖Ap

α

→ 0 uniformly on compact subsets of B as |w| → 1.

2.3. Angular derivatives

Given ξ ∈ ∂B, a continuous function Λ(t) : [0,1) → B with lim
t→1

Λ(t) = ξ is said

to be a restricted ξ -curve, if

lim
t→1

|Λ(t)−〈Λ(t),ξ 〉ξ |2
1−|〈Λ(t),ξ 〉|2 = 0 and sup

0�t<1

|ξ −〈Λ(t),ξ 〉ξ |
1−|〈Λ(t),ξ 〉| < ∞.

We say that f : B → C has restricted limit at ξ , naturally denoted by f (ξ ), if
limt→1− f (Λ(t)) = f (ξ ) for every restricted ξ -curve Λ .

Let ϕ be a holomorphic self-map of B. We recall that ϕ has finite angular deriva-
tive at ξ ∈ ∂B , if there exists η ∈ ∂B so that

1−〈ϕ(z),η〉
1−〈z,ξ 〉

has finite restricted limit Aϕ(ξ ) at ξ .
In addition, we write ϕη := 〈ϕ ,η〉 for the coordinate of ϕ in the direction of

η ∈ ∂B and put Dξ = ∂
∂ξ as the directional derivative in the direction of ξ ∈ ∂B. The

following is the Julia-Carathéodory Theorem of the ball (see [6, Theorem 2.81]).

THEOREM 1. Let ϕ be a holomorphic self-map on B and ξ ∈ ∂B , the following
statements are equivalent:

(1) ϕ has finite angular derivative at ξ .

(2)

dϕ(ξ ) = liminf
z→ξ

1−|ϕ(z)|
1−|z| < ∞.

(3) ϕ has restricted limit η ∈ ∂B at ξ and Dξ ϕη (z) = 〈ϕ ′(z)ξ ,η〉 has finite re-
stricted limit at ξ .

Furthermore, when these conditions above hold, then

(4) Dξ ϕη(z) has restricted limit dϕ(ξ ) at ξ .
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(5) Aϕ(ξ ) = dϕ(ξ ).

Here we use the following notation:

Fi = {ξ ∈ ∂B : ϕi has a finite angular derivative at ξ},

where each ϕi : B → B is a holomorphic map.

2.4. Compact operator

It seems better to clarify the notion of compact operators, since the spaces under
consideration are not Banach spaces when 0 < p < 1. Suppose X and Y are topological
vector spaces whose topologies are induced by complete metrics. A continuous linear
operator T : X → Y is said to be compact if the image of every bounded sequence in
X has a subsequence that converges in Y . If T : X → Y is a bounded linear operator,
then the essential norm of the operator T : X → Y , denoted by ‖T‖e,X→Y , is defined as
follows:

‖T‖e,X→Y = inf{‖T −K‖X→Y : K is compact from X to Y},
where ‖ · ‖X→Y denotes the operator norm. Since the set of all compact operators is
a closed subset of the space of bounded operators, it is obvious that the operator T is
compact if and only if ‖T‖e,X→Y = 0.

We have the following convenient compactness criterion for a linear combination
of composition operators acting on the weighted Bergman spaces.

LEMMA 2. Let α,β > −1 and 0 < p,q < ∞. Assume that Y is either Ap
α(B)

or Aq
β (B). Let T : Ap

α(B) → Y be a linear combination of composition operators and

suppose that T is bounded on Ap
α(B) . Then T is compact if and only if T fk → 0 in

Y for any bounded sequence { fk} in Ap
α(B) satisfying fk → 0 uniformly on compact

subsets of B.

A proof can be found in [6, Proposition 3.11] for composition operators on a Hardy
space over the unit disk and it can be easily modified for the operator T on Ap

α(B).
The following compact difference characterization is due to Choe et al. [3].

THEOREM 2. Let α > β > −1 , 0 < p,q < ∞ and ϕ1,ϕ2 ∈ S . Suppose that Cϕ1

and Cϕ2 are bounded on Aq
β (B). Then Cϕ1 −Cϕ2 : Ap

α(B) → Ap
α(B) is compact if and

only if

lim
|z|→1

ρ12(z)
(

1−|z|2
1−|ϕ1(z)|2 +

1−|z|2
1−|ϕ2(z)|2

)
= 0.

In addition, the following theorem for the sum operators is also proved in [3].

THEOREM 3. Let 0 < p,q < ∞ and α > β > −1. Assume that ϕi ∈ S and Cϕi

are bounded on Aq
β (B) for i = 1,2, . . . ,n. Then Cϕ1 −∑n

j=2Cϕ j : Ap
α(B) → Ap

α(B) is
compact if and only if
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(1) F2, . . . ,Fn are pairwise disjoint and F1 = ∪n
j=2Fj;

(2) lim
z→ξ

ρ1 j(z)(
1−|z|2

1−|ϕ1(z)|2 + 1−|z|2
1−|ϕ j(z)|2 ) = 0, for all ξ ∈ Fj and for j = 2,3, . . . ,n.

There is certain coefficient relation for T , a general linear sum of composition opera-
tors, to be compact on Ap

α(B) . In order to describe the result, throughout the paper, we
need to introduce the following notation. For each ξ ,η ∈ ∂B , let

Fi(η) = {ξ ∈ ∂B : ξ ∈ Fi and ϕi(ξ ) = η}, (8)

and
Γξ ,η = { j : ξ ∈ Fj(η)}. (9)

In addition, for s > 0, put

Γξ ,η,s = { j : ξ ∈ Fj(η),dϕ j (ξ ) = s}. (10)

The coefficient relation is as follows, see [3, Corollary 3.6].

THEOREM 4. Let α >−1 and 0 < p < ∞. Suppose that ϕi ∈ S for i = 1,2, . . . ,n.
If T = ∑n

i=1 aiCϕi : Ap
α(B) → Ap

α(B) is compact, then

∑
j∈Γξ ,η,s

a j = 0 (11)

for all ζ ,η ∈ ∂B and s > 0.

3. Main results

3.1. Cancellation properties of composition operators

In this subsection we first characterize the compactness of a linear combination of
three composition operators on Ap

α(B) which extends the result in the unit disk case
[13]. Moreover, we investigate the cancellation property of composition operators on
Ap

α(B) .

THEOREM 5. Let α > β > −1 and 0 < p,q < ∞. Assume that ai ∈ C\0 , ϕi ∈ S
and Cϕi is bounded on Aq

β (B) but not compact on Ap
α(B) for each i = 1,2,3. If T :=

∑3
i=1 aiCϕi is compact on Ap

α(B), then one of the following holds:

(i) T = ai(Cϕi −Cϕ j −Cϕk) .

(ii) T = ai(Cϕi −Cϕ j)+ak(Cϕk −Cϕ j) .

Here, (i, j,k) is some permutation of (1,2,3).
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Proof. According to the assumption, if T :=
3
∑
i=1

aiCϕi is compact, then ∑
j∈Γξ ,η,s

a j =

0 for all ζ ,η ∈ ∂B by (11). Then,

∑
j∈Γξ ,η

a j = 0. (12)

We let |Γξ ,η | be the number of elements of the set Γξ ,η .
First, we claim that |Γξ ,η | 
= 1 for all ξ ,η ∈ ∂B by (12) because a j 
= 0 for all

j = 1,2,3. Thus, we conclude that |Γξ ,η | ∈ {0,2,3} for all ξ ,η ∈ ∂B.
Now we assume that |Γξ ,η | = 3 for some ξ ,η ∈ ∂B, then Γξ ,η = {i, j,k} which

implies ai +a j +ak = 0 by (12). Thus, T = ai(Cϕi −Cϕ j)+ak(Cϕk −Cϕ j ) is obtained.
Next, suppose |Γξ ,η | ∈ {0,2} for all ξ ,η ∈ ∂B . If |Γξ ,η | = 0 for all ξ ,η which

means the angular derivative of ϕ j does not exist at all ξ ∈ ∂B for all j = 1,2,3.
Since Cϕ j are bounded on Aq

β (B) for α > β > −1, it follows from [25] that each Cϕ j

is compact on Ap
α(B) for all j = 1,2,3. This contradicts our assumption. Consequently,

there exist some ξ ,η ∈ ∂B such that

|Γξ ,η | = 2.

Without loss of generality, we may suppose that Γξ ,η = {i, j}. Then, by (12) we have

ai +a j = 0. (13)

Since k /∈ Γξ ,η , there are two possibilities:

(a) the angular derivative of ϕk does not exist at ξ ;

(b) ϕk has finite angular derivative at ξ but ϕk(ξ ) 
= η .

If (b) holds, we have that ak = 0 by (12) and this is a contradiction to the fact that ak 
=
0. Thus, (a) holds, i.e., the angular derivative of ϕk does not exist at ξ . Since Cϕk is
not compact, the angular derivative of ϕk exists at some other point ξ ′ . Then, it follows
that k ∈ Γξ ′,ϕk(ξ ′) and |Γξ ′,ϕk(ξ ′)| = 2. Thus, we deduce from (12) that ak +ai = 0 or
ak +a j = 0.

Consequently, we have T = ai(Cϕi −Cϕ j −Cϕk) or T = a j(Cϕ j −Cϕi −Cϕk). This
completes the proof. �

The compactness of the case (i) of Theorem 5 is characterized by Theorem 3. The
following and Theorem 2 completely characterize the compactness of the case (ii) of
Theorem 5.

THEOREM 6. Let α > β > −1, and 0 < p,q < ∞. Assume that ϕi ∈ S, Cϕi is
bounded on Aq

β (B) and not compact on Ap
α(B) for each i = 1,2,3. Let a,b∈C\0 and

a+b 
= 0. Then T := a(Cϕ2 −Cϕ1)+b(Cϕ3 −Cϕ1) is compact on Ap
α(B) if and only if

both Cϕ2 −Cϕ1 and Cϕ3 −Cϕ1 are compact on Ap
α(B).
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Proof. The sufficiency is trivial and it only needs to show the necessity. Suppose
T := a(Cϕ2 −Cϕ1)+b(Cϕ3 −Cϕ1) is compact. We will obtain a contradiction if either
Cϕ2 −Cϕ1 or Cϕ3 −Cϕ1 is not compact. Without loss of generality, we assume Cϕ2 −Cϕ1

is not compact.
Since Cϕ2 −Cϕ1 is not compact, due to Theorem 2, there exist ε > 0 and a se-

quence {zn} ⊂ B such that zn → ∂B (n → ∞) and

(
1−|zn|2

1−|ϕ1(zn)|2 +
1−|zn|2

1−|ϕ2(zn)|2
)

ρ12(zn) � ε. (14)

For each i = 1,2,3, Since

1−|ϕi(z)|2
1−|z|2 � 1−|ϕi(0)|

1+ |ϕi(0)| , z ∈ B (15)

by the Schwarz-Pick Lemma (see [16, Theorem 8.1.4] ) the sequence { 1−|zn|2
1−|ϕi(zn)|2 } is

bounded. Due to the fact that ρ12 � 1, taking ε small enough if necessary, then it
follows from (14) that

ρ12(zn) � ε (16)

and

M1(zn) :=
1−|zn|2

1−|ϕ1(zn)|2 � ε

or

M2(zn) :=
1−|zn|2|

1−|ϕ2(zn)|2 � ε.

Without loss of generality, suppose that M2(zn) � ε (the proof for the case M1(zn)
� ε is similar). Then 1− |zn|2 ≈ 1− |ϕ2(zn)|2. For j = 1,2,3, note that g j,n(z) :=
τk

ϕ j(zn)
(z) = 1

(1−〈z, ϕ j(zn)〉)k with pk > α +N +1. For i, j = 1,2,3, i 
= j, put

xi
j,n =

1−|ϕi(zn)|2
1−〈ϕ j(zn),ϕi(zn)〉 .

It is clear to notice that

|xi
j,n| =

∣∣∣∣ 1−|ϕi(zn)|2
1−〈ϕ j(zn),ϕi(zn)〉

∣∣∣∣
� 1−|ϕi(zn)|2

1−|ϕi(zn)|
� 2.

(17)
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Meanwhile, from (4) we have

|xi
j,n|2 =

(1−|ϕi(zn)|2)2

|1−〈ϕ j(zn),ϕi(zn)〉|2

= (1−ρ2
i j(zn))

1−|ϕi(zn)|2
1−|ϕ j(zn)|2

� 1−|ϕi(zn)|2
1−|ϕ j(zn)|2 .

(18)

By the submean value property, for j = 1,2,3, we have

|Tg j,n(zn)|p � 1
(1−|zn|2)α+N+1

∫
Dr(zn)

|Tg j,n(z)|pdvα(z)

�
‖Tg j,n(z)‖p

Ap
α

(1−|zn|2)α+N+1 . (19)

Accordingly, using the fact that 1−|zn|2 ≈ 1−|ϕ2(zn)|2 and (18), we get that

‖Tg2,n(z)‖p
Ap

α

‖g2,n(z)‖p
Ap

α

� (1−|ϕ2(zn)|2)pk−α−N−1(1−|zn|2)α+N+1|Tg2,n(zn)|p

� |a|p
∣∣∣∣1− a+b

a

(
1−〈ϕ2(zn),ϕ2(zn)〉
1−〈ϕ1(zn),ϕ2(zn)〉

)k

+
b
a

(
1−〈ϕ2(zn),ϕ2(zn)〉
1−〈ϕ3(zn),ϕ2(zn)〉

)k∣∣∣∣
p

(20)

�
[
1−

∣∣∣∣a+b
a

∣∣∣∣
∣∣∣∣1−〈ϕ2(zn),ϕ2(zn)〉
1−〈ϕ1(zn),ϕ2(zn)〉

∣∣∣∣
2· k2

−
∣∣∣∣ba

∣∣∣∣
∣∣∣∣1−〈ϕ2(zn),ϕ2(zn)〉
1−〈ϕ3(zn),ϕ2(zn)〉

∣∣∣∣
2· k2 ]p

�
[
1−

∣∣∣∣a+b
a

∣∣∣∣
∣∣∣∣1−|ϕ2(zn)|2
1−|ϕ1(zn)|2

∣∣∣∣
k
2

−
∣∣∣∣ba

∣∣∣∣
∣∣∣∣1−|ϕ2(zn)|2
1−|ϕ3(zn)|2

∣∣∣∣
k
2
]p

. (21)

We now claim that
|ϕ1| > |ϕ2|. (22)

Indeed, if (22) fails, it follows from (3) and (4) that

ρ2
12(zn) � 1−

(
(1−|ϕ2(zn)|2

|1−〈ϕ1(zn),ϕ2(zn)〉|
)2

= 1−|x2
1,n|2.

Then
|x2

1,n| � 1.

Therefore, if limsup
n→∞

|x2
1,n| = 1 then

liminf
n→∞

ρ12(zn) � 0
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which contradicts (16). Thus, we obtain limsup
n→∞

|x2
1,n| � 1. Therefore, we deduce from

(20) that b
a = −1, namely, a+b = 0, which contradicts our assumption a+b 
= 0. So

our claim is true.
Thus, by (22) we have that

ρ2
12(zn) � 1−

(
(1−|ϕ1(zn)|2

|1−〈ϕ1(zn),ϕ2(zn)〉|
)2

= 1−|x1
2,n|2.

If limsup
n→∞

|x1
2,n| = 1 holds, then there exists some subsequence {znk} such that

liminf
n→∞

ρ12(znk ) � 0

which contradicts (16). Thus, we obtain limsup
n→∞

|x1
2,n| � 1.

By (7) and M2(zn) � ε , we obtain that

|g2,n(z)|
‖g2,n(z)‖Ap

α

≈ (1−|ϕ2(zn)|2)
pk−α−N−1

p

|1−〈z,ϕ2(zn)〉|k � (1−|zn|2)
pk−α−N−1

p

|1−〈z,ϕ2(zn)〉|k . (23)

Hence,
g2,n

‖g2,n‖Ap
α

→ 0 uniformly on compact subsets of B as n → ∞.

Since T is compact, then we get
‖Tg2,n(z)‖p

Ap
α

‖g2,n(z)‖p

Ap
α

→ 0, (n → ∞). Therefore, due to (21)

and the fact that 1−|zn|2 ≈ 1−|ϕ2(zn)|2 , at least one of M1(zn) and M3(zn) does not
converge to 0.

Assume M3(zn) � 0 but M1(zn) → 0. Then M2(zn),M3(zn) � C but M1(zn) → 0
for some subsequence, which we still denote by {zn}. Then 1− |zn|2 ≈ 1− |ϕ3(zn)|2
and 1−|zn|2

1−|ϕ1(zn)|2 → 0. Similar to (23), we obtain that

g3,n

‖g3,n‖Ap
α

→ 0 uniformly on compact subsets of B as n → ∞.

By (19) and M3(zn) � C, we get

‖Tg3,n(z)‖p
Ap

α

‖g3,n(z)‖p
Ap

α

� (1−|ϕ3(zn)|2)pk−α−N−1(1−|zn|2)α+N+1|Tg3,n(zn)|p

� |b|p
∣∣∣∣1− a+b

b

(
1−|ϕ3(zn)|2

1−〈ϕ1(zn),ϕ3(zn)〉
)k

+
a
b

(
1−|ϕ3(zn)|2

1−〈ϕ2(zn),ϕ3(zn)〉
)k∣∣∣∣

p

�
∣∣∣∣1− a+b

b
(x3

1,n)
k +

a
b
(x3

2,n)
k

∣∣∣∣
p

. (24)
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Since T is compact, we obtain
‖Tg3,n(z)‖p

Ap
α

‖g3,n(z)‖p

A
p
α

→ 0, (n → ∞). From (18), we have

|x3
1,n|2 � 1−|ϕ3(zn)|2

1−|ϕ1(zn)|2 ≈
1−|zn|2

1−|ϕ1(zn)|2 = M1(zn),

which implies x3
1,n → 0 as n → ∞. Then, it follows from (24) that

1+
a
b
(x3

2,n)
k = 1+

a
b

(
1−|ϕ3(zn)|2

1−〈ϕ2(zn),ϕ3(zn)〉
)k

→ 0.

Note that this holds for any pk > α +N +1 which implies a+b = 0. This contradicts
the assumption a+b 
= 0. Consequently, M1(zn) � 0. By the same argument we have
a contradiction if M1(zn) � 0 but M3(zn) → 0. Thus, we conclude that there exists a
subsequence of {zn}, for convenience, we still use the same notation {zn} such that
Mi(zn) � C for all i = 1,2,3.

Together (19) with M1(zn) � C, we have that

‖Tg1,n(z)‖p
Ap

α

‖g1,n(z)‖p
Ap

α

� (1−|ϕ1(zn)|2)pk−α−N−1(1−|zn|2)α+N+1|Tg1,n(zn)|p

�
∣∣∣∣ a
a+b

(
1−|ϕ1(zn)|2

1−〈ϕ2(zn),ϕ1(zn)〉
)k

+
b

a+b

(
1−|ϕ1(zn)|2

1−〈ϕ3(zn),ϕ1(zn)〉
)k

−1

∣∣∣∣
p

=
∣∣∣∣ a
a+b

(x1
2,n)

k +
b

a+b
(x1

3,n)
k −1

∣∣∣∣
p

.

Taking a subsequence of {zn} if necessary, we obtain that

g1,n

‖g1,n‖Ap
α

→ 0 uniformly on compact subsets of B as n → ∞.

Since T is compact, we have
‖Tg1,n(z)‖p

Ap
α

‖g1,n(z)‖p

Ap
α

→ 0, (n → ∞) for all pk > α +N +1. Then

a
a+b

(x1
2,n)

k +
b

a+b
(x1

3,n)
k −1 → 0.

Since limsup
n→∞

|x1
2,n| � 1, it follows that b

a+b − 1 = 0. But then a = 0 which contra-

dicts our assumption. Therefore, the compactness of T = a(Cϕ2 −Cϕ1)+b(Cϕ3 −Cϕ1)
implies that both Cϕ2 −Cϕ1 and Cϕ3 −Cϕ1 are compact. We completes the proof. �

Especially, the following useful corollary shows that there is no cancellation prop-
erty for the compactness of double difference of composition operators under a suitable
restriction on inducing maps, which is automatically satisfied in the case of the disk
[13].
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COROLLARY 1. Let α > β >−1, and 0 < p,q < ∞. Suppose that Cϕi is bounded
on Aq

β (B) and not compact on Ap
α(B) for each i = 1,2,3. Then, T := (Cϕ1 −Cϕ2)−

(Cϕ3 −Cϕ1) is compact on Ap
α(B) if and only if both Cϕ1 −Cϕ2 and Cϕ3 −Cϕ1 are

compact on Ap
α(B).

3.2. Difference of weighted composition operators

Recently, Jiang-Stevic in [11], characterized the compact differences of two weigh-
ted composition operators from the weighted Bergman space to the weighted type space
in the unit disk. Motivated by the idea of [11], in this section, we discuss the compact-
ness and essential norm estimate of the differences of weighted composition operators
between the weighted Bergman spaces on the unit ball.

THEOREM 7. Let 0 < p,q < ∞ , α , β > −1 , ϕ1 , ϕ2 ∈ S and u1 , u2 ∈ H(B) .
Assume that u1Cϕ1 ,u2Cϕ2 : Ap

α → Aq
β are bounded. The operator u1Cϕ1 −u2Cϕ2 : Ap

α →
Aq

β is compact, then the following conditions hold

lim
|ϕ1(z)|→1

|u1(z)|(1−|z|2) β+N+1
q

(1−|ϕ1(z)|2)
α+N+1

p

ρ12(z) = 0; (25)

lim
|ϕ2(z)|→1

|u2(z)|(1−|z|2) β+N+1
q

(1−|ϕ2(z)|2)
α+N+1

p

ρ12(z) = 0; (26)

lim
|ϕ1(z)|,|ϕ2(z)|→1

∣∣∣∣u1(z)(1−|z|2) β+N+1
q

(1−|ϕ1(z)|2)
α+N+1

p

− u2(z)(1−|z|2) β+N+1
q

(1−|ϕ2(z)|2)
α+N+1

p

∣∣∣∣ = 0. (27)

Proof. Let {zn} be a sequence of points in B such that ϕ1(zn) → 1 as n → ∞.
Define the test function

fn(z) =
(1−|ϕ1(zn)|2)

α+N+1
p

(1−〈z,ϕ1(zn)〉)
2(α+N+1)

p

· 〈σϕ2(zn)(z),σϕ2(zn)(ϕ1(zn))〉
|σϕ2(zn)(ϕ1(zn))|

when ϕ1(zn) 
= ϕ2(zn). Note that

fn(ϕ1(zn)) =
ρ12(zn)

(1−|ϕ1(zn)|2)
α+N+1

p

, fn(ϕ2(zn)) = 0. (28)

We can easily prove that fn(z)∈Ap
α with ‖ fn‖Ap

α
� 1 for all n. Clearly, fn converges to

0 uniformly on compact subsets of B as n→∞. By the compactness of u1Cϕ1 −u2Cϕ2 :
Ap

α → Aq
β and Lemma 2, it follows that ‖(u1Cϕ1 − u2Cϕ2) fn‖Aq

β
→ 0, n → ∞. On the
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other hand, by the submean value property and (28) we have

‖(u1Cϕ1 −u2Cϕ2) fn‖Aq
β

�
(∫

Dr(zn)
|(u1Cϕ1 −u2Cϕ2) fn(z)|qdνβ (z)

) 1
q

� (1−|zn|2)
β+N+1

q |(u1Cϕ1 −u2Cϕ2) fn(zn)|
= (1−|zn|2)

β+N+1
q |u1(zn) fn(ϕ1(zn))−u2(zn) fn(ϕ2(zn))|

=
|u1(zn)|(1−|zn|2)

β+N+1
q

(1−|ϕ1(zn)|2)
α+N+1

p

ρ12(zn).

(29)

Letting n → ∞ in (29), it follows that (25) holds. The condition (26) holds by similar
arguments.

Now we need only show that the condition (27) holds. Assume that {zn} is a
sequence of points in B such that |ϕ1(zn)| → 1 and |ϕ2(zn)| → 1 as n → ∞. Take the
test function

gn(z) =
(1−|ϕ2(zn)|2)

α+N+1
p

(1−〈z,ϕ2(zn)〉)
2(α+N+1)

p

.

Note that

gn(ϕ2(zn)) =
1

(1−|ϕ2(zn)|2)
α+N+1

p

. (30)

It is easy to check that gn(z) converges to 0 uniformly on compact subsets of B as n→
∞ and gn(z) ∈ Ap

α with ‖gn‖Ap
α

� 1 for all n. By Lemma 2, we obtain that ‖(u1Cϕ1 −
u2Cϕ2)gn‖Aq

β
→ 0, n → ∞. Then by the submean value property and (30) we have

‖(u1Cϕ1 −u2Cϕ2)gn‖Aq
β

�
(∫

Dr(zn)
|(u1Cϕ1 −u2Cϕ2)gn(z)|qdνβ (z)

) 1
q

� (1−|zn|2)
β+N+1

q |(u1Cϕ1 −u2Cϕ2)gn(zn)|
= (1−|zn|2)

β+N+1
q |u1(zn)gn(ϕ1(zn))−u2(zn)gn(ϕ2(zn))|

= |I(zn)+ J(zn)|
(31)

where

I(zn) = (1−|ϕ2(zn)|2)
α+N+1

p gn(ϕ2(zn))
[
u1(zn)(1−|zn|2)

β+N+1
q

(1−|ϕ1(zn)|2)
α+N+1

p

−u2(zn)(1−|z|2) β+N+1
q

(1−|ϕ2(zn)|2)
α+N+1

p

]

=
u1(zn)(1−|zn|2)

β+N+1
q

(1−|ϕ1(zn)|2)
α+N+1

p

− u2(zn)(1−|z|2) β+N+1
q

(1−|ϕ2(zn)|2)
α+N+1

p
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and

J(zn) =
u1(zn)(1−|zn|2)

β+N+1
q

(1−|ϕ1(zn)|2)
α+N+1

p

[(1−|ϕ1(zn)|2)
α+N+1

p gn(ϕ1(zn))

− (1−|ϕ2(zn)|2)
α+N+1

p gn(ϕ2(zn))].

By Lemma 1 and the condition (25) that has been proved, we obtain

|J(zn)| � ‖gn‖Ap
α

|u1(zn)|(1−|zn|2)
β+N+1

q

(1−|ϕ1(zn)|2)
α+N+1

p

ρ12(zn) → 0, |ϕ1(zn)| → 1. (32)

Together (31) with (32), we obtain that I(zn)→ 0 as n→∞. This shows that (27) holds.
The proof is complete. �

THEOREM 8. Let 0 < p,q < ∞ , α , β > −1 , ϕ1 , ϕ2 ∈ S and u1 , u2 ∈ H(B).
Assume that u1Cϕ1 , u2Cϕ2 : Ap

α → Aq
β are bounded. Then the operator u1Cϕ1 −u2Cϕ2 :

Ap
α → Aq

β is compact, if the following conditions hold

(a) lim
r→1

∫
|ϕ1(z)|>r

∣∣∣∣ u1(z)

(1−|ϕ1(z)|2)
N+α+1

p
ρ12(z)

∣∣∣∣
q

dνβ (z) = 0;

(b) lim
r→1

∫
|ϕ2(z)|>r

∣∣∣∣ u2(z)

(1−|ϕ2(z)|2)
N+α+1

p
ρ12(z)

∣∣∣∣
q

dνβ (z) = 0;

(c) lim
r→1

∫
min{|ϕ1(z)|,|ϕ2(z)|}>r

∣∣∣∣ u1(z)

(1−|ϕ1(z)|2)
N+α+1

p
− u2(z)

(1−|ϕ2(z)|2)
N+α+1

p

∣∣∣∣
q

dνβ (z) = 0.

Proof. Suppose that the conditions (a)–(c) hold. For any ε > 0, there exists 0 <
r < 1 such that

∫
|ϕ1(z)|>r

∣∣∣∣ u1(z)

(1−|ϕ1(z)|2)
N+α+1

p

ρ12(z)
∣∣∣∣
q

dνβ (z) � ε; (33)

∫
|ϕ2(z)|>r

∣∣∣∣ u2(z)

(1−|ϕ2(z)|2)
N+α+1

p

ρ12(z)
∣∣∣∣
q

dνβ (z) � ε; (34)

∫
min{|ϕ1(z)|,|ϕ2(z)|}>r

∣∣∣∣ u1(z)

(1−|ϕ1(z)|2)
N+α+1

p

− u2(z)

(1−|ϕ2(z)|2)
N+α+1

p

∣∣∣∣
q

dνβ (z) � ε. (35)

Now, let { fn} be a sequence in Ap
α such that ‖ fn‖Ap

α
� 1 and fn → 0 uniformly on

compact subsets of B. By using Lemma 2, we only need to show that

‖(u1Cϕ1 −u2Cϕ2) fn‖Aq
β
→ 0 as n → ∞.
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Since

‖(u1Cϕ1 −u2Cϕ2) fn‖Aq
β

=
(∫

B
|u1(z) fn(ϕ1(z))−u2(z) fn(ϕ2(z))|qdνβ (z)

) 1
q

�
(∫

|ϕ1(z)|>r
|u1(z) fn(ϕ1(z))−u2(z) fn(ϕ2(z))|qdνβ (z)

) 1
q

+
(∫

|ϕ2(z)|>r
|u1(z) fn(ϕ1(z))−u2(z) fn(ϕ2(z))|qdνβ (z)

) 1
q

+
(∫

max{|ϕ1(z)|,|ϕ2(z)|}�r
|u1(z) fn(ϕ1(z))−u2(z) fn(ϕ2(z))|qdνβ (z)

) 1
q

=: In,1(r)+ In,2(r)+ In,3(r).

We first estimate In,1(r) and In,2(r) . By (5) and Lemma 1, we have that

In,1(r) =
(∫

|ϕ1(z)|>r
|u1(z) fn(ϕ1(z))−u2(z) fn(ϕ2(z))|qdνβ (z)

) 1
q

�
(∫

|ϕ1(z)|>r

∣∣∣∣ u1(z)

(1−|ϕ1(z)|2)
N+α+1

p

[(1−|ϕ1(z)|2)
N+α+1

p fn(ϕ1(z))

− (1−|ϕ2(z)|2)
N+α+1

p fn(ϕ2(z))]
∣∣∣∣
q

dνβ (z)
) 1

q

+
(∫

|ϕ1(z)|>r

∣∣∣∣
[

u1(z)

(1−|ϕ1(z)|2)
N+α+1

p

− u2(z)

(1−|ϕ2(z)|2)
N+α+1

p

]
(1−|ϕ2(z)|2)

N+α+1
p fn(ϕ2(z))

∣∣∣∣
q

dνβ (z)
) 1

q

�
(∫

|ϕ1(z)|>r

∣∣∣∣ u1(z)

(1−|ϕ1(z)|2)
N+α+1

p

ρ12(z)
∣∣∣∣
q

dνβ (z)
) 1

q

+
(∫

|ϕ1(z)|>r

∣∣∣∣ u1(z)

(1−|ϕ1(z)|2)
N+α+1

p

− u2(z)

(1−|ϕ2(z)|2)
N+α+1

p

∣∣∣∣
q

dνβ (z)
) 1

q

.

We divide it into two subcases:
Case 1: |ϕ2(z)| � r. Note that { fn} converges to zero uniformly on E = {w :

|w| � r} as n → ∞. It follows from the boundedness of uiCϕi : Ap
α → Aq

β for i = 1,2
that ∫

|ϕ1(z)|>r

∣∣∣∣
(

u1(z)

(1−|ϕ1(z)|2)
N+α+1

p

− u2(z)

(1−|ϕ2(z)|2)
N+α+1

p

)

×(1−|ϕ2(z)|2)
N+α+1

p fn(ϕ2(z))
∣∣∣∣
q

dνβ (z) � ε.
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Thus, by (34), we obtain that

lim
n→∞

In,1(r) �
(∫

|ϕ1(z)|>r

∣∣∣∣ u1(z)

(1−|ϕ1(z)|2)
N+α+1

p

ρ12(z)
∣∣∣∣
q

dνβ (z)
) 1

q

� ε. (36)

Case 2: |ϕ2(z)| > r. By (33) and (35) we have

lim
n→∞

In,1(r) �
(∫

|ϕ1(z)|>r

∣∣∣∣ u1(z)

(1−|ϕ1(z)|2)
N+α+1

p

ρ12(z)
∣∣∣∣
q

dνβ (z)
) 1

q

+
(∫

min{|ϕ1(z)|,|ϕ2(z)|}>r

∣∣∣∣ u1(z)

(1−|ϕ1(z)|2)
N+α+1

p

− u2(z)

(1−|ϕ2(z)|2)
N+α+1

p

∣∣∣∣
q

dνβ (z)
) 1

q

� ε.

(37)

Then, by (36) and (37), we obtain that limn→∞ In,1(r) = 0. By a similar argument, we
have limn→∞ In,2(r) = 0.

We now estimate In,3(r). By the assumption, u1Cϕ1 ,u2Cϕ2 : Ap
α →Aq

β are bounded,

we have that u1 ∈ Aq
β and u2 ∈ Aq

β . Note that { fn} converges to zero uniformly on
E = {w : |w| � r} as n → ∞, thus it is easy to check that In,3(r) → 0,n → ∞ uniformly
for all z with |ϕ1(z)| � r and |ϕ2(z)| � r.

Together with the above estimates, we conclude that ‖(u1Cϕ1 −u2Cϕ2) fn‖Aq
β

� ε

for sufficiently large n which implies that u1Cϕ1 −u2Cϕ2 : Ap
α → Aq

β is compact. �

The following gives an essential norm estimate for the difference of weighted com-
position operators.

THEOREM 9. Let 0 < p,q < ∞ , α , β >−1 , ϕ1 , ϕ2 ∈ S and u1 , u2 ∈H(B). As-
sume that u1Cϕ1 , u2Cϕ2 : Ap

α → Aq
β are bounded. Then we have the following estimate:

‖u1Cϕ1 −u2Cϕ2‖q
e,Ap

α→Aq
β

� max{(i), (ii), (iii)}

where

(i) : lim
r→1

∫
|ϕ1(z)|>r

∣∣∣∣ u1(z)

(1−|ϕ1(z)|2)
N+α+1

p
ρ12(z)

∣∣∣∣
q

dνβ (z);

(ii) : lim
r→1

∫
|ϕ2(z)|>r

∣∣∣∣ u2(z)

(1−|ϕ2(z)|2)
N+α+1

p
ρ12(z)

∣∣∣∣
q

dνβ (z);

(iii) : lim
r→1

∫
min{|ϕ1(z)|,|ϕ2(z)|}>r

∣∣∣∣ u1(z)

(1−|ϕ1(z)|2)
N+α+1

p
− u2(z)

(1−|ϕ2(z)|2)
N+α+1

p

∣∣∣∣
q

dνβ (z).

Proof. Consider the operators on H(B) defined by

Pk( f )(z) = f
( k

k+1
z
)
, k ∈ N.
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It is well known that they are continuous with respect to the compact open topology
and that Pk( f ) → f pointwise on compact sets of B as k → ∞. Since the integral

Mp( f ,r) =
(∫

∂B
| f (rξ )|pdσ(ξ )

) 1
p

increases in r and ∫
B

f (z)dv(z) = 2n
∫ 1

0
r2n−1dr

∫
∂B

f (rξ )dσ(ξ ),

it follows that

‖Pk( f )‖p
Ap

α
=

∫
B
|Pk f (z)|pdνα(z)

=
∫

B
cα | f ( k

k+1
z)|p(1−|z|2)αdν(z)

= cα2n
∫ 1

0
r2n−1(1− r2)αdr

∫
∂B

| f (r k
k+1

ξ )|pdσ(ξ )

� cα2n
∫ 1

0
r2n−1(1− r2)αdr

∫
∂B

| f (rξ )|pdσ(ξ )

= ‖ f‖p
Ap

α
.

Thus, we obtain that ‖Pk( f )‖Ap
α

� ‖ f‖Ap
α
, k ∈ N, which means that supk∈N ‖Pk‖Ap

α→Ap
α

� 1.
Moreover, it is clear that the operators (Pk)k∈N are also compact on Ap

α . Let f ∈
Ap

α such that ‖ f‖Ap
α

� 1. Put

gk := (I−Pk) f , k ∈ N.

Then clearly gk ∈ Ap
α , k ∈ N and supk∈N ‖gk‖Ap

α
� 2.

It is easy to see that for each f ∈ H(B), limk→∞(I−Pk) f = 0 and the space H(B)
endowed with compact open topology c0 is a Fréchet space. Therefore, it follows by
Banach-Steinhaus theorem, (I −Pk) f converges to zero uniformly on compact sets of
(H(B),c0). Let r ∈ (0,1) be fixed. Since the unit ball Ap

α is a compact subset of
(H(B),c0), then

lim
k→∞

sup
‖ f‖

Ap
α

�1
sup
|ξ |�r

|(I−Pk)( f )(ξ )| = 0. (38)

We have that

‖u1Cϕ1 −u2Cϕ2‖q
e,Ap

α→Aq
β

� sup
‖ f‖

Ap
α

�1
‖(u1Cϕ1 −u2Cϕ2)gk‖q

Aq
β

� sup
‖ f‖

A
p
α

�1

∫
|ϕ1(z)|>r

|u1(z)gk(ϕ1(z))−u2(z)gk(ϕ2(z))|qdνβ (z)
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+ sup
‖ f‖Ap

α
�1

∫
|ϕ2(z)|>r

|u1(z)gk(ϕ1(z))−u2(z)gk(ϕ2(z))|qdνβ (z)

+ sup
‖ f‖

Ap
α

�1

∫
max{|ϕ1(z)|,|ϕ2(z)|}�r

|u1(z)gk(ϕ1(z))−u2(z)gk(ϕ2(z))|qdνβ (z)

= Ik,1(r)+ Ik,2(r)+ Ik,3(r).

First we estimate Ik,1(r). By (5) and Lemma 1, with the fact that supk∈N ‖gk‖Ap
α

�
2, we obtain∫

|ϕ1(z)|>r
|u1(z)gk(ϕ1(z))−u2(z)gk(ϕ2(z))|qdνβ (z)

�
∫
|ϕ1(z)|>r

∣∣∣∣ u1(z)

(1−|ϕ1(z)|2)
N+α+1

p

[(1−|ϕ1(z)|2)
N+α+1

p gk(ϕ1(z))

− (1−|ϕ2(z)|2)
N+α+1

p gk(ϕ2(z))]
∣∣∣∣
q

dνβ (z)

+
∫
|ϕ1(z)|>r

∣∣∣∣(1−|ϕ2(z)|2)
N+α+1

p gk(ϕ2(z))

×
[

u1(z)

(1−|ϕ1(z)|2)
N+α+1

p

− u2(z)

(1−|ϕ2(z)|2)
N+α+1

p

]∣∣∣∣
q

dνβ (z) (39)

�
∫
|ϕ1(z)|>r

∣∣∣∣ u1(z)

(1−|ϕ1(z)|2)
N+α+1

p

ρ12(z)
∣∣∣∣
q

dνβ (z)

+2
∫
|ϕ1(z)|>r

∣∣∣∣ u1(z)

(1−|ϕ1(z)|2)
N+α+1

p

− u2(z)

(1−|ϕ2(z)|2)
N+α+1

p

∣∣∣∣
q

dνβ (z). (40)

By the boundedness of u1Cϕ1 , u2Cϕ2 : Ap
α → Aq

β and (38), (39), for each r ∈ (0,1)
and |ϕ2(z)| � r , we have that

limsup
k→∞

Ik,1(r) �
∫
|ϕ1(z)|>r

∣∣∣∣ u1(z)

(1−|ϕ1(z)|2)
N+α+1

p

ρ12(z)
∣∣∣∣
q

dνβ (z). (41)

On the other hand, if |ϕ2(z)| > r, then from (40) we have

limsup
k→∞

Ik,1(r)

�
∫
|ϕ1(z)|>r

∣∣∣∣ u1(z)

(1−|ϕ1(z)|2)
N+α+1

p

ρ12(z)
∣∣∣∣
q

dνβ (z)

+
∫
min{|ϕ1(z)|,|ϕ2(z)|}>r

∣∣∣∣ u1(z)

(1−|ϕ1(z)|2)
N+α+1

p

− u2(z)

(1−|ϕ2(z)|2)
N+α+1

p

∣∣∣∣
q

dνβ (z). (42)

Letting r → 1 in (41) and (42), we can obtain that limsupr→1 limsupk→∞ Ik,1(r) �
max{(i), (iii)}.
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Similarly, we have that limsupr→1 limsupk→∞ Ik,2(r) � max{(ii ), (iii)}.
Since the operators u1Cϕ1 , u2Cϕ2 : Ap

α → Aq
β are bounded, choosing f (z) = 1 ∈

Ap
α , it follows that u1 ∈ Aq

β and u2 ∈ Aq
β . From (38) that {gk} converges to zero uni-

formly on E = {w : |w| � r} as k → ∞, then

lim
k→∞

Ik,3(r)

= lim
k→∞

sup
‖ f‖

A
p
α

�1

∫
max{|ϕ1(z)|,|ϕ2(z)|}�r

|u1(z)gk(ϕ1(z))−u2(z)gk(ϕ2(z))|qdνβ (z)

� lim
k→∞

sup
‖ f‖Ap

α
�1

∫
max{|ϕ1(z)|,|ϕ2(z)|}�r

|u1(z)gk(ϕ1(z))|qdνβ (z)

+ lim
k→∞

sup
‖ f‖

Ap
α

�1

∫
max{|ϕ1(z)|,|ϕ2(z)|}�r

|u2(z)gk(ϕ2(z))|qdνβ (z) = 0.

Thus, limsupr→1 limsupk→∞ Ik,3(r) = 0, which completes the proof. �
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