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DISJOINTNESS OF THE DIFFERENTIATION OPERATOR TUPLE
ON WEIGHTED BANACH SPACES OF ENTIRE FUNCTIONS

YU-XIA LIANG AND ZE-HUA ZHOU*

(Communicated by R. Curto)

Abstract. When the differentiation operator is continuous on weighted Banach spaces of entire
functions, several characterizations for the disjoint mixing, disjoint hypercyclicity and disjoint
supercyclicity of finitely many differentiation operators on H,(C) are presented. Especially,
we deduce an equivalence between the hypercyclicity of a single differentiation operator and the
disjoint mixing of tuple D™ --- D'V for 1 <r; <ry <--- <ry on H,(C), which strengthens
some existing results.

1. Introduction

A weigh v on the complex plane C is a strictly positive continuous function on
C which is radial, i.e. v(z) =v(|z|), z € C, such that v(r) is non-increasing on [0, o)
and satisfies lim #"v(r) = 0 for each m € N. For such a weight, the weighted Banach

F—so0

spaces of entire functions are defined by

H,:=H,(C) ={f € H(C), [IfIl, = SIEI(IC)V(Z)\f(Z)l < e},

H,o = Hyo(C) = {f € H(C), ‘leigloQV(Z)\f(Z)l =0},

endowed with the norm || f||,. It is obvious that H,, ¢ is a closed subspace of H, which
contains all polynomials. We refer the readers to [6, 7, 23, 24, 25] and the references
therein to learn more about this type of spaces.

Harutyunyan and Lusky [18] have shown the continuity of the differentiation op-
erator Df = f’ on the space H, under the assumption that the space H, is isomorphic
to the Banach space [... After that, Bonet [4] further completed the results of Harutyun-
yan and Lusky, and showed that the differentiation operator D : H, — H, is continuous
if and only if D : H,(y — H,, is continuous. Moreover, he obtained the following three
theorems concerning the dynamical behavior of differentiation operators on weighted
Banach spaces of entire functions.
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THEOREM 1.1. [4, Theorem 2.3] Assume that the differentiation operator D :
H,o — H,q is continuous. The following conditions are equivalent,

(1) D satisfies the Hypercyclicity criterion;
(2) D is hypercyclic on H,;
)1‘

lv

=0.

(3) liminf,_.. 12
THEOREM 1.2. [4, Theorem 2.4] Assume that the differentiation operator D :
H,o — H, is continuous. The following conditions are equivalent,

(1) D is topologically mixing;

(2) lim L5 —o.

THEOREM 1.3. [4, Proposition 2.7] Every continuous differentiation operator D :
H,o— H, is supercyclic.

If a Banach space X admits a hypercyclic operator, then X must be separable. This
is why we investigate the differentiation operators on the space H, . Throughout this
paper, we always assume that D : H, o — H, ¢ is continuous. Our results provide several
equivalent conditions for the disjoint properties of finitely many differentiation opera-
tors acting on H, . Therefore we generalize the above three theorems to N-tuple of
differentiation operators D"!,--- D'V acting on H,.

The paper is organized as follows. We first recall some basic definitions, related
propositions and a well-known lemma in section 2. After that we present some interest-
ing conditions for the disjointness in mixing, hypercyclicity and supercyclicity of the
N differentiation operators D', ..., D'V in sections 3-5.

2. Notation and preliminaries

For a positive integer n, the n—th iterate of T € L(X) denoted by T", is the
function obtained by composing T with itself n times. Let L(X) denote the space of
linear continuous operators on a separable infinite dimensional Fréchet space X.

A continuous linear operator 7 on a topological vector space X is called hy-
percyclic (respectively, supercyclic) provided there is some f € X such that the orbit
Orb(T,f)={T"f:n=0,1,---} (respectively, the projective orbit {AT"f: A € C,n=
0,1,2,---}) is dense in X. Such a vector f is said to hypercyclic (respectively, super-
cyclic) for T.

It is well known that an operator 7 on a separable Banach space X is hypercyclic
if and only if it is topologically transitive in the sense of dynamical systems, i.e. for
every pair of non-empty open subsets U and V of X thereis n € N that T"(U) meets
V. A stronger condition is the following: the operator 7 on X is called topologically
mixing if for every pair of non-empty open subsets U and V of X thereis N € N such
that 7"(U) meets V for each n > N.
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For motivation, examples and background about linear dynamics of single oper-
ators, we refer the readers to the books [9] by Bayart and Matheron, [14] by Grosse-
Erdmann and Peris, and the article by Godefroy and Shapiro [16] etc.

There are several remarkable advances in understanding dense orbits of (linear)
operators. Ansari showed that an operator T € L(X) and its iterates 7" (n = 1,2...)
have the same set of hypercyclic vectors in [1]. Bourdon and Feldman [8] verified that
a somewhere dense orbit must be everywhere dense. Each of these two results also
holds for d-hypercyclicity (Definition 2.1). Based on these foundations, we study the
hypercyclic behaviour of the orbit of (f,...,f) € X" under an operator of the form
Ti®...eTy.

The first example of hypercyclic operators was on the space H(C) of entire func-
tions on the complex plane C, endowed with the topology of uniform convergence on
compact subsets of C. Birkhoff [3] showed the translation operator T,f(z) = f(z +
a), z€ C, f € H(C) is hypercyclic whenever 0 # a € C. The hypercyclicity of differ-
entiation operator Df = f’ on H(C) was shown in [26] by MacLane. For a broad view
of the field of linear dynamics of the differentiation operator, see, e.g. [4, 5] and the
references therein.

Now given N > 2 operators T1,...,Ty on a Fréchet space X, there are a lot of
papers concerning the dynamical properties of their direct sum 77 & --- & Ty . In 2007,
Bées and Peris [1 1] and, independently, Bernal [2] investigated the property of the orbits

{(f7f7'~'7f)7(Tlf»T2f»'"»TNf)a(T12f»T22f7"'7T]\2]f)7"'} (fEX)

They studied the case when one of these orbits is dense in XV endowed with the product
topology for some z € X. If there is some vector satisfying the above condition, the
operators T1,---,Ty are called disjoint hypercyclic which is a weaker notion than the
notion of disjointness of Furstenberg (see, e.g. [13]). In this dissertation, we will pay
attention to the dynamics of N > 2 differentiation operators D'l --- D'V acting on
H,o. Some necessary definitions follow.

DEFINITION 2.1. [27, Definition 1.3.1] We say that N > 2 sequences of op-
erators (11 )5 ys---s (Tnn)-; in L(X) are disjoint hypercyclic or d-hypercyclic (re-
spectively, disjoint supercyclic or d-supercyclic) provided the sequence of direct sums
(Tin®...® Inn);_; has a hypercyclic (respectively, supercyclic) vector of the form
(f,....f) € XV. Then f is called a d-hypercyclic (respectively, d-supercyclic) vector
for the sequences (73 )5 1,..-,(Tn.n);_,- The operators Ti,...,Ty in L(X) are called
d-hypercyclic (respectively, d-supercyclic) if the sequences of iterations (7}")5_;, ...,
(T3);r_, are d-hypercyclic (respectively, d-supercyclic).

It is well-know that two d-hypercyclic operators must be substantially different
(see, e.g. [11]). Forinstance, an operator can not be d-hypercyclic with a scalar multiple
of itself. For some recent related results on disjointness in hypercyclicity, see, e.g.[ 10,
12,17, 19, 20, 21, 22, 28, 30, 31] and their references therein.

DEFINITION 2.2. [11, Definition 2.1] We say that N > 2 sequences of operators
(Tin)y iy, (Tnn)y-y in L(X) are d-topologically transitive (respectively, d-mixing)

n=1°
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provided for every non-empty open subsets Vp,---,Vy of X there exists m € N such

that
Vo T (VD) Ty (Vi) # 0

(respectively, so that Vj ﬂlejl(Vl) NN T,\le (V) # 0 for each j > m). Also, we say
that N > 2 operators T1,---,Ty in L(X) are d-topologically transitive (respectively,
d-mixing) provided (7{");_,---,(T});_, are d-topologically transitive (respectively,
d-mixing) sequences.

The next proposition shows that when X is a Fréchet (therefore, a Baire) space,
the concepts of d-hypercyclicity and d-topological transitivity coincide.

PROPOSITION 2.3. [11, Proposition2.3]Let (T1 )51, (Inn)o; be sequences
of operatorsin L(X). Then (Ti n)_y, -+ (Tnn)p, are d-topologically transitive if and
only if the set of d-hypercyclic vectors for (Ti,)r 1, (Tnn); is a dense Gg.

DEFINITION 2.4. [11, Definition 2.2] We say that N > 2 sequences (T1,)5_;, -,
(T )y in L(X) are d-universal (respectively, densely d-universal) if

{(Tl-,nfa T2.,nfa"'aTN,nf) Lne N}

is dense in X"V for some vector f € X (respectively, for each vector f in a given dense
subset of X). We call such vector f a d-universal vector for (7i,)5_ .-, (Tvu)y;-
Also, we say that (T1,,)7_,--, (Tn);, are hereditarily universal (respectively, hered-
itarily densely universal) provided for each increasing sequence of positive integers
(n) the sequence (T, )71, - (Tvn )5, are d-universal (respectively, densely d-
universal). If additionally X is a topological vector space and 7; € L(X), then the
d-universality goes under the name d-hypercyclicity.

REMARK 2.5. [10, Remark 1.8] An application of the Baire theorem shows that if
X is a Baire and second countable, then a sequence (T1,);_;, -, (Tvn)pe; in L(X)
are d-transitive if and only if they are densely d-universal. Moreover, the sequence
(Tin)y_y, -+, (Tnn)yy in L(X) are d-mixing if and only if they are d-transitive for
every subsequence.

The following d-Hypercyclicity criterion is a generalization of the Hypercyclicity crite-
rion (see,e.g. [15]) to the setting of disjointness of hypercyclic operators.

DEFINITION 2.6. [11, Definition 2.5] Let (n;) be an increasing sequence of pos-
itive integers. We say that N > 2 operators T1,---,Ty in L(X) satisfy the
d-Hypercyclicity criterion with respect to (n;) provided there exist dense subsets Xp, - - -,
Xy of X and mappings S;x: X; — X (k€ N, 1 <I <N) satisfying

(i) T, .0 pointwise on Xo,
(i) Sl"kk_) 0 pointwise on X;, and

—00

(iit) (TS — ‘Si,lIdXz)k_’ 0 pointwise on X;(1 <i<N).
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In general, we say that Tj,---,Ty satisfy the d-Hypercyclicity criterion if there exists
some increasing sequence of positive integers (n) for which the above conditions are
satisfied.

REMARK 2.7. The d-Hypercyclicity criterion is a sufficient condition for
d-hypercyclicity.

PROPOSITION 2.8. [11, Proposition 2.6] Let Ty, .., Ty satisfy the d-Hypercyclicity
criterion with respect to a sequence (ny). Then the sequences {T\"*}7_,, - {Ty*}7_,
are d-mixing. In particular, Ty,---, Ty are d-hypercyclic. Indeed, if (ny) = (k), then
Ti,---,Ty are d-mixing.

The following d-Supercyclicity criterion generalizes the Supercyclicicty criterion
of Salas [29] to the setting of disjointness.

DEFINITION 2.9. [27, Definition 4.1.1] Let X be a Banach space and (n;) be
a strictly increasing sequence of positive integers and N > 2. We say that T1,---, Ty
in L(X) satisfy the d-Supercyclicity criterion with respect to (n;) provided there exist
dense subsets Xp,X1,...,Xy of X and mappings

S X, —X,(I<I<KN)
sothat for 1 <i <N

(i) (TS — 5i7lIXi)k_) 0 pointwise on X;,
.. . nk N nk
(ii) khm 1T ]| - | X S;'yjll =0forx € Xo and y; € X;.
—s 00 j=l
REMARK 2.10. The d-Supercyclicity criterion is a sufficient condition for

d-supercyclicity.

We finally recall a well known lemma, which will be used in the sequel. The
transpose of an operator T is denoted by T°.

LEMMA 2.11. [4, Lemma 2.2] Let T be an operator on a separable Banach
space X. If T is topologically mixing, then lim ||(T")"(g)|| = oo for each g € X*, g #
n—>00
0.

3. Disjoint mixing differentiation operator

At the beginning of this section, we first present several equivalent characteriza-
tions for the disjoint mixing properties of D™',--- ,D'N (N >2)on H,.

THEOREM 3.1. Let 1 <ri <rp <---<ry, where r; €N, i=1,--- N. Assume
that the differentiation operator D : H,o — H, ¢ is continuous. The following conditions
are equivalent,
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(1)

lim u =0; 3.1

n—eo  pl
(2) D"',--- D'V are d-mixing;

(3) D",--- D'V satisfy the d-Hypercyclicity criterion with respect to the sequence
(n);
(4) D" --- D'N are hereditarily densely d-hypercyclic with respect to the sequence

(n);

Proof. We will show these implications (1) = (3)=-(2)=-(1) and (3)=(4)=(2).
(1) = (3). Denote T =D",---, Ty = D'V. Since D : H, o — H, is continuous,
there is a positive constant C > 1 such that

IF9N < EIf s (3.2)

foreach f € H,( and each j € N.

Next we verify that the operators D!, --- D'V satisfy d-Hypercyclicity criterion
with respect to the sequence (n).

Choose Xg = X; = --- = Xy = span{1,z,z,...}, and take the mappings

Sl,n : Xl — X
foreach 1 <I < N and each n € N, defined by

Zs+m’,

(s+1)(s+2)...(s+nr)’

Sind’ 1= s=0,1,2---. (3.3)

Since the set of all polynomials is dense in H,(, then Xy,X;,---Xy are dense
subsets of H,. It is easy to check that 7" — pointwise on Xy for 1 </ < N. Next
Nn—oo

we verify that

(ii) S;, — O pointwise on X;(1 <I<N).

Fix s € NU{0}. From the definition in (3.3) we have that
s+nr; s+nr;
Sin(?’) = ——— s
' (s+1)...(s+nr) (s+nr)!

further by (3.1) it follows that

\ st+nr,||v

Sn -S vy =387~
IS0l = st

— 0, n— oo, (3.4

Thus the condition (ii) follows from (3.4).
It remains to show that
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(iii) (7"Sin—6;, lIdX,) — O pointwise on X;(1 <i < N),

which is immediate when i = [ since 7}"S; ,2° = 2%, s =0,1,---. Now, for 1 <i <[ <
N, it follows that r; < r;. On the one hand, if we choose n large enough such that
n(r;—r;) > s, it follows that

s+nr;
nrf&mfnv=\77((S+1ij2)“(s+nn>)V
o i
- H(D ) (s+ 1)(s+2)---(s—|—nr,-)> , =0.
On the other hand, using (3.1) we obtain that
o . Ftn
1T S1az’llv = H(Dl) (s+1)(s+2)~~~(s+nrl)> )

— 0, n— oo,

Zs+n(r,—r,-) . st+n(n—r-) HV
06Dt |~ Trati—r)!

From the above two equations, the condition (iii) holds. Hence D"!,--- D'V sat-
isfy the d-Hypercyclicity criterion with respect to the sequence (n).

(3)= (2). This is due to Proposition 2.8.

(2)=-(1). Suppose that D'1,--- D'V are d-mixing. From Definition 2.2, we know
that every 7; = D' is mixing for 1 </ < N. Considering 77 = D'! is mixing and using
Lemma 2.11, we have that

lim [0 (D) = e=, (3.5)

for the linear functional & : H,p — C, defined by &(f) = f(0). Using Cauchy in-
equality

V o) < Smax|f()], n €N, r>0,

it turns out that
(P = 00 (DY )| = w(r) £ () X
() Gyt 80° O (D =V O) sy < v max () < 1

forevery r >0, n € N and f € H,o with || f|, <1
This implies that for every nr; € N and r > 0,

nr1

v(r )(nrl)

[[8o0 (D™)"[| < 1.

Hence for every n € N,

nr
v

(nr1)!

1800 (D) <1, z€C.
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Using (3.5) it is clear that

el

i (3.6)
Since D : H,( — H, is continuous, for C > 1 we have that
(n+ 1)' n n n n
EEL 2 = e+ DI = IDE )l <
Thus it follows that
120 _ Al
n! S (n+1)! 3.7)

Since for each m € N, there is n € N such that nry < m < (n+ 1)ry, then employing
(3.7) we have that

1270 e 1270 o 12
(nr)! m! m!
and
HZmHV<C(n+1)r1—m HZ("H)”H T HZ(nH)rlH - HZ(nJrl)rIH

m! (n+1)rp)! — ((n+1)r)! ((n+1)r)!"

From the above two inequalities and (3.6), it follows that

m
lim ||Z ||V
m—oo  m!

=0.

That is the desired condition (3.1).

(3)=-(4). Suppose that D"t --- D'N satisfy the d-Hypercyclicity criterion with
respect to the sequence (n). If (ng) is any subsequence of (n), D'!,--- D'V clearly
satisfy the d-Hypercyclicity criterion with respect to (n;) and hence by Proposition

2.8 it follows that ((D’1 )"k>: R (D’N)"k>k | are d-mixing. By Remark 2.5 and

Proposition 2.3, we have that D', D'V are he_reditarily densely d-hypercyclic with
respect to (n).

(4)=(2). Suppose that D1, --- D'V are hereditarily densely d-hypercyclic with
respect to the sequence (n). That is, for every subsequence (n;) of (n) the set of d-

universal vectors for <(D’l )”k>k s, [ (DY )”k> is a dense set. By Proposition
1

2.3 we have that <(D’1 )"k>k R ((D’N)"k>k ,are d-transitive. Hence D', --- D'V

are d-transitive for every subsequence of (n). Further by Remark 2.5 it follows that
D" ... D'V are d-mixing. This completes the proof. [J

In particular, combining Theorem 1.1 and Theorem 1.2 with Theorem 3.1, we deduce
interesting equivalently dynamical characterizations between hypercyclicity (mixing)
of a single differentiation operator and disjoint mixing of tuple D"!,--- D'~ for 1 <
ra<r<---<ry.
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THEOREM 3.2. Let 1 <rj <r <---<ry, where r; e N, i=1,--- N. Assume
that the differentiation operator D : H, o — H, o is continuous. The following conditions
are equivalent,

(1) D satisfies the hypercyclicity criterion.
(2) D is hypercyclic on HS.
(3)

n
llm ||Z ||V _
n—oo nl

(4) D is topologically mixing;
(5) D"',--- D'V are d-mixing;

(6) D"',--- D'N satisfy the d-Hypercyclicity criterion with respect to the sequence
(n);

(7) D",--- D'N are hereditarily densely d-hypercyclic with respect to the sequence
().

Furthermore, based on the results in Theorem 3.1, the following corollary holds.

COROLLARY 3.3. Let 1 <ri <rp <---<rn,andlet A,---,Ay be unimodular

scalars, where r; €N, i=1,--- N. Assume that the differentiation operator D : H, o —
H,y is continuous. Then the following statements are equivalent,
(1)
tim 120 _ .
n—oo n! ’

(2) MD™",--- AND'N are d-mixing;

(3) MD",--- AND'N satisfy the d-Hypercyclicity criterion with respect to the se-
quence (n);

(4) A D" --- AND'N are hereditarily densely d-hypercyclic with respect to the se-
quence (n).

Proof. Let Ty = ;D" ,--- Ty = AxD'V , and they clearly satisfy the
d-Hypercyclicity criterion with respect to the sequence (n), if we let Xo =+ = Xy =
span{l,z,zz7 ---}, and consider for each 1 <1 < N and each n € N the linear map

1 Z.\'Jrrln

S = — L 5=0,1,2---
B A A D (s+2) (st )

Then the remaining proof is similar to Theorem 3.1, so we omit the details. []
The corollary below generalizes [4, Corollary 2.5], we include the proof for readers’
convenience.
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COROLLARY 3.4. Let v be a weight such that the differentiation operator D :
H,o— H, is continuous. If there are A> 0,00 > 1,y >0 such that v(r) <Aexp(—oar)

foreach r > rg, then A\D",--- ,AND'N are d-mixing on H, . In particular, A,D",-- -,
AND'N are d-mixing for v(r) =exp(—ar), o > 1, where |A;|=1,i=1,--- ,N. Also,
D"t ... \D'N are d-mixing on H,y and then D'',--- D'N are d-mixing for v(r) =

exp(—ar), a>1.

Proof. Combining Theorem 3.1 and Corollary 3.3, we only need to show (3.1)
holds. Since v(r) is non-increasing, and then we have that

1|y = supv(|z])|z|* = sup'v(r) = sup r*v(r)+ sup r"v(r)
zeC r=0 0<r<rg r=rg
n_—or nne_n
<rov(0)+Asupre " =rgv(0) +A o

r=rg

By Stirling’s formula it follows that (3.1) holds. This completes the proof. [

4. Disjoint hypercyclic differentiation operators

In this section, we offer a sufficient condition ensuring the tuple D!,--- D'V sat-
isfies the d-Hypercyclicity criterion, hence they are also disjoint hypercyclic.

THEOREM 4.1. Let 1 <ri<mrn<---<ry,wherer;eN,i=1,--- Nand N > 2.
Assume that the differentiation operator D : H,o — H,q is continuous. If for every
€ >0 and k € N there exists m € N satisfying

||Zrlm+k+l||v < (mm+k+1)'e (1<I<N), 4.1)

and
[ < (= rm ok Dl (1< <T<N). @2
Then D', --- D'V satisfy the d-Hypercyclicity criterion. In particular, D'1,--- ,D'N are

d-hypercyclic.

Proof. Denote Ty = D" ,---, Ty = D'~. Since D : H,(y — H, is continuous, then
(3.2) still holds for C > 1. From the conditions (4.1) and (4.2), for every k € N, there
exists a strictly increasing sequence (n;) C N with ng, > ng +k+ 1 such that

”Znnk-&-k-&-le 1
< (1<
(g +k+ 1)~ kCk+1 (1<

<N), (4.3)

and
Hz(r,—r,-)nk+k+1 Hv 1
< )
((rl—r,-)nk+k+l)! ka'H (

1<i<I<N). (4.4)
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We will show that D"t,--- D'V satisfy the d-Hypercyclicity criterion for the strictly
increasing sequence (ny). Similarly, take dense subsets Xo =X; =+ =Xy =
span{1,z,z>,...} of X. Itis obvious that the condition (i) of Definition 2.6 holds. For
each 1 <1< N and each k € N, define the mappings S;; : X; — X by

Zs+rlnk

(s+1)(s+2)(s+rm)’

S1pz’ = s=0,1,2---. 4.5)

Next we show that
(ii) Sl"kk_> 0 pointwise on X;(1 </ <N).

Choose s € NU{0} and take k > s. From (4.5) it is obvious that

S K} Z5+rlnk s! s+ring 4.6
#(@) = (s+1)---(s+rn) (s—i—rlnk)!Z ’ (4.6)

and

ring+k—+1)! ring+k+1)!
(nmt ket D) l(sk+ rznk)') S — (it k4 1! . ) S1x(2')- 4.7

From (4.6), (4.7), (3.2), (4.3) and C > 1 we have that

! s!
S (), = o
H l,k(z )”v (rlnk X 1)!

ring+k+1 ||v

Dk+l—s (Zr,nk+k+l )

s+rng |v — ||Dk+lfs(zr1nk+k+l)||v

(s+rmng)! Iz

o e, ok Iz

<sIckHs oY ) —_
(rn +k+1)! (rng+k+1)!

1
< s!§ — 0, k— oo, (4.8)

Then the condition (ii) follows from (4.8).
It remains to verify that

(iii) (T;"S;x — 8;41dx,) — 0O pointwise on X;(1 <i < N),
which is immediate when i = [ since Tln"SLk =1Idx, (1 <I<N).

Now, for 1 <i< [ <N it follows that r; < r;. On the one hand, if we choose ny
large enough such that ny(r; — r;) > s, it follows that

Zs+r,-nk
s+ 1)(s+2)---(s+r,-nk)>

pointwise on X;(1 < i< N). On the other hand, employing the similar lines of (4.8),
we have that

ISzl = | @ (; 0. @49

v

_ iz,

=5l
, (s+ (rp—ri)mg)!
HZ(VI*Vi)"kJrkH &

+rny
||T-nkSlkZS||v: (D”)"k( ZS ring )
Ll (s+D)(s+2) - (s+rm)
' HDk‘Flf.\'(Z(rlfri)n]ka‘Fl)

”v k+1—s
= rmkr 1 (r—rmg+k+1)!

||Z(r,—r,-)nk+k+l ” ,

1
<sl=—0, k— oo, (4.10)

g S!Ck+1
((rp—ri)ng+k+1)! k
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pointwise on X;(1 < i < N), where the last line follows from (4.4). Hence the condition
(iii) follows from (4.9) and (4.10). Therefore D" ,---, D'V satisfy the d-Hypercyclicity
criterion with respect to (ny). Particularly, D'1,--- D'V are d-hypercyclic. This fin-
ishes the proof. [J

THEOREM 4.2. Given N > 2 unimodular scalars Ay,---, Ay, D™, - AyD'N
also satisfy the d-Hypercyclicity criterion under the assumptions of Theorem 4.1. Par-
ticularly, D" ,---  AND'N are d-hypercyclic on H,.

Proof. Ty =AD" ,--- Ty = AyD'V satisfy the d-Hypercyclicity criterion with re-
spect to the increasing sequence of positive integer (n;) that we used in Theorem 4.1.
We let Xy = --- = Xy = span{1,z,7%,---}, and consider for each 1 <! < N and each
k € N the linear mappings

1 Z5+r,nk

S)Z = = L s=0,1,2---.
W T s+ 1) (5+2) -+ (s + rung)

Then the proof can be analogously obtained, so we omit the details. []

5. Disjoint supercyclic differentiation operators

Here we include a parallelly sufficient condition ensuring the disjoint supercyclic-
ity of N differentiation operators for the sake of completeness.

THEOREM 5.1. Let 1 <ri<m<---<ry,wherer;eN, i=1,--- Nand N > 2.
Assume that the differentiation operator D : H,o — H, is continuous. If for every
€ >0 and k € N there exists m € N satisfying

[lrmrm k| S (= r)m+k+1D)le (1<i<I<N). 5.1
Then D" ,--- D'N are d-supercyclic.
Proof. Denote Ty = D" ,---, Ty = D'~ . Since D : H,(y — H, is continuous, then

(3.2) still holds for C > 1. From the condition (5.1), for every k € N, there exists a
strictly increasing sequence (n;) C N with ngq > ng+k+ 1 such that

Hz(r,—r,-)nk+k+1 Hv 1 l s
L (1<i<I<N). 2
((rl—r,-)nk+k+l)! ka+l ( ! ) ( )
Next we verify D™, --- D'V satisfy d-Supercyclicity criterion with respect to (ny).
Similarly, take dense subsets Xo = X; = ---Xy = span{1,z,z>,...} of X, and consider
the mappings
Sl ZX[ —>X(1 <l<N),
given by
Zs+r[

Si7 = ,5=0,1,2---. (5.3)

(s+1)(s+2)---(s+nr)
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Thus 7;S; = Id on X;(I <1< N). Now, for 1 <i<1<N wehave r; < r;. On the one
hand, for a fixed s € N, by (5.3), if we choose n; large enough such that ng(r; — r;) > s,
it follows that

. r\n S+nyr;
||TlnkS:‘1AZSHV = || (D I) ¢ < (.\'Jrl)(si2){€-~(s+nkr,-)> ||V =0, (5.4)

pointwise on X;(1 < i< N). On the other hand, by (4.10) and (5.2) we obtain that

S+nr
Izl = oy L — )l
(s+1)(s+2) - (s+nr)
||Z5+nk(rl—ri)H
— e T, koo,

(s+ne(rp—ri))!

pointwise on X;(1 <1 < N). Then the condition (i) of Definition 2.9 is true.
Next we show the condition (if) of Definition 2.9 also holds. Take yg,---,yy €
span{1,z, 2, --}. We can easily pick ¢ € N large enough so that

9 .
yi= Y yijdl, 0<i<N
j=0
Let ny > g large enough, by (5.3) it follows that

N
1T yollv - 1| Y, Steyslly
s=1
N

q q
J!
= ||2( “Y0,2 e ||, ||22 +n ~ yw H’i’lkra” —0.
J

-] nr) sl/O

This completes the proof. [

REMARK 5.2. Note the assumptions in Theorem 3.1 are stronger than those in
Theorem 4.1 and Theorem 5.1.

THEOREM 5.3. If the conditions in Theorem 5.1 hold. Then for N > 2 unimod-
ular scalars Ay,---,Ay. The operators A D" ,--- AND'VN satisfy the d-Supercyclicity
criterion. Particularly, A\D",--- ,AND'V are d-supercyclic on H,y.

Proof. Ty =AD" ,--- Ty = AnD'V satisfy the d-Supercyclicity criterion with re-
spect to the increasing sequence of positive integer (n;) that we used in Theorem 5.1.
Still letting Xg = --- =Xy = span{l7z7zz, --+}, and considering for each 1 </ <N and
each k € N, define the linear mappings

1 ZS""”lnA

QL"" (s+1)(s+2) - (s+rmn)’

Six? s s=0,1,2---

Then the proof is similar to the lines of Theorem 5.1, so we omit the details. [



598

[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]

[9]
[10]

[11]
[12]

[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]

[26]
[27]

[28]

[29]

Y. X. LIANG AND Z. H. ZHOU

REFERENCES

S. I. ANSARI, Hypercyclic and cyclic vectors, J. Funct. Anal. 128 (1995) 374-383.

L. BERNAL-GONZALEZ, Disjoint hypercyclic operators, Studia Math. 182(2) (2007) 113-131.

G. D. BIRKHOFF, Démonstration d’un théoreme élémentaire sur les fonctions entiéres, C. R. Math.
Acad. Sci. Paris, 189 (1929) 473-475.

J. BONET, Dynamics of differentiation operator on weighted spaces of entire functions, Math. Z. 261
(2009) 649-657.

J. BONET AND A. BONILLA, Chaos of the differentiation operator on weighted Banach spaces of
entire functions, Complex Anal. Oper. Theory, 7(1) (2013) 33-42.

K. D. BIERSTEDT, J. BONET, A. GALBIS, Weighted spaces of holomorphic functions on bounded
domains, Mich. Math. J. 40 (1993) 271-297.

K. D. BIERSTEDT, J. BONET, J. TASKINEN, Associated weights and spaces of holomorphic functions,
Studia Math. 127(1998) 137-168.

P. BOURDON, N. S. FELDMAN, Somewhere dense orbits are everywhere dense, Indiana Univ. Math.
J. 52(3) (2003) 811-819.

F. BAYART, E. MATHERON, Dynamics of Linear Operators, Camberidge University Press, 2009.

J. BEs, O. MARTIN, A. PERIS, S. SHKARIN, Disjoint mixing operators, J. Funct. Anal. 263 (2012)
1283-1322.

J. BES, A. PERIS, Disjointness in hypercyclicity, J. Math. Anal. Appl. 336 (2007) 297-315.

C. C. CHEN, Disjoint hypercyclic weighted translations on groups, Banach J. Math. Anal. 11(3)
(2017) 459-476.

H. FURSTENBERG, Disjointness in ergodic theory, minimal sets, and a problem in Diophantine ap-
proximation, Math. Systems Theory, 1 (1967) 1-49.

K. G. GROSSE-ERDMANN, A. PERIS MANGUILLOT, Linear Chaos, Universitext, Springer, London,
2011.

R. M. GETHNER, J. H. SHAPIRO, Univeral vectors for operators on spaces of holomorphic functions,
Proc. Amer. Math. Soc. 100(2) (1987) 281-288.

G. GODEFROY, J. H. SHAPIRO, Operators with dense, invariant, cyclic vector manifolds, J. Funct.
Anal. 98 (1991) 229-269.

S. A.HAN, Y. X. LIANG, Disjoint hypercyclic weighted translations generated by aperiodic elements,
Collect. Math. 67(3) (2016) 347-356.

A.HARUTYUNYAN, W. LUSKY, On the boundedness of the differentiation operator between weighted
spaces of holomorphic functions, Studia Math. 184 (2008) 233-247.

Y. X. LIANG, L. XIA, Disjoint supercyclic weighted translations generated by aperiodic elments,
Collect. Math. 68(2) (2017) 265-278.

Y. X. LIANG, Z. H. ZHOU, Disjoint supercyclic weighted composition operators, Bull. Korean Math.
Soc. 55 (4) (2018) 1137-1147.

Y. X. LIANG AND Z. H. ZHOU, Disjoint mixing composition operators on the Hardy space in the unit
ball, C. R. Math. Acad. Sci. Paris, 352(4) (2014) 289-294.

Y. X. LIANG AND Z. H. ZHOU, Disjoint supercyclic powers of weighted shifts on weighted sequence
spaces, Turkish J. Math. 38 (6) (2014) 1007-1022.

W. LUSKY, On weighted spaces of harmonic and holomorphic functions, J. Lond. Math. Soc. 51
(1995) 309-320.

W. LUSKY, On the Fourier series of unbounded harmonic functions, J. Lond. Math. Soc. 61 (2000)
568-580.

W. LUSKY, On the isomorphism classes of weighted spaces of harmonic and holomorphic functions,
Studia Math. 175 (2006) 19-45.

G. R. MACLANE, Sequences of derivatives and normal families, J. Anal. Math. 2 (1952) 72-87.

O. MARTIN, Disjoint hypercyclic and supercyclic composition operators, PhD thesis, Bowling Green
State University, 2010.

O. MARTIN AND R. SANDERS, Disjoint supercyclic weighted shifts, Integral Equations Operator
Theory, 85(2) (2016) 191-220.

H. N. SALAS, Supercyclicity and weighted shifts, Studia Math. 135(1) (1999) 55-74.



DISJOINTNESS OF THE DIFFERENTIATION OPERATOR TUPLE 599

[30] H.N. SALAS, Dual disjoint hypercyclic operators, J. Math. Anal. Appl. 374 (2011) 106-117.
[31] S. SHKARIN, A short proof of existence of disjoint hypercyclic operators, J. Math. Anal. Appl. 367
(2010) 713-715.

(Received November 17, 2017) Yu-Xia Liang
School of Mathematical Sciences

Tianjin Normal University

Tianjin 300387, P.R. China

e-mail: 1iangyx1986@126.com

Ze-Hua Zhou

School of Mathematics
Tianjin University

Tianjin 300354, P.R. China

e-mail: zehuazhoumath@aliyun.com;zhzhou@tju.edu.cn

Operators and Matrices
www.ele-math.com
oam@ele-math.com



