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ON THE LOCATION OF EIGENVALUES OF MATRIX POLYNOMIALS

CONG-TRINH LE*, THI-HOA-BINH DU AND TRAN-DUC NGUYEN

(Communicated by C.-K. Li)

Abstract. A number A € C is called an eigenvalue of the matrix polynomial P(z) if there exists
anonzero vector x € C" such that P(A)x = 0. Note that each finite eigenvalue of P(z) is a zero
of the characteristic polynomial det(P(z)). In this paper we establish some (upper and lower)
bounds for eigenvalues of matrix polynomials based on the norm of their coefficient matrices
and compare these bounds to those given by N. J. Higham and F. Tisseur [&], J. Maroulas and P.
Psarrakos [12].

1. Introduction

Let C"™*" be the set of all n x n matrices whose entries are in C. For a matrix
polynomial we mean the matrix-valued function of a complex variable of the form

P(z) = A"+ +A12+ Ay, (1)

where A; € C™" forall i =0,---,m. If A, # 0, P(z) is called a matrix polynomial of
degree m. When A,, = I, the identity matrix in C"*", the matrix polynomial P(z) is
called a monic.

A number A € C is called an eigenvalue of the matrix polynomial P(z), if there
exists a nonzero vector x € C" such that P(1)x = 0. Then the vector x is called, as
usual, an eigenvector of P(z) associated to the eigenvalue A. Note that each finite
eigenvalue of P(z) is a root of the characteristic polynomial det(P(z)).

The polynomial eigenvalue problem (PEP) is to find an eigenvalue A and a non-
zero vector x € C" such that P(A)x = 0. For m = 1, (PEP) is actually the generalized
eigenvalue problem (GEP)

Ax = ABx,

and, in addition, if B =1, we have the standard eigenvalue problem
Ax = Ax.

For m = 2 we have the quadratic eigenvalue problem (QEP).
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The theory of matrix polynomials was primarily devoted by two works, both of
which are strongly motivated by the theory of vibrating systems: one by Frazer, Duncan,
and Collar in 1938 [FDC], and the other by P. Lancaster in 1966 [10].

(QEPs), and more generally (PEPs), play an important role in applications to sci-
ence and engineering. We refer to [19] for a survey on applications of (QEP). Moreover,
we refer to the book of I. Gohberg, P. Lancaster and L. Rodman [6] for a theory of ma-
trix polynomials and their applications.

There are algorithms to solve (QEPs), see the works of Hamarling, Munro and
Tisseur [7, 2013] and Zeng and Su [20, 2014]. For (PEPs), there is some research on
bounds of eigenvalues of matrix polynomials which were constructed in terms of the
norms of coefficients of the given matrix polynomials. See, for example, the work of
Higham and Tisseur [8, 2003], Maroulas and Psarrakos [12, 1997].

Computing eigenvalues of matrix polynomials (even computing eigenvalues of
scalar matrices and finding roots of univariate polynomials) is a hard problem. There
is an iterative method to compute these eigenvalues, see Simoncini and Perotti [16,
2006]. Moreover, when computing pseudospectra of matrix polynomials, which pro-
vide information about the global sensitivity of the eigenvalues, a particular region of
the (possibly extended) complex plane must be identified that contains the eigenvalues
of interest, and bounds clearly help to determine such region [18]. Therefore, it is useful
to find the location of these eigenvalues.

Note that, if Ay is singular then O is an eigenvalue of P(z), and if A, is singular
then O is an eigenvalue of the matrix polynomial z"P(1/z). Therefore, to locate the
eigenvalues of these matrix polynomials, we always assume that Ay and A, are non-
singular.

The paper is organized as follows. In Section 2 we give bounds for matrix polyno-
mials whose coefficients satisfy some special properties, in particular, we give a matrix
version of Enestrom-Kakeya’s theorem. In Section 3 we establish matrix versions of
some Cauchy’s type theorems. In particular, we establish a matrix version of the the-
orem of Joyal, Labelle and Rahman (cf. [9], [13, Theorem 2.14]) and some of its
corollaries. Moreover, we give also a matrix version of Datt and Govil’s theorem [3,
Theorem 1] and some other bounds. Finally, we give some numerical experiments in
Section 4.

Notation. For a matrix A € C"*", the notation A > 0 means "A is positive
semidefinite”, i.e. for every vector x € C" we have x*Ax > 0; A > 0 means "A is
positive definite”, i.e. x*Ax > 0 for every nonzero vector x € C". For two matrices
A,B € C"" the notation A > B means A—B > 0.

Throughout this paper, || - || denotes a subordinate matrix norm.

2. Enestrom-Kakeya’s theorem for matrix polynomials

In this section we give upper and lower bounds for eigenvalues of some special
matrix polynomials. First of all we consider matrix polynomials with a dominant prop-
erty.
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THEOREM 2.1. Let P(z) = Ag+A1z+ -+ A" be a matrix polynomial whose
coefficients A; € C"™" satisfying the following dominant property:

lAm| > |Ail|,Yi=0,---,m—1.
Then all eigenvalues A of P(z) locate in the open disk
] < T+ Anll|A5 I

In particular, for n = 1, we obtain the following corollary of Cauchy’s theorem ([11,
Theorem 27.2]; see also [2, Theorem 2.2]):

COROLLARY 2.1.1. Let p(z) =ap+aiz+---+anz" € Clz] such that |a,,| > |a;|
forall i=0,---;m— 1. Then all the roots of p(z) locate in the open disk |z| < 2.

The proof of this corollary uses the fact that when n = 1 we have ||A,||||A;'||=1.

Proof of Theorem 2.1. Let A € C be an eigenvalue of P(z) and x € C" a unit
eigenvector of P(z) associated to A .
We have nothing to prove if |A| < 1. Hence we may assume that || > 1. Then we
have

mol A

1P > A]" [Amx IS ol

Am Al 1
|[ I- zw,,”

m A
> (A" | Ayt Z r | = A IA l—HAmHHAmIIIZ ;
A= IM
1y Anlll1A5"]
>4 Al ll_A Al :AmAl 11_” m
AP IAGH I 1= Al ||ZW, AP Ao
AL

M’|_1 (M’|_1_”AMHHA;1H)

Hence, if |1 > 1+ ||A,]|||A,,!]| we have ||P(A)x|| > 0, a contradiction. It follows that
|A| < 14 ||Anl||A;,1], which completes the proof. [

The following theorem of Enestrom and Kakeya is well-known.

THEOREM 2.2. ([15, Corollary 3]) Let p(z) be a polynomial in one variable given
by
p2)=ap+aiz+--+and", a; eRVi=1,---.m
Suppose that
am >am—1 2 2‘1020; am > 0.

If z€ C is aroot of p(z) then 2—<\z|<1.
a

m

A matrix version of Theorem 2.2 is given as follows.
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THEOREM 2.3. Let P(z) =Ag+A1z+ -+ A" be a matrix polynomial whose
coefficients A; € C"™" satisfying

AnZ2Ap12--24A020,4,>0.
Then each eigenvalue A of P(z) satisfies

Amin (AO )

5 SIA< L,
2Amax(Am) 4]

where Amin(Ao) denotes the smallest eigenvalue of Ay and Amax(Ay) the largest eigen-
value of Ap,.

Proof. A proof for the upper bound of || in this theorem was given by G. Dirr
and H. K. Wimmer [4, Theorem 2.1] (see also in [17, Theorem 5.1]). Now we give a
proof for the lower bound.

Firstly we observe that for a matrix A € C"*", its smallest eigenvalue A,,;,(A) and
its largest eigenvalue A,4c(A) belong to the set

{x"Axlx € C", |lx[| = 1},

which is the standard numerical range of A. Hence for a unit vector x € C", we always
have
Aonin (A) <x"Ax < 2fma)c(A)~ )

Let A € C be an eigenvalue of P(z), and u € C",|lu|| =1 an eigenvector of P(z)
associated to A . Consider the polynomial

Pu(z) =u'P(Qu="Y (u*Au)7.
i=0
Note that A is a root of P,(z). Moreover, the hypothesis on the relation of A;’s implies
that
WA= A, qu>= o = utAou > 0,u"Au >0,

that is, the polynomial P,(z) satisfies the conditions given in Theorem 2.2. Applying
this theorem for P,(z) we obtain

Then the required lower bound for |A| follows from (2). O
By applying Theorem 2.3 for the matrix polynomial z"P(%) we obtain the follow-
ing dual version of Theorem 2.3.

THEOREM 2.4. Let P(z) =Ag+A1z+ -+ A" be a matrix polynomial whose
coefficients A; € C"*" satisfying

AgZzAr 2 2A,>0.

Then each eigenvalue A of P(z) satisfied |A| > 1.
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We have also the following version of Enestrom-Kakeya’s theorem for polynomi-
als.

THEOREM 2.5. (Enestrom-Kakeya’s theorem, Version 2, [1]) Let p(z) =ap+a;z
+ -+ and™ be a polynomial whose coefficients a;,i =0, ---,m are positive real num-

bers. Denote
. ai ai
o := min ,B:= max .
o<ism—1 | ajy1 0<i<m—1 | dji

Then each root z € C of p(z) satisfies the following inequalities

o< |zl < B.

Using the same method as given in the proof of Theorem 2.3, applying Theorem 2.5, we
obtain the following bounds for eigenvalues of matrix polynomials whose coefficients
are positive definite.

THEOREM 2.6. Let P(z) =Ao+A1z+---+A,2" be a matrix polynomial whose
coefficients A; € C™"" are positive definite. If A € C is an eigenvalue of P(z), then

min {XL(A"))}ng max {M}

i=0,+-,m—1 max(Ai+l i=0,-m—1 A«min (Ai+1)

3. Cauchy type theorems for matrix polynomials

In this section we establish some Cauchy type theorems for matrix polynomials
of the form P(z) = Ao +Ajz+ -+ A" with A, and Ap non-singular. We should
observe that the set of eigenvalues of P(z) coincides to that of the monic matrix poly-
nomial

A'P(2) = (A,'Ao) + (A Ay )2+ + 12"

Therefore, because of the complexity in practice, we concentrate to consider in this
section the bounds for monic matrix polynomials.
Firstly we state the Cauchy’s theorem for monic matrix polynomials.

THEOREM 3.1. (Cauchy, [8, Lemma 3.1]) Let P(z) = Ao +Aiz+ -+ 17" be a
monic matrix polynomial. Let r resp. R be the positive root of the polynomial

h(z) ="+ 2" A ||+ +2]Ad] - |JAg Y|

resp.
8(2) =" =" [Apor]l — - — ||Ao]l.

Then each eigenvalue A of P(z) satisfies
r<|A[<R.

Now we give some Cauchy type theorem for monic matrix polynomials.
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THEOREM 3.2. Let P(z) =Ao+Aiz+---+1". Denote

M:= max |A;.
i=0,--,m—1

Then all eigenvalues of P(z) are contained in the closed disk
K(0,r):={z€C| |z <n},
where ry :==max{1,0} and & # 1 is the positive root of the equation
(1M + M =0.

In particular, for n = 1 we obtain a Cauchy type theorem for polynomials [2, Theorem
3.2].

Proof. Let A € C be an eigenvalue of P(z) and x € C" a unit eigenvector of P(z)
associated to A .
The conclusion is clear if |A]| < 1. Therefore we may assume that |[A| > 1. Then we
have

[ m—1
IPA)e]| = | e[| A" — | 3 A |

i i=0
[ m—1 | )

> A" =X llAillllA,, %’] 3)
L i=0
I m—1

> |/1'"—MZ/V] 4)
L i=0
[ m AM-1 1 m m

= - mEE=E | = e G - aaniap ).

In the lines above, from (3) to (4) we use the definition of M.
Note that the polynomial f(z) := z""! — (14 M)z" + M has exactly two positive real
roots 1 and 6 # 1 by the Descartes’ rule of signs, and f(0) > 0. It follows that

|f(z)| > O for all z > max{8,1}.

Hence for |A| > r; we have ||P(4)x|| >0, a contradiction. This completes the proof. [

COROLLARY 3.2.1. Let P(z) = Ag+ A2+ --- +1Z" be a monic matrix polyno-
mial. Denote

M:= max |[Ap_i—Am_i1| (An=1IandA_,=0).

i=0,---,m

Then all eigenvalues of P(z) are contained in the closed disk K(0,rp), where ry :=
max{1,8} and 8 # 1 is the positive root of the equation

"2 (1+ M) M =0.
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In particular, for n = 1 we obtain [2, Theorem 3.3].

Proof. Consider the matrix polynomial
0(z) = (1=2)P(e) = = 1"+ 3 (Am-i — A"
i=0

Applying Theorem 3.2 for the polynomial Q(z), observing that each eigenvalue of P(z)
is also an eigenvalue of Q(z), we obtain the required result. [

THEOREM 3.3. Let P(z) =Ao+Az+---+1Z". Then all eigenvalues of P(z) are
contained in the open disk

K°(0,r3):={z€C| [7] <rs},
where r3:= 1+ M and M is defined as in Theorem 3.2.

In particular, for n = 1 we obtain another Cauchy’s theorem for polynomials [1 1, The-
orem (27,2)].

Proof. Let A € C be an eigenvalue of P(z) and x € C" a unit eigenvector of P(z)
associated to A .
As above, we may assume that |A| > 1. Then we have

m—1
m A

> A" ll‘ME Mt] = [I_I/IL—J

(Al —=1—M).

m—1 A
[P(A)x]| = |A]" | [[1x]| — | Z - a

2'”[ M3

L
A1

Then, for |A| > 14+ M we have ||P(A)x|| > 0, a contradiction. Thus [A| < 1+M. O

COROLLARY 3.3.1. Let P(z) = Ag+Ai1z+---+1Z". Then all eigenvalues of
P(z) are contained in the open disk K°(0,rs), where rq := 1+ M and M is defined as
in Corollary 3.2.1.

In particular, for n = 1 we obtain [2, Theorem 3.4].

Proof. Consider the matrix polynomial
0(2) = (1= 2)P(2) = 1"+ 3 (Ami = Ap-i- )"
i=0

Since each eigenvalue of P(z) is also an eigenvalue of Q(z), applying Theorem 3.3 for
0O(z) we have the conclusion. [J

Next we give a matrix version of the theorem of Joyal, Labelle and Rahman, cf.
[9], [13, Theorem 2.14].
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THEOREM 3.4. Let P(z) = Ag+A1z+... + A, 12" +IZ" be a monic matrix
polynomial. Denote
o= max 4.
i=0,---.m—2

Then each eigenvalue A of P(z) is estimated by
1 > 2
A< 51+ WAl + [0 = At ) +40]

Proof. Let A € C be an eigenvalue of P(z) and x € C" a unit eigenvector of P(z)
associated to A .
By contradiction, assume

1 1
M> 3 {1+ Wl [0 a7 +40] .

It follows that

(1A =1) (|A] = [[Am-1]]) — & > 0. ®)
Multiplying (5) by |4|™~! and then dividing by |A| — 1, we obtain
A‘mfl
m__ A m—1 __ | )
A"~ A A7 — ey > 0
However,
At A "
=a(l+|A]+---+|A
aw_l>(x =1 oL+ A +---+ A7)
> [[(Ag+AIA + - + Ay A™ )]
On the other hand,
A" = An | A< (T A"+ A A ).
It follows that
A‘mfl
0< A" —||Ap_y||A™ ! = |
| ‘ || 1“ aMf|—1

<NT-A" A A" D] = [[(Ag +ALA + -+ A2 A 2)x]|
<A +AIA + -+ Ay oA )x+ (A A"+ 1-A™)x]| = | P(A)x]|,
a contradiction. Thus
1 1
A< {1 Mnall+ [0 Il P 4]}

By applying Theorem 3.4 for the monic matrix polynomial sz(%) we obtain the
following lower bound for eigenvalues of P(z).
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COROLLARY 3.4.1. Let P(z) =Ag+A1z+ -+ +Apu_12"" ' +17". Denote L; :=
Ag'Ai (i=1,....,m—1), L, =A,", and

B := max |Li.
=aytm

1

Then for each eigenvalue A of P(z) we have

2
A >

Nl—

L+ (ILa]+ (1= 2] + 48]
By applying Theorem 3.4 for the matrix polynomial (1 —z)P(z) we obtain

COROLLARY 3.4.2. Let P(z) =Ag+A1z+--+A, 12" ' +17". Denote

yi= max Am—i — Am—i-1]| (A_1=0).

[

Then each eigenvalue A of P(z) satisfies

1< 3 {1 = Al [0 = A P44 5} .
Similarly, Corollary 3.4.2 yields the following lower bound.
COROLLARY 3.4.3. Let P(z) =Ag+A1z+...+Ap_12" ' +17". Denote
vi= max |ILi—Lii| (L1 =0).

Then each eigenvalue A of P(z) satisfies

2
4] >

-
2

L [ =Ly + (1= [l = La]|)> + 47

By applying Theorem 3.4 for the matrix polynomial (Iz —A,,—1)P(z) we obtain

COROLLARY 3.4.4. Let P(z) =Ag+A1z+ ...+ Ap_12"" ' +IZ". Denote

0:= max ||[Ap—14i—Ai_1| (A1 =0).
i=0,m—1

Then each eigenvalue A of P(z) satisfies

1
|M<§(1+\/1+46).

Corollary 3.4.4 yields the following lower bound.
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COROLLARY 3.4.5. Let P(z) =Ag+A1z+ ...+ Ap_12"" ' +1Z". Denote

5/ = i:nlla-l?-(m ||L1L,‘ — Li+1 H (Lm+l = 0)
Then each eigenvalue A of P(z) is bounded below by

2
Az ———.
A 1+V1+48

By applying Theorem 3.4 for the matrix polynomial (I-z+1—A,,_1)P(z) we
obtain

COROLLARY 3.4.6. Let P(z) =Ag+A1z+ ...+ Ap_12"" ' +1Z". Denote

e:= max (I —Ap-1)Ai+Ai| (A-1=0).

Then each eigenvalue A of P(z) is estimated by
A < 1+ Ve.

The following lower bound is obtained by applying Corollary 3.4.6 for the matrix
polynomial sz(%).

COROLLARY 3.4.7. Let P(z) =Ag+A1z+...+ A, 12" ' +17". Denote

e = l_:IIIlE.l.).(m |(I—Ly)Li+ Li+ H (Lp+1 = 0).

Then each eigenvalue A of P(z) bounded below by

1
14+e"

Next we give the matrix version of the theorem of Datt and Govil [3, Theorem 1].

4] >

THEOREM 3.5. Let P(z) = Ao +Aiz+ -+ 1" be a monic matrix polynomial.
Denote

M= max |A;.
i=0,--,m—1

Then each eigenvalue A of P(z) satisfies

lag "]
2(1+ M)y (Mm+1)

<A < 1+ M,

where Ay is a root of the equation x = 1 — m in the interval (0,1).
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Proof. Let A € C be an eigenvalue of P(z) and x € C" a unit eigenvector of P(z)
associated to A .

First we prove the upper bound for |A|. We consider two cases:
The first case: mM < 1. In this case, if |A]| > 1, we have

[P(A)x]| = A" —mM|A|™ " > |A" —|A|™' > 0, a contradiction.

It follows that |A]| <1< 14 AyM forall Ay € (0,1).
The second case: mM > 1. In this case the equation x = 1 —

root Ay € (0,1) [3, Lemma 2]. Moreover, we have

m has a unique

Wl s A w2y = a2
P > -M .
PG > "1 5, Y = AP b1 =
If |[A] > 1+MAy, we can write |A| =14 Mo with o0 > Ag. Then o > I—W.
It follows that
1+Mo)"—1

IP(A)x]] > (1+ Mar)" — % >0,

a contradiction. Thus |A]| < 14 MA.
[

Now we prove the lower bound for |4 |. By contradiction, assume |4 | < ST T T
Let us consider the matrix polynomial G(z) := (1 —z)P(z).

We have

G(z) = Ao+ZA —Ai )7+ — A" — I =1 Ag+ H(2).
i=1

Denote R := 1+ M. Then for |z| = R, we have

m—1
lrr‘laXHH( x| SRR+ A || R"+ Y, Ai—Ai 1| R
- i=1

SRMR+1+M+2(m—1)M] =2(1+M)"(mM+1).

It follows from the maximal module principle that for |z| < R we have

I|H (z)x|| <2(14+M)"(mM +1).

TS
Then for |A| < % < R we have
1G(A)x] = lApx +H(A)al| > (|45 — 1 (A)a]
1y |
-2 H
> a1 = g s, IH O

HAOIH 2(1+M)" " YmM +1)|A| >0,
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a contradiction. Therefore

lag ']~
2(1+ M) (Mm+1)

<JA]l. O

If we do not wish to look for a root in the interval (0,1) of the equation x =

1-— we use the following upper bound.

1
a1y

COROLLARY 3.5.1. Let P(z) = Ao+ Aiz+ -+ 17" be a monic matrix polyno-
mial. Then each eigenvalue A of P(z) satisfies
11
140 ]
2(1+M)" (Mm+1)

<\A|<1+<1—W)M

Proof. The proof follows from Theorem 3.5 and the fact that for a root Ay of the

equation x=1— y in the interval (0,1), we have always A9 < 1 —

1
(Mx+1 ( 1+ M)m ’
Next we give some other bounds for the magnitude of eigenvalues of monic matrix
polynomials.

THEOREM 3.6. Let P(z) = Ag+Aiz+ -+ 12" be a monic matrix polynomial.
Denote
M:= max |A;, M := max ||A;.
i=0,--,m—1 i=1,m

i=0

Then each eigenvalue A of P(z) satisfies

-
HAH 1}7_” <Al <14M.
0

In particular, for n = 1 we obtain [13, Theorem 2.2].

Proof. The upper bound is the one obtained in Theorem 3.3. Now we prove the
lower bound.
Let A € C be an eigenvalue of P(z) and x € C" a unit eigenvector of P(z) associated

ERETE
to A.If |A| < M,wehave
lag | +0
[A]

1P 45" = 3 a1l gt | a0 S a1 > g -

i=1 i=1
lAgt T = A - M
=]

>0, acontradiction.

e
It follows that [A| > m i S . This completes the proof. [J
0

More generally, we have the following bounds.
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THEOREM 3.7. Let P(z) =Ag+A1z+ -+ 17" be a monic matrix polynomial.
Let p,q > 1 such that %—l—i = 1. Denote

1 1
m—1 P m P
M, = (Z Aip> , My, = (ZHAip) .
=0 Py

Then each eigenvalue A of P(z) satisfies

—1||74 q
l /HAO H,l _q] <M|<(1+MZ)5-
(M3)0+ |40

In particular, for n = 1 we obtain [13, Theorem 2.4]. Moreover, letting p tend to
infinity (then ¢ tends to 1), we obtain Theorem 3.6.

Proof. Let A € C be an eigenvalue of P(z) and x € C" a unit eigenvector of P(z)
associated to 4. |
If [A| = (14+M})a, we have

[P(A)x]| = [A[" - ZIIAWI (6)

1
m—1 m—1 ) q
> A" - (Z A;-”) (Z IA"I) (7)
i i=0

1
m—1 ) q
:‘Mm I_A_<Z|Atq> :‘Mm I_MP<Z_:Z(4)M(Z m)q>

r 1

a 1
S A" |1-M ( M’ff) = A" [I—M 7] >0,
_ % R

In the lines above, from (6) to (7) we use the well-known Holder’s inequality.
1
It follows that [A| < (1+M})4.

==

a contradiction.

g

Similarly we have [A| > | ——> 11—
g A LMm”Ao'llq

] ! . This completes the proof. [

4. Numerical experiments

We have already established several estimations for eigenvalues of matrix poly-
nomials. It is in general not possible to compare the sharpness of these bounds. We
can only compare them in some special cases by numerical examples. In order to get a
good comparison throughout practical examples, we use random data in each example.
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Moreover, we compare the sharpness of our bounds and those given by N. J. Higham
and F. Tisseur [&], J. Maroulas and P. Psarrakos [12]. We compute and compare the
bounds for two cases of the matrix coefficients: One with arbitrary random matrix co-
efficients, and the other one with symmetric matrix coefficients. The experiments were
performed using the open source software OCTAVE (version 4.4.0).

EXAMPLE 4.1. Consider a 5 x 5 monic matrix polynomial P(z) of degree m =9
whose coefficient matrices are given by

A;=10"3%rand(5), i=0,....8,

where rand(5) denotes a 5 x 5 random matrix from the normal (0,1) distribution.
The upper bounds obtained by Higham and Tisseur [8] are given in Table 5, while

our new upper bounds are given in Table 6.

Lemmas Values Comments
2.3 (2.2) 3.5422 x10° | eo-norm based
2.3 (2.3) 2.4987 x10° | 2-norm based
2.5 (2.13) | 3.3493 x10° | co-norm based
2.6 (2.14) | 3.4651x10° | Ostrowski, B =3/4
2.11 (2.18) | 2.4907 x10° | 2-norm based
3.1 2.4827 x10° | Cauchy’s theorem applied for P, 2-norm
3.1 2.4827 x10° | Cauchy’s theorem applied for Py, 2-norm
4.1 4.9654 x10° | 2-norm based

Table 1: Higham and Tisseur’s upper bounds
Theorems/Corollaries | Values Comments
3.2,3.2.1,3.3,3.3.1 2.4827 x10° applied for Py, 2-norm based
34,342 2.4827 x10° | 2-norm based
3.4.4,34.6 2.4590 x10° | 2-norm based
3.6 2.4827 x10° | applied for Py, 2-norm

Table 2: New upper bounds

The upper bound given by Maroulas and Psarrakos equals to 1+, with r, =
max{0.0059804,0.065468,0.84200,0.87573,25.012,322.89,322.74,3.0513 x 10%,
2.7181 x 10°} = 2.7181 x 10°.

We can compute the maximal modulus of the eigenvalues of P(z), which is ex-
actly 2.4354 x 105. Moreover, Corollary 3.4.4 and Corollary 3.4.6 give usually the best
upper bounds.

The lower bounds obtained by Higham and Tisseur [8] are given in Table 7, while
our new lower bounds are given in Table 8.
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Lemmas Values Comments

2.2 9.1316 x10~10 | 2-norm

2.3(2.1),2.4(2.5) | 8.0663 x10~ 10 | I-norm

2.3(2.2),2.4(2.6) | 6.0215 x10719 | co-norm

23(2.3),2.4(27) | 1.0456 x10~Y | 2-norm

2.6 4.2286 x10~% | applied for Cz (), B = 1/4

Table 3: Higham and Tisseur’s lower bounds

Theorems | Values Comments

3.4.1,343 | 3.53 x107° 2-norm based
3.4.5 0.71005 x 107> | 2-norm based
3.4.7 0.71034 x 107> | 2-norm based
3.5 9.4306 x 10> | 2-norm based
3.6 2.4502 x 10719 | 2-norm based

Table 4: New lower bounds

The lower bound given by Maroulas and Psarrakos is r; = 1.1436 x 107,

We can compute the minimum modulus of the eigenvalues of P(z), which is ex-
actly 0.012037. Hence the lower bounds obtained above are in general far away the
expected one. However, compare together, Corollary 3.4.1 and Corollary 3.4.3 give
usually the best lower bounds.

In the next example we compute and compare the obtained bounds for eigenvalues
of monic matrix polynomials whose coefficients are symmetric random matrices.

EXAMPLE 4.2. Consider a 5 x 5 monic matrix polynomial P(z) of degree m =9
whose coefficient matrices are given by

Ai=(Bi+B})/2,i=0,....8,

where By = B = rand(5), and B; = j*rand(5) for j=2,...,8. Here rand(5) de-
notes a 5 x 5 random matrix from the normal (0, 1) distribution.

The upper bounds obtained by Higham and Tisseur [8] are given in Table 5, while
our new upper bounds are given in Table 6.

The upper bound given by Maroulas and Psarrakos equals to 1+, with r, =
max{1.9326,1.3831,4.3089,6.3952,5.5836,8.3366, 19.922,7.6824,6.9319}
=19.922.
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Lemmas Values Comments
2.3 (2.2) 99.050 co-norm based
2.3 (2.3) 35.335 2-norm based
2.5 (2.13) 31.030 co-norm based
2.11 (2.18) | 28.504 2-norm based
3.1 20.62502 | Cauchy’s theorem applied for P, 2-norm
3.1 20.62502 | Cauchy’s theorem applied for Py, 2-norm
4.1 39.542 2-norm based
Table 5: Higham and Tisseur’s upper bounds
Theorems/Corollaries | Values Comments
3.2 20.77125 | 2-norm based
3.2.1 19.77125 | 2-norm based
3.3 20.771 2-norm based
3.3.1 19.280 2-norm based
34 20.632 2-norm based
3.4.2 19.455 2-norm based
344 19.892 2-norm based
3.4.6 20.697 2-norm based
3.6 20.771 applied for Py, 2-norm

We can compute the maximal modulus of the eigenvalues of P(z), which is exactly
19.009. Moreover, Corollary 3.3.1 gives usually the best upper bounds.
The lower bounds obtained by Higham and Tisseur [8] are given in Table 7, while

Table 6: New upper bounds

our new lower bounds are given in Table 8.

Lemmas Values Comments

2.2 0.0027435 | 2-norm

2.3(2.1),2.4(2.5) | 0.0084515 | 1-norm

2.3(2.2),2.4(2.6) | 0.0019335 | co-norm

2.3(2.3),2.4(2.7) | 0.0067592 | 2-norm

2.6 0.0093639 | applied for C(cx), B =1/4

Table 7: Higham and Tisseur’s lower bounds

The lower bound given by Maroulas and Psarrakos is r; = 1.3606.
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Theorems | Values Comments

34.1 0.073516 2-norm based
343 0.068055 2-norm based
3.4.5 0.058889 2-norm based
35 3.9543 x10~ 1 | 2-norm based
3.6 0.0024740 2-norm based

Table 8: New lower bounds

We can compute the minimum modulus of the eigenvalues of P(z), which is ex-

actly 0.15023. Compare together, Corollary 3.4.1 and Corollary 3.4.3 give usually the
best lower bounds.
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