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THE MATRIX TODA EQUATIONS FOR COEFFICIENTS OF
A MATRIX THREE-TERM RECURRENCE RELATION

ABDON E. CHOQUE-RIVERO

(Communicated by F. Gesztesy)

Abstract. For g x g positive measures of the form e " (dx) on [0,e) with respect to x and
t > 0, we derive the matrix Toda equations for the three-term recurrence relation coefficients of
the corresponding orthogonal matrix polynomials. Additionally, relations for the matrix version
of the Volterra lattice and associated orthogonal polynomials are attained.

1. Introduction

The transformed scalar Toda lattice

an: n+1_lna 2fnJrl:xfnJrl(anJrl_an)a n:1727~~~7 (11)

where o, = o,(¢) and A, = A,(¢) are the coefficients of the three-term recurrence
relation

pn(z,t) = (Z_ O‘n(f))Pn—l(Z:f) _zfn(t)pn—2(zat)’ n=12,...

with pg :=1 and p_; := 0, was considered in [30], [3], [35], [36], [34], [40], [38],
[41], [4] and references therein. In these works, the complete integrability, the relations
to orthogonal polynomials, inverse problems and the physical application of the Toda
lattice are discussed. Here and in the sequel, the overdot denotes the derivative with
respectto t.

The operator and matrix version of the Toda lattice was considered by Berezanskii
and Gekhtman in [6] under the assumption that the Lax equation is satisfied. In [33], a
perturbation of a measure similar to that considered in the present work but defined on
the full line is studied. In [1], non-Abelian 2D Toda hierarchies via orthogonal matrix
polynomials are studied. In [10], the bidimensional Toda lattice related to matrix coeffi-
cients of three-term relations is discussed. The Toda system for a certain Laguerre-type
perturbation with the help of orthogonal matrix polynomials is treated in [11].
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In this work, we derive the matrix version of the Toda equations (1.1) for the g x g
matrix coefficients A, (), B, ;(t) of the relation

Pr7.f+1(zvt) :(Zlq_A"aj(t))Pﬂj(th)_B;f,jfl(t)Pr,jfl(th% ]2 1» (12)
Pro(z,t) =Iy,  Pri(z,t) =zlyg—Aro(t) (1.3)

for r=1,2 and ¢ € [0,+c0). The g x g matrices A,;(t), B,;(t), P.;(z,t) are con-
structed via the sequence of moments (s;(1))7-, with

5(0) 1= / He 6 (dx) (1.4)

[0,%0)

and ¢ € [0,4-c0), which are well-defined for j > 0. Here I, denotes the g x ¢ iden-
tity matrix, and A* stands for the conjugate transpose of A. We assume that o is a
matrix-valued positive measure on [0,e0). Furthermore, in the sequel we assume that
the Hankel block matrices

So(l‘) Sl(t) SJ'(I) Sl(t) SQ(I) Sj.H(t)
P EUEU R U] I I CRR U RL
SJ'(I) Sj+1(t) Szj(t) Sj+1(t) Sj+1(t) 52j+1(l‘)(

are both positive definite for j >0 and 7 € [0, +0). An accurate definition of the matri-
ces A,j(t), Byj(t), and P, ;(x,r) will be given in Definitions 2.3 and 2.2, respectively.
A proof of the three-term relation (1.2) is given without using the orthogonality proper-
ties of the matrix polynomials P, ; (as in [33, Proposition 3] and [19, Proposition 3.7]).
We employ certain identities instead. See Section 3.

Note that s (¢) is the Laplace transform of the measure o(x); such a transform
was studied in [7, Chapter II] by Christian Berg, Jens Christensen and Paul Ressel. See
also [21], [39] and references therein.

Additionally, the matrix version of the Volterra lattice is proved in Proposition 5.1.
The scalar version of the Volterra lattice is given by the relation [35, Equation (1.5)]

dn =M1 —Ap_1), n=23.... (1.6)

Moreover, we prove some relations that involve the derivative of the associated matrix
polynomials of order k, where k is a nonnegative integer. See Section 6. The scalar
version of these polynomials is defined by the recurrence relation [36, Equation (1.3)]:

P (z1) = = 0k )P (21) = A )Py (20), n=1,2,...,

with p(()k) =1 and p(ﬁ :=0.

It is well-known that if the the matrices H; ;(¢) and H, () are nonnegative def-
inite matrices for j > O there is a solution to the Stieltjes matrix moment problem:
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Given a sequence (s;(f));>0 of g x g matrices, find the set .#; of positive measures
e ™o(dx) for x belonging to [0,+o0) and 7 € [0,+4-e0) such that (1.4) holds for j > 0.
Let e "o (dx) € ;. The function

—Xxt
s(z,t) == / %, 7€ C\ [0, +o0)
[0.+0)

is called the Stieltjes transform of ¢ ™o (dx). The asymptotic relation between the
Stieltjes transform s(z,7) and the moments s;(¢) near the point z = 4o reads

s(gp) =22 I (1.7)

From (1.4) for [0,+), we get the following obvious equality:
$i(t) = —sj1(2). (1.8)
On other hand, by employing (1.7) and (1.8) we attain the following relation:
$(z,1) = —so(t) — zs(z,1).

Further properties of the Stieltjes transform s(z,7) will be studied elsewhere.

Throughout the work, we use some results and notations from [13]; in particular,
we repeatedly employ the Schur complements I-Alrh,' (2.5), (2.6), as well as certain block
partitions of the Hankel block matrices H,,; and their inverses. The main results of
the present work are principally based on explicit algebraic and differential identities
between the mentioned parts. See Section 3. Similar identities, in the frame of the
Potapov approach [37], appeared in a number of works on matrix interpolation prob-
lems, which include matrix moment problems on the real axis and orthogonal matrix
polynomials as well as orthogonal matrix functions. The Potapov approach consists
of reducing a general interpolation problem (which includes the moment problem) into
certain matrix inequalities for analytic functions that are solved with the help of the
construction of the resolvent matrix, also known as the Nevanlinna matrix. See [31],
[271, [20], [28], [15] and references therein.

The present work differs from previous works concerning the matrix Toda equa-
tions [6], [33], [1] as follows: Firstly, the perturbed measure ¢ is defined on [0, +oo)
instead of on all real axis. Secondly, we decisively make use of the Schur complements
I-AIH j to handle the coefficients A, ; and B, ;, and we do not employ their integral repre-
sentations. Thirdly, we do not use the orthogonality properties of polynomials P, ;.

Future work can be devoted to the study of Lax pairs corresponding to the matrix
Toda sequence; see Definition 4.1. Our motivation is to follow the papers [14], [17] and
[16] in order to attain applications of the polynomials P, (x,?) to the control theory
of systems described by differential equations and to the problem of the stability of
polynomials with interval coefficients.
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2. Preliminaries and notations

Throughout this paper, let ¢ and p be positive integers. We will use C, Ny and
N to denote the set of all complex numbers, the set of all nonnegative integers and the
set of all positive integers, respectively. The notation C7*? stands for the set of all
complex g x g matrices. For the null matrix that belongs to CP*?, we will write 0, .
We denote by 0, the null matrix in C7*9, respectively. In cases where the sizes of the
null and the identity matrix are clear, we will omit the indices.

Let

Y (t) == column (s;(2),s;41(2),...,sx(t)), 0<j<k

and y[j7k](t) = Oq, if j >k,

Og

ur0(t) :=0g, uy (1) := <—)’[07j—1](t)

) oo j(t) = =y (1), j=1. (21D
Consider
Y1) = y2-10), Yo i(t) = yijg1,25(), j= L (2.2)

Let R; : C — CUTNax(+1)4 be given by

WV

Ri(z) == (I(jr1)g—2T) "' j=0, (2.3)

with

Ogxjq Oq i
= . = >
Ty:=0, T;: (1,- 0 ) ji>1.

Observe that for each j € Ny the matrix—valued function R; can be represented via

Iy 04 04 ... 0404
A, I 0y ... 0404
Rj(z) = 2l d; I . 04 04

L PRy PRy T A

._ (I Y _ (vt
vo =1, vji= <0jqxq> = ( 0, ) (2.4)

oo

DEFINITION 2.1. A sequence of matrix moments (s;(¢))7_, is called a Stieltjes
t

Furthermore, let

for positive integers j.

j
positive definite sequence if the Hankel block matrices H; j(t) and H, ;(¢) defined as

in (1.5) are positive definite for j > 0 and ¢ € [0, +oo).
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In the sequel, we consider only Stieltjes positive definite sequences.

For ¢ € [0,+00), let H 1,j (resp. 1?127 ;) denote the Schur complement of the block
Hy ;1 in Hy ; (resp. of the block H> ;1 in H ;):

Hio(t) :=so(t), Hyj(t) :=s2;(t) = Y{ ;(OH | ((0)V1(t), j>1, (2.5)
Hoo(t) :=s1(1), Haj(t) :=52j11(7) _Y;,j(t)Hzijfl(t)Ylj(t): j=1. (2.6)

These matrices are positive definite matrices, as well as the matrices H, ; (resp. H ;).
In the scalar case, the matrices H ; and H; ; have the form

~ |Hy | ~ |H
Hy ;= : 2= :
T Hy ] Y Hy |

2.7)

where ‘ﬁr, j| denotes the determinant of ﬁrh,'. Equality (2.7) is readily proved by calcu-
lating the determinant of the Schur complement H,.;. See [9, Proposition 8.2.3].

Usually we will omit the dependence of ¢ in s;, H,;, Y,; and u,; for r =1,2.
The matrix polynomials of the following definition were considered in [13, Definition
4.1] for t =0.

DEFINITION 2.2. For t € [0,+0), let (5;(r))7_, be an infinite Stieltjes positive
definite sequence as in (1.4), and denote

Pio(zt) =1y, Q10(z:t) :=0q, Pro(zt) =15 Q20(z:1) :=s0. (2.8)
For j > 1, let
Py j(z,1) =(=Y], H_J 1 19)R;(2)v), (2.9)
Py j(z,1) =(=Y; Hy ;1. 1g)R;(2)v), (2.10)
Q1,j(z,1) =—(— YIJHI‘, 1 IR (2uy (2.11)
and
0,j(z,1) == —(— Y2]H2_j 1 1R (2)uz ). (2.12)

Note that the matrix polynomials P.; and Q,; satisfy the following orthogonality and
integral properties.

REMARK 2.1. For 1 € [0,+00), let (s;(r));>0 be a Stieltjes positive definite se-
quence related to a positive measure e ¥ o(dx) as in (1.4). Let P.; and Q,; be as in
Definition 2.2. Thus, the following equalities hold:

/ Py (1,2) 0 (dx) P4 (1) =

[07+°°)

/ xe Py j(t,x)0 (dx) Py (t,x) = {

[07+°°)

Hy(t), ifj=k
0y, if j # k,
Hy (1), if j=k,
0,  ifj#k,
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for ¢ € [0,4) and j,k € Ny. Moreover,
1 _
01(t,x) = / ——(Puj{1,%) = P16, ))e o (d),
[0,+e0)

0s,(tx) = / )%(xpz,,(z,x)—TPZ,,(t,r))e*”w(dr),

[0,+2)
for t € [0,4e<) and j € Np.

The proof of these equalities can be verified by direct calculations as in [13, Remark
D.6] and [13, Remark E.4] where the case t = 0 was proven.

DEFINITION 2.3. Let I—AIIL,' and I-Alzh,' be as in (2.5) and (2.6), respectively. For
t € [0,+00), define

Aro(t) :=Hao(t)Hy 3 (1), (2.13)
Avj(t) s=H () H, [ (1) + Hy j(0)Hy | (1), j> 1, (2.14)
Aaj(1) :=Hy j1 () Hy [ (1) + Ho j(0)H] [ (1), j > 0. (2.15)
For r=1,2, j >0 and ¢ € [0,+e°), denote
By j(t) := H_ (t)Hyj41 (1) (2.16)

In [13, Theorem 9.3(b)], the matrices A,; and B,; are obtained via the so-called
Dyukarev-Stieltjes parameters [ 3, Definition 2.3].
In the scalar case, the matrices A, ; and B,.; have the form Ao = A2 0=732

[Hoa|Hio | [Hial

L1=

HioHo'
Al.j:‘H27j| Hijal | Hjllf o]
Y |Ho il Higl o | Hy || Ha
o — [Hyjl[Haj1] | [Ha, |H17,;>1\,
" |Hj|[Ha, |Ha,j—1]|H\,j
for j > 1. Furthermore, By = [Hy o 1l B20_\b;z_21\ andB,j_% for j > 1.

In Subsection 5.1, we prove the following proposmon using identities of Section
3 without employing the orthogonality condition.

PROPOSITION 2.1. Let P,j for r = 1,2 be as in Definition 2.2, and let Ay, By,
be as in Definition 2.3. The polynomials P,;, r = 1,2 satisfy the recurrence relation
(1.2) and (1.3).

Observe that relation (1.2) was proved in [19] with the help of the orthogonality condi-
tion. See also [29].
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3. Algebraic and differential identities

In this section, we introduce relevant algebraic and differential identities, which
will allow proving the main results of the present work. For each positive integer n, let
Lin:= (8jxs1ly )Li o and Loy = (8judy) s-o. (3.1

0,....,n—1 k=0,...,n—1

where §; is the Kronecker symbol: ;=1 if j =k and &; :=0if j # k.
For j > 1, let

1
Zj ¢=< e 1Y”), r=1,2, (3.2)
Iy
Yoj:=yuj, Y3 =Y+22j+1) (3-3)
and

52 §3 ... Sj42

53 S4 ... Sj43
H3’j = . . . . ) ] 2 0. (34)

Sj+2 Sj+1 -+ 82j42

PROPOSITION 3.1. For r=1,2, let H,j, Yy ;, Y3, vj, L1 j, Yrj, ﬁrh,» and X,
be as in (1.5), (3.3), (2.4), (3.1), (2.2), (2.5), (2.6), (3.2) and (3.4), respectively. The
following identities then hold:

Hy Yo j+1= v, (3.5)
H171H2J = (Lij, H Y1 j+1), (3.6)
Hy Hsj=(Lij, Hy Yo i), (3.7)
Y1*1'+1H7;H2=J' - Y2*.,j+1 =—(0g, . ’0q7ﬁl,j+l)7 (3.8)
-y JHl_j Y2 it s0j1 = (Oq,...,Oq7ﬁ17j)H2‘7}_1Y27j+[T]27J.,
3.9)
(0g, —Y3 jHy . JH1j+ Y1 ji1 = (O, 0g, ), (3.10)

(Ogs---,0q,Hi jH[ | l_Hleljl V(=Y 00, (B
(g, 0q, Hy j)Hy |y = Hy jHy | (=Y5; Hy | 0,), (3.12)

J=E5 L oy Z LS = Oggs (3.13)
X, +ﬁ1’jﬁ2i;—lzz,j—ll‘§,j = 0gx jq» (3.14)
ZTJHQ.J'ZLJ'=ﬁ17jﬁ2_7}_1ﬁ1’j+1/‘\127j, (3.15)
0, * 0,
_Hi}flyli Hi jy1 _Hzi,}flylj = ZE,sz,jzz,j, (3.16)
If{ I‘I

35 Hi ;%o j = Hy ji1 + Ho jHy [ Hy ). (3.17)
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Proof. Equalities (3.5) through (3.7) are readily verified. To prove (3.8), we use
(3.6) and (2.5). We have
Y1ﬁj+1Hf,}H2,j -Y = Y1fj+1(L17ijf,}Yl7j+l) —Y3 4
= (Yl*,j+1Ll7jvYl*,j+1H1_,}Yl7j+l) =Y

= (qumvoqulfj+1Hi}Y17.i+l) - Y2*,j+1 = _(Oq»~~-voqu1,j+l)-

Equality (3.9) is verified by employing (2.6) and (3.8). To verify (3.10), we use
the equality
so Y5
H = o , 3.18
b (Yo.,j Hs j ) G189
as well as (3.5), (3.7) and (2.6). We have

—1 —1 —1
(Og, =Y3 ;Hy j_)Hyj+ Y] joy =(=Y5 ;Hy Yo, —Y5 jH, jH3 o+ Y
_1
:(—Yz*,j"j—l’ _Yz*,le,j: _Yz,sz,j—1Y2,j) + Yl*,j+1
Z(Oq, .. ,Oq,HQJ).

To prove (3.11) and (3.12), one employs the equality
H', 0 ) AR PN
H'= ( ni=1 W‘f) + ( rj= 1T ) H (Y5 H 1. (3.19)
N Ogxjq Ogxq Iy R
This equality is valid for » = 1,2 because Hy ; and H, ; are positive definite matrices.
To prove (3.13), we use (3.2), (3.1), (3.18), (3.10) and (3.11). We have
1Tl Hay o Hy B L

:(_Yl*,jHl_,}—lvlq) - (Oq» _Y2*,j71H2_,}—271!1) +H27J'*1H1_,}—1(_Yl*,jlel_,}—%Iq?Oq)

* * —1 S0 Y* j— ~1
= ((—Yu +0, =Y 1My ) (Yo 1 H(;j,lz)> Hl’“’oq)

+ﬁ27j—1ﬁ1:}—1(_Yl*,j—lHli}—szI?OQ)
=((—Y; = (Y2 j1vj2,—Ys; 1Lij2,~Ys; 1Haj2Ya j 1) Hi | 1,0)
+ﬁ27j—1ﬁ1:}—1(_Yl*,j—lHli}—szI?OQ)
=—((0g,-,0q,Hy j1)Hy }1,0q) +Hoj 1 Hy |y (=Y{; Hy | ,1,04) = Ogcjg.
Now we prove (3.14). We use (3.2), (3.1), (3.8) and (3.19) for r =2:
Zz,j B T,j +ﬁ17./ﬁ2_,}7123.,j—1L§,j
:(_YZJ'H;—l +Yl*, 'Hf;—l’oq) +ﬁl,jﬁi;—l(_Yij—lHi}_zqu:Oq)

J j
5oyl 5oh-1 1
=—((0gs...,0g, Hy j)Hy ;_1,04) +H jHy ; (=Y5;_1Hy j 5,14,04) = 0gx jg.
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H, .y Yo
We prove (3.15). By using (3.2) for r =1 and equality H, ; = < }2,1 b2 ) , we
' 2,j S2j+1
have

Hyj1 Y ~H[} %
Y Hy X o — Y* . H- 1 ,I 5] 5] 1Lj—17LJ
Lot By =ity (Bt ) (T
_ px —1 * -1 * —1
_(Yl.,jthjlezJ*l_Y2,j)H1,j71Y17J'_Yl.,jHl,j71Y27J'+s2j+1 (3.20)
== (Ogs-,0q, Hi j)(Hy | V1 j—Hy (Y2 )+ Ha,j
=ﬁ1.,jﬁz_,}_1ﬁ1.,j+ﬁ2.,j-

In this chain of equalities, in the third equality we have added and subtracted the matrix
Yy sz_ i Y2, Furthermore, we used (3.8) and (2.6). Equality (3.16) follows by using

the equality
Hy; Y j1
Hy s = AR 3.21
1,j+1 <Yl*,j+l 52j42 ( )
and we have
*
7011 701:1
Hz, Y2 | Hij+i _H2,j—1Y27j
Iy Iy
0y
—1 —1
:((Oq’_YZjHZ,j—l)H1=j+Ylij+l>( —H; L 1Y21> (Og: =Y5 Hy ;1 )Y1, 41+ 52j42
=Y Hy | (HsjoiHy | (Yo j—Y5Hy | Yo=Yy Hy [ Va4 (3.22)
~H;! v\ —H;! Y
:< 2§1 ’*’) H3,1< 2}1 V) =35 Hs %0
q q

The second equality follows from (3.18).
Now we prove (3.17). By employing (3.15) and equality (3.21), we have

% iH3 120,

- 0 -
= <(Oq7 Y2 jH2j 1)H17.f+Y1>k,j+1> (_H{@qlY2J,> + (0117 Y2 jH2j 1)Y17.f+1 +52j12
5] >

0, _
- -1
((Oq, Vit ) 1)H1=j+Y1*7j+1> Hy; (Hw'( g Yz,) +Y1.,j+1> +Hy

2,j—1
0‘1
:(Oq,...,oq,ﬁgJ)Hl_j Oq +ﬁ17j+1 = ﬁ17j+1 +ﬁ27./ﬁi}ﬁ27j.
ﬁlj

In this chain of equalities, in the second equality we have added and subtracted the ma-
trix Y1 iy y, _j+1. Furthermore, we used (2.5). In the third equality, we employed
(3.10). Fmally, the last equality follows from (3.19) for r=1. [
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REMARK 3.1. In[13], for r = 1,2 the coefficient A, ; is defined as

Arj=MH,}, (3.23)

where My := X} ;Hyy1jZyj. By using (3.15) and (3.17), the equivalence between
(3.23) and (2.14) (resp. (2.15)) is evident.

The following remark alludes to the equivalence between the representation of coeffi-
cient Ay ; given in (3.23) and in [33, Proposition 3].

REMARK 3.2. The coefficient A; ; satisfies the following equality:
Ay =Y HyjA =Y H A
for j > 1, where A; isa (j+ 1)g x ¢ matrix equal to column (0,...,04,1;).

YHl

Proof. By using the followmg equahtles Yy it 11

L jAj=Aj-y and H| 7L —le , we have

* R < F .
L ,jHLJ' - Zl,jH27J’

|
Y{ i Hy i — —Y;H 1, Aj1 =24 jHy jE H . O

In the following lemma, we calculate the derivative of the Schur complement I—AI,’ j- We
will employ (1.8), the obvious equalities

Hyj=—Hyj, Hyj=—Hs; (3.24)

and the equality
Al=—A"1AA! (3.25)

that is valid for every ¢ x ¢ invertible and differentiable matrix A = A(r) for z € (0,).

LEMMA 3.1. Let I-AI,.J- for r=1,2 be as in (2.5) and (2.6). For t € (0,+e0), the
following equalities are valid:

Hyj=—H;—H, jﬁ{},lﬁl./, (3.26)
ﬁlj :—ﬁl,jﬂ H JH Hz, (3.27)

Proof. To prove (3.26), we use (1.8), the first equality of (3.24), the equality Ylh,' =
—Y; ; and (3.25). We have
77 : 1 1 -
Hyj=5;—Y{;H Y=Y (H ;)Y — Y] jHlj W
- (Yl jHlj 21 —Yz,j)H1, 1Y1/+Y1 jHl - =851 = 2>1k.,j1"12~,j21,j
=—Hy H, [H\ j—H;.
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In this chain of equalities, in the third equality one uses (3.20) and (3.15).
Now we prove (3.27). By employing (1.8), the second equality of (3.24) and
(3.25), we get

55 s 7k —1 * —1 - * -1 vy
Hy j=$j11— Y27jH2,j—1Y2~,j - Yz.,j(Hz,j—l) Y j— Y27jH2.,j—1Y2~,J'

— . * —1 i —1 . 1 ) % 1 ‘
== s2jrat V5 by Y=Y by s by Yoo H s
_ * ) o 54 n-14.

In this chain of equalities, the third equality follows from (3.22). U
Finally, we calculate the derivative of X, ; with respect to 7.

REMARK 3.3. For r=1,2 and ¢ € (0, +<0), the following identity is valid:

(Zrj-1,09), j=1. (3.28)

Proof. We use (3.2), the identity Y, i =—Y11,;,(3.25) and (3.24). We then have

—1 . —1 —1
(_YrTjHrh,;pIq) =(( r*+u - YrTjHrhjle"'i'lJ—l)Hr,jfl70‘1)

5 oG-l -1
=H,H, (=Y H  ,14,04). O

Now we are ready to state and prove the main theorem of the present work.

4. Matrix Toda equation

In this section, we consider the matrix generalization of the transformed Toda lat-
tice (1.1). In [10, Theorem 4 and Theorem 5], a similar generalization is performed
for the coefficients of the three-term recurrence relation of bivariate orthogonal poly-
nomials. These coefficients are matrices of different dimensions, and the measure that
guarantees the orthogonality is a scalar measure. In [6, Example 2.2], a specific 2 x 2
Toda equation is considered.

The following remark readily follows from (2.14), (2.15), (3.26) and (3.27).

REMARK 4.1. Let A,; and ﬁw’ be as in (2.13) through (2.15). The following
equality is then valid:

~ o~

Arj=—HyH, ]}

nj o

r=1,2, j=0. 4.1)

THEOREM 4.1. Let A.j and B,.j be as in Definition 2.3. For r = 1,2, the follow-
ing identities are valid:

Aro = —B}, 4.2)
A,j=B;; |~ B 4.3)
By ;=B A ;i —Aj1By, (4.4)

for j=1andt € (0,4o).
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Proof. We prove (4.2) for r = 1. We have
Ao =(s150") = —(s2—s15 's1)s5' = —ﬁl,lﬁ[o1 = —Bj,
A.270 :(SQS(;I)' =—(s3— S2S1_1S2)S1_1 = _ﬁ2,lﬁ2_7(% = _B;O'
Now we prove (4.3) for r = 1. By employing (2.14), (3.26) and (2.16) for r =2, we
get
Avj=Hy H{ | —Hy jH{ \Hy H A+ Hy Hy |~ HyHy L Ho oo Hy |
i7og-1 7y ij—1
:Hl,jH17j_1 _Hl,j+lH17j = Bylﬂ,jfl - T,j'

In a similar manner for » = 2, one can prove (4.3).
Next we prove (4.4). By using (2.16) and (4.1), we get

. ~

. >~ ) /\_1 ) /\_1/'\ '/\_1_ ) ~ ) /\_1 ~ ) /\_1 )
Br,j—HmHHr,j _HnJJrlHr,j H"aJHr.,j = _A77]+1H77]+1Hr,j +H”71+1Hr,j Apj

= _Ar,j+lBt,j+B:’<jAr,j D

Observe that (4.3) and (4.4) for r = 1 were proven in [33, Proposition 5] by using
different identities.

DEFINITION 4.1. A sequence of matrices (A, j, B.;) >0 thatsatisfies (4.2) through
(4.4) is called the matrix Toda sequence.

In the following theorem, we express the first (resp. second) derivative with respect
to ¢ of the matrix polynomials P.; and Q,; in terms of P.;, A, ;, B;; and Pr, j for
1€ (0,400).

THEOREM 4.2. Let P.;, O, Ayj, Byj, be as in Definition 2.2 and Definition
2.3, respectively. Furthermore, let X, ;, Ly ; and uy ; be defined as in (3.2), the first
equality of (3.1) and the third equality of (2.2). The following equalities are then valid:

Prj(2) =B}y 1Prjo1(2), J>1, (4.5)
Pji1(2) = By jArPrj(2) — Anjri Py jr1 (2) + B jPrj(2), j > 0. (4.6)
Moreover,
01.1(z) = =51, 021(z) = B3 001.1(2) + 5 1R1 (2) L7 Hu2 2, 4.7
01,j(z) = B1 ;-101,j-1(2) + P1,j(2)s0 + Z1 ;R (2Juzj, j =2, (4.8)
Qz,j(Z) = B;,j—1Q2,j—1(Z) +Z§,jRj(Z)LT,j+1M2,j+17 j=2. 4.9

Proof. We prove (4.5) for r =1 and j =1, and we have

P171(Z) = (—Slsal,lq)'Rl (Z)Vl = (—(Slsal)',oq)Rl(Z)vl

o SO I .
= ((s2= 159 '51)5g ", 0g)R1 (2)v1 = Hi,1Hy g (I, 0g) (Z}{ ) = B oP1o(2)-
q
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For j > 2, we have

P j(z) = .T7jRj(Z)Vj =H,jH j_1(2j-1,04) (Rj_lz(jzvj_l) = H17jH1_h}71P17j71(Z).
Equality (4.6) is proved by using (4.5) and (4.4). Both equalities of relations (4.7)
can be readily calculated. To prove (4.8) and (4.9), we use (3.28), (2.1), equalities
iy j=—uy;—v;so, p j = —Ly jyiuz j+1 and (2.9). U

Note that (4.5) for r = 1 was proved in [33, Proposition 5] by using different identities
related to those we presented in Section 3.

In the next corollary, we express the second derivative of P, ;| in terms of P, ;,
A, ;j and B, ; with different values for j, respectively.

COROLLARY 4.1. The following identities are valid:

B, j11(z) =(Brj-1Ar; — Ay j11B; ) Prj(z) + By By 1 Prj1(2),

Prj1(2) :(Ar,jJrlBj,j - Bj,jAr,j)Pr7.i+l + (B;F,,/HB;‘,J' _An./'HB;F,jAr.,j +Aij+lBt,j
2
+ 2By jArj — A j+1Br ;= 2B, )P j+ (2dg + A j1) B By 1 Prj-1-

5. Matrix Volterra sequence

In this section, we treat the matrix generalization of the Volterra lattice also called
Langmuir lattice or discrete Korteweg-de Vries (1.6). See also [5], [23], [4] and refer-
ences therein.

The following definition appeared within the statement of [13, Proposition 9.4].

DEFINITION 5.1. For ¢ € [0,+¢0), the sequence (&;(t));>1 of g x q matrices
defined by

§,(1) :==0g, (5.1)
8oj(t) :=Hp 1 (OH[}_( (1), j>1, (5.2)
o () ==Hyj(0Hy ) (1), j>1, (5.3)

is called the matrix Volterra sequence.

The next remark reproduces Proposition 9.4 of [13].

REMARK 5.1. Let A, B;; be as in Definition 2.3, and let C,» be as in Definition
(5.1)-(2.6). For j > 0, the following identities are valid:

A =81+ 8o By ;=853 (5.4)
Arj=085i 3+ 8sju0, B i =085;:48j15 (5.5

The proof of the next lemma readily follows from Remark 5.1 and Theorem 4.1.
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LEMMA 5.1. Let Cj be as in (5.1)-(2.6). If (Cj)j>1 is a Volterra sequence,

then (Cz,j+1 + Czj+2» C2j+3c2j+2)j>1 and (C2j+3 + Czj+2» C2j+4€2j+3)j>1 are ma-
trix Toda sequences.

The next theorem is a generalization of [12, Equations (2.4) and(2.3)], where the or-
thogonality properties of the scalar version of P ; and P, ; are used. Conversely, the
proof of the following theorem is based on the identities of Section 3.

THEOREM 5.1. Let P, for r = 1,2 be as in (2.9) and (2.10). Furthermore, let
Cj be as in (5.1)-(2.6). The following equalities are valid:

Piji1(2) = 2P j(2) + &5;10P1j(2) = Oy (5.6)
and

Py j1(z) = Prj+1(2) + §aj43P2,i(2) = 0g. (5.7

Proof. We use the next identities:
Rj(z)v; =13 j1Rj+1(2)vjt1, (5.8)
Rj(@)vj =L j11Rj11(2)vjs1 (5.9)
By replacing (5.8), (5.9) in (5.6), and (5.7), we have
Pijt1(2) = 2P j(2) + 82401, j(2) = (21 j1 —Z5 ;L1 ju1+ 820021 jL5 j 1)Rj+1(2)V et
P ji1(2) = Prjs1(2) + 82j43P2,j(2) = (X3 11 — 21 j1+ 804320 jL5 j )R j+1(2)v )

Equalities (5.6) and (5.7) readily follow by employing (3.13) and (3.14), respectively. [J
Define

Roj(z,1) :=Py (1),  Rojpi(z,t) :=2Py (1), j=0. (5.10)

Note that the scalar version of R j for t =0 was introduced in [12, Equation (2.2)].
Equalities (5.6) and (5.7) readily imply the following corollary.

COROLLARY 5.1. The polynomials (ﬁ j)j=0 satisfy the following three-term re-
cursive relation:

Rj(x) =R 1()) = &R 2(2), j=2.

The following result is a matrix generalization of the scalar Volterra lattice (1.6).

PROPOSITION 5.1. Let §; be as in Definition 5.1. For t € (0,+e°), the following
differential equation holds:

£i=C8; -8l =2 (5.11)
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Proof. Let j be an even number (resp. odd number) greater than 2. By taking the
derivative with respect to ¢ and by using (3.26) (resp. (3.27)), we have

§yj=—HiH, |\ +Hyj Hy ), (5.12)
Moreover, we obtain
Caja :th,»Hlj}f1 —th,»sz}fl. (5.13)

The right-hand side of (5.12) is equivalent to
5 -1 -1 f-1 73 -1 i 7—1
_Hl7./'H2,./71H2,./71H17j71 +H27J'*1H1,j71H17j*1H2,j72'

Furthermore, by using (2.5) and (5.3), equality (5.11) is proved for even j. In a similar
manner, equality (5.11) is proved for odd j. [

5.1. Proof of Proposition 2.1

Now we come to the proof of Proposition 2.1, which was alluded to at the end of
Section 2. We prove (1.3) for » = 1. We omit the arguments z and 7 of P ;, Ay ; and
By, then we have

Py ji1— (2lg— A1 )P+ Bl j\Prj1 = 2P — 2P j+ &oj  Prj+ Bl j 1Py
=Coj1(Prj— 2P+ CyiP1 1) = 0g.

In this chain of equalities, the first equality follows from (5.6) and first equality of
(5.4). The second yields from equality (5.7), and the second equality of (5.4). The last
equality is attained by using (5.6).

Now we prove (1.3) for »r = 2. By using (5.7) and the first equality of (5.5), we
have

Pt —(2yg—Ar )P j+B5 P j1 =P jr1—2Psj+ 80P j+B5 1Py
=8oja(=P1j+ P+ 85 P j1) =04

The second equality follows from (5.6) and the second equality of (5.5). The last equal-
ity is attained by using (5.7).

Note that the proof of Proposition 2.1 is usually given by using the orthogonality
properties of P ; and P, ;, as well as the integral representation of A, ; and B,.;; see for
example [19] and [29]. It should be mentioned that the orthogonal matrix polynomials
were studied by [32], [2], [26], [25], [24], [22], [18] and the references therein.

6. Associated orthogonal matrix polynomials of order &

In this section, we consider the matrix generalization of the so-called associated
orthogonal polynomials of order k studied in [35] and [36].



1140 A. E. CHOQUE-RIVERO

For r=1,2 and t € [0,), let Pél;) denote the associated matrix polynomials of
order k, k € Ny, defined by

P (2,1) =1, P()(z,t):zlq—Ar,k(t), 6.1)

r7

PO () = (@l — AP @)~ Bl 1 (0PY (@), (62)

)

where A, ; and B, ; are as in (2.13)-(2.15). We will usually omit the argument # in the
notation for P.;, A,; and B, ;.
The next lemma is a matrix generalization of [35, equality (2.4)].

LEMMA 6.1. Let P( ) be as in (6.1) and (6.2). Furthermore, let A, ; and By be
asin (2.13)-(2.15). For j > 1 and k > 0, the following identity holds:

P = PV @~ )~ B3 (B ©3)

Proof. We prove (6.3) for j =2:

P (2) = (aly — Angr)) P (2) — B P (2) = (2l — Apgeat) (ely — Arg) — By
= PU () (el — Ag) — P (2)B)y.

We use the mathematical induction; let (6.3) be true for j. We prove (6.3) for j+1:
k k+1 k+2
By (@) =(ely = Arpi) [P @) (ela — An) = B 5 (0B}
k+1 k+2 *
it lP Y @) (el = A — B3 (B
1

rj
k+1 « k
:[(Zlq_Ar,j+k)P( o )(Z)_B'Hc lPr(j+2)( ]

rj—1 )(Zlq_Ar,k)
k+2 * k+2 *
—[(ely = AP @) — By P (2))B
k+1 k+2
=PY @) (et~ Ag) —PX D (B O

In the following proposition, we generalize [35, Lemma 2] for the matrix case.

PROPOSITION 6.1. Let Pr(’];) and B, j be asin (6.1), (6.2) and (2.16), respectively.
Assume that B, _1 = 04. The sequence (A, j,By.;) is a matrix Toda sequence if and only
if the following equality holds:

* k+1 *
7 Q) =Bl P2 — PG (@B, (6.4)

forr=12,j>1k>0andt € (0,00).
Proof. For the case k=0 and arbitrary j, as well as for j =1 and arbitrary &, the

statement is immediately verified by using (4.2) and (6.1). Furthermore, for k£ > 1 we
follow the proof of [35, Lemma 2]. For the sufficiency part, equalities (4.2) and (4.3)
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follow from (6.4) for j = 1. Equality (4.4) is a consequence of (6.4) for j =2, equal-
ities (4.2), (4.3) and the identity A,x14,x +Arki14,x + By 1Ak — Arxr1Bry =
B;kAr,k - Al’,k-‘rlB:Zk .

Now we prove the necessity part. Let (A,.;,B,;) be a matrix Toda sequence. Here and
in the sequel, we omit the subscript r, the arguments z and ¢ of P ,) rj and B, ;. By
taking the derivative of equality (6.2) for j = 1 and by employing (4.3), (4.4) with the
second equality of (6.1), we have

k k
)= By —BOPY + (ely— Ay 1) (B — B_,) — BjAr+Ax 1B

" k " k " k k+1
:Bk+1P1( )_(Zlq_AkH)qu‘f'Blt(_Pl( )+Zlq_Ak) :Bk+1P1( ) P( ’ )Bk 1

B

By employing mathematical induction, let us assume that (6.4) is valid for j—1 and ;.
We take the derivative of (6.2), and we have:

o(k X k X k k
PI =By = B )P+ (aly = A4 (B POy — PO B )
o (B;+k—1Aj+k—l _Aj+kBj'+k—1)P }—)1 - j+k—1(B j+k—2P ;—)2 -pP ,(—2 )Bi—ﬂ
k k k k
=B P 1B (P P AP B, o PY)

(k+1) (k+1)+B*+k IP(k+1))BZ 1:B*+kP() P(k+1)Bk N

+( ZP +Aj+kP

The proposition is proved. [
7. Example

et 2—e*
which corresponds to a positive matrix measure on [0,+e0). For details on positive
1

—Lx —x
Consider the 2 x 2 matrix distribution on [0,+e), o(x) = (4_26 oe ) )

1

matrix measures, see [8]. The matrices s;(¢) = j! ( (%Jr’)lﬁl (IJ;[)JH ) for j >0
(I42)7F1 (141)/ 71

are the corresponding moments (1.4). One can immediately verify that the block ma-

trices Hy; and H,; for j=0,...,2 are positive definite matrices. The first Schur

complements are the following:

2 1 SR U
A ¥ T 1 (t+1)
t
Hy o= ( o ) Hy = (+21) 1 ’
AT GG
2(4%+6143) 1 16(813+1812+161-+5) 2
H = (z+1)2(2lz+1)3 (;1+1>3  Hyy = (t+1)2(2t+é)4(4t+3) (r2+1)4

T +1)3 (1+1)3 T 1)? (-+1)%
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The first three-term recurrence relation coefficients are given by

A3 2 242 +36+14  _8(r+1)
— 1+1 — 311872 2
A= 2t +03t+1 i , Arp = 8t +18t0+13t+3 8t +50t+3 ,
1+1 +1
(4r+3) (162 +241+11)  2(82+161+9)
A= | 160%+4853 4542427145 16t3+32t32+22t+5 ,
0 =y
4(9605+432007+ 83041+ 871213+ 524412 +171004235)  16(4817+216* 439613+ 3661° +1691+31)
Ar = (1) (2e+1)(4r-+3) (9614 +2883-+336r2+1800+37)  (2r-+1)(4r-+3) (966 +288:3+33612 4 1801437 ) ,
) 4
0 T
4 3 2
seies 2(96¢*+2881%+336¢ +18(2)t+37) 0
B (202431+1)° By — (83 +182+131+3)
Lo= 4 1 » P20 = 8(8r2+161+7) ’ ’
2 2
@2e1)% (+1) (8:2+10+3)° (t+1)?
4(38415417287+33601+3600+2232+75614109) 0
B (202+3t+1) (82 +12045)°
L1= 16(32 4+ 1120+ 1522 +921+21) 4
(16:3+322422145)° (t+1)?
and
6(41+3)? (307284 18432¢7+4992015 47948817+ 8 1120r* 5414413+ 2300812 4+ 56761 + 621 ) 0
By — (2024304 1)7 (964 + 28813 433612+ 180 +37)°
2,1 = 24(3072684+2150417+66048:0+ 1159681 +1271041*+ 889923 +3887212+96881 41055 ) 6
(2z+1)2(95z4+288z3+336/2+180/+37)2 (1+1)?

With these matrices, the identities of Remark 4.1 and Theorem 4.1 can be readily veri-
fied.
The orthogonal matrix polynomials are the following: Pig =15, P,o =1,

TS B 2(1224+18:47) 8(1+1)
P =" 2+3+1 MU Py = T SR8 13113 8[2+lgt+3 ,
0 IEat 0 T

4(24r3+54r2+43r+12): 2(95r4+288r3+33612+180r+37) 4(16:r4+4(13:—8)r3+s(x:—9)zz+(35z—58)z+7z—16)

faled +
T 483 1542 2
Pl )= 160444813 45412 427145 (212+3/+1) (8/2+12/+5> (2,+1)2(g,3+20,2+17,+5>
’ 0

2 4z + 2
TET T )2

P, = 122 , 62,5 ;
_ bz )
0 -5+ @y
where
plLh._ 2 6 (42 +6t+3) (4 +3)°z
hs =2

19216 4 86415 + 163214 + 165613 +950¢2 + 2917 + 37
6 (768¢5 + 34561 + 6656t +7008¢% + 42402 + 1392¢ + 193)
(262 + 3+ 1)% (9614 +288¢3 + 33612 + 180f + 37)
P12 24 (32265 +32(4z — 3)t* +16(13z — 18)r> +2(85z — 172)1* + (697 — 188)r -+ 11z — 39)
22 (2 +1)2 (961 428813 + 33612 + 180¢ +37) '
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2 1
The second kind polynomials are given by Q19 =0,, Q2 = (Eti i ) ,

[
’ | 2(8a+2(9z—4) 2+ (132-10)1+32-4)  (r+1)—1
— | 2+I TiFT _ (2r+1)2(4r2+71+3) (t+1)2
011 (_I% t% ),Qz,l -t i1 |
(t+1)2 (t+1)2
2(1621*+48(z— 1)34+2(272—52)1>+(27z—82)1+5z—24 ) 2413
01, = (2r+1)2 (8342002 +171+5) (t+1)2
’ _z(r+1)-3 z(t+1)-3 ’
(t+1)2 (t+1)2
num (t+1)%22=5(t+1)z42
0y = (t+1)2(26+1)3 (9614 +28813+33612-+180¢+37) (t+1)3
22 (t+1)22=5(t+1)z+2 —(t+ 122450+ 1)z=2 |’
(t+1)3 (t+1)3
where

num :=2 (384z8 +230417 4 60481 +90727° + 8500¢* + 5088¢> + 18971 4 402t + 37) z
—4 (96Ot7 +48961° + 10848 4 135601 + 10330° + 478912 + 12471 + 140) z
+4 (384z6 1 15361% + 26881 264073 + 154072 + 506 + 73) .

With P.; and Q) for r=1,2 and j = 1,2, the identities of Theorem 4.2 and Corollary
4.1 can be readily verified.
The first matrices of the Volterra sequence are the following:

4143 2 812412145 2
E=0,, &= 21243141 zti‘rl , & = 8F+182 41343 8t2+}0t+3
Eay 0 T
2(96 +2887+336r2+1801+37)  4(161°+40r2+361+11)
&= (t+1)(20+1)(443) (82+12145) 641 +17613+18412+861+15
2
0 =)

£ (1) 4(192654+768¢4 4124813+ 10241 +4241471)
S (1) (824 120+5) (9614 +2883 33612+ 180r-+37)
2

0 )

& =

h (1,1) , 2(1536¢7-+8064:5-+ 1862417 +24480* + 1972813 +9720r2+ 27041 +327)
where 55 T (r+1)(21+1) (812++121+5) (9614 +28813+ 33612+ 1801 +37 )

With the given matrices, the identities of Theorem 5.1 and Proposition 5.1 are immedi-
ately verified.

Acknowledgement. The author thanks the reviewer for his or her thorough review
and highly appreciates the comments and suggestions.
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