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VECTOR VALUED FOURIER ANALYSIS ON HYPERGROUPS

VISHVESH KUMAR AND N. SHRAVAN KUMAR*

(Communicated by Z.-J. Ruan)

Abstract. The aim of this paper is to prove the vector-valued version of the classical Hausdorff-
Young inequality for commutative hypergroups and compact hypergroups.

1. Introduction

Let K be a commutative hypergroup with dual object K.S. Degenfeld-Schonburg
[2, 3] proved that the Fourier transform is a bounded linear transform from L?(K) into
L (I?), where 1 < p <2 and p’ is the conjugate exponent of p. This theorem is
known as the Hausdorff-Young inequality. In the case of compact hypergroups, the
above said inequality was verified by R.C. Vrem [12] in 1978 (see also [7]). This
paper extends the results of Degenfeld-Schonburg and Vrem to vector-valued functions.
In 1984, Milman [9] generalized the classical Hausdorff-Young inequality to Banach-
valued functions. This leads to the theory of Fourier type of a Banach space with
respect to a locally compact abelian group. Recently, J. Garcia-Cuerva and J. Parcet
[5], generalized Milmam’s result to compact groups.

In Section 2 of this paper, we define the notion of Fourier type with respect to a
commutative hypergroup and hence establish a vector-valued analogue of the Hausdorff-
Young inequality for commutative hypergroups. As the dual object of a commutative
hypergroup is, in general, not a hypergroup, the notion of Fourier cotype is also in-
troduced in Section 2. Note that, this notion doesn’t make sense if the hypergroup
is a locally compact abelian group. We also show that the two notions, Fourier type
and Fourier cotype are dual to each other. In Section 4 of this paper, we prove the
vector-valued analogue of the Hausdorff-Young inequality for compact hypergroups.
As a result, the notions of Fourier type and Fourier cotype with respect to a compact
hypergroup are introduced. We also show that the notion of Fourier type and Fourier
cotype introduced in Section 2 and Section 4 are one and the same if K is a compact
commutative hypergroup.

It is well-known that operator spaces and completely bounded maps play a major
role in non-commutative harmonic analysis. Even in this paper, in the case of compact
non-commutative hypergroups, one has to define norms for vector-valued matrices. So
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it is very natural to consider the vector spaces to be operator spaces rather than just
Banach spaces. If one notices, the authors of [5] have used only the operator spaces in
order to develop the theory of Fourier type for compact groups. In a similar spirit, we
have also used the theory of operator spaces in Section 4. In this regard, in Section 3 of
this paper we give some basic definitions and notions of operator spaces that are needed
in Section 4.

For any undefined notations or definitions on hypergroups, the reader is asked to
refer [1] or [6].

2. Vector-valued Fourier transform on commutative hypergroup

We start with the definition of a hypergroup. In [6], Jewett refers to hypergroups
as convos.

DEFINITION 2.1. [1, 6] A nonempty locally compact Hausdorff space K is said to
be a hypergroup if there exists a binary operation * on M(K), the space of all complex
valued bounded regular measures on K, satisfying the following conditions:

(i) (M(K),x*) is a complex associative algebra.

(ii) Forevery x,y € K, p,* py is a probability measure with the compact support and
the mapping (x,y) — py* py is continuous from K x K to M(K), where py is the
point mass measure at x.

(iii) There exists a unique element ¢ € K such thatforall x € K, py*pe = pe* px = Px-
(iv) There exists a unique homeomorphism x — X of K such that

(a) ¥=x forall xe K,

(b) if [t is defined by [¢ f(x) dii(x) = [¢ f(X) du(x) for all f € C.(K), then
(px* py)'= py*px forall x,y € K,

(c) e €spt(py*py) if and only if y = X.

(v) The mapping (x,y) — spt(px * py) is continuous from K x K to € (K), where
% (K) denotes the space of all nonempty compact subsets of K equipped with the
Michael topology (See [8]).

NOTE. It follows from the definition that the bilinear map (U,V) — WV, re-
stricted to the space of non-negative measures, is weakly continuous.

DEFINITION 2.2. A left Haar measure on a hypergroup K is a non zero regular
Borel measure m such that p,«*m = m for all x € K. In this note, by a Haar measure
we mean a left Haar measure.

It is well known that commutative and compact hypergroups admit a Haar measure. In
fact, a Haar measure on a hypergroup (if exists) is unique upto a scalar multiple [6].

Throughout this section, K will stand for a commutative hypergroup and X will
denote a Banach space. We now proceed by recalling the notions related to the Fourier
analysis of a commutative hypergroup.
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2.1. Fourier analysis on commutative hypergroups

Since K is commutative, it possesses a Haar measure, unique upto a scalar. We
shall once for all fix dm as the Haar measure for K. Then, it is well known that L!(K)
becomes a commutative Banach x-algebra. Denote the space of all bounded continuous
complex valued functions on K by C?(K). Let

Yy(K) = {x € C"(K) : x(e) = Land y(x+y) = 2 (x) x(y) ¥ x,y € K}

Equip Y, (K) with the compact-open topology. By [1, Theorem 2.2.2], the structure
space of L!(K) can be identified with Y, (K). Let

R={xevs(k): 2 = 2(¥) Vx € k).

Equip K also with the compact-open topology. As mentioned in [1, Example 2.2.49]
the set Y5, (K) need not be equal to K. Further, note that K need not possess a hyper-
group structure. For example, see [6, Example 9.3C].

The Fourier transform of f € L'(K) is defined by

Fu(1)00) = F ) = [ FWZE) dmx) ¥ 3 K. 0

By [1, Theorem 2.2.4], the mapping f +— Fk(f) is a norm-decreasing *-algebra ho-
momorphism from L!(K) into L= (K). Furthermore, .7k (f) vanishes at infinity. Also,
as in the case of locally compact abelian groups, there exists a unique positive Borel
measure Tx on K such that

J17@P dx= [17c(NGP o) ¥ £ € PK)OLYK).
K K

In fact, the Fourier transform extends to a unitary operator from L?(K) onto L?(K).
We would like to remark here that the support of 7x, denoted ., need not be equal to
K. See [1, Example 2.2.49].

2.2. Fourier type w.r.t. a commutative hypergroup

DEFINITION 2.3. Let 1 < p <2 and let p’ be the conjugate exponent of p. We
say that X has Fourier type p with respectto K if the operator Fx ®idx : LP(K)®X —
LY ()@ X defined by .Fg @ idy (f @ a) = Fk(f) ®a, forall f € LP(K),a € X, can
be extended to a bounded linear operator Fg x from L”(K,X) to L' (7 X).

PROPOSITION 2.4. Let K be a commutative hypergroup and let X be a Banach
space. Then X has Fourier type 1 with respect to K.

Proof. Let f € L'(K,X). Then

|Zex (00l = | [ ATt

< /K 1£60)lIx [ () dm ()

< Slelllg\%(x)|||fHLl(K7x) =1l xx)-
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By taking supremum over all x € ., we get || Fxxf|| < [|f]l1(xx)- Therefore, X
has Fourier type 1. [J

PROPOSITION 2.5. Let K be a commutative hypergroup and let 7 be a Hilbert
space. Then F has Fourier type 2 with respect K.

Proof. The proof of this proposition follows using the density of L? (K)® S in
L*(K, ) and the Plancherel’s theorem for scalar case. [J

The following corollary says that when p get closer to 2, we have stronger condi-
tions on Fourier type.

COROLLARY 2.6. Let 1 < py < pa <2 and let the Banach space X have Fourier
type p> with respect to a commutative hypergroup K. Then X has Fourier type p1 with
respect to K.

Proof. The proof follows from Proposition 2.4 and complex interpolation. [

2.3. Fourier cotype w.r.t. a commutative hypergroup

For a locally compact abelian group G, the dual object Gisalsoa locally compact
abelian group. Therefore, using the Pontrjagin duality, we can see that the inverse

Fourier transform ﬂG_ ! and the Fourier transform 5[6 are one and the same. In the

vector valued setting, it is enough to study .7 , instead of fg ; For this reason, we
do not have any other Fourier type of a Banach space X with respect to G. But, as
observed earlier, the dual K of a commutative hypegroup K is not a hypergroup. That
is why, the study of .Fg ® idx is not enough for the study of the operator .7 '@ idy.
For this reason, the need for a notion like Fourier cotype with respect to K appears,
which does not exist for a locally compact abelian group.

We shall now begin to define the notion of a Fourier cotype of a Banach space with
respect to K.

DEFINITION 2.7. Let 1 < p <2 and let p’ be the conjugate exponent of p. The
Banach space X has Fourier cotype p’ with respect to the commutative hypergroup K
if the operator ! @idy : LP () @X — LV (K)®X defined by F' ®@idy(f ®a) =
T (f)®@a, forall f € LP(7),a € X, can be extended to a bounded operator 918(
from LP(.,X) into L” (K, X).

PROPOSITION 2.8. Every Banach space X has Fourier cotype o with respect to
K.

Proof. The proof of this is same as the proof of Proposition 2.4. []
We also have the following proposition, whose proof is a routine check.

PROPOSITION 2.9. Let X be a Hilbert space. Then X has Fourier cotype 2 with
respect to K.
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Using the complex interpolation we have the following result as a consequence of
Proposition 2.8.

COROLLARY 2.10. Let 1 < p1 < p2 <2 and let the Banach space X have Fourier
type p with respect to K. Then X has Fourier type p| with respect to K.

Now, we show that Fourier type and Fourier cotype are dual notions. This is the Vector-
valued analogue of the Hausdorff-Young inequality for commutative hypergroups.

THEOREM 2.11. Let 1 < p <2 and p’ be its conjugate exponent.

(i) The Banach space X has Fourier type p with respect to K iff X* has Fourier
cotype p' with respect to K.

(ii) The Banach space X has Fourier cotype p’ with respect to K iff X* has Fourier
type p with respect to K.

Proof. We shall prove only (i) as the proof of (ii) will follow similarly. Again,
in order to prove (i), it is enough to show only one side as the proof of the other side
follows similar lines. So, let f € LP(.#,X). As L” (K,X*) and LP(K,X)* are isomet-
rically isomorphic to each other, for a given € > 0, 3 g € L?(K,X) of norm one such
that

1k x- (Dl (e xy < (1+€) /Kﬁi;la(f)(X)g(X) dm(x)

=(1+¢)

[ 10080 dmsta)
;%
<(+e) [ 10801 dn(r) < 1 e I8l ey

As, X has Fourier type p, the proof follows. [

3. Operator spaces

For dealing with noncommutative hypergroups in the next section, we need to
make an extensive use of the theory of operator spaces. The books of Effros and Ruan
[4] and Pisier [10] are basic references on this topic. The aim of this section is to recall
some basic notations and definitions pertaining to operator spaces and the norms on the
their corresponding matrix levels.

3.1. Operator spaces and completely bounded maps

An operator space is a closed subspace of () where () denotes the
space of all bounded linear operators on the Hilbert space 7. It follows from GNS
construction and the above definition that every C*-algebra is an operator space. In
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particular, if (Q,.7,u) is a o-finite measure space, then L”(Q,.<7,1) is an opera-
tor space. Further, closed subspaces, duals and preduals of operator spaces are also
operator spaces. Therefore, L' (Q, .7, 1) is also an operator space.

Given an operator space X C #(.7¢), we shall denote by M,,(X) the space of all
n x n matrices with entries from X and equipped with the norm arising from the natural

embedding of M,(X) inside £ < éljf) .
i=

Let X and Y be any two operator spaces and let ¢ : X — Y be a linear trans-
formation. For any n € N, the nth-ampliﬁcation of ¢, denoted ¢, is defined as a
linear transformation ¢, : M,(X) — M, (Y) given by @,([x;;]) := [¢(xi;)]. The linear
transformation ¢ is said to be completely bounded if sup{||@,|||n € N} < eo. We shall
denote by ¥ A(X,Y) the space of all completely bounded linear mappings from X to
Y equipped with the ¢b-norm, denoted || - ||cp,

[@llch := sup{[|@n[l[[n € N}, @ € CA(X.Y).

We shall say that ¢ is a complete isometry if ¢, is anisometry ¥V n € N. Similarly,
we shall say that ¢ is a complete isomorphism if ¢ is an isomorphism such that both
¢ and @' are completely bounded.

Let {Xo,X;} be a compatible couple of Banach spaces in the sense of complex
interpolation. Suppose that X, and X; are also operator spaces. If Xg, 0 < 0 < 1,
denotes the interpolation space [Xo,X|]g, then, by [10, Pg. 53], Xy is also an operator
space. Further, if {¥y,Y;} is another compatible couple of Banach spaces which are
also operator spaces and if ¢ : Xo+X; — Yo + Y1 is such that [|¢||.x,.y,) < co and

|@lch(x,,v,) < c1, then for 0 < 6 < 1, we have |[@||cp(x,.vy) < c(l)’ec?.

Given two operator spaces X C Z(7°) and Y C Z(¢), we define their minimal
tensor product, denoted X ®y,in Y, as the completion of their algebraic tensor product
X ®Y inside B( ®,.% ), where ®, denotes the Hilbert space tensor product. It is
worth noting that, if X is an operator space, then M,, ® i, X and M, (X) are completely
isometric. This tensor product is the operator space analogue of the Banach space
injective tensor product.

Similarly, just as we have projective tensor product for Banach spaces, there exists
projective tensor product for operator spaces. If X and Y are operator spaces, then we
shall denote by X®Y the operator space projective tensor product. For more details, see
[4, 10]. It is worth noting that the dual of X®Y is completely isometrically isomorphic
to €A(X,Y").

3.2. Schatten class operators

The space of p-Schatten class operators are the non-commutative analogues of the
classical ¢”(n) spaces. The space of Schatten p-class operators, denoted S¥, is defined
as the space M,, of n x n complex matrices equipped with the norm given by

Al == { (er(lA[P) e, if 1< p<eo,
o SUP{HAxHﬂ(n) : ||xHeZ(n) <1} if p=eo.
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More generally, if X is an operator space, then, for 1 < p < e, we define the oper-
ator spaces S§(X) as follows. If p = oo, then S§(X) is defined as the operator space
My(X) (=2 My @uin X). If p =1, then S§(X) is defined as the operator space S,ﬁ@X .
Here S is given the operator space structure coming from the isometric identification
(S1)* =2 8. If 1 < p < oo, then the operator space structure on S4(X) is defined by
means of the complex interpolation, i.e.,

SHX) = [Su(X), S5 (X)) /p-

The next theorem summarizes some of the properties of these spaces. This theorem
will be used in this paper repeatedly.

THEOREM 3.1. [11, Chapter 1]

(i) Let 1 < p<oo. If X and Y are any two operator spaces, then the cb-norm of a
completely bounded map ¢ : X — Y is equal to sup||ly, ® @
n>1

B(Sh(X),sh(r))"

(ii) Let 1 < p < oo and let X be an operator space. Then the dual of S§(X) is com-
!
pletely isometrically isomorphic to S (X*), where p' is the conjugate exponent
of p.

(iii) Let 1 < p < g < oo and let X be an operator space. Then the identity mapping
from SE(X) onto Sj(X) is a complete contraction.

)
(iv) Let 1 < p < oo andlet X be an operator space. Let n > 1. Then,
SP(LP(K,X)) = L (K,Sh(X))

completely isometrically, where K denotes a hypergroup.

4. Fourier type and cotype with respect to a compact hypergroup

In this section, we assume that the hypergroup K is compact. Also, throughout
this section, X will denote an operator space. We begin this section with the definition
of the Fourier transform on K.

4.1. Fourier analysis on compact hypergroups

It is well known that K possesses a unique Haar measure dm such that [dm(x) =
K

1. Further, a continuous irreducible representation of K is always finite-dimensional.
Let K denote the set of all continuous irreducible representations upto unitary equiva-
lence, called as the dual object. The dual object K is given the discrete topology. For
f e LK) and 7 € K, the Fourier coefficient of f at 7 is defined as

fim) = [ F@) &) dm(),

where 7 denotes the conjugate representation of K.
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DEFINITION 4.1. For 1 < p < oo, define the space XP(I?,X) as follows: for
1< p<oo

1

P
LV (K. X) = AGHMdn ”AH,%/’KX <2kﬂ||A HS” ) <eo o,

nek ek

and for p = oo

=K X) = {A € ]‘[Mdﬂ ) Al gz x) = sup A% |5 x °°}~

nek nek

If X = C, then we write .2”(K) for .#?(K,X). Further, note that, it is necessary to
have X to be an operator space. R
We now present some of the properties of £?(K,X) spaces.

THEOREM 4.2.

(i) Themap A: 3“’(1( X)—>cb($1( ),X) givenby A(A) = ZﬂeKan” 1 ( ”( )
is a completely isometric isomorphism.

(ii) The identity map from LY (K)&X to LY (K,X) is a complete isometric.

(iii) The mapping A — Y,k Z;l’;:l(A,’;()) from LY (K, X*) onto Co(K,X)* is a
completely isometric isomorphism.

(iv) The above mapping is also a complete isometry from £P(K,X*) onto L7 (K, X)*,

1 1 _
where p—|—p, =1.

(v) (Plancherel) The Fourier transform is a unitary map from L*(K) onto £? (I? ,C).

For more on compact hypergroups, we refer to [13].

4.2. Fourier type w.r.t. a compact hypergroup

DEFINITION 4.3. The vector-valued Fourier coefficient of f € L'(K,X) is de-
fined by

/f X)dm(x), 7 €R.

It is clear that f(n) € Mg, (X). Further, we note that the above operator-valued integral
f(r) is interpreted in the weak sense. Also, as ||7(x)|| < 1, Vx € K, the above operator-
valued Fourier transform is well-defined and hence, we can write the Fourier transform
operator, denoted .Fk y, as

Fkx LYK X) = [] Ma, (X)

nek
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given by
T x(f)(7) = f (7).

DEFINITION 4.4, Let 1< p<2and p' = p’jl. An operator space X is said to be
of Fourier type p with respect to the compact hypergroup K if the Fourier transform
Frx: LP (K 1RX - & v’ ( ) ® X can be extended to a completely bounded operator

Akxp LP(K.X)— 27 (K X).

In this case, the completely bounded norm of AK X.p is denoted by ‘Kpl (X,K).
The following two results are simple consequence of Property 1 of Theorem 3.1.

LEMMA 4.5. Let X be an operator space and let F be a closed subspace of X
then we have ‘ﬁpl(RK) < ‘51,1 (X,K) forany 1 < p <2.

COROLLARY 4.6. For 1 < p <2, we have ‘KPI(XJ(') > 1.
LEMMA 4.7. For f € L'(K,X), we have ”ﬂ‘zwuix) <Al x)-

Proof. Since X is an operator space, there exists a Hilbert space .7 such that
X C B(H). For h= (h,ha,... ha,) € (5, (dr) we have

aityamy = | (L1000 7w ami) )

X) (Z nij(x)hj> dm(x)
=1 B3 (dr))

. N
>(zmh,-) H dm<x>] |
=1 A

2

1F(m)lls; ) = 171l

B (dr))

dn

< u X
il P ZI [/K ft

a2, (@) S

By Minkowski inequality we get

Nl—

dm(x)

1F@) sz 0 < wp(ﬂu|u 2@

<
HhH[éﬁ/(d”)\l

A

2

Z mij(x

J=

= sup
HhH[.LZ)f/(dn)gl i=1

/wwmwm»
K

Since ||(x)|| < 1 forall 7 € K, x € K, it follows that

dx 2 2

2 mij(x

Jj=

sup
<
Hh“gi/f(d”)\l i=1
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Hence, we have

171 = 0 1F sz 00 < [ 1)) = sy O

nekK
THEOREM 4.8. Let 1 < p <2 and let X be an operator space of Fourier type p
with respect to K. Then A}(’X’p(f) =Zxx(f) forall f € L?(K,X).

Proof. Suppose {f,}» is sequence LP(K)® X such that f, — f € L'(K,X) in
norm. Then

HA}(,X,p(f) - gK,X(f)”;/w(l?’x) A}(,X,p(f_fn)||j°°([?7x) + ||9K,X(fn _f)”ﬂrgw(l?,x)
1
K

A ,X,p(f_fn)”jﬁl(l/{\’x) + HyK,X(fn —f)Hgoo(lﬁxy

Since X is of Fourier type p, A}(,X,p is completely bounded. Therefore, by using
Lemma 4.7, we have

1Ak 30 (F) = FrX (Nl gm( ) < Cp XK = Fillogesy + 1o = Fllpr g x)-
As K is compact, we have

1Ak x.p() = Frx (Nl =i ) < (€5 X K)+DIf = full o x) -

Now, as n — oo we get ||A}<’X’p(f) _yKvX(f)Hf‘”(I?,X) —0.
Hence Ay ,(f) = Zkx(f) forall f € LP(K,X). O

THEOREM 4.9. Every operator space has Fourier type 1 with respect to compact
hypergroup, i.e., €} (X,K) =1 for every pair (X,K).

Proof. Since L'(K,X) can be written as L' (K)®X with max structure on L' (K),
by using the Hausdorff-Young inequality for compact hypergroups, we get

G (X,K) = sup ||f® (')Hch(xy;([?)) < osup ||J?H$w(1?) <l

HfHLl(K)gl HfHLl(K)gl

Now, the proof follows from Corollary 4.6. [

COROLLARY 4.10. Let 1 < p; < pa <2 andlet K be a compact hypergroup. If
the operator space X has the Fourier type po with respect to K then X has Fourier

[}
type pi with respect to K. Moreover, we have %”I}l (X,K) < ‘51,12 (X,K)"1, where p
and pl, are the conjugate exponent of py and p, respectively.

Proof. The proof of this corollary follows from Theorem 4.9 and complex inter-
polation. [J
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LEMMA 4.11. Let X be an operator space. Then we have

yK,X(Ll (K7X)) - CO([?’X)

Proof. By Theorem 4.9, every operator space has Fourier type 1. Also, Trig(K) ®
X is uniformly dense in C(K)® X and hence L!'(K,X)-norm dense in L'(K,X). By
Lemma 4.7, the map f — f from L' (K,X) to .#=(K,X) is continuous and hence each
f will belong to closure of C,.(K,X), namely, Cy(K,X). O

4.3. Fourier cotype with respect to a compact hypergroup

The inverse Fourier transform .# ! from . 2(K) to L(K) is defined as the in-
verse of Fourier operator Zx from L2(K) onto £2(K). For 1 < p <2, we have
that 27 (K) € £*(K). Therefore, the inverse Fourier transform % ' f, for any f €
2r(K), is well defined. Obviously, .7, ! takes P (K K) into L2(K). Now, the
Hausdorff- Young 1nequa11ty for compact hypergroups assures that .% U maps .2» (I? )
into LI’/( K), where p’ is exponent conjugate of p.

Let 1 <p<2 Forany A®e € .ZP(K)®X, define the vector-valued inverse
Fourier transform JKX (A®e) of A®e as Fr'(A)@e. It can be easily seen that

k. y(zr (K)®X) C L” (K)®X. This serves as a motivation for following definition.

DEFINITION 4.12. Let 1 < p<2 and p’' = . An operator space is said to

have the Fourier cotype r with respect to the compact hypergroup K if the inverse
Fourier transform .Zg & : £7(K) @ X — L (K) ® X can be extended to a completely

bounded operator AKX LP(K,X)— LY (K, X).
In this case, the completely bounded norm of A%( X, is denoted by %ﬁ, (X,K).

The following two results are simple consequence of Property 1 of Theorem 3.1.

LEMMA 4.13. Let F be a closed subspace of X. Then, we have ‘513, (F,K) <
%13, (X,K), where p' is conjugate exponent of p for 1 < p < 2.

COROLLARY 4.14. Let 1< p<2and p' = Ll Then, we have ‘glz(XJ{) > 1.

We have the explicit formula for the inverse Fourier transform of %' on . 2(K)
and hence on .Z7(K ) for 1 < p < 2. Itis clear that this formula is also true if we take
tensor product with a operator space. Having all this in mind, we define the inverse
Fourier operator .7 L on 2P(K)®X by

dn
-1 A) = Z kx Z AZ-TE,‘Q,’(')

nek  Lj=l1
The following lemma says that A%(7X7  preserves the given formula for .%, e g( and

A%( x,p agrees with inverse of the vector valued Fourier transform on .£7 (I? , X).
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LEMMA 4.15. Let X be an operator space having Fourier cotype p' with respect
to K. Then:

(i) for A€ £P(K,X), we have

dr
Ai(w (A) = Fxx(A) =Y ko > ATm;(-);

rek  ij=1

(ii) for A € LP(K X), we have Ty oAy ,(A) =A.

K.X,p'
Proof.
(i) Since A € £7(K,X), it has a countable support, say, {m;}=, C K. Now, define
An={AT} ¢ € 2P(K)@X by

n

AT _ A" ifr=mforl <i<n,
0, otherwise.

For our convenience, we write .% X( n) = fa and Fg Y(A) = f. Then

1A%y (A) ~ Zk M) = 1A% (A) = Flprex
”AKX N (A _An)”Lp’(Kx) + ”f_fn”Lp’(K’x)'

As X has p’ Fourier cotype, we get

1A% xpr (A) = Zx ()] < Cp (X K) A = Aull o i )+ 1f = fill ot i -

Note that the first term on right hand side is arbitraryly small for large values of 7.
Since {fn};_, is a Cauchy sequence, without loss of generality, we can assume
that || f,,, — fnzH <27 forall ny,ny > m.

1

Therefore Hf_ fn”Lp (K.X) < Zf:nﬂ ka - fk*l HLP/(K,X) < Zf:nﬂ ok * SO? as
n — oo we get that ||AKXp (A) —QI;;(A)H —0.

Hence A}, /(A) = F x(A) forall A € £P(K,X).

(i) We shall continue to follow the notations used in the proof of part (i). For a fixed
nek , take ny to be the smallest positive integer ny such that 7 # m for k > ny.
Then f(rm) —A™ = (f — f,)(r) for all n > ng. Therefore, it is enough to estimate
the entries of the matrix (f — f,)(rr). In fact, we have

(= F @il < [ 10 = £ 0)llxl 0 dm()
<= Fally e Il < G3XKONIA = Al e

which is arbitrary small as for large values of n. [
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THEOREM 4.16. For any pair (X,K), we have €2(X,K) = 1.

Proof. Since Z!(K)®X is dense in Z!(K,X), by using a density argument and
Property (i) of Theorem 3.1, we need to show that for all » € N and for any family of
matrices (A;;) € M, (ZY(K)®X) we have

| z kn z Azj”lj ”S; X H(Aij)Hs;l-o(gl(lax)) aex€K.
rek  i,j=1

But this can be seen easily by considering a vector A € .Z 1(1? X) as an element of
cb(ZL*(K),X) viathe mapping B+— 3 _pk Z” ALBT; from (K K) to X.

Now, define B, € £~(K) by BT = (x). Then, we have

|z g m)

(z > <Az;-->>
nek L=l
< A

Here the last inequality follows from the complete contraction given by LYK )®X —
LYEK) @minX — cb(Z£=(K),X). Finally, the desired inequality follows from Theorem
4.2. Therefore, €2(X,K) < 1. The other side of inequality follows from Corollary 4.14
above. [J

The proof of the following corollary follows from Theorem 4.16 and interpolation.

dn
> kn Y, (AFm(

nek =1

S (X)

cb(£=(K) S5 (X))

7 (LN K)EX)

COROLLARY 4.17. Let 1 < p1 < pa <2 andlet K be a compact hypergroup. If
the operator space X has the Fourier cotype ps with respect to K then X has Fourier

s,
/
cotype p' with respect to K. Moreover, we have %pl, (X,K) < %pl, (X,K)P1, where p}
1 2

and ply are the conjugate exponent of p; and p respectively.

Here is the main result of this paper. Also, this is the compact hypergroup analogue of
Theorem 2.11.

THEOREM 4.18. Let X be an operator space, 1 < p <2 and let p’ be the conje-
gate exponent of p. Then X* has

(i) Fourier cotype p' with resptect to K iff X has Fourier type p with respect to K ;

(ii) Fourier type p' with respect to K iff X has Fourier cotype p with respect to K.
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Proof. We shall prove only (i) as the proof of (ii) will follow similarly. The case
p = 1 follows from Theorem 4.9 and Theorem 4.16. Thus, we shall assume that 1 <
p<2

We shall first prove that ‘51,1 (X,K) > ‘5171, (X*,K). By Theorem 3.1 and the dense-
ness of the algebraic tensor product, it is enough to show that

<CH(X,K)||(Ay)
St (L. ()

dx
D kn Y (AGm()

! ~
) sy gy
T [

for any A;; € ZP(K)®X*, 1<i,j<n and for all n > 1. Since, st/ (L;}*(K)) and
Lg’,, (x)* (K) are completely isometric, for a given € > 0, 3 f¢ € Lg’,, (X)( ) of norm 1
such that

dx
D kn Y, (ATx())

rek L=l S8 (L5 (K))
<(1+¢) / (an 21 ))) (f5() | dm(x)|.
ek LJ

Here, ff € LP(K)®X, the entries of f. Note that A;; € £ (K). Therefore, it follows
that

dx
D ke D (ATm())

mek P St (15 (0)
dn
(1+¢) 2 2 ka Z (A7) A(ﬂ)) =(l+eg)|tr {(A,J)(/i;\)”
Li=lneg =1

—

. £
< 1+ Al g o I s = 1+ ECHE KA g
Thus, it follows that CI%, (X*,K) < Cp(X,K).

We shall now prove the other way inequality. As mentioned in the beginning of
the proof of the previous inequality, it is enough to show that

7 2 (y* .

forany f;; € LP(K)®X, 1< z] <nand n > 1. Again, as S (3’7( K)) is completely

isometrically isomorphic to XS’;, x )( K), fora given £ >0, 3 A% € XS’; X ® of norm
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one such that

dn

|Gl g g gy < 1+ 0)| Ske 3, (A5 Fos())]

rek  Li=l1

Now the remaining proof follows similar lines as in the previous inequality. Hence the
proof. [
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