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H”-FUNCTIONAL CALCULUS FOR COMMUTING FAMILIES
OF RITT OPERATORS AND SECTORIAL OPERATORS

OLIVIER ARRIGONI AND CHRISTIAN LE MERDY

(Communicated by V. V. Peller)

Abstract. We introduce and investigate H® -functional calculus for commuting finite families
of Ritt operators on Banach space X. We show that if either X is a Banach lattice or X or
X* has property (o), then a commuting d-tuple (7i,...,T;) of Ritt operators on X has an
H* joint functional calculus if and only if each 7; admits an H* functional calculus. Next for
p € (1,00), we characterize commuting d -tuple of Ritt operators on L (Q) which admit an H™
joint functional calculus, by a joint dilation property. We also obtain a similar characterisation
for operators acting on a UMD Banach space with property (o). Then we study commuting
d-tuples (Ti,...,T;) of Ritt operators on Hilbert space. In particular we show that if ||7;| <1
for every k=1,..., d, then (T1,...,T;) satisfies a multivariable analogue of von Neumann’s

inequality. Further we show analogues of most of the above results for commuting finite families
of sectorial operators.

1. Introduction

H* -functional calculus of Ritt operators on Banach spaces has received a lot of
attention recently, in connection with discrete square functions, maximal inequalities
for discrete semigroups and ergodic theory. See in particular [3, 4, 7, 13, 21, 22, 23]
and the references therein. This topic is closely related to H* -functional calculus of
sectorial operators, which itself is fundamental for the study of harmonic analysis of
semigroups and regularity of evolution problems. Many functional calculus results
on sectorial operators turn out to have discrete versions for Ritt operators, however
with different fields of applications. We refer the reader to [13, 14, 18] for general
information on H* -functional calculus of sectorial operators.

The main purpose of this paper is to investigate H* -functional calculus for com-
muting finite families of Ritt operators. On the one hand, this naturally relates to the
longstanding studied polynomial functional calculus associated to a commuting family
of Hilbert space contractions and to extensions of von Neumann’s inequality. On the
other hand, this is a natural discrete analogue of H* -functional calculus for commuting
finite families of sectorial operators considered in [2] and [12] (see also [19] and [16]).

For any y € (0,%), let By denote the Stolz domain of angle y. Given a d-tuple
(T1,...,Ty) of commuting Ritt operators on some Banach space X , we say that it admits
an H”(By, x --- x By,) joint functional calculus if it satisfies an estimate

”f(Tlv"'de)” < K”fHoo,Byl x-xBy,
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for a large class of bounded holomorphic functions f: By, x --- X By, — C. Here the
notation [ f|... By, x-xB,, Stands for the supremum norm of f on By x---x By, . See
Section 2 for precise definitions and basic properties of functional calculus associated
with (Ti,...,T;). These extend the definitions and properties established in [21] for a
single Ritt operator.

Let us now present the main results of this paper. In Section 3 we prove the

following.

THEOREM 1.1. Let X be a Banach space. Assume that either X is a Banach
lattice, or X or X* has property (o). Let (T,...,T;) be a commuting d-tuple of Ritt
operators on X and assume that for some 0 <v,...,Y% < %, Ty has an H”(By,) func-
tional calculus for any k=1,...,d. Then forany y, € (%, %), k=1,....d, (T,...,Ty)
admits an H” (B)/1 XX By ) joint functional calculus.

Note that this property does not hold true on general Banach spaces.
In Section 4 we characterize H™ joint functional calculus on L? -spaces, for p €
(1,00)), as follows.

THEOREM 1.2. Let X be a measure space and let p € (1,00). Let Ty,..., Ty be
commuting Ritt operators on LP (X). Then the d-tuple (T, ...,T;) admits an H*(By, X
-+ X By,) joint functional calculus for some y. € (0,%), k=1,...,d, ifand only if there
exist a measure space £, commuting positive contractive Ritt operators Ry,...,R; on
LP(Q), and two bounded operators J: LP(X) — LP(Q) and Q: LP(Q) — LP(X) such
that

" T) = QR ---RYJ, (n1,...,ng) € N9,

The case d = 1 was proved in [3, Theorem 5.2]. The extension to d -tuples relies
on the construction in [3] and a new approach allowing to combine dilations associated
to single operators to obtain a dilation associated to a d-tuple. Section 4 also includes
a variant of Theorem 1.2 for d-tuples of commuting Ritt operators acting on a UMD
Banach space with property (ct).

Section 5 is devoted to operators acting on Hilbert space. It was shown in [21]
that if H is a Hilbert space and T: H — H is a Ritt operator, then it admits an H*(By)
functional calculus for some y € (0,%) if and only if it is similar to a contraction,
that is, there exists an invertible S: H — H such that |[S™'TS|| < 1. Here we show
that if (71,...,Ty) is a commuting d-tuple of Ritt operators on H, then (71,...,Ty)
admits an H*(By, X --- x By,) joint functional calculus for some 7;,...,% € (0, %) if
and only if T1,...,T; are jointly similar to contractions, that is, there exists a common
invertible S: H — H such that ||S7!7;S|| < 1 forany j=1,...,d. We also establish
the following estimate.

THEOREM 1.3. Let d > 3 be an integer and let H be a Hilbert space. Let
Ti,...,T; be commuting contrations on H. Assume that for every j in {1,...,d =2},
T; is a Ritt operator. Then there exists a constant C > 1 such that for any polynomial
¢ in d variables,

16(T1.... )| < ClI6| e (1.1)
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Note that without any Ritt type assumptions, the question whether any commuting
d-tuple (Ti,...,T;) of contractions on Hilbert space satisfies an estimate (1.1) is an
open problem. See e.g. [33, Chapter 1] for more about this.

In [12], E. Franks and A. Mclntosh established a fundamental decomposition
of bounded holomorphic functions defined on (products of) sectors(s), which is now
known as the “Franks-McIntosh decomposition”. Many results in Sections 3-5 heavily
rely of an analogue of this decomposition for bounded holomorphic functions defined
on products of Stolz domains. Such a decomposition can be regarded as a consequence
of [12, Section 4]. However the proofs in this section of [12] are very sketchy and the
case of Stolz domains is much simpler than the general case considered in [12]. For the
sake of completeness we provide an ad-hoc proof in Section 6.

In parallel to commuting families of Ritt operators, we treat commuting families
of sectorial operators. In Section 2 we give a general definition of H* joint functional
calculus for a d -tuple of commuting sectorial operators which refines [2]. In Section 3,
we give a sectorial analogue of Theorem 1.1. In the case when d = 2, this result goes
back to [19]. Section 4 includes a characterisation of H* joint functional calculus in
terms of dilations, either on L? -spaces or on UMD Banach spaces with property (o).

We end this section by fixing some notations. Throughout we let B(X) denote the
Banach algebra of all bounded operators on some Banach space X. We let Iy denote
the identity operator on X . For any (possibly unbounded) operator A on X, we let 6(A)
denote the spectrum of A and for every A in C\ 6(A), we let R(1,A) = (Aly —A)~!
denote the resolvent operator. Next, we let Ker(A) and Ran(A) denote the kernel and
the range of A, respectively.

For any a € C and r > 0, D(a,r) will denote the open disc centered at a with
radius 7. Then we let D = D(0,1) denote the unit disc of C and we set T =D\ D.

If & is an open non empty subset of C4, for some integer d > 1, we will denote
by H*(0) the algebra of all bounded holomorphic functions f: & — C, which is a
Banach algebra for the norm

£l = sup{|f(z1,---,2a)] : (21, 20) € O}

If X is a Banach space, (Q, 1) is a measure space and p € (1,), we denote
by L,(€;X) the Bochner space of all measurable functions f: Q — X such that
Jollf(@)||” du(w) < e, and we let L,(Q) = L,(Q;C). We refer the reader e.g. to
[15] for more details.

The set of nonnegative integers will be denoted by N = {0,1,2,...}. We set N* =
N\ {0}.

In certain proofs, we use the notation < to indicate an inequality valid up to a
constant which does not depend on the particular elements to which it applies.

2. Functional calculus and its basic properties

We first introduce H* -functional calculus for a commuting family of sectorial
operators. The construction and properties for a single operator go back to [26, 8] (see
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also [14, 18]). The following construction is an extension (or a variant) of those in [2]
or [19].
Throughout we let X be an arbitrary Banach space. For any 0 € (0,7), we let

Yo ={z€C":|Arg(z)| < 0}.

We say that a closed linear operator A: D(A) — X with dense domain D(A) C X is
sectorial of type w € (0,7) if 0(A) C X, and for any 6 in (o, ), there exists a
constant Cy such that

IzR(z,4)[| < Co,  z€C\Ze. 2.1)

It is well known that A is a sectorial operator of type @ < 7 if and only if it is the
negative generator of a bounded analytic semigroup.

Let d > 1 be an integer and let 6y,...,6; be elements of (0,7). For any subset
JC{l,....d}, we denote by Hi ([T;c;Z¢,) the subalgebraof H (Zg, x -+ x Zg,) of
all holomorphic bounded functions depending only on the variables (z;);c; and such
that there exist positive constants ¢ and (s;);c; verifying

|f(z1,.-vzq)| < CH Gl T (zi)ies € HZQI.. (2.2)
iy 1+ [zl icJ
When J =0, Hy (Hie@ Ze,-) is the space of constant functions on Zg, X -+ X Zg, .

Let (Ay,...,A;) be a family of commuting sectorial operators on X. Here the
commuting property means that for any &,/ in {1,...,d}, the resolvent operators
R(zx,Ay) and R(z;,A;) commute for any z; in C\ 6(A;) and z; in C\ 0(A4;). Assume
that for every k = 1,...,d, Ay is of type @y € (0,6;) and let v, € (o, k).

Forany f in Hy ([T;c;Ze,) with J C {1,...,d}, J # 0, we let

LA
Al Ag) = — / - Rz,A)[1dz, (23
f(Ar a) <2m> oo, [, oz) [RGEA) [ da, 23)

ieJ ieJ

where the boundaries dX,, are oriented counterclockwise for all i in J. By the com-
muting assumption on (Ay,...,A,), the product operator [];c; R(z;,A;) is well-defined.
Further the conditions (2.1) and (2.2) ensure that this integral is absolutely convergent
and defines an element of B(X). By Cauchy’s theorem, this definition does not depend
on the choice of the v;’s. Moreover the linear mapping f — f(Ay,...,Ay) is an algebra
homomorphism from H{ ([1;c; Ze,) into B(X). The proofs of these facts are similar to
the ones for a single operator and are omitted.

If f = a is a constant function on Zg, X --- X Xg, (the case when J = 0), then we
set f(Aq,...,Ay) =aly.

Next we let

HS?I(ZQI X ---XZQd) CHN(ZGI X "'XZGd)

be the sum of all the H’ (HiGJ Zei), with J C {1,...,d}. We claim that this sum is a
direct one, so that we actually have

Hi\(Zg, x -+ xZg,)= € Hy (Hze,-) (2.4)

Jc{l,..d} icJ
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Let us prove this fact. For any i in {1,...,d}, let p; be the operator defined on the
space Hg'| (Zg, X -+ X Zg,) by

[pl(f)] (117' .. azd) = f(Zl7' .. azi—laoazi+la"' 7Zd)a f € H(()X:l(zel Koo X Zed)'
(2.5)
In this definition, f(z1,...,2i-1,0,Zit1,...,2¢) stands for the limit, when z € Xy, and
z—0,0f f(z1,...,2-1,2,2i+1,- - -,24) , provided that this limit exists. This is the case
when f belongs to Hg| (Zg, X -+ X Zq,). Note that the operators p; commute.
For any J C {I,...,d}, we can therefore define

PJ = H(I - p,') H Di- (26)
icJ icJe
It is easy to check that P;(f) = f if f belongs to H (TT;e;Ze,) and Py(f) =0 if f
belongs to Hy (]'[,-e 7 29,.) for some J’' # J. The direct sum property (2.4) follows at
once.
Moreover,

PJI HSjl(Zgl X ~--><29d) —>H6jl(291 X ~~~><ng)

is the projection onto H’ (Hie J 29,.) with kernel equal to the direct sum of the
H (Tier Zq,) » with J/ #£J.

For any function f = ¥;c(1 .4 f7 in H (Zg, X -+ X Zg,), where each f; be-
longs to Hy ([Ties Zg,) » we naturally set

f(A17~”7Ad): Z fJ(A17~”7Ad)7 (27)

the operator fj(Ay,...,As) being defined by (2.3). In the sequel, f — f(Ay,...,Ay) is
called the functional calculus mapping associated with (Aj,...,Ay).

We note that if f is in Hy (TTic;Z¢,) and fy isin Hy ([Ticy Zq,) - then f7fy isin
Hg (Iiesur Ze,) - Thus Hg') (Zg, X -+ x Zg,) is a subalgebra of H*(Zg, x --- X Zg,).

LEMMA 2.1. The functional calculus mapping f — f(A1,...,Aq) is an algebra
homomorphism from Hg| (Zg, X -+ x Zg,) into B(X).

Proof. The linearity being obvious, it suffices to check that for any subsets J,J’
of {1,...,d}, forany f; in Hy (ITic;Zq,) and fy in Hy ([Tiey Zq,) . we have

(AL A fr(Ar .. Ag) = (fifr)(Ar,. .. Ag). (2.8)

We let Jo =JNJ" and we set J; = J \ Jy and J| = J"\ Jy. For convenience we set, for
any subset K of {1,...,d},

ik = (z)iek, dzk =|[]dz, Rk(zk) =]]R(zi,A)) and Tk =]]0%,.
ick ick ick
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Using Fubini’s theorem, we have

— <2Lm.>IJI+J’ (/ijj(zh...,Zd)RJ(ZJ)dZJ) </rj, fj/(Zl,...,Zd)RJ’(ZJ’)dZJ’>

1 [T+
—(— o Z0)R dzy | R d
(2m.> /r U, J1(z1s- - za)Ryy (z09) dzgy | Ry (20y) dzy,

></ ( fJ’(th»Zd)RJo(ZJo)dZJo> Ry (Zji)dzji
T, FJO

/1

L\ M
B (2_m> /‘1—‘]1 XF‘Ii

X ( f]’(zla"'7Zd)RJ()(ZJ0)dZJ0>
FJO

( g fJ(le~~7Zd)RJO(ZJO)dZJO>

Ry (z0,) Ry (2 ) dzpydzy -

For fixed variables z;, for i ¢ Jy, the two functions

(zi)iesy — fr(z1s- - 52a) and (zi)ies = fr(z1,---24)

both belong to Hy (]'[ie o 29,.) . We noticed before that the functional calculus mapping
is a homomorphism from Hg" ([T;c), Zg,) into B(X). Consequently,

2Jo|
(ﬁ) <~/F fJ(Zla"' 7Zd)RJ()(ZJ())dZJ()> </F fJ’ (117' .. azd)RJ()(ZJ())dZJ()>

1 [ol
= (2_711) . fifr (2, 2a)Ry (25,) dzy, -
0

Hence the above computation leads to

J1(AL, . AL fr(Ay,... Ag)

L\ V11l
(= (21,2 20)R dzy Ry (23 )Ry (27 )dzy dzy
Ge) iy 1R 50 R 01 )Ry opt

1 I+ 1= 1ol
= (2—> fifr(zi,- - za)Ryop (zgup )dzyop
Uz Cyup

:(fJfJ/)(A17'” 7Ad)7

since JUJ' is the disjoint union of Jy,J; and J{. This proves (2.8). [

DEFINITION 2.2. We say that (Ay,...,A;) admits an H*(Zg, X --- X Zg,) joint
functional calculus if the functional calculus mapping associated with (Ay,...,Ay) is
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bounded, that is, there exists a constant K > 0 such that for every f in Hy| (Zg, x -+ X
Z,)
Hf(Ah s 7Ad)|| < K”fHOO,Zgl X xZg,

Each p; from (2.5) is a contraction, hence each P; from (2.6) is a bounded operator
on Hg’ (Zg, % -+ % Zg,). This implies that (Ay,...,A,) admits an H”(Zg, X -+ x Zg,)
joint functional calculus if and only if f+— f(A;,...,A,) is bounded on H’ (Hie 7 29,.)
for any J C {1,...,d}. Consequently if (A;,...,A;) admits an H*(Zg, X --- X Zg,)
joint functional calculus, then every subfamily (A;);es, where J C {1,...,d}, also ad-
mits an H*([;c; Zg,) joint functional calculus. In particular, forevery k =1,...,d, Ag
admits an H“(ng) functional calculus in the usual sense (see [ 14, Chapter 5]).

We now turn to Ritt operators. Recall that a bounded operator 7: X — X is called
a Ritt operator if there exists a constant C > 0 such that

I <C  and (@ - <C a1

Ritt operators have a spectral characterisation. Namely 7 is a Ritt operator if and only
if 6(T) C D and there exists a constant K > 0 such that

IA—DRAT)| <K, A€C, A|>1.

There is a simple link between sectorial operators and Ritt operators. Indeed if we
let A=1Ix—T, then T is a Ritt operator if and only if o(T) C DU{1} and A is
a sectorial operator of type @ < 5. Equivalently, T is a Ritt operator if and only if
o(T) cDU{1} and (e "% =T)),. is a bounded analytic semigroup.

For any o in (0,7%), let By denote the Stolz domain of angle o, defined as the
interior of the convex hull of 1 and the disc D(0,sin()).

It turns out that if T is a Ritt operator, then ¢(T) C By, for some « in (

More precisely (see [21, Lemma 2.1]), one can find o € (0,%) such that o(T)

0.9).
1) CBOC
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and for any B € (a, 7). there exists a constant Kg > 0 such that
(A —DR(A,T)|| < Kg, A € C\Bg. (2.9)

If this property holds, then we say that T is a Ritt operator of type o. We refer to [25,
27, 28] for the above facts and also to [21] and the references therein for complements
on the class of Ritt operators.

H* -functional calculus for Ritt operators was formally introduced in [21]. We
now extend this definition to commuting families. We follow the same pattern as for
families of sectorial operators.

Let d > 1 be an integer and let ¥;,...,%; be elements of (0,7). For any subset
J of {1,...,d}, we denote by H{ ([T;c;By) the subalgebra of H (By, x -+ x By,)
of all holomorphic bounded functions f depending only on variables (4;);c; and such
that there exist positive constants ¢ and (s;);c; verifying

lf (A1, 0)| < ¢ H|1—7L,“S'-, (Ai)ie]EHByi. (2.10)

icJ icJ

When J =0, Hy ([T;co By) is the space of constant functions on By, X -+ X By, .

Let (Ti,...,T;) be a d-tuple of commuting Ritt operators. Assume that for any
k=1,....,d, T is of type oy € (0,7 ) and let B € (04, ¥)-

Forany f in Hy([1;c;By) with J C {1,...,d}, J #0, we let

1\
f(Tl,...,Td)=<—) /HiEJaBﬁif(Al,...,Ad>HR(Ai,Ti)HdAi, (2.11)

2mi icJ icJ

where the 8Bﬁi are oriented counterclockwise for all i € J. This integral is abso-
lutely convergent, hence defines an element of B(X), its definition does not depend on
the B; and the linear mapping f — f(T,...,T;) is an algebra homomorphism from
H ([T;cs By;) into B(X). If f = a is a constant function, then we let f(7i,...,T;) =
aIX .

Next we define

H3\(By x---xBy)= @ Hy <H3%> :

Jc{l,...d} ieJ

As in the sectorial case, the above sum is indeed a direct one. More precisely, set

[l]z(f)] (A‘h'"aa‘d) :f(a‘h'"ali—lalali+l7"'ald)’ fEHSTI(B)/l Xoeee XB%])a

fori=1,...,d, and
0 =[1Ut—a) ][] (2.12)

icJ ieJe

for J C {1,...,d}. These mappings are well-defined and

Qy: Hy(By, X -+ X By,) — H(By, X -+ X By,)
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is the projection onto Hy (Hie J B%) with kernel equal to the direct sum of the spaces
Hg (Ticy By,) » with J' #J.

we let f(Ti,....Tq) = Xjcqu,..ay J1(Th,- .., Ta), where every fi(T1,...,Ty) is defined
by (2.11). The mapping f +— f(T1,...,Ty) is called the functional calculus mapping
associated with (T7,...,Ty). As in the sectorial case (see Lemma 2.1), one shows that
this is an algebra homomorphism from Hg’; (By, x -+ X By,) into B(X).

DEFINITION 2.3. We say that (T1,...,7;) admits an H”(By, x --- X By,) joint
functional calculus if the above functional calculus mapping is bounded, that is, there
exists a constant K > 0 such that for every f in Hg’|(By, x -+ X By,), we have

T T < KNl o, - .13)

As in the sectorial case, we observe that (7i,...,T;) admits an H*(By, X --- X By,)
joint functional calculus if and only if f — f(Ti,...,T;) is bounded on Hy (ITics By) .
forany J C {1,...,d}. This follows from the fact that each ¢; is a contraction, hence
each Qy is bounded.

Further if (T1,...,7;) admits an H”(By, x --- x By,) joint functional calculus,
then for every k = 1,...,d, T admits an H*(Zq,) functional calculus in the sense of
[21, Definition 2.4].

It is natural to consider polynomial functional calculus in this context. We let &2 4
denote the algebra of all complex valued polynomials in d variables. Clearly &2, can
be regarded as a subalgebra of Hg'j(By, x -+ x By,) and for ¢ € &4, the definition of
¢(Ty,...,Ty) given by replacing the variables (zj,...,z,) by the operators (T7,...,Ty)
coincides with the one given by the functional calculus mapping. This follows from the
basic properties of the Dunford-Riesz functional calculus. We will show below that to
obtain an H”(By, x --- X By,) joint functional calculus for (71,...,Ty), it suffices to
consider polynomials in (2.13).

To prove this result, we will use the following form of Runge’s lemma.

LEMMA 2.4. Let d > 1 be an integer and Vi,...,V; be compact subsets of C
such that C\'V; is connected, forall i =1,...,d. Let Qy,...,Q, be open subsets of C
such that V; C Q;, forall i=1,...,d. Let f: Q) x --- xQy — C be a holomorphic
function. Then there exists a sequence (Qm)m=>1 in Py which converges uniformly to
fon Vix.--xVy.

In the case d = 1, this statement is [34, Theorem 13.7]. The proof of the latter
readily extends to the d-variable case so we omit it.

PROPOSITION 2.5. Let d > 1 be an integer and let (T, ...,T;) be a commuting
family of Ritt operators. Let v; € (0,%), for i=1,...,d. The following assertions are
equivalent.

(i) (T1,...,Ty) admits an H*(By, x --- X By,) joint functional calculus.
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(ii) There exists a constant K > 0 such that for any ¢ € Z; we have

19(T1, - T < KUl gy ey, .14

Proof. The implication (i) = (ii) is obvious. Conversely assume (ii). As noticed
after (2.13) it suffices, to prove (i), to establish the boundedness of f+— f(Tj,...,Ty)
on Hy (ieyBy), for any J C {1,...,d}. By induction, it actually suffices to prove
the estimate

1o T S K f iy e, (2.15)

forany f in Hi’(By, X --- X By,).

Let f be such a function and consider € (0,1) and ' € (r,1). Let '=d('By,) X
-+ X d(r'By,), where all the d(r'By,) are oriented counterclockwise. By Lemma 2.4
applied with V; = /B, and Q; = By, there exists a sequence (,)m>1 of P, such that
¢m — f uniformly on the compact set By, x --- X By,

Since we have o(rT;) C ¥'By,, forall i =1,...,d, the Dunford-Riesz functional
calculus provides

1 d
q)m(rTl,...,er) = <2—) /q)m()Ll,...,Ad)R()Ll,rTl)---R(?Ld,er)dJLl~~~d7Ld
Tl T

and

1 d
F( T 1) = (2—) [ ARG RO 1) dy
Tl T

The uniform convergence of (¢ )m=1 to f on r'By X -+ x r'By, implies that

On (T Ty) — f(rTi,. s rTa) and (@l g, i, —2 (1 Nl ) scnrmy, -

Using (2.14) we have, for any interger m > 1,

[om(rTh, ..., rTy)|| < KH(Pm”ooJ‘B,yl X xrBy, <K |||

oo7r’Byl x~~><r’Byd .
Passing to the limit when m — oo, we deduce that
Hf(rTh cee ’er)H < KHf“OOJ’Byl ><~'~><r’B-yd .
Finally, we have lin} foT,....rTy) = f(T1,...,T;) by Lebesgue’s dominated conver-
gence theorem. We deduce (2.15). U
3. Automaticity of the H* joint funtional calculus

Let (Ty,...,T;) be a commuting family of Ritt operators on some Banach space
X . If this d-tuple admits an H* joint functional calculus, then each 7 admits an
H* functional calculus (see Section 2). The purpose of this section is to show that
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the converse holds true if either X is a Banach lattice or X (or its dual space X*) has
property (¢r). A similar result is also established in the sectorial case, see Theorem 3.1
below.

We refer the reader to [24] for definitions and basic properties of Banach lattices.

In order to define property (o), and also for further purposes, we need some
background on Rademacher averages. Let I be a countable set and let (ry)ie; be an
independent family of Rademacher variables on some probability space (Qq,P). Let
X be a Banach space. If (x;)e; is a finitely supported family in X, we let

:/QO

This is the norm of Y, 7 @ x; is L?(Qo:;X). The closure of all finite sums Y., r; @
x¢ in L?(Q0;X) will be denoted by Rad(/;X). In the case when I = N*, we write
Rad(X) = Rad(N*;X) for simplicity.

We say that X has property (o) if there exists a constant C > 0 such that for
any integer n > 1, for any family (a; j)1<; j<» of complex numbers and for any family
(xij)1<i,j<n in X, we have

2 5
dP(r)
X

D ®x

kel

Zrk(f)xk

kel

Rad(I;X)

Y, @ n®rex;

1<i,j<n

D ni®r®x;

1<i,j<n

< Csup {faif}
Rad(Rad(X)) b Rad(Rad(X))

(3.1)
This property was introduced by Pisier in [31]. It plays a key role in many issues related
to H” -functional calculus, see in particular [16, 17, 19, 21].

We recall that all Banach lattices with finite cotype have property (o). In par-
ticular for any p € [1,0), L”-spaces have property (o). On the contrary, infinite
dimensional noncommutative L”-spaces (for p # 2) do not have property (c¢t). This
goes back to [31].

The main result of this section is the following.

THEOREM 3.1. Let X be a Banach space. Assume that either X is a Banach
lattice, or X or X* has property (o). Let d > 2 be an integer. Then the following two
properties hold.

(P1) Let (T,...,T;) be a commuting d-tuple of Ritt operators on X and assume
that for some 0 < yi,...,Ya < %, Ty has an H*(By,) functional calculus, for
any k=1,...,d. Then for any y, € (%,5), k=1,....d, (Ty,...,T;) admits an
HW(BVI X e X B){,) Jjoint functional calculus.

(P2) Let (Ay,...,Ay) be a commuting d -tuple of sectorial operators on X and assume
that for some 0 < 0y,...,0; <, Ay has an H(Zg,) functional calculus, for
any k=1,...,d. Then forany 6, € (6, 7)., k=1,....d, (A1,...,A;) admits an
H“(Zei X oo X 29‘/1) Joint functional calculus.
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Property (P2) for d = 2 was proved in [19]. The proof for d > 3 is a simple
adaptation of the argument devised in the latter paper. In the special case when X is
an L? -space for p € [1,0), property (P2) goes back to [2]. Proving property (P1) will
require the Franks-McIntosh decomposition presented in the Appendix.

To proceed we need more ingredients on Rademacher averages. Let d > 1 be an
integer.

We denote by Rad”(X) the closure in L?(Qg;X) of the space of all elements of
the form

Z Tiy @ @ Fig @Xiy,.igs n€N’, Xi.ig € X

I<ipsensig<n
Clearly we can rewrite this space as

Rad?(X) = Rad(Rad(---Rad(X)---)). (3.2)
d times

For convenience we set

; (3.3)
Rad? (X)

Ny ([xih,,,,,-d}) = Z riy @ @i, X,y

I<ipyensig<n

for any family (x;,,..i,)1<i,..iy<n i X.
We will say that X satisfies property (A,) if there exists a constant C > 0 such

............

< Cisug {|ail7~~~,id}} Nqg ([xi1='~:id]) Ng ([x?'}.,....,id]) :

(3.4)
Theorem 3.1 is a straightforward consequence of the next three propositions, that
will be proved in the rest of this section.

PROPOSITION 3.2. If X satisfies property (Ay) for some integer d > 2, then (P1)
and (P2) hold true.

PROPOSITION 3.3. Every Banach lattice satisfies property (Ay), for every integer
d=>2.

PROPOSITION 3.4. If X or X* has property (), then X satisfies property (Ay),
for every integer d > 2.

Proof of Proposition 3.2. Assume that X satisfies property (A,) for some d > 2.
We only prove (P1), the proof of (P2) being similar. We consider commuting Ritt
operators 77, ...,T; such that, forevery k=1,...,d, Tj has a bounded H*(By,) func-
tional calculus. Let 7, in (%,%). By Section 2, and a simple induction argument,
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it suffices to have an estimate [|A(Ty,...,Ty)|| < Hh||,x,.B}/ XewxB for functions # in
! d
HSC(B},{ Xoeee XB)Q).

For h € Hy (B)/l X X B}{I ), we consider the Franks-McIntosh decomposition

given by Theorem 6.1. According to this statement we may write, for every ({i,...,;) €
I, By, »
A, 8= D ai i Y (C)Wr (8) - Wai, () Pai, (Ca),  (35)
(ih...,id)EN*d
where (a;, ... ;,) is a family of complex numbers satisfying an estimate
|ai...ig| S 1] (i1, ia) € N*, (3.6)

(X,’B}/IX..‘XBVd )

the functions Wy ;, and Wy ;, belong to H'(By,) and they satisfy inequalities

sup{.i |Wei (G| 2 G € Byk} <C and sup{.i [P (o) 2 G € Byk} <C,

ir=1 ir=1
(3.7)
forevery k=1,...,d, and for a constant C > 0 not depending on 7.
We consider the partial sums in (3.5), defined for every n > 1 and every (&, ..., &)
in T1¢_, By, by

ha(CoeC) = Y @iV (GO0 (61) - Wai, (8a)Wai, (Ca)- (3.8)

1< omiq<n
The functions Wy ;, and Wy ; both belong to H'(By,) hence this implies

h(Ti,.. T)) = Y i i Yi (1)W1 (T) Wi, (T)Pai, (Ty). (3.9)

Let us prove the existence of a constant K > 0, not depending either on n or &,
such that

[An(Th, - Tl S K [|All g, m, - (3.10)
" Y
We let x € X and x* € X*. Applying (3.9), we write

<x*,hn(T1, ceey Td)x>
= Y aii (P (T Wy (T) X W (Th) - Wa, (To)x).

2 = \PUI (Tl)* o -‘Pd7id(Td)*x*.

i
.

Using property (A,) and the estimate (3.6), we have

[ (T TS ey o, Na (Briv,ia) Na (b)) -
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Let us momentarily fix some (¢, ...,7;) in Q4. By (3.7) and the H(B,,) functional
calculus property of T; forall k=1,...,d, we have estimates

2 rip(t1) - riy (ta) Wi (Th) -+ - Wi, (Ty)x

lgzl....,idgn
d n d n
<H Z rlA tk \PklA 7}( ||XH < H Z ri/;(tk)\{’k,ik HXH
k=1 \ ||ix=1 k=1 \ |lix=1 o By,
d n
ST || 22 W el < el
k=1 \ ||ir=1 By,
Now taking the average on (¢1,...,7;), we deduce that

Ny (i) S I

The same method yields a similar estimate Nd([
mate

1) S IxF|l. We deduce an esti-
d

[ a(T1s - T S (Bl e, I
1 %

Next the Hahn-Banach theorem yields the inequality (3.10).

The same estimate holds true when (T1,...,T,) is replaced by (rT1,...,rT,), for
any r € (0,1). Further the above argument also shows that (%,),>; is a bounded se-
quence of the space H’ (B)/l XX By ). Moreover, the sequence (h,),>1 converges
pointwise to &. Hence applying Lebesgue’s dominated convergence theorem twice we
have

lim h,(rTy,...,rT,) = h(rTy,...,rT,),

n—oo

forany r € (0,1) and

lim h(rTl,...,rT,,) Zh(Tl,...,Tn).

r—1-

We therefore deduce from (3.10) that

AT, Tl S KBl o,
1 %

which concludes the proof. [
Proof of Proposition 3.3. Let X be a Banach lattice and let d > 2 be an integer.

For any integer n > 1, for any family of complex numbers (a;,,..i,)1<i,,...i;<n and for
any families (x;, ’d>1<ll7 iy<n in X and ( zd)l<t17 iy<n in X*, we have

kB

1

Zall7 [ 117 7ld’xl ..... Sup{|al|7 ,ld’}H |xll ..... 1d| )
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lows from basic properties of Krivine’s functional calculus on Banach lattices.
By the d-variable Khintchine inequality, there exists a constant C > 0 (not de-
pending on the x;, .. ;,) such that we have an inequality

dIPd(ll,...,ld)

Likewise, we have

<Z }x?17~.~sid }2>%

Combining these three estimates we obtain that X satisfies property (A4). O

X*

Before giving the proof of Proposition 3.4, we show that any Banach space with
property (o) verifies a d-variable version of (3.1).

LEMMA 3.5. Let X be a Banach space with property (o). For any integer
d > 2, there exists a constant C > 0 such that for any integer n > 1, any family

Proof. According to [31, Remark 2.1], property (o) is equivalent to the fact that
the linear mapping

D @i Y i@ @i
irj i.j

induces an isomorphism from Rad(N*?;X) onto Rad(Rad(X)) = Rad*(X). This read-
ily implies that for any countable sets /1, />, we have a natural isomorphism

Rad(I; x I;X) ~ Rad(I;;Rad(; X)),

when X has property (o).
Under this assumption, we thus have

Rad(Rad(N*?; X)) ~ Rad(N* x N*%;X) = Rad(N**; X)

d
v Rad(Rad(N*?; X)) ~ Rad(Rad(Rad(X))) = Rad*(X),
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whence a natural isomorphism
Rad(N*3;X) ~ Rad’(X).
Proceeding by induction, we obtain that

Rad(N*d'X) ~ Rad’ (X).

are equivalent. Now recall that by the uncondltlonahty property of Rademacher aver-
ages,

b

Rad(N*2;X)

for every finite family (a,,
once. [J

i,) of complex numbers. The inequality (3.11) follows at

< 2 riy ()i, (ta)x; Xy 2 iy, igti (1) - rig (ta)xiy . >d]P’d(t1,...,td).
ll,

By the Cauchy—Schwarz inequality, this implies that

*
Z aiy,...iq <le7 Jig 2 Xilseeia

iyl Rad’(X)

By Lemma 3.5, we deduce an estimate

2 all 117 ,ld7x1~,"’id>

i1y s5ld

<Csup{|ai, ...i,| } x

*
2 @@, ®x,
i1

Rad?(X*)

2 Tiy @+ QTig QXiy iy

i1y sld

b

Rad? (X)
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which proves (Ay).
The same proof holds true if X* verifies the property (o). O

4. Characterisation by dilation on UMD spaces with property (o)

In this section, we give characterisations of H” joint functional calculus for com-
muting families of either Ritt or sectorial operators acting on a UMD Banach space X
with property (o). We pay a special attention to the case when X in an L? -space, for
p € (1,00). These characterisations generalise some of the main results of [3].

We refer the reader to [6] and to [30, Chapter 5] for information on the UMD
property.

We first establish a general result about combining dilations of commuting opera-
tors through Bochner spaces. Given any p € [1,e0), any measure space €, any Banach
space X, and any bounded operators T: LP(Q) — LP(Q) and S: X — X, consider the
operator T ® S acting on LP(Q) ® X . If this operator extends to a bounded operator on
LP(Q;X), we denote this extension by

T®S: LP(Q;X) — LP (s X).
By the density of LP(Q) ® X in LP(Q;X), this extension is necessarily unique. We

recall that if 7 is a positive operator (meaning that 7'(x) > 0 for every x > 0), then
T ® S has a bounded extension as described above.

LEMMA 4.1. Let d > 2 be an integer, let Ty, ..., Ty be commuting operators on a
Banach space X and let p € [1,). Let 1 < m < d. Assume that:

(1) forevery k=1,...,m, there exist a positive operator Vy on some LP(Q) and two
bounded operators Ji.: X — LP(Q;X) and Qy: LP(£;X) — X such that

T = u(ViBIx)"Jy,  meN; (4.1)

(2) if m <d, there exist a Banach space Y, two bounded operators Jy,1: X —Y

and Qy41: Y — X as well as commuting bounded operators Viyi1,...,VgonY
such that
Tt T = Qe Vot Vi 1, Ry 1, ng) € NT™(4.2)

(3) foreveryi=1,....mand j=1,...,d, we have

JiTj = (Ip () @T;)Ji- (4.3)
Then there exist two bounded operators J: X — LP(Q™;Y) and Q: LP(Q™Y) — X

such that
T/ T = QUM --- UM, (n1,...,ng) € N, 4.4)
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where the operators Uy,...,Uy: LP(Q™;Y) — LP(Q™;Y) are given by
U=V, B * 3 Iy, k=1,....m; (4.5)
Uy =I1°"Q V, k=m+1,...,d. (4.6)
Here I =1, dI°'=1»---®I, integer [ > 1.
ere Lr(Q) an ®---QI, for every integer
[ factors

Proof. We define Oy LP(Q™X) — X and Jp: X — LP(Q™;X) by letting

On = 01(IDQ2)(I?Q3) -+ (I*"'SQ,) 4.7)

and
In = (I°" BT - (IP7003) ([2J2) ;.- (4.8)

Then we define Sy ,,: LP(Q";X) — LP(Q™;X) by
Sem =1 BV, BIF"* B Iy, 1 <k<m. (4.9)
Our first aim is to prove by induction on m that we have the following dilation property,

T T = QS STy (M, n) € N (4.10)

1m™ "

We will see that this property only depends on the assumptions (4.1) and (4.3).

The case m =1 is trivial. Let m > 2, suppose that (4.7), (4.8), (4.9) and (4.10)
hold true for m — 1, and let us prove the latter dilation property for m. For every
(n1,...,n,) € N™, we write

I T T = QS g Sy I T (@.11)

m—1 m—1m—1

We compute the last term J,_1 7, . First by (4.3), we have
LT = (IRTm) .
Applying (4.3) again, we then have
(I&L)(IBT™) ) = (I7°RTm) (I8J2)J; .
Repeating this process with each factor of J,,,N_ 1, we obtain
In ATy = (17" ST - (4.12)
Using (4.1) for T,,, we see that
I = (18180, (1P &V Bl )" (1P & ).

Combining with (4.11) and (4.12), and using the fact that I®"~'®V,,&Ix = S > We
deduce that

T Ty = O 1Sty Sy (I RQm) S (1 &) 1

m—1,m—1
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A thorough look at (4.9) reveals that forany k=1,... m—1,
Sk,mfl (1®m_l®Qm) _ (I®m_l@Qm)Sk7m )
Consequently

T/ T = Quea (I 0m)SY Sy S (1" &) T

m—1,m~m,m

Since . o . -
On=0n 1(I°"'®Qy,) and  Jp=I""SI) -1,

this yields property (4.10).
If m = d, the preceding computation proves the lemma. Assume now that m <
d — 1. Tt follows from (4.10) that for any (ny,...,ng) € N, we have

T T = Gy ST -+ T
Using (4.3) we obtain that forany k=m+1,...,d,
In T = (IP"ST) % . (4.13)

Applying (4.2), we therefore obtain that

Tl"l e T;"
=0T+ Sty X (1" Qi) (I BV )41 - (1B (1" Bl 1 I
Using (4.6), this yields

Tlnl ___T;d _ @1‘9;’,1;11 ... §m (1®m®Qm+l)U"m+l "'U;d(1®m@1m+1)j;~ (4.14)

m,m m+1

Now it follows from (4.9) that forany k= 1,...,m,
S I @0m1) = (17" @ Q1) U, (4.15)
where the Uy are given by (4.5). Set

0= 0n(I*"TQp1)  and J = I""Sp1)dm.

Then (4.4) follows from the factorisation (4.14) and the relation (4.15). [

The following result is a d-variable version of [3, Theorem 4.1]. We refer the
reader to [9, Chapter 11] for the definitions and basic properties of spaces with finite
cotype.

THEOREM 4.2. Let X be a reflexive Banach space such that X and X* have
finite cotype. Let Ty,...,T; be commuting Ritt operators on X such that every Tj. has
an H”(By,) functional calculus for some Y € (0,%). Let p € (1,50). Then there exist
a measure space ., commuting isometric isomorphisms Uy, ..., Uy on LP(Q;X), and
two bounded operators J: X — LP(Q;X) and Q: LP(Q;X) — X such that

" T = QU™ - Uy, (n1,...,ng) € N9, (4.16)
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Proof. We shall apply Lemma 4.1 in the case m = d, using the construction de-
vised in the proof of [3, Theorem 4.1].

We recall this construction. Following Section 3, we let (r,),cz be an independent
sequence of Rademacher variables on some probability space €2j.

Forany k=1,...,d, recall the ergodic decomposition X =Ker(/—T;) &Ran(I—Ty).
It is shown in [3] that the operator

X =Ker(I - Ty) ®Ran(I — T) — X @, LP (Q0;X)
1
X0+ (X0, S i @ T = Ti) 2 (I+ Ti) (x1))
(4.17)
is well-defined and bounded, under the assumption that 7; has an H*(B,,) functional
calculus for some ¥ € (0, F). More precisely, the series

Ji:

S @ T - T I+ T (x1)

n=1

converges in LP(Qo;X) for any x; € X and the norm of the resulting sum is < ||xi||.
Define Q as the disjoint union of € and a singleton, so that

X @, LP(Q0:X) ~ LP(;X).

It also follows from the proof of [3, Theorem 4.1] that there exist an isometric isomor-
phism U: LP(Q) — LP(Q) (which does not depend on k) and operators Qy: LP(Q;X)
— X such that

T — Qk(U®Ix)”ka7 ng € N.

Weset Vy, =U forany k=1,...,d,so that Ty,...,T; satisfy (4.1).

Let us show that 71,..., T, also satisfy (4.3). Consider arbitrary i, j in {1,...,d},
and an element xo +x; € X = Ker(/ —T;) ®Ran(/ —T;). Since T; and T; commute,
Tj(xo) belongs to Ker(7;). Consequently,

Ji(Ti(xo+x1)) = (Tj(x0), Zr,,@)T”(I T)2(I+T)T;(x))

n=1
= (Ty(x0), X T T) U+ T) (1)
n=1
:(T,( 0), (I () ®T)<Zrn® ~ TR+ T)(x )))
= (IL”(Q)®Tf) Ji(xo+x1).

This proves (4.3).
Applying Lemma 4.1, we deduce the existence of two bounded operators Q:
LP(Q%X) — X and J: X — LP(Q%;X) such that

" =QU;" - Uy, (n1,...,ng) € N,
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where Uy,...,U; are given by
Uy =11 R U Q1% 13 Iy.

Since U is an isometric isomorphism of LP(Q), it is clear that each Uy, is an isometric
isomorphism as well. [
We are now in position to extend [3, Theorem 5.1] to d -tuples of Ritt operators.

THEOREM 4.3. Let X be a UMD Banach space with property (o) and let d > 1
be an integer. Let Ty, ..., Ty be commuting Ritt operators on X andlet p € (1,00). The
following two conditions are equivalent.

(1) (Ti,...,T;) admits an H”(By, x --- X By,) joint functional calculus for some
%€ (0,%), k=1,....d.

(2) There exist a measure space L, commuting contractive Ritt operators Ry, ... ,Ry
on LP(Q;X) such that every Ry admits an H® (B}i ) functional calculus for some
% €(0,%), k=1,...,d, as well as two bounded operators J: X — LP(Q;X)
and Q: LP(Q;X) — X such that

7" T;4 = QR - R}, (n1,...,ng) € N, (4.18)

Proof. The implication “(2) = (1)” is easy. Indeed (4.18) implies that for any
¢ € P, (the algebra of complex polynomials in d variables), we have

¢(T1""7Td) = Q¢(R17""Rd)‘]’

and hence
1o(T1,-... Tl < QN V][ 19 (R, s Ra)l -

By assumption each Ry has an H °°(BY;€) functional calculus, with y, € (0,5). Since X
has property (), the Bochner space L”(Q;X) has property (cr) as well. It therefore
follows from Theorem 3.1 that the d-tuple (Ry,...,Ry) has an H”(By, x --- X By,)
joint functional calculus for some ¥ € (0,7%). Applying Proposition 2.5, we deduce
that (7i,...,Ty) also has an H”(By, x --- x By,) joint functional calculus.

To prove the converse (and main) implication “(1) = (2)”, we assume (1). Every
UMD Banach space is reflexive and has finite cotype, so we can apply Theorem 4.2 on
X.

As in [3, Section 3], set

(Th)a = Ix — (Ix — Tp)“, a>0.

Since (Ti,...,T;) has an H* joint functional calculus, every T has an H* functional
calculus. Hence according to [3, Proposition 3.2], there exists a > 1 such that every
(Tx)a has an H* functional calculus. Applying Theorem 4.2, we deduce a dilation

property
(T1)a)™ -+ ((Ty)a)™ = QU{™ --- UL, (n1,...,ng) € N,
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where J: X — LP(Q;X) and Q: LP(Q;X) — X are bounded operators and Uy, ...,Uy
are isometric isomorphisms on LP(Q;X) .

Let b = é, so that 0 < b < 1. Arguing as in the proof of [3, Theorem 5.1] (see
also [10], where this argument appeared for the first time), we derive that

" ...T;d = O((U)p)™ - ((Ug)p)J, (n1,...,ng) € N,

We let R, = (Uy),, forevery k=1,...,d. By [3, Theorem 3.1 and 3.3], and the assump-
tion that X is a UMD Banach space, every Ry is a contractive Ritt operator having an
H"(By) functional calculus for some % € (0,%), which proves (2). O

REMARK 4.4. It follows from the proof of [3, Theorem 4.1] that the isometric
isomorphism U: LP(Q) — LP(Q) appearing in the proof of Theorem 4.2 is positive.
This implies that if X is an ordered Banach space, then the isometric isomorphisms
Uy,...,Uy: LP(Q;X) — LP(Q;X) in the latter theorem are positive operators. It there-
fore follows from [3, Theorem 3.1 (c)] that if X is an ordered Banach space in Theorem
4.3, then the contractive Ritt operators Ry,...,R;: LP(Q;X) — LP(£;X) in this theo-
rem are positive operators.

We note that any UMD Banach lattice has property (). Hence any UMD Banach
lattice satisfies Theorem 4.3.

We also observe that thanks to Theorem 3.1, assumption (1) of Theorem 4.3 is
equivalent to the property that each 7; admits an H*(B,,) functional calculus for some
Y € (0’ %) :

We now give a specific result on L?-spaces. This is a d-variable version of [3,
Theorem 5.2].

THEOREM 4.5. Let X be a measure space and let p € (1,00). Let Ty,..., Ty be
commuting Ritt operators on LP(X). The following two conditions are equivalent.

(1) (Ti,...,T;) admits an H”(By, x --- x By,) joint functional calculus for some
%€ (0,%), k=1,....d.

(2) There exist a measure space Q, commuting positive contractive Ritt operators
Ri,...,R; on LP(Q), and two bounded operators J: LP () — LP(Q) and Q:
LP(Q) — LP(X) such that

T T = QRM R, (ny,...,ng) € N

Proof. We apply Theorem 4.3 above with X = L”(X), which is a UMD Banach
space with property (ct). We note that for any measure space Q, LP(Q;LP(X)) is an
L? -space. Further conditions (1) in Theorem 4.3 and Theorem 4.5 are identical.

Assuming (1) and applying Theorem 4.3 together with Remark 4.4, we obtain
condition (2) in Theorem 4.5.

The converse implication follows from Theorem 4.3 and the fact that any positive
contractive Ritt operator on an L”-space has an H*(B,) functional calculus for some
y € (0,%). This result is proved in [22, Theorem 3.3]. [J
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A celebrated theorem of Akcoglu and Sucheston (see [ 1]) asserts that if 7: L? (X) —
L?(X) is a positive contraction, with p € (1,c), then there exist a measure space X', an
isometric isomorphism V: LP(X') — LP(¥') and two contractions J: LP(X) — LP(¥')
and Q: LP(Y) — LP(X) such that T" = QV"J, for any n € N. It is an open prob-
lem whether the Akcoglu-Sucheston theorem extends to pairs. The question reads as
follows.

Consider a commuting pair (77,73) of positive contractions on LP(X). Does there
exist a commuting pair (V1,V,) of isometric isomorphisms acting on some L”(X'), as
well as bounded (or even contractive) operators J: LP(X) — LP(X') and Q: LP(Y¥) —
LP(Z) such that 7}"' T,% = QV,"'V,J, for any (n;,n,) € N??

The next result shows that the answer is positive if either 77 or 75 is a Ritt operator.
More generally we have the following.

THEOREM 4.6. Let X be a measure space and let p € (1,00). Let Ty,..., Ty be
commuting positive contractions on LP(X). Assume further that Ty,...,Ty_1 are Ritt
operators.

Then there exist a measure space Q, two bounded operators J: LP(X) — LP(Q)
and Q: LP(Q) — LP(X), as well as commuting isometric isomorphisms Uy, ..., Uy:
LP(Q) — LP(Q) such that

Tlnl"'T;d:Qulnl"'U;dJa (nl,...,nd)ENd.

Proof. We aim at applying Lemma 4.1 with m =d — 1 and X = L?(X). For any
k=1,...,d—1, Ty is a positive Ritt contraction on L”(X). According to [22, Theorem
3.3], this implies that it has an H*(By,) functional calculus for some ¥ € (0,%). By
[3, Theorem 4.1] and its proof, this implies that T1,...,T;_; satisfy the assumption (1)
of Lemma4.1.

According to the Ackoglu-Sucheston theorem quoted above, 7; satisfies the as-
sumption (2) of Lemma 4.1, with ¥ = LP(¥/).

Moreover the argument in the proof of Theorem 4.2 shows that (71,...,T;) veri-
fies the assumption (3) of Lemma 4.1.

The result now follows from this lemma and the fact that LP (Q™;Y) =
LP(Q4=1;LP (X)) is an L -space. Details are left to the reader. [

In the last part of this section, we give analogues of our previous results for sec-
torial operators and semigroups. Since the proofs are similar to the ones in the discrete
case, we will be deliberately brief.

We refer the reader to e.g. [29] for definitions and basic properties of Cp-semi-
groups and bounded analytic semigroups. We recall that if (7;);>¢ is a Cp-semigroup
on X, with generator —A, then A is sectorial of type < % if and only if (7;),>0 is a
bounded analytic semigroup.

We say that two Cp-semigroups (71 ;)s>0 and (T;);>0 on X commute provided
that

Ny, =TTy, 11 20,5 2>0. (4.19)
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Assume that (7j;);>0 and (T>;);>0 are bounded analytic semigroups with respective
generators —A| and —A,. Then (4.19) holds true if and only if the sectorial operators
A1,A; commute (in the resolvent sense, see Section 2).

It is easy to adapt the proof of Lemma 4.1 to semigroups to obtain the following
result. We skip the proof.

LEMMA 4.7. Let d > 2 be an integer, let (T1;)i>0,---,(Tas)i=0 be commuting
Co-semigroups on a Banach space X and let p € [1,). Let 1 < m < d. Assume that:

(1) forevery k=1,...,m, there exist a Cy-semigroup (Vi,)i=0 of positive operators
on some LP(Q) and two bounded operators Ji.: X — LP (Q;X) and Qy: LP(£;X)
— X such that
Tiy = Ok (Viy ®Ix ) Jx, t>0;

(2) if m <d, there exist a Banach space Y, two bounded operators Jy11: X —Y
and Quy1: Y — X aswell as commuting Co-semigroups (Vi1,:)i>0,-- -, Vaz)i=0
on'Y such that

Dottty Tagg = Om 1 Vit Lty - VaggIm+1, Imy120,...,10 2 0;

(3) foreveryi=1,....mand j=1,...,d, and for any t > 0, we have
JiTjr = (Ipp(y@Tju )i

Then there exist two bounded operators J: X — LP(Q™;Y) and Q: LP(Q™;Y) — X
such that
Ty Tay, = QUiyy - Ugy,J, 1120,...,14 20,

where (Ui )0, - -, (Uay)i=0 are Cy-semigroups on LP(Q™;Y) given by

Uy, = I®k_l@vk7t @p&m—k@h, k=1,...,m;
Upy = 1°"@Viy, k=m+1,....d.

The construction in the proof of [3, Theorem 4.5] is an analogue of the construction
in the proof of [3, Theorem 4.1] where discrete square functions based on Rademacher
averages are replaced by continuous square functions provided by Brownian motion.
Using this construction and using Lemma 4.7 instead of Lemma 4.1, we obtain the
following sectorial version of Theorem 4.2.

THEOREM 4.8. Let X be a reflexive Banach space such that X and X* have finite
cotype. Let Ay,...,Ay be commuting sectorial operators on X such that every Ay has
an H*(Zg,) functional calculus for some 6 in (0,%). Let p € (1,0). Then there exist
a measure space Q, commuting Co-groups of isometries (Ui;)ier,---,(Uays)cr on
LP(Q;X), and two bounded operators J: X — LP(Q;X) and Q: LP(Q;X) — X such
that

e Mgl = QU Uy, 1n>0,....1;>0.
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Using the previous result and adapting the proof of [3, Theorem 5.6] to the d-
variable case, we obtain the following sectorial version of Theorem 4.3.

THEOREM 4.9. Let X be a UMD Banach space with property (o) and let d > 1
be an integer. Let Ay,...,Ay be commuting sectorial operators and let p € (1,00). The
following two conditions are equivalent.

(1) (Ay,...,Aq) admits an H”(Zg, x --- X Zg,) joint functional calculus for some
0 €(0,%), k=1,....d.

(2) There exist a measure space €, commuting sectorial operators By,...,B; on
LP(&;X) such that every By admits an H“(Z%) functional calculus for some
6, €(0,%), k=1,...,d, as well as two bounded operators J: X — LP(€;X)
and Q: LP(Q;X) — X such that

e AL pladd — Qe—tlBl ...e_tdBdJ, 1 =0,...,t;>0,
and all the (e "B+),~q are semigroups of contractions.

We now give the sectorial version of Theorem 4.5.

THEOREM 4.10. Let X be a measure space and let p € (1,00). Let Ay, ..., Ay be
commuting sectorial operators on LP(X). The following conditions are equivalent.

(1) (Ay,...,Aq) admits an H*(Xg, X --- X Zg,) joint functional calculus for some
6 €(0,%), k=1,....d.

(2) There exist a measure space €, commuting sectorial operators By,...,B; on
LP(Q) of type < %, and two bounded operators J: LP(X) — LP(Q) and Q: LP(Q)
— LP(X) such that

e AL pladd — Qe—tlBl ...e_tdBdJ, 1 =0,...,t;>0,

and all the (e7"B+),~( are semigroups of positive contractions.

Proof. If B is a sectorial operator of type < £ on LP(Q) such that e B isa
positive contraction for any # > 0, then B has an H*(Zg) functional calculus for some
6 < 7. This result is due to Weis, see [35, 16]. Using this and arguing as in the proof
of Theorem 4.5, the result follows at once. [J

We conclude with a semigroup version of Theorem 4.6. We first recall that Fendler
[11] proved the following semigroup version of the Akcoglu-Sucheston theorem: Let
(T})i=0 be a Cy-semigroups of positive contractions on LP(Z), with p € (1,e0). Then
there exist a measure space X', a Cy-group (V;);>o of isometric isomorphisms on
LP (%) and two contractions J: LP(X) — LP(¥') and Q: LP(¥') — LP(X) such that
T; = QV.J, forany ¢ > 0.

Using this result and Lemma 4.7, and arguing as in the proof of Theorem 4.6, we
obtain the following.
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THEOREM 4.11. Let X be a measure space and let p € (1,00). Let (Ti4);>0,-- -,
(Tas)=0 be Cy-semigroups of positive contractions on LP(X). Assume further that
(Ti4)1>0,- -5 (Ty—14)r=0 are bounded analytic semigroups.

Then there exist a measure space Q, two bounded operators J: LP(X) — LP(Q)
and Q: LP(Q) — LP(X), as well as commuting Co-groups (Ui;)i>0,---,(Uas)i=0 of
isometric isomorphisms on LP(Q) such that

Tl,tl "'Td,td = QUlJl "'Ud,td']7 151 > 07~~‘7td P> 0.

5. The Hilbert space case

This section is devoted to commuting operators on Hilbert space H. We will be
interested in the following two issues.

First recall that if 7: H — H is a Ritt operator, then 7' has an H*(By) functional
calculus for some y < % if and only if 7 is similar to a contraction, that is, there exists
a bounded invertible operator S: H — H such that S~'T'S is a contraction on H . This
is proved in [21, Theorem 8.1]. We will extend this characterisation to d-tuples of Ritt
operators, see Corollary 5.2 below.

Second let (T,...,T;) be a d-tuple of commuting contractions on H. If d =2,
Ando’s theorem [5] (see also [33, Theorem 1.2]) asserts that ||¢(Ty, T2)| < [|9]|.. p2
for any polynomial ¢ € &7,. This result does not extend to d > 3 and it is unknown
whether there exists a universal constant C > 1 such that

10(T1, ..., Ty) | < Cll# | pa, (5.1)

for any ¢ € &, (see [33, Chapter 1] for more on this problem). Theorem 5.1 below
shows that an estimate (5.1) holds true when at least d — 2 of these contractions are Ritt
operators.

THEOREM 5.1. Let d > 3 be an integer and let H be a Hilbert space. Let

Ti,...,T; be commuting operators on H such that:
(i) forevery jin {1,...,d —2}, T; is a Ritt operator which is similar to a contrac-
tion;

(ii) there exists a bounded invertible operator S: H — H such that S_le,lS and
S™YT,S are both contractions.

Then we have the following three properties:

(1) there exist a Hilbert space K, two bounded operators J: H— K and Q: K — H
and commuting unitary operators Uy, ..., Uz on K such that

" T/ = QU - U, (n1,...,ng) € N%; (5.2)

(2) there exists C > 1 such that for any polynomial ¢ in Py,

1o(Th,- -, Tyl < 9]l pa s (5.3)
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(3) there exists a bounded invertible operator S: H — H such that for any j =
1,....d, S_ITJ-S is a contraction.

Proof. The proof of (1) will rely on Lemma 4.1. The Ritt operators T1,...,T;_»
are similar to contractions hence according to [21, Theorem 8.1], T has an H”(By,)
functional calculus for some ¥ in (0,75), forall k=1,...,d —2. The argument in the
proof of Theorem 4.2 shows that there exist a measure space €2, unitaries Vi,...,V;_»
on L?(Q) and bounded operators

Jisooiidyn: H—L*(Q:H) and  Qy,...,0q_: L*(Q:H) — H,
such that forany k=1,....d — 2,
T, = Ok (Vi®I )" Jy, ng €N,

and
JiR = (ILz(Q)@)R)Jk7

forany R: H — H commuting with 7.

By assumption there exists an invertible W: H — H such that W~'T;_ ;W and
W~IT;W are contractions. By Ando’s theorem [5], there exist a Hilbert space L con-
taining H as a closed subspace and two unitaries V;_,V;: L — L such that

(W Ty WY (W T w)d = pyvy=vidy, (ng_1,ng) € N?, (5.4)

where Ji: H — L and Pg = J;;: L — H denote the inclusion map and the orthogonal
projection, respectively. This can be written as

Ty T = Qu VIV gy, (ng-1,n4) € N2, (5.5)

with Q;_y =WPy and J;_; = HyW~!.

We can therefore apply Lemma 4.1 to (T3,...,T;), with m=d —2 and Y = L.
Thus there exist two bounded operators J: H — L,(Q%"%;L) and Q: L,(Q4%L) —
H , as well as operators Uy, ...,U; on Ly(Q?~2;L) such that

TM"..T) = QU - Uy, (n1,...,ng) € N, (5.6)
and the operators U} are given by

U, =13V, 1% *F g, k=1,....d—2;
U, = 1% U, k=d—1.d.
Clearly K = L,(Q92;L) is a Hilbert space and Uy,...,U; are commuting unitaries.

This shows (1).
(2) is a direct consequence of (1). Indeed for any ¢ € Z;, (1) implies

lo(Th,-... Tl < QI /[ l¢ (V... U, (5.7)
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and by the functional calculus of unitary operators,

[0 U1; -, Ua) | < (|9l pa- (5.8)

We turn now to the proof of (3). We appeal to [3, Proposition 2.4]. Consider the
algebraic semigroup ¢ = (N¢,+) and its representations

@ —  B(H) g —  B(K)

B nteena) o TP P gy g 5

where K and Uy,...,U; are provided by (1).
According to (5.6), we have two bounded operators J: H — K and Q: K — H
such that
w(ny,...,ng) = 0p(ny,...,ng)J, (n1,...,nq) €Y. (5.10)

Hence by [3, Proposition 2.4], there exist two p -invariant closed subspaces M C
N C K, as well as an isomorphism S: H — N/M such that the compressed representa-
tion p: 4 — B(N/M) satisfies

n(ny,....ng) =S 'p(ny,...,ng)S, (n1,...,ng) €Y. (5.11)

~ =
For any k = 1,...,d, define R,: N/M — N/M by R;(x) = U(x), for any x € N,
where x denotes its class modulo M. Then Ry,...,R; are contractions and (5.11) can
be equivalenty written as

T =S 'R RYS, (n1,...,nq) €Y.

This implies that
T, = SRS,

forany k= 1,...,d. By construction, N/M is a Hilbert space. Since it is isomorphic
to H, through S, it is isometrically isomorphic to H. In other words, there exists a
unitary V: N/M — H . The above identity can be written as

T, = S"WVVRV*VS,

forany k=1,...,d. Now changing S into V'S and Ry into VR;V*, property (3) follows
atonce. [

The next corollary is a straighforward consequence of the previous theorem.

Before stating it, we recall that Pisier showed in [32] the existence of a pair (77, 73)
of commuting operators on Hilbert space H such that 77 and 7, are both similar to
contractions (that is, there exist bounded invertible operators Sy,S>: H — H such that
S1_1T1S1 and S5 lT2S2 are contractions), but there is no common bounded invertible
S: H — H such that S™'71S and S~!7»S are contractions.

COROLLARY 5.2. Let d > 2 be an integer and let (T,...,T;) be a commuting
Sfamily of Ritt operators on Hilbert space H. The following assertions are equivalent.
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(1) (T1,...,T;) admits an H”(By, x --- x By,) functional calculus for some v, €
0,%), k=1,....d.

(2) There exists a bounded invertible operator S: H — H such that for any k =
1,...,d, ST'TS is a contraction.

We finally mention that Theorem 5.1 and Corollary 5.2 have semigroup versions,
that can be obtained by adapting the previous arguments. However we omit their state-
ment as they were already proved in the paper [20] (by using the notion of complete
boundedness and Paulsen’s similarity theorem).

6. Appendix: The Franks-McIntosh decomposition on Stolz domains

In this section we provide a detailed proof of the Franks-McIntosh decomposition
on Stolz domains used in Section 3. As indicated in the Introduction, this result is
implicit in [12, Section 4], however no proof has been written yet. The one we provide
here is close to the one for sectors given in [12, Section 3], and much simpler that the
one which is sketched in [12, Section 4] for domains having several points of contact.

THEOREM 6.1. Let d > 1 be an integer, let By in (0,%) and o4 in (0,B), k=
1,...,d. There exist sequences (Wi, )i>1 and (Wi;)i>1 in Hy (Bo,) verifying the
following properties.

(1) For every real number p > 0 and forany k=1,....,d,

SUP{ i Wei (G G EBak} <o and
k=1

m 6.1)
SUP{ 2 |‘i’k,ik(§k)|p (G e Bak} < oo,

=1

(2) There exists a constant C > 0 such that for every h in H”(Bg, % --- X Bg,), there

\aiy...,| <C|h| (i1,...,iq) € N**, (6.2)

oo.Bg x--xBg >

and for every (Cy,...,8y) in szlBak,

h(G, 8= Y, aii Y (6P (6) - Wai, (80)Pai, (8a). (6.3)

i nig 21

The main part of the proof will consist in showing the following one-variable
result.
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PROPOSITION 6.2. Let 0 < o < B < %.. There exist a sequence (®;);>1 in Hy' (By)
and a constant C > 0 such that

sup{i@i(@)v’ : CeBa} <o,
=1

for any p >0, and for any h € H”(Bg), there exists a sequence (a;);>1 of complex
numbers such that |a;| < C||h||p,, for any i > 1, and

h¢) =2 a®i(f),  C€Ba (6.4)

REMARK 6.3. Since By is a simply connected domain bounded by a rectifiable
Jordan curve, any element of H*(B) admits boundary values. Further, for any ® €
H{(Bg), there exist W, ¥ in H’(Bg) such that

()| = () = 10(0)]2, ¢ € IBa. 6.5)

Indeed, given ® € Hy (By), there exist s > 0 and F € H*(By,) such that (1 —{)°*®({)
=F({), forany { € By, . Then using inner-outer factorisation, we may write F = @@,

with |p| = |@| = \F\N% on the boundary of B, . Then we obtain (6.5) by taking (&) =
(1=8)2¢(¢) and ¥(§) = (1-8)20(8).

Combining the above factorization property with Proposition 6.2, we immediately
obtain Theorem 6.1 in the case d = 1.

Before proceeeding to the proof of Proposition 6.2, we need some preliminary
constructions. We fix some 0 <a <u < < 7.
We let Ty denote the arc of the circle centered at O with radius sin(it), joining

sin(u)ei(%*“) to sin(u)e"(“*%) counterclockwise. Then we let I'} and I'; denote the
segments joining 1 to sin(u)ei(%_“) and sin(u)ei(’“‘_%> to 1, respectively. Clearly
F(), Fl and Fz divide aB#.

We divide I’y into a finite number of arcs {7/07;{}:[:0, with fixed length § <

%dist(&Ba,Fo). For any 0 < k < N, we denote by zo4 the center of ¥ and we let
Dy i be the open ball centered at zo ; with radius 6. Thus Dy ; does not intersect dBy, .

Let [ = cos(); this is the length of the segment I';. We introduce the sequence
of segments

Yik= {zerl Clp Rl |1~ g <lp—’<}, k>0,

for some p > 1, which will be chosen below. These segments divide I'j. Let zj ; be
the center of ¥ ; and let D be the open ball centered at z; ; with radius

si=1pF—p ). (6.6)

We choose p such that for every k > 0, the closure of D ; does not intersect dB, .
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We divide I, in the same manner by setting, for any £ > 0,

)/27](:{2216')/17](}, Z2,k:T,k and D27k={zIZ€D17k}.

For any ¢ in B, and any z in the union of UY_Dq s, Ur_ D1y and Uy (Do,

we let . .

(1-2)2(1-¢)2

K(z,8) =
=&
For z,{ as above, elementary computations yield estimates

[1=C[<lz=¢l  and  |I—z|S|z—C]. (6.7)

We derive that for m = 1,2 and for any r € N, we have estimates
k|
sup {|K(z{)| : 2€ Dyt L € Ba Ip " < 1= <lp T} Sp~ 7. (68)
Indeed for z,{ as above, we have |1 —z| S p %, [1=¢| < p~" and by (6.7), we have
p~min(kr) <z £, These three estimates yield (6.8).
It readily follows from the above definitions that for m = 1,2 and k > 0, we have

‘/’Ym,k

For m=1,2 and k > 0, we let {em7k7j}7:0 be an orthonormal family of

L (Y ld—_zz |) such that forany n € N, Span{e, k0, .-, emxn} is equal to the subspace
of polynomial functions with degree less than or equal to n. Likewise, for 0 <k < N,
we let {e07k7j}7:0 be an orthonormal family of L*(yy, | df |) such that for any n € N,
Span{ey k0, ---,emin} is equal to the subspace of polynomial functions with degree
less than or equal to 7.

Next for any m € {0,1,2} and any k > O (with the convention that k < N if
m=0), we define @, ;: By — C by

q)mk.,j(c) ! /Y kemk.,j(z) K(Z7C)

T 2mi

o log(p). (6.9)

dz
1—7

{ € Bg.

These functions are well defined holomorphic functions belonging to H;’(B,) . Indeed,
according to the definition of K and the Cauchy-Schwarz inequality, we have

1 1 1
1 2 |dz| )2 [1-¢> (/ |dz| )2 1
Oy < == K(z, < —— ] <I[1-{]?,
| m-,k7j(C)| o </7mk (Z C)‘ ‘I—Z‘ o Ym‘k‘C_ZP N| C‘

since |z — C| > dist(Bg, Ymx) > 0.

LEMMA 6.4. There exists a constant ¢ > 0 such that if { € By, satisfies
p < 1=¢I<p™ (6.10)

for some r €N, then forany k>0, j > 1 and m = 1,2, we have

k=]

| ®o;(8)]<c 2/ and | Dyp (O] <c27p7 7. (6.11)
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Proof. We start proving the second estimate. Let m € {1,2} and k > 0. For any

fixed { € Bg, the restriction of K(-,{) to D,,; is analytic. Recall (6.6) and consider
the normalised power series expansion,

mekn< Z’“") .

Assume the estimate (6.10). Then according to (6.8), we have

k—r]|

sup {|K(z,8)| : 2€Dp} SPp~ 7 . (6.12)

Using Bessel-Parseval in H = [2 <8Dm ks 2‘% ) and (6.12), one obtains

|
> 2\’ = _ 2 |dz| %< k=
(%bm,lgn} ) =|IK(-,{)|ly = </‘9Dm‘k |K(z,0)| m) <pz. (613)

By construction, ¥, is included in the ball centered at z,, ; with radlus . Hence
for any z € ¥, and any integer N > 0, we have

- LV
—z —
mkn( mk) l <2| mkn|> (2 —
Sk = n=j
1 1
oo N2/ = » 2 ferd
< Z|bm7k,n| 24 <p 7T 277
n=j n=j

£ ), enk,; is orthogonal to every polynomial function

z

Now recall that in L? (Y4,
with degree < j, hence orthogonal to (z —z, )", for any n < j. Further deZ is the

. This implies that

1 — Zmk dz
~_- €m bm n 3
271'1'/3/ k, 2 ok ( Sk ) 11—z

[k—r]| j dz
SpTT 2 / |em,k7j(z)} 1—-
Vi k

opposite of | ld—fz

|q)m,k,j(§)| =

Applying (6.9), we deduce the second estimate in (6.11).
The proof of the first estimate is similar, using the fact that on each Y, % is
’@
Z

proportional to

{@ 1z € C/JDOJ(,CEB&}

1 k=0

is bounded. [l
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Proof of Proposition 6.2. Lemma 6.4 implies that for any p >0 and m € {0,1,2},

sup{ 3 @i (0] CeBa} < oo, (6.14)
k,j=0
Let h € H*(Bg). By Cauchy’s formula,
1 dz
ne)=— h(z)K(z,§) —— Byg. 6.15
(O =553 |,y KO =2 LB (6.15)
Form=1,2, k>0 and j >0, set
dz
A kj = h(z) em,j(2) | (6.16)
Y.k -z
Likewise, for 0 < k<N and j > 0, set
dz
aokj= [ h(z)eo;(z) |— (6.17)
.k

By the Cauchy-Schwarz inequality and (6.9), we have a uniform estimate

|| S (6.18)

forme {0,1,2},k>0and j >0
For m = 1 2 and k > 0, let H,,; denote the subspace of all polynomial functions

of L2 (s> | 7= |) This is a dense subspace. Hence we have a series expansion
R = D Amke jEmc (6.19)
j=0

in the latter space.

Likewise, for 0 < k < N, let Hy; denote the subspace of all polynomial func-
tions of L*(Yy,|%|). This is no longer a dense subspace. However, by Runge’s ap-
proximation theorem (see e.g. [34, Theorem 13.8]), every holomorphic function on an
open neighborhood of ¥ is uniformly approximated by polynomials, hence belongs

to mH'HZ . This implies that the series expansion (6.19) holds true as well in this case.
From (6.15), we can write h({) = ho({) +hi (&) +ha(§) forany § € By, where

= [ ke

2mi Jr, Z

hn(&) =

for each m = 0,1,2. The L?-convergence in (6.19) a fortiori holds in the L'-sense,
hence

15 h(z)K(z,8) Az % i 2)azn7k,j/ emk,j(2)K(z,¢) &

T
k=0" Ymk 1 —< Y,k 1 —<
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and hence

Z Eamk/ k. (2 (6.20)

k=0 j=0

After a suitable reindexing, we obtain the result by combining (6.18), (6.20) and
(6.14). O

Proof of Theorem 6.1. The case d = 1 was settled at the end of Remark 6.3.

Assume that d = 2. Let h € H”(Bg, x Bg,). Let (®;;);>1 be the sequence
of Hy (Bg,) obtained by applying Proposition 6.2 to the couple (o,[;). For any
€1 € Bp,, the one variable function ((;,-) belongs to H”(Bg,). Hence we have a
decomposition

h(&1, &) Eaz €1)®2,(&), ¢ €Bg,, & € Ba,,

with a uniform estimate |¢;({;)| < G, ||h||(x,73ﬁ1 xBg, - Recall from the proof of Proposi-

tion 6.2 that the complex numbers a;({;) are defined by (6.16) and (6.17). This implies
that each a;: Bg, — C is a holomorphic function. Further the above estimates show
that forany i > 1, a; € H*(Bg, ), with Hain,Bgl < CthHnglegz-

Let (®1,);>1 be the sequence of Hj (Bg,) obtained by applying Proposition 6.2
to the couple (oy,f1). Applying the latter to each a;, we deduce the existence of a
family (a;;); j>1 of complex numbers such that

aijl < CrCollhllwpg g, BJ =1,

for some constant C; > 0 and
)= Y a;® (&), (i €By, izl
=1

Since ¥, [Py ;(£1)] <o and 3, |®2,:(&)| < oo, for any (51,) € Bay X Ba, . we de-
duce from above that

ChCz 2 atjq)l,J cl ‘Dzz(Cz) (Clch) € Bal X BOCZ'

i,j=1

Now using Remark 6.3 as in the case d = 1, we deduce the result in the case d = 2.
The general case is obtained by iterating this process. [l
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