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THE STIELTJES STRING AND ITS ASSOCIATED NODAL POINTS

CHE-WEI TSAO AND CHUN-KONG LAW

(Communicated by M. Zinchenko)

Abstract. Based on the theory of Stieltjes strings first introduced by Gantmakher and Krein
in [4], we define the nodal points for a Stieltjes string. We show that when the eigenvalue is
maximal, there are exactly n+ 1 nodal points for the D-D problem and n nodal points for the
D-N problem, where n is the total number of non-zero point masses. We also find the position
of these nodal points in terms of continued fractions involving the point masses my,...,m; and
lengths lo,...,lj—1 in between the positions of these masses.

1. Introduction

Consider the problem of n point masses (mj,...,m,) attached to a string of
length L. Let mg = m,+; = 0 be two point masses attached at the two endpoints of the
string. For j=0,...,n— 1 the distance between the positions of masses m; and m ;|
is denoted by I;. So L=3"_,1;.

Now when the string is subjected to a small tension, the point masses will have
vertical vibrations w;(z)’s. Gantmakher and Krein (1960) performed an analysis of the
relation between these vibrations and the m;’s, [;’s. Along the horizontal direction

Tj ycosoj | =Tjcosaj=---=Tpcosap =T,

where T is the tension in the segment of string between m; and m;,, and o; is the
angle between this segment and the horizontal direction. (see figure)
Next apply Newton’s second law of motion to see that

d*w;
—mdezj =Tjsino; —Tj_ysinaj_y =Ttano; — Ttanog .
Assume that o; ~ 0 forall j > 1 and T is fixed with T = 1. Then,

_m'dzw,- _Awinr Awy w0 —wi() | owia () —wie)
! dr 7 liy 7 liy
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We consider two boundary conditions :
1. Dirichlet-Dirichlet condition (D-D problem): wq(f) = wy,1+1(¢) = 0.

2. Dirichlet-Neumann condition (D-N problem) : wy(t) =0, wy,(t) = w11 (7).

Using the discrete Fourier transform, w; (1) = uje”“ , we obtain the difference equation
Wil —uj  Uj_|—Uj .
! 7 L4 ~’l. : Lymidu; =0,  (j=1,---,n). (1)
J J=

1 .
Letz=A%, uj:=Ry;_2(z)u; and Raj_1(z) = f(sz(Z) —Roj_2(z)). Assuming u; #0,
J
(1) is transformed into the following system.

{ Rayj1(z) = Raj-3(2) —mjzRaj 2(2)
Ryj(z) = ljRyj-1(z) + Raj2(z)

Using (2) and ug = 0 for both the conditions (D-D and D-N), we have

1
=

From (2), it is easy to see that for any j,R;(z) is a polynomial of degree [j/2].

For the D-D problem, u,,; =0, implying R»,(z) = 0. For the D-N problem, u, =
u,1 implies that Ry,_»(z) = Ry,(z) . Hence Ry,—1(z) =0.

Zeros of Ry, (denoted by Z) are called eigenvalues of the D-D problem. Hence
R»,(z) can be viewed as the characteristic function. Similarly, zeros of Ry,_; (denoted
by Z) are called eigenvalue for the D-N problem, and R;,_(z) is the associated char-
acteristic function.

Furthermore, observe that

Roj(z) [ 1
Ro @) I+ e [+

2)

Ro=1, R.,=0, R,
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Then we obtain a continued fraction by induction. Namely

Ron(z)
R2n—1(z>

Through this paper, we use the following notation to denote a finite continued fraction:

= [ln; —ng,ln,h—mnf]Zp..,l()]. 3)

lao; a1, ...,ar] = ap+ ———

By (3), we have

R,(0)

=l,+l,_1+1,_»+--- +1y =L (Total length).
Ron1(0) ntlhh1+li 2+ +lp (Total length)

Therefore,

Ry,(z)  Ry(0) <1+a11+---+anz")_LH’l’(l—z/fj)
R2n71(Z) R2n71(0) 1+b1Z+"'+ann Hrll(l_Z/Z_j) ’

where {Z;} are the eigenvalues for the D-D problem, and {Zz;} are the eigenvalues for
the D-N problem.

THEOREM 1.1. ([6])

RZn(Z)
Rop—1 (Z)
made up of constants and linear polynomials, as given in (3).

(a) Given {l;}’s and {m;}’s, the rational function is a continued fraction

(b) Let {Z;} be the zeros of Ra,—1 and {Zj} the zeros of Ra,. If L, {Z;}’s and
{z;} s are all given, then the {1;}’s and {m;} ’s can be recovered from (3).

Note that part (b) is in fact an inverse eigenvalue problem to solve for 2+ 1 quantities
in terms of 2n+ 1 known eigenvalues.

The above is the basic theory of Stieltjes strings (for the D-D and D-N problems),
first introduced by Gantmakher and Krein [4] and also studied by Kac and Krein [6].
Recently Pivovarchik et al [1, 2] studied the corresponding problem for more general
trees. In particular, they showed that from the d 41 eigenvalues, one can recover all
the point masses my ; and lengths [ ;, by a method similar to Lagrange interpolation.
Later they extended the result to a general tree of Stieltjes strings [7, 10]. Other related
issues can be found in [9, 8].

In this paper, we investigate the nodal problem for Stieltjes strings on a finite
interval. In (1), if for some j, u; and u;,| have opposite signs, then the position x
when the interpolation of the string between (/;,u;) and (kj;1,ujy1) intersects the [-
axis, so that the interpolating line segment passes through (x,0). We call this position
x a nodal point of the solution defined by # = (uy,...,u,). We shall show that there
are exactly n+ 1 nodal points for the D-D problem associated with the maximal D-
D eigenvalue Z, and exactly n nodal points for the D-N problem associated with the
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maximal D-N eigenvalue 7. Furthermore we shall give the position of the j nodal
point x; using a continued fraction. Denote by 2, the largest D-D eigenvalue and by
Z, the largest D-N eigenvalue.

Our main theorem is

THEOREM 1.2. There is a maximal number of n+ 1 (respectively n) nodal points
for the D-D problem (respectively D-N problem). Furthermore,

(a) The associated nodal points {%;} for the D-D problem can be expressed in terms
of 2, {l;}’s and {m;}’s as follows: %) =0,%, =L, and for j=1,...,n—1,

Jj—1
X = [Eli; MiZn, —lj_1,mj_12,,...,mZ, —lo]. “4)
i=0

(b) The associated nodal points {X;} for the D-N problem can be expressed in terms
of z, {1} ’s and {m;} ’s as follows: x9 =0, andfor j=1,...,n—1,

-1
Xp=[X b miZn,—li—1,mj—1Zn, .., my Zn, —lo] . )
i=0

Furthermore the D-D nodal points and D-N nodal points are interlacing. That is,
O0=Xp=x0< X1 <X < - <X 1< x_1<X,=L. (6)

Note the similarity in the above formulas for nodal points £; and X;, both being ex-
pressed in terms of [y, ...,/; | and mo,...,m; as continued fractions.

Theorem 1.2 will be proved in Section 2. In Section 3, we shall prove Lemma 2.1
which is instrumental in our proof of Theorem 1.2. The proof requires some intricate
analysis. We need to use an interlacing theorem for matrix eigenvalues [5] for the proof.

We believe that our results are useful in applications.

2. Nodal problem

We now consider the nodal problem associated with (1). For the D-D problem,
we let

~ -1 - ~
Aj(z) = —+—+mjz; Aj(z):=1Aj(2)
lj-1 lj
Then (1) becomes the following equation
Ay () ﬁ
uj LAy L uj
_ us v A0 g wl
M,2)| . | = - .| =0 (1
: 17 1
Uy In—2 An71 (Z) ln 1 Up
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We denote the above coefficient matrix by M, (z). Note that detM, (z) is a characteristic

function for the D-D problem. Similarly, the characteristic matrix for the D-N problem
is given by

M, (2) = . )

lnfl

1 —1 +muz

In—1 In—1

If i # 0, then both matrices are singular and the characteristic equations detl\7ln(z) =
0 and detM,(z) = 0 have solutions. As we know these zeros are also the solutions of
R>,(z) =0 and Ry,_1(z) = 0, respectively.

Obviously both detM,(z) and detM,(z) are polynomials of degree n in z. By
Theorem 3.1 below, both Zj and z; are real and distinct. Let 2} <2 <--- <Z,-1 <
%, be the zeros of det]\7ln(z) =0;and 71 < 22 < -+ < Zy_1 < Zn be the zeros of
detM,(z) = 0. Then 2 = 2, (respectively Z = Z,) is the maximal eigenvalue of the
D-D problem (respectively D-N problem).

Proof of theorem 1.2. o
For simplicity, we let M,, = M, (2), Aj =A;(Z), Aj=Aj(Z). From (1), we have

uy = _llglul = —A1u1 .
—b ~ I
= —u; —bhAyuy = — A . 3
Uy = 77— bAun (11(—A1) +Az)uz 3)
By induction, forall j=1,...,n,
L 1
uj=—| = x= TAj1 | uj
lj_z Jj—2 % 1 —Ai,
lj,3 J
= 11 A3
TXW7A2
= =i (Quj-y “)

Now we need a lemma, the proof of which is deferred to the next section.

LEMMA 2.1. Forall j=1,...,.n—1,
(a) j(2)>0 .

L+ (2)

(b) 7

= [mjz, _ljfhmjflza s 7m127 —l()} .
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Since uj = —a/;_1(Z)uj—1, we have u;_ju; <0 for j=2,...,n by Lemma 2.1. Thus
when Z = Z,, we obtain the maximum number of 7+ 1 nodal points (including £y = 0
and £, = L) for the D-D problem. Also as consecutive u;’s have the opposite signs.

—1
We know that uy = 0 and Xp = 0. By (4) and properties of similar triangles, oo
ui
L Iy .
———  sothat £ =lp+ ————— . Inductively, for j=1,...,n—1, we have
(1+.(2) R TS y.1orJ
j—1 I

1= 2 T
The Dirichlet boundary condition u,; = 0 implies that <7, := 0. Therefore Theorem

1.2(a) is valid.
Theorem 1.2(b) for the D-N problem can be established similarly. [J

LEMMA 2.2. The nodal points {X;} and {x;} are interlacing as in (6).

j
Proof. For j=0,...,n,let L; = 3 I;. Then L, = L. Itis clear that
i=0

Lj>)’5j,.fj>Lj,1.

Next we use the known quantities (4) and (5) to observe that when j =1

=+ »1 T
m1276
X1 = lO + mlf—%
This implies that
1 1 1 1
mlf—l—ZA >0, mz——=—= > 0. 5)
o fi—1lo lo x1—1lo
By Theorem 3.1 below, Z > z. Thus
_ 1 1
O<miz——<mzi——,
lo lo
so that £; < X. Then by (4), (5) and (5),
Xy = [lo—i—ll; mzf,—ll,mlf,—lo} =l+LH+ W =L+ ﬁ
*1-lo—ly L1—%
¥ =llo+l, mZ,—h,mZ,—l] =l +h+ T =L+ ———
Tl L1,
Hence
1 1 1 1
myZ >0, mpz = >0
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By Theorem 3.1 again, Z > z, and x| > £;. Thus we have %, < X,. Inductively, for
j=3,...,n—1,

&= Lj-1; mjz, —Lj1+ %]
Xj=[Lj—1; mjz,—Lj_1 +Xj1]

So
. 1 1 1 1

miZ— = >0, m;z7— — = — > 0.
J o ~ ’ J
Li1—%j—1 X—Lj— Liv—Xxj—1  Xxj—Ljy

Using Theorem 3.1 again, we have £; < x;. Since £y = xo = 0, we conclude that (6)
isvalid. [

3. Proof of lemma 2.1

THEOREM 3.1. ([4]) Given {l;}’s and {m;} s in (1), then we can solve for {Z;}
and {z;}, where {Z;} are the zeros of Ry,(z) =0 and { z} are the zeros of Rop—1(z) =
0. Moreover

0< 71 <U<KD< < < Z7p<Zy.

We also need an Interlacing Theorem given in the classical book of Horn and Johnson
[5, p.185].

B3
THEOREM 3.2. [fB=BT, B' = (ile]

) , YER"and b € R, then
M<U <A< <A <A<y,
where {A;} are the eigenvalues of B and {1} are the eigenvalues of B'.
Proof of lemma 2.1(a).
(/) @)

From (1), det1\7l~ j(z) is a polynomial of order j. Its zeros, z;"/, ...,z 5, are exactly
the eigenvalues of the D-D problem. We first claim that for j =1,...,n, the zeros of
detM;(z) interlace with those of detM;_;(z). That is,

zgj) < z(l";l) < zéj) << Z(,’,)l < zF,fll) < Z.(,»j), (1)
and detﬂj(z) > 0 forall z > zﬁ-j) .
Observe that for j =3,...,n,

—~ ~ ~ 1 ~
detM;(z) = Aj(z)detM;_(z) — (l—)2 detM; »(z) . (2)
-1
. ~ (1) 1 1 1 ~
Solving detM;(z) =0, we get z; ' = _(Z_ + l—), and we observe that detM,(z) > 0
mylo Iy

for all z > zgl). Also z§2> < zf) by Theorem 3.1. Then Theorem 3.2 implies that

Ziz) < Zil) < zéz) a7 = zﬁl) for some i, then (7-)* =0, which is impossible. So

P <M< P 3)
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Furthermore,

detMa(z) = Ay (z) det My (z) — (%)2

Hence deti(z\") = —(#)? < 0. This means detM,(z) > 0 forall z> 7.

G _.0_.0

Next, by Theorem 3.1, z;7" <zy’ < z3 . Using Theorem 3.2 again, we have

It 2% = z5-2>, for some i, j, then —(ﬁ)2 detM; (z) = 0. Combining with (4), we have

1

)

<@

PROPNC

<@ <O

3
&Y <.

Then (1) follows by mathematical induction on j. Moreover, by (2),

detM;(z5") = -5 detM, 2 <o
j-1
This means that detM;(z) > 0 for all z > zﬁ-j )

We know that Z = z,(f'), the maximal zero of det[\7ln (z). Thus Z > zl(j ), for all

> J = i (where at least one of the inequalities is a strict one). By above argument,
detM i(2)>0forall j=1,...,n—1 but detM,(2) = 0. On the other hand, detM (%) =
A1(8) > 0. Therefore by (2) A; j@)>0for j=1,...,n.

Now, we claim that .o7;(2 ) >0 Vj=1,...,n—1.First & (2) =A;(2) > 0. Then
by (3),

. I ~ I 1 ~
h(3) = —————+DhAy(2) = ——[— (=) +A2( )A1(2)]
L(—11A1(2)) A2 h
[ ~
2 detMs(2) >0
detMl( )
Inductively, for j =3,...,n—1, by (4),
l; I; detM;_(2)
427.2:%4_14.2: J J— FA(2
J( ) ljfl(_ﬂfjfl(Z)) J( ) —ljz-_l deth,l(i) J( )

7 —detM;_»(3) ~ _
— J ¢ > i) +Aj(2)detM;_(2)
detM;_1(2) l'_l .

U dethl;(3) > 0.
detM, 1( )

Thus «7;(2) >0 forall j=1,...,n—1,and

) I,
%(Z) mdetM ( ) 0. O
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Before we prove Lemma 2.1(b), we letfor j=1,...,n—1,

Fi(2) :=[0; mjz,—1;_y,mj 18,1 y,...,mZ,—lo] .

Proof of lemma 2.1(b).
W d to show that forall j=1,...,n—1, ———— = F;(2). For simplicity,
e need to show that forall j=1,...,n 0 'i(2). For simplicity
we let o; = /;(2), F;j=Fj(Z),and

Obviously @] = Ay, and o/ = Ar. S
viously o7 1,and 2% ll(—«%)+ 2. So
I3 1 I3
afy = +Az = + Az
2 %—Az ZZ(_%)
It is easy to see that
o, d +A;, Vj=2 1
= ZVi=2,....n—
Tl (i)
Next,
l l I 1
= = 1 N = N 1 :Fl .
I+ 1+A; —lh(z—mz) mi—q
Therefore we have
1( 1 )= 1
I CL-F
By induction on j,
L l; B l; B 1
T 1 . 1 = 2\ s L (1
1+ .47 I+ =7 A lj(ljil(ifgjjil) o +m;Z)  mjZ = (Mjil +1)
1
= — : =F;. O
mjz+7—lj,1+Fj,1

4. Further discussion

So we have solved the direct problem of finding the nodal points of £; (resp. x;)
from the point masses m;’s and lengths /;’s and eigenvalues 2, (resp. z,). Can one
solve the inverse problem of finding m;’s and [;’s (in total 2n+ 1 quantities), using
the knowledge of another (2n+ 1) quantities: Z,, Zn, Xi, X; (i=1,...,n—1) and total
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length L? We call this an inverse nodal problem for the Stieltjes string. This problem
is still open.

We would also like to remark that our problem (1) can be reformulated as a prob-
lem involving Jacobi matrices:

where J is the n X n tridiagonal matrix of the form

—_

[

||:|_
—
~—

1
L b

~

1

1 1

where b, = T + o for D-D problems; b, = ll for D-N problems. And X =
n—1 n "

diag[m,my,...,my|, a diagonal matrix. Let V = X2 Then (4) is transformed to

Hv=X"125x"125 = )\%,

where H is still a Jacobi matrix. The topic of Jacobi matrices has been extensively
studied. See, for example, [3, 11] and references therein. It would be interesting to
apply the theory to this nodal problem. In fact, our matrices M, and M, both satisfy
M, = zX — J. Moreover, it is shown in [11, p.78] that the number of nodal points of
i(z;) in (0,L) is exactly &, and so is that of i(z ;). However, the definition of nodes
in [11] is different from our definition of nodal points. Our results should be new in
literature.

Acknowledgement. We would like to thank Prof. Vyacheslav Pivovarchik for sug-
gesting the problem, and Prof. Tsung-Lin Lee for the information about Theorem 3.2.
We are indebted to the anonymous referee for his/her careful reading and bringing our
attention to the theory of Jacobi matrices and the monograph [11].

REFERENCES

[1] O. BOYKO AND V. PIVOVARCHIK, The inverse three-spectral problem for a Stieltjes string and the
inverse problem with one-dimensional damping, Inverse Problems 24 (2008) no.1, 015019, 13 pp.

[2] O. BOYKO AND V. PIVOVARCHIK, Inverse spectral problem for a star graph of Stieltjes strings,
Methods Funct. Anal. Topology 14 (2008) no.2, 159-167.

[3] CHU, M. T, Inverse eigenvalue problems, SIAM Review, 40 (1998) no.1, 1-39.

[4] F. P. GANTMAKHER AND M. G. KREIN, Oscillating Matrices and Kernels and Small Vibrations of
Mechanical Systems, Amer. Math. Soc., Providence, 2002.

[5] R. A. HORN AND C. R. JOHNSON, Matrix Analysis, Cambridge University Press, 1990.



THE STIELTJES STRING 373

[6] I.S. KAC AND M. G. KREIN, On the spectral function of the string, Amer. Math. Soc. Translations,
Ser.2, 103 (1974) 19-102.
[7] C.K.LAW, V. PIVOVARCHIK AND W. C. WANG, A polynomial identity and its application to inverse
spectral problems in Stieltjes Strings, Operators and Matrices, 7 (2013) no.3, 603-617.
[8] O. MARTYNUK, V. PIVOVARCHIK, C. TRETTER, Inverse problem for a damped Stieltjes string from
parts of spectra, Appl. Anal., 94 (2015) no.12, 2605-2619.
[91 M. MOLLER, V. PIVOVARCHIK, Damped star graphs of Stieltjes strings, Proc. Amer. Math. Soc., 145
(2017) no.4, 1717-1728.
[10] V. PIVOVARCHIK, Existence of a tree of Stieltjes strings corresponding to two given spectra, J. Phys.
A, 42 (2009) no.37, 375213, 16 pp.
[11] G. TESCHL, Jacobi Operators and Completely Integrable Nonlinear Lattices, Math. Surv. Mono. 72,
Amer. Math. Soc., Rhode Island, 2000.

(Received August 25, 2017) Che-Wei Tsao
Department of Applied Mathematics

National Sun Yat-sen University

Kaohsiung, Taiwan 80424, R.O.C.

e-mail: m022040009@student .nsysu.edu. tw

Chun-Kong Law

Department of Applied Mathematics
National Sun Yat-sen University
Kaohsiung, Taiwan 80424, R.O.C.
e-mail: law@math.nsysu.edu. tw

Operators and Matrices
www.ele-math.com
oam@ele-math.com



