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DISJOINTNESS OF THE DIFFERENTIATION OPERATOR TUPLE

ON WEIGHTED BANACH SPACES OF ENTIRE FUNCTIONS

YU-XIA LIANG AND ZE-HUA ZHOU ∗

(Communicated by R. Curto)

Abstract. When the differentiation operator is continuous on weighted Banach spaces of entire
functions, several characterizations for the disjoint mixing, disjoint hypercyclicity and disjoint
supercyclicity of finitely many differentiation operators on Hv,0(C) are presented. Especially,
we deduce an equivalence between the hypercyclicity of a single differentiation operator and the
disjoint mixing of tuple Dr1 , · · · ,DrN for 1 � r1 < r2 < · · · < rN on Hv,0(C), which strengthens
some existing results.

1. Introduction

A weigh v on the complex plane C is a strictly positive continuous function on
C which is radial, i.e. v(z) = v(|z|), z ∈ C, such that v(r) is non-increasing on [0,∞)
and satisfies lim

r→∞
rmv(r) = 0 for each m ∈ N. For such a weight, the weighted Banach

spaces of entire functions are defined by

Hv := Hv(C) = { f ∈ H(C), ‖ f‖v = sup
z∈C

v(z)| f (z)| < +∞},

Hv,0 := Hv,0(C) = { f ∈ H(C), lim
|z|→∞

v(z)| f (z)| = 0},

endowed with the norm ‖ f‖v. It is obvious that Hv,0 is a closed subspace of Hv which
contains all polynomials. We refer the readers to [6, 7, 23, 24, 25] and the references
therein to learn more about this type of spaces.

Harutyunyan and Lusky [18] have shown the continuity of the differentiation op-
erator Df = f ′ on the space Hv under the assumption that the space Hv is isomorphic
to the Banach space l∞ . After that, Bonet [4] further completed the results of Harutyun-
yan and Lusky, and showed that the differentiation operator D : Hv → Hv is continuous
if and only if D : Hv,0 → Hv,0 is continuous. Moreover, he obtained the following three
theorems concerning the dynamical behavior of differentiation operators on weighted
Banach spaces of entire functions.
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THEOREM 1.1. [4, Theorem 2.3] Assume that the differentiation operator D :
Hv,0 → Hv,0 is continuous. The following conditions are equivalent,

(1) D satisfies the Hypercyclicity criterion;

(2) D is hypercyclic on Hv,0;

(3) liminfn→∞
‖zn‖v

n! = 0 .

THEOREM 1.2. [4, Theorem 2.4] Assume that the differentiation operator D :
Hv,0 → Hv,0 is continuous. The following conditions are equivalent,

(1) D is topologically mixing;

(2) lim
n→∞

‖zn‖v
n! = 0 .

THEOREM 1.3. [4, Proposition 2.7] Every continuous differentiation operator D :
Hv,0 → Hv,0 is supercyclic.

If a Banach space X admits a hypercyclic operator, then X must be separable. This
is why we investigate the differentiation operators on the space Hv,0. Throughout this
paper, we always assume that D : Hv,0 →Hv,0 is continuous. Our results provide several
equivalent conditions for the disjoint properties of finitely many differentiation opera-
tors acting on Hv,0. Therefore we generalize the above three theorems to N -tuple of
differentiation operators Dr1 , · · · ,DrN acting on Hv,0.

The paper is organized as follows. We first recall some basic definitions, related
propositions and a well-known lemma in section 2. After that we present some interest-
ing conditions for the disjointness in mixing, hypercyclicity and supercyclicity of the
N differentiation operators Dr1 , ...,DrN in sections 3-5.

2. Notation and preliminaries

For a positive integer n , the n− th iterate of T ∈ L(X) denoted by Tn, is the
function obtained by composing T with itself n times. Let L(X) denote the space of
linear continuous operators on a separable infinite dimensional Fréchet space X .

A continuous linear operator T on a topological vector space X is called hy-
percyclic (respectively, supercyclic) provided there is some f ∈ X such that the orbit
Orb(T, f ) = {Tn f : n = 0,1, · · ·} (respectively, the projective orbit {λTn f : λ ∈C,n =
0,1,2, · · ·}) is dense in X . Such a vector f is said to hypercyclic (respectively, super-
cyclic) for T.

It is well known that an operator T on a separable Banach space X is hypercyclic
if and only if it is topologically transitive in the sense of dynamical systems, i.e. for
every pair of non-empty open subsets U and V of X there is n ∈ N that Tn(U) meets
V . A stronger condition is the following: the operator T on X is called topologically
mixing if for every pair of non-empty open subsets U and V of X there is N ∈ N such
that Tn(U) meets V for each n � N .
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For motivation, examples and background about linear dynamics of single oper-
ators, we refer the readers to the books [9] by Bayart and Matheron, [14] by Grosse-
Erdmann and Peris, and the article by Godefroy and Shapiro [16] etc.

There are several remarkable advances in understanding dense orbits of (linear)
operators. Ansari showed that an operator T ∈ L(X) and its iterates Tn (n = 1,2...)
have the same set of hypercyclic vectors in [1]. Bourdon and Feldman [8] verified that
a somewhere dense orbit must be everywhere dense. Each of these two results also
holds for d-hypercyclicity (Definition 2.1). Based on these foundations, we study the
hypercyclic behaviour of the orbit of ( f , ..., f ) ∈ XN under an operator of the form
T1⊕ ...⊕TN.

The first example of hypercyclic operators was on the space H(C) of entire func-
tions on the complex plane C , endowed with the topology of uniform convergence on
compact subsets of C. Birkhoff [3] showed the translation operator Ta f (z) = f (z +
a), z ∈ C, f ∈ H(C) is hypercyclic whenever 0 �= a ∈ C. The hypercyclicity of differ-
entiation operator Df = f ′ on H(C) was shown in [26] by MacLane. For a broad view
of the field of linear dynamics of the differentiation operator, see, e.g. [4, 5] and the
references therein.

Now given N � 2 operators T1, ...,TN on a Fréchet space X , there are a lot of
papers concerning the dynamical properties of their direct sum T1 ⊕·· ·⊕TN . In 2007,
Bès and Peris [11] and, independently, Bernal [2] investigated the property of the orbits

{( f , f , ..., f ),(T1 f ,T2 f , · · · ,TN f ),(T 2
1 f ,T 2

2 f , · · · ,T 2
N f ), · · ·} ( f ∈ X).

They studied the case when one of these orbits is dense in XN endowed with the product
topology for some z ∈ X . If there is some vector satisfying the above condition, the
operators T1, · · · ,TN are called disjoint hypercyclic which is a weaker notion than the
notion of disjointness of Furstenberg (see, e.g. [13]). In this dissertation, we will pay
attention to the dynamics of N � 2 differentiation operators Dr1 , · · · ,DrN acting on
Hv,0. Some necessary definitions follow.

DEFINITION 2.1. [27, Definition 1.3.1] We say that N � 2 sequences of op-
erators (T1,n)∞

n=1, ...,(TN,n)∞
n=1 in L(X) are disjoint hypercyclic or d-hypercyclic (re-

spectively, disjoint supercyclic or d-supercyclic) provided the sequence of direct sums
(T1,n ⊕ ...⊕ TN,n)∞

n=1 has a hypercyclic (respectively, supercyclic) vector of the form
( f , ..., f ) ∈ XN . Then f is called a d-hypercyclic (respectively, d-supercyclic) vector
for the sequences (T1,n)∞

n=1, ...,(TN,n)∞
n=1. The operators T1, ...,TN in L(X) are called

d-hypercyclic (respectively, d-supercyclic) if the sequences of iterations (Tn
1 )∞

n=1, ...,
(Tn

N )∞
n=1 are d-hypercyclic (respectively, d-supercyclic).

It is well-know that two d-hypercyclic operators must be substantially different
(see, e.g. [11]). For instance, an operator can not be d-hypercyclicwith a scalar multiple
of itself. For some recent related results on disjointness in hypercyclicity, see, e.g.[10,
12, 17, 19, 20, 21, 22, 28, 30, 31] and their references therein.

DEFINITION 2.2. [11, Definition 2.1] We say that N � 2 sequences of operators
(T1,n)∞

n=1, · · · , (TN,n)∞
n=1 in L(X) are d-topologically transitive (respectively, d-mixing)
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provided for every non-empty open subsets V0, · · · ,VN of X there exists m ∈ N such
that

V0

⋂
T−1
1,m(V1)

⋂
· · ·

⋂
T−1
N,m(VN) �= /0

(respectively, so that V0
⋂

T−1
1, j (V1)

⋂ · · ·⋂T−1
N, j (VN) �= /0 for each j � m). Also, we say

that N � 2 operators T1, · · · ,TN in L(X) are d-topologically transitive (respectively,
d-mixing) provided (Tn

1 )∞
n=1, · · · ,(T n

N )∞
n=1 are d-topologically transitive (respectively,

d-mixing) sequences.

The next proposition shows that when X is a Fréchet (therefore, a Baire) space,
the concepts of d-hypercyclicity and d-topological transitivity coincide.

PROPOSITION 2.3. [11, Proposition 2.3] Let (T1,n)∞
n=1, · · · ,(TN,n)∞

n=1 be sequences
of operators in L(X). Then (T1,n)∞

n=1, · · · ,(TN,n)∞
n=1 are d-topologically transitive if and

only if the set of d-hypercyclic vectors for (T1,n)∞
n=1, · · · ,(TN,n)∞

n=1 is a dense Gδ .

DEFINITION 2.4. [11, Definition 2.2] We say that N � 2 sequences (T1,n)∞
n=1, · · · ,

(TN,n)∞
n=1 in L(X) are d-universal (respectively, densely d-universal) if

{(T1,n f ,T2,n f , · · · ,TN,n f ) : n ∈ N}
is dense in XN for some vector f ∈ X (respectively, for each vector f in a given dense
subset of X ). We call such vector f a d-universal vector for (T1,n)∞

n=1, · · · ,(TN,n)∞
n=1.

Also, we say that (T1,n)∞
n=1, · · · ,(TN,n)∞

n=1 are hereditarily universal (respectively, hered-
itarily densely universal) provided for each increasing sequence of positive integers
(nk) the sequence (T1,nk)

∞
k=1, · · · ,(TN,nk )

∞
k=1 are d-universal (respectively, densely d-

universal). If additionally X is a topological vector space and Tj ∈ L(X), then the
d-universality goes under the name d-hypercyclicity.

REMARK 2.5. [10, Remark 1.8] An application of the Baire theorem shows that if
X is a Baire and second countable, then a sequence (T1,n)∞

n=1, · · · , (TN,n)∞
n=1 in L(X)

are d-transitive if and only if they are densely d-universal. Moreover, the sequence
(T1,n)∞

n=1, · · · , (TN,n)∞
n=1 in L(X) are d-mixing if and only if they are d-transitive for

every subsequence.

The following d-Hypercyclicity criterion is a generalization of the Hypercyclicity crite-
rion (see,e.g. [15]) to the setting of disjointness of hypercyclic operators.

DEFINITION 2.6. [11, Definition 2.5] Let (nk) be an increasing sequence of pos-
itive integers. We say that N � 2 operators T1, · · · ,TN in L(X) satisfy the
d-Hypercyclicity criterion with respect to (nk) provided there exist dense subsets X0, · · · ,
XN of X and mappings Sl,k : Xl → X (k ∈ N, 1 � l � N) satisfying

(i) Tnk
l →

k→∞
0 pointwise on X0,

(ii) Sl,k →
k→∞

0 pointwise on Xl, and

(iii) (Tnk
l Si,k − δi,lIdXl ) →

k→∞
0 pointwise on Xl(1 � i � N).
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In general, we say that T1, · · · ,TN satisfy the d-Hypercyclicity criterion if there exists
some increasing sequence of positive integers (nk) for which the above conditions are
satisfied.

REMARK 2.7. The d-Hypercyclicity criterion is a sufficient condition for
d-hypercyclicity.

PROPOSITION 2.8. [11, Proposition 2.6] Let T1, ..,TN satisfy the d-Hypercyclicity
criterion with respect to a sequence (nk). Then the sequences {Tnk

1 }∞
k=1, · · · ,{Tnk

N }∞
k=1

are d-mixing. In particular, T1, · · · ,TN are d-hypercyclic. Indeed, if (nk) = (k), then
T1, · · · ,TN are d-mixing.

The following d-Supercyclicity criterion generalizes the Supercyclicicty criterion
of Salas [29] to the setting of disjointness.

DEFINITION 2.9. [27, Definition 4.1.1] Let X be a Banach space and (nk) be
a strictly increasing sequence of positive integers and N � 2. We say that T1, · · · ,TN

in L(X) satisfy the d-Supercyclicity criterion with respect to (nk) provided there exist
dense subsets X0,X1, . . . ,XN of X and mappings

Sl : Xl → X ,(1 � l � N)

so that for 1 � i � N

(i) (Tnk
l Snk

i − δi,l IXi) →
k→∞

0 pointwise on Xi ,

(ii) lim
k→∞

‖Tnk
l x‖ · ‖

N
∑
j=1

Snk
j y j‖ = 0 for x ∈ X0 and yi ∈ Xi .

REMARK 2.10. The d-Supercyclicity criterion is a sufficient condition for
d-supercyclicity.

We finally recall a well known lemma, which will be used in the sequel. The
transpose of an operator T is denoted by Tt .

LEMMA 2.11. [4, Lemma 2.2] Let T be an operator on a separable Banach
space X . If T is topologically mixing, then lim

n→∞
‖(Tt)n(g)‖ = ∞ for each g ∈ X∗, g �=

0.

3. Disjoint mixing differentiation operator

At the beginning of this section, we first present several equivalent characteriza-
tions for the disjoint mixing properties of Dr1 , · · · ,DrN (N � 2) on Hv,0 .

THEOREM 3.1. Let 1 � r1 < r2 < · · · < rN , where ri ∈ N, i = 1, · · · ,N. Assume
that the differentiation operator D : Hv,0 →Hv,0 is continuous. The following conditions
are equivalent,



590 Y. X. LIANG AND Z. H. ZHOU

(1)

lim
n→∞

‖zn‖v

n!
= 0; (3.1)

(2) Dr1 , · · · ,DrN are d-mixing;

(3) Dr1 , · · · ,DrN satisfy the d-Hypercyclicity criterion with respect to the sequence
(n);

(4) Dr1 , · · · ,DrN are hereditarily densely d-hypercyclic with respect to the sequence
(n);

Proof. We will show these implications (1) ⇒(3)⇒(2)⇒(1) and (3)⇒(4)⇒(2).
(1) ⇒ (3) . Denote T1 = Dr1 , · · · ,TN = DrN . Since D : Hv,0 →Hv,0 is continuous,

there is a positive constant C � 1 such that

‖ f ( j)‖v � Cj‖ f‖v, (3.2)

for each f ∈ Hv,0 and each j ∈ N.
Next we verify that the operators Dr1 , · · · ,DrN satisfy d-Hypercyclicity criterion

with respect to the sequence (n) .
Choose X0 = X1 = · · · = XN = span{1,z,z2, . . .}, and take the mappings

Sl,n : Xl → X

for each 1 � l � N and each n ∈ N, defined by

Sl,nz
s :=

zs+nrl

(s+1)(s+2) . . .(s+nrl)
, s = 0,1,2 · · · . (3.3)

Since the set of all polynomials is dense in Hv,0, then X0,X1, · · ·XN are dense
subsets of Hv,0. It is easy to check that Tn

l →
n→∞

pointwise on X0 for 1 � l � N. Next

we verify that

(ii) Sl,n →
n→∞

0 pointwise on Xl(1 � l � N).

Fix s ∈ N∪{0} . From the definition in (3.3) we have that

Sl,n(zs) =
zs+nrl

(s+1) . . .(s+nrl)
= s!

zs+nrl

(s+nrl)!
,

further by (3.1) it follows that

‖Sl,n(zs)‖v = s!
‖zs+nrl‖v

(s+nrl)!
→ 0, n → ∞. (3.4)

Thus the condition (ii) follows from (3.4).
It remains to show that
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(iii) (Tn
l Si,n− δi,l IdXl ) →

n→∞
0 pointwise on Xl(1 � i � N),

which is immediate when i = l since Tn
l Sl,nzs = zs, s = 0,1, · · · . Now, for 1 � i < l �

N, it follows that ri < rl . On the one hand, if we choose n large enough such that
n(rl − ri) > s, it follows that

‖Tn
l Si,nz

s‖v =
∥∥∥∥Tn

l

( zs+nri

(s+1)(s+2) · · ·(s+nri)

)∥∥∥∥
v

=
∥∥∥∥(Drl )n

( zs+nri

(s+1)(s+2) · · ·(s+nri)

)∥∥∥∥
v
= 0.

On the other hand, using (3.1) we obtain that

‖Tn
i Sl,nz

s‖v =
∥∥∥∥(Dri)n

( zs+nrl

(s+1)(s+2) · · ·(s+nrl)

)∥∥∥∥
v

=

∥∥∥∥∥
zs+n(rl−ri)

(s+1)(s+2) · · ·(s+n(rl − ri))

∥∥∥∥∥
v

= s!
‖zs+n(rl−ri)‖v

(s+n(rl − ri))!
→ 0, n → ∞.

From the above two equations, the condition (iii) holds. Hence Dr1 , · · · ,DrN sat-
isfy the d-Hypercyclicity criterion with respect to the sequence (n).

(3)⇒ (2). This is due to Proposition 2.8.

(2)⇒(1). Suppose that Dr1 , · · · ,DrN are d-mixing. From Definition 2.2, we know
that every Tl = Drl is mixing for 1 � l � N. Considering T1 = Dr1 is mixing and using
Lemma 2.11, we have that

lim
n→∞

‖δ0 ◦ (Dr1)n‖ = ∞, (3.5)

for the linear functional δ0 : Hv,0 → C, defined by δ0( f ) = f (0). Using Cauchy in-
equality

rn

n!
| f (n)(0)| � max

|z|=r
| f (z)|, n ∈ N, r > 0,

it turns out that

v(r)
rnr1

(nr1)!
|δ0 ◦ (Dr1)n( f )| = v(r)| f (r1n)(0)| rnr1

(nr1)!
� v(r)max

|z|=r
| f (z)| � 1,

for every r > 0, n ∈ N and f ∈ Hv,0 with ‖ f‖v � 1.
This implies that for every nr1 ∈ N and r > 0,

v(r)
rnr1

(nr1)!
‖δ0 ◦ (Dr1)n‖ � 1.

Hence for every n ∈ N,

‖znr1‖v

(nr1)!
‖δ0 ◦ (Dr1)n‖ � 1, z ∈ C.
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Using (3.5) it is clear that

lim
n→∞

‖znr1‖v

(nr1)!
= 0. (3.6)

Since D : Hv,0 → Hv,0 is continuous, for C > 1 we have that

(n+1)!
n!

‖zn‖v = (n+1)‖zn‖v = ‖D(zn+1)‖v � C‖zn+1‖v.

Thus it follows that

‖zn‖v

n!
� C

‖zn+1‖v

(n+1)!
. (3.7)

Since for each m ∈ N, there is n ∈ N such that nr1 < m < (n+ 1)r1, then employing
(3.7) we have that

‖znr1‖v

(nr1)!
� Cm−nr1

‖zm‖v

m!
� Cr1

‖zm‖v

m!
,

and

‖zm‖v

m!
� C(n+1)r1−m ‖z(n+1)r1‖

((n+1)r1)!
� C(n+1)r1−nr1

‖z(n+1)r1‖
((n+1)r1)!

= Cr1
‖z(n+1)r1‖

((n+1)r1)!
.

From the above two inequalities and (3.6), it follows that

lim
m→∞

‖zm‖v

m!
= 0.

That is the desired condition (3.1).

(3)⇒(4). Suppose that Dr1 , · · · ,DrN satisfy the d-Hypercyclicity criterion with
respect to the sequence (n). If (nk) is any subsequence of (n), Dr1 , · · · ,DrN clearly
satisfy the d-Hypercyclicity criterion with respect to (nk) and hence by Proposition

2.8 it follows that
(
(Dr1)nk

)∞

k=1
, · · · ,

(
(DrN )nk

)∞

k=1
are d-mixing. By Remark 2.5 and

Proposition 2.3, we have that Dr1 , · · · ,DrN are hereditarily densely d-hypercyclic with
respect to (n).

(4)⇒(2). Suppose that Dr1 , · · · ,DrN are hereditarily densely d-hypercyclic with
respect to the sequence (n). That is, for every subsequence (nk) of (n) the set of d-

universal vectors for
(
(Dr1)nk

)∞

k=1
, · · · ,

(
(DrN )nk

)∞

k=1
is a dense set. By Proposition

2.3 we have that
(
(Dr1)nk

)∞

k=1
, · · · ,

(
(DrN )nk

)∞

k=1
are d-transitive. Hence Dr1 , · · · ,DrN

are d-transitive for every subsequence of (n). Further by Remark 2.5 it follows that
Dr1 , · · · ,DrN are d-mixing. This completes the proof. �
In particular, combining Theorem 1.1 and Theorem 1.2 with Theorem 3.1, we deduce
interesting equivalently dynamical characterizations between hypercyclicity (mixing)
of a single differentiation operator and disjoint mixing of tuple Dr1 , · · · ,DrN for 1 �
r1 < r2 < · · · < rN .
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THEOREM 3.2. Let 1 � r1 < r2 < · · · < rN , where ri ∈ N, i = 1, · · · ,N. Assume
that the differentiation operator D : Hv,0 →Hv,0 is continuous. The following conditions
are equivalent,

(1) D satisfies the hypercyclicity criterion.

(2) D is hypercyclic on H0
v .

(3)

lim
n→∞

‖zn‖v

n!
= 0;

(4) D is topologically mixing;

(5) Dr1 , · · · ,DrN are d-mixing;

(6) Dr1 , · · · ,DrN satisfy the d-Hypercyclicity criterion with respect to the sequence
(n);

(7) Dr1 , · · · ,DrN are hereditarily densely d-hypercyclic with respect to the sequence
(n).

Furthermore, based on the results in Theorem 3.1, the following corollary holds.

COROLLARY 3.3. Let 1 � r1 < r2 < · · · < rN , and let λ1, · · · ,λN be unimodular
scalars, where ri ∈N, i = 1, · · · ,N. Assume that the differentiation operator D : Hv,0 →
Hv,0 is continuous. Then the following statements are equivalent,

(1)

lim
n→∞

‖zn‖v

n!
= 0;

(2) λ1Dr1 , · · · ,λNDrN are d-mixing;

(3) λ1Dr1 , · · · ,λNDrN satisfy the d-Hypercyclicity criterion with respect to the se-
quence (n);

(4) λ1Dr1 , · · · ,λNDrN are hereditarily densely d-hypercyclic with respect to the se-
quence (n).

Proof. Let T1 = λ1Dr1 , · · · ,TN = λNDrN , and they clearly satisfy the
d-Hypercyclicity criterion with respect to the sequence (n), if we let X0 = · · · = XN =
span{1,z,z2, · · ·}, and consider for each 1 � l � N and each n ∈ N the linear map

Sl,nz
s :=

1
λ n

l

zs+rln

(s+1)(s+2) · · ·(s+ rln)
, s = 0,1,2 · · ·

Then the remaining proof is similar to Theorem 3.1, so we omit the details. �
The corollary below generalizes [4, Corollary 2.5], we include the proof for readers’
convenience.
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COROLLARY 3.4. Let v be a weight such that the differentiation operator D :
Hv,0 →Hv,0 is continuous. If there are A> 0,α � 1,r0 > 0 such that v(r) �Aexp(−αr)
for each r � r0, then λ1Dr1 , · · · ,λNDrN are d-mixing on Hv,0. In particular, λ1Dr1 , · · · ,
λNDrN are d-mixing for v(r) = exp(−αr), α � 1, where |λi| = 1, i = 1, · · · ,N. Also,
Dr1 , · · · ,DrN are d-mixing on Hv,0 and then Dr1 , · · · ,DrN are d-mixing for v(r) =
exp(−αr), α � 1.

Proof. Combining Theorem 3.1 and Corollary 3.3, we only need to show (3.1)
holds. Since v(r) is non-increasing, and then we have that

‖zn‖v = sup
z∈C

v(|z|)|z|n = sup
r�0

rnv(r) = sup
0�r<r0

rnv(r)+ sup
r�r0

rnv(r)

� rn
0v(0)+A sup

r�r0
rne−αr = rn

0v(0)+A
nne−n

αn .

By Stirling’s formula it follows that (3.1) holds. This completes the proof. �

4. Disjoint hypercyclic differentiation operators

In this section, we offer a sufficient condition ensuring the tuple Dr1 , · · · ,DrN sat-
isfies the d-Hypercyclicity criterion, hence they are also disjoint hypercyclic.

THEOREM 4.1. Let 1 � r1 < r2 < · · ·< rN , where ri ∈N, i = 1, · · · ,N and N � 2 .
Assume that the differentiation operator D : Hv,0 → Hv,0 is continuous. If for every
ε > 0 and k ∈ N there exists m ∈ N satisfying

‖zrlm+k+1‖v < (rlm+ k+1)!ε (1 � l � N), (4.1)

and

‖z(rl−ri)m+k+1‖v < ((rl − ri)m+ k+1)!ε (1 � i < l � N). (4.2)

Then Dr1 , · · · ,DrN satisfy the d-Hypercyclicity criterion. In particular, Dr1 , · · · ,DrN are
d-hypercyclic.

Proof. Denote T1 = Dr1 , · · · ,TN = DrN . Since D : Hv,0 → Hv,0 is continuous, then
(3.2) still holds for C � 1. From the conditions (4.1) and (4.2), for every k ∈ N, there
exists a strictly increasing sequence (nk) ⊂ N with nk+1 > nk + k+1 such that

‖zrlnk+k+1‖v

(rlnk + k+1)!
<

1
kCk+1 , (1 � l � N), (4.3)

and

‖z(rl−ri)nk+k+1‖v

((rl − ri)nk + k+1)!
<

1
kCk+1 , (1 � i < l � N). (4.4)
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We will show that Dr1 , · · · ,DrN satisfy the d-Hypercyclicity criterion for the strictly
increasing sequence (nk). Similarly, take dense subsets X0 = X1 = · · · = XN =
span{1,z,z2, . . .} of X . It is obvious that the condition (i) of Definition 2.6 holds. For
each 1 � l � N and each k ∈ N, define the mappings Sl,k : Xl → X by

Sl,kz
s :=

zs+rlnk

(s+1)(s+2) · · ·(s+ rlnk)
, s = 0,1,2 · · · . (4.5)

Next we show that

(ii) Sl,k →
k→∞

0 pointwise on Xl(1 � l � N) .

Choose s ∈ N∪{0} and take k � s. From (4.5) it is obvious that

Sl,k(zs) =
zs+rlnk

(s+1) · · ·(s+ rlnk)
=

s!
(s+ rlnk)!

zs+rlnk , (4.6)

and

Dk+1−s(zrlnk+k+1) =
(rlnk + k+1)!

(s+ rlnk)!
zs+rlnk =

(rlnk + k+1)!
s!

Sl,k(zs). (4.7)

From (4.6), (4.7), (3.2), (4.3) and C � 1 we have that

‖Sl,k(zs)‖v =
s!

(s+ rlnk)!
‖zs+rlnk‖v =

s!
(rlnk + k+1)!

‖Dk+1−s(zrlnk+k+1)‖v

� s!Ck+1−s ‖zrlnk+k+1‖v

(rlnk + k+1)!
� s!Ck+1 ‖zrlnk+k+1‖v

(rlnk + k+1)!

< s!
1
k
→ 0, k → ∞. (4.8)

Then the condition (ii) follows from (4.8).
It remains to verify that

(iii) (Tnk
l Si,k − δi,l IdXl ) →

n→∞
0 pointwise on Xl(1 � i � N) ,

which is immediate when i = l since Tnk
l Sl,k = IdXl (1 � l � N).

Now, for 1 � i < l � N it follows that ri < rl . On the one hand, if we choose nk

large enough such that nk(rl − ri) > s, it follows that

‖Tnk
l Si,kz

s‖v =
∥∥∥∥(Drl )nk

( zs+rink

(s+1)(s+2) · · ·(s+ rink)

)∥∥∥∥
v
= 0, (4.9)

pointwise on Xl(1 � i � N) . On the other hand, employing the similar lines of (4.8),
we have that

‖Tnk
i Sl,kz

s‖v =
∥∥∥∥(Dri)nk

( zs+rlnk

(s+1)(s+2) · · ·(s+ rlnk)

)∥∥∥∥
v
= s!

‖zs+(rl−ri)nk‖v

(s+(rl − ri)nk)!

= s!
‖Dk+1−s(z(rl−ri)nk+k+1)‖v

((rl − ri)nk + k+1)!
� s!Ck+1−s ‖z(rl−ri)nk+k+1‖v

((rl − ri)nk + k+1)!

� s!Ck+1 ‖z(rl−ri)nk+k+1‖v

((rl − ri)nk + k+1)!
< s!

1
k
→ 0, k → ∞, (4.10)
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pointwise on Xl(1 � i � N), where the last line follows from (4.4). Hence the condition
(iii) follows from (4.9) and (4.10). Therefore Dr1 , · · · ,DrN satisfy the d-Hypercyclicity
criterion with respect to (nk). Particularly, Dr1 , · · · ,DrN are d-hypercyclic. This fin-
ishes the proof. �

THEOREM 4.2. Given N � 2 unimodular scalars λ1, · · · ,λN , λ1Dr1 , · · · ,λNDrN

also satisfy the d-Hypercyclicity criterion under the assumptions of Theorem 4.1. Par-
ticularly, λ1Dr1 , · · · ,λNDrN are d-hypercyclic on Hv,0.

Proof. T1 = λ1Dr1 , · · · ,TN = λNDrN satisfy the d-Hypercyclicity criterion with re-
spect to the increasing sequence of positive integer (nk) that we used in Theorem 4.1.
We let X0 = · · · = XN = span{1,z,z2, · · ·}, and consider for each 1 � l � N and each
k ∈ N the linear mappings

Sl,kz
s :=

1

λ nk
l

zs+rlnk

(s+1)(s+2) · · ·(s+ rlnk)
, s = 0,1,2 · · · .

Then the proof can be analogously obtained, so we omit the details. �

5. Disjoint supercyclic differentiation operators

Here we include a parallelly sufficient condition ensuring the disjoint supercyclic-
ity of N differentiation operators for the sake of completeness.

THEOREM 5.1. Let 1 � r1 < r2 < · · ·< rN , where ri ∈N, i = 1, · · · ,N and N � 2.
Assume that the differentiation operator D : Hv,0 → Hv,0 is continuous. If for every
ε > 0 and k ∈ N there exists m ∈ N satisfying

‖z(rl−ri)m+k+1‖v < ((rl − ri)m+ k+1)!ε (1 � i < l � N). (5.1)

Then Dr1 , · · · ,DrN are d-supercyclic.

Proof. Denote T1 = Dr1 , · · · ,TN = DrN . Since D : Hv,0 → Hv,0 is continuous, then
(3.2) still holds for C � 1. From the condition (5.1), for every k ∈ N, there exists a
strictly increasing sequence (nk) ⊂ N with nk+1 > nk + k+1 such that

‖z(rl−ri)nk+k+1‖v

((rl − ri)nk + k+1)!
<

1
kCk+1 , (1 � i < l � N). (5.2)

Next we verify Dr1 , · · · , DrN satisfy d-Supercyclicity criterion with respect to (nk).
Similarly, take dense subsets X0 = X1 = · · ·XN = span{1,z,z2, . . .} of X , and consider
the mappings

Sl : Xl → X(1 � l � N),

given by

Slz
s :=

zs+rl

(s+1)(s+2) · · ·(s+ rl)
, s = 0,1,2 · · · . (5.3)
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Thus TlSl = Id on Xl(l � l � N). Now, for 1 � i < l � N we have ri < rl . On the one
hand, for a fixed s∈N, by (5.3), if we choose nk large enough such that nk(rl −ri) > s,
it follows that

‖Tnk
l Snk

i zs‖v = ‖(Drl )nk

(
zs+nkri

(s+1)(s+2)···(s+nkri)

)
‖v = 0, (5.4)

pointwise on Xi(1 � i � N). On the other hand, by (4.10) and (5.2) we obtain that

‖Tnk
i Snk

l zs‖v = ‖(Dri)nk

( zs+nkrl

(s+1)(s+2) · · ·(s+nkrl)

)
‖v

= s!
‖zs+nk(rl−ri)‖v

(s+nk(rl − ri))!
→ 0, k → ∞,

pointwise on Xl(1 � l � N). Then the condition (i) of Definition 2.9 is true.
Next we show the condition (ii) of Definition 2.9 also holds. Take y0, · · · ,yN ∈

span{1,z,z2, · · ·}. We can easily pick q ∈ N large enough so that

yi =
q

∑
j=0

yi, jz
j, 0 � i � N.

Let nk � q large enough, by (5.3) it follows that

‖Tnk
l y0‖v · ‖

N

∑
s=1

Snk
s ys‖v

= ‖
q

∑
j=0

j!
( j−nkrl)!

y0, jz
j−nkrl‖v · ‖

N

∑
s=1

q

∑
j=0

j!
( j +nkrs)!

ys, jz
j+nkrs‖v = 0.

This completes the proof. �

REMARK 5.2. Note the assumptions in Theorem 3.1 are stronger than those in
Theorem 4.1 and Theorem 5.1.

THEOREM 5.3. If the conditions in Theorem 5.1 hold. Then for N � 2 unimod-
ular scalars λ1, · · · ,λN . The operators λ1Dr1 , · · · ,λNDrN satisfy the d-Supercyclicity
criterion. Particularly, λ1Dr1 , · · · ,λNDrN are d-supercyclic on Hv,0.

Proof. T1 = λ1Dr1 , · · · ,TN = λNDrN satisfy the d-Supercyclicity criterion with re-
spect to the increasing sequence of positive integer (nk) that we used in Theorem 5.1.
Still letting X0 = · · ·= XN = span{1,z,z2, · · ·}, and considering for each 1 � l � N and
each k ∈ N , define the linear mappings

Sl,kz
s :=

1

λ nk
l

zs+rlnk

(s+1)(s+2) · · ·(s+ rlnk)
, s = 0,1,2 · · · .

Then the proof is similar to the lines of Theorem 5.1, so we omit the details. �
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[10] J. BÈS, Ö. MARTIN, A. PERIS, S. SHKARIN, Disjoint mixing operators, J. Funct. Anal. 263 (2012)
1283–1322.
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