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HARMONIC HARDY SPACE AND THEIR OPERATORS

XUANHAO DING, YUESHI QIN AND YUANQI SANG*

(Communicated by S. McCullough)

Abstract. Let H* be the Hardy space on the unit disk. For inner functions u and v, the harmonic
Hardy space Hiv is defined by HZ = uH? & vzH?. Assume one of u and v is a nonconstant,

u,v

then Hiv is a proper closed subspace of L?(9ID). We can define the Toeplitz operator on the
Hi‘, by fo = Qfx for x € Hi‘,, where Q is the orthogonal projection from L?(dD) onto

Hiv. We studied some algebraic properties of the Toeplitz operator on Hiv and obtained some
interesting results that are different from the Toeplitz operators in the classical function space.

1. Harmonic Hardy spaces

Toeplitz operators on classical Hardy space H> on the open unit disk were widely
studied such as their algebraic properties and the spectral theory. In particular on the
shift-invariant subspaces in H? that are identified as uH?> for some inner function u by
Beurling theorem and its associated model space K> := H> © uH?, it has been under
investigation for more than 50 years. Many progress in this direction have been made.

In this paper, we are interested in Toeplitz operators on the newly-defined har-
monic Hardy space, which is related to the model space and Hardy space. Some inter-
esting results which is different from the classic case are obtained.

In order to state our results, we first introduce the notations and definitions. Let
D={&eC:|E| <1} be the unitdisk in the complex plane C and dD be its boundary.
The Hardy space H? is the Hilbert space consisting of analytic functions in ID that are
also square-integrable on the boundary dD.

DEFINITION 1.1. Let u and v be inner functions, that at least one of them is not
a constant, we define the harmonic Hardy space H2, by

Hy,=uH*®v(H*)" = uH" @ vzH?. (1.1)

Hiv is a Hilbert space of harmonic funcitons with the inner product

(F,G)= | F(2)G(z)dm(z).
)
Mathematics subject classification (2010): 30H10, 47B35.

Keywords and phrases: Harmonic Hardy Space, Toeplitz operator, Hankel operator.
* Corresponding author.

© &1€P€N’ Zagreb 837
Paper OaM-14-52


http://dx.doi.org/10.7153/oam-2020-14-52

838 X. DING, Y. QIN AND Y. SANG

It is easy to check that H,iv is a proper closed subspace of L?(9D) and {uz", vz":
m,n € Z,m > 0,n > 1} is an orthonormal basis of Hiv. For z €D,

R (w) = a(2)u(w)Ke(w) +v(2)zv (w)wK(w)

is the reproducing kernel of Hiv, where K (= 1%%) is Szegd kernel.

The study of Hiv is motivated by D.Sarason’s result. Recall that for each noncon-
stant inner function u, the model space is defined as K2 := H> S uH?, and for f € L%,
the truncated Toeplitz operator on K2 with symbol f is the operator Aj”c densely defined
by

Alpx = Py(fx), forx € K2

where P, is the orthogonal projection from L?(9D) to K>. Such subspaces are useful
for modeling a large class of contraction operators [ 16, 15], which have attracted a lot
of attention in recent years. D.Sarason [15, Theorem 3.1] showed that the truncated
Toeplitz operator A4 = 0 if and only if f € H;,, = uH> @ i[H’]". Later, J. Jurasik and
B.Lanucha [13] proved that asymmetric truncated Toeplitz operator A‘j’,’” (K? — K2) is
a zero operator if and only if f € H}, = uH? & v[H*]*. We should state that

(Hp,)" =K, ®zK2 (1.2)

is also a Hilbert space of harmonic functions. Especially, (H2,)* = K? is the model
space. In fact, K> C H? C Hiu cL?. /

Now we can define Toeplitz operators on H,i,, . Let P be the orthogonal projection
from L?(dD) onto H? and P_ = I — P be the orthogonal projection from L?(dID) onto

(H?)*. Denote M, and M; be the multiplication operators on L?>(dDD) induced by u
and u. Then direct calculation shows that

Q = Q.. := M,PM; +MP_M, (1.3)

is the orthogonal projection form L?(dD) onto H .

DEFINITION 1.2. For f in L?>(9D),x € H2 , the harmonic Toeplitz operator ff

u,vy

with the symbol f is densely defined on Hiv, given by

Tre=0(fx) = [ FE(ERdm(E).

JaD
ff is an integral operator.

Here we mainly study some algebraic and spectral properties of the harmonic
Toeplitz operators. We show that as on a harmonic function space with an asymmetric
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structure, ff is differ in many ways from Toeplitz operators on Hardy space [9], har-
monic Bergman space [4, 5] and the harmonic Dirichlet space[17], while shares some
properties as same.

The paper is organised as following. Section 2 is the preliminary that will be used.
In section 3 and section 4, we study fundamental properties of harmonic Toeplitz opera-
tors and dual harmonic Toeplitz operators. Boundedness and compactness of harmonic
Toeplitz operators are similar to Toeplitz operator on Hardy space, but there exist the
essential spectrum of a harmonic Toeplitz operators is unconnected. In section 5, we
characterize zero product, semi-commutator of harmonic Toeplitz operators. In section
6, we discuss the finite rank perturbutions of semi-commutator of harmonic Toeplitz
operators.

2. Preliminary

For f in L*(9D), the standard Toeplitz operator with symbol £ is the operator Ty
on H? defined by

Tyx = P(fx), forx € H*.

The dual Toeplitz operator Sz, on the orthogonal complement of H 2 would be defined
as follow:

Spy=(I—P)(fy), fory € [H’]".
Define operator V on L*(dDD) by
Vf(w) =wf(w).
It is easy to check that V is anti-unitary, and also satisfies the following equations
V=V VP=PV, VH; =H,, 2.1)
Ty and S5 is Anti-unitary equivalent [12]. That is
VIy = Sj—cV. (2.2)
The Hankel operator Hy with symbol f are defined by
Hpx = (I—P)(fx), forx € H?,
and H} are defined by
Hjy=P(fy), fory € [H*]".

Write My for the multiplication operator defined on L> by M 1o = fo. If My is ex-
pressed as an operator matrix with respect to the decomposition L?> = H> & zH?2, the

result is of the form
Ty HX
Mf:< f f).
‘ Hy Sy
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Since MyM, = My,, we have

Ty =TT, + HiHy: 3)
Hfg :Hf7;,+SfH,; 2.4)
H = TpHE + Sy 2.5)
Sre=387Se + I‘Ifl‘lgj (2.6)

The My is expressed as an operator matrix with respect to the decomposition L> =
HZ,®[HZ,]*, the result is of the form

T, H*
' Hy S¢

where ﬁ ¢ be called harmonic Hankel operator is defined by
Hyx = (I—Q)(fx), forx € Hy,.

Moreover, ﬁf*y =Qfyforye [Hiv]L and §  define dual harmonic Toeplitz operator
by

Spx=(I—-Q)(fx), forx e [H2,]*.

In particular, the dual harmonic Toeplitz operator S, r on the [Hf \J* is the trun-

cated Toeplitz operator Ay on the K2,
Since MyM, = My,, we have

~ o~ o~ o~

Ty — Ty Ty = HyHy, 2.7)
St —SSy = H/HY, (2.8)
Hpo—S;H, = H/T,. (2.9)

3. Fundamental properties of harmonic Toeplitz operators

It is known that T; is bounded if and only if f is in L”(JdD), in which case
|1 T¢|| = || f]|- - The only compact Toeplitz operator is zero. These still hold for harmonic
Toeplitz operators.

THEOREM 3.1. Let f € L*(dD).

1. Let ¢ € L*(dD), then ﬁp is bounded on H,iv if and only if ¢ € L*(ID). If ﬁ,
is bounded, then ||f¢|| = ||¢||c;

2. ff is compact on Huzﬂ, ifand only if f =0 a.e. on dD;
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3. Z(f) C G(YA}). Where o(T) denotes the spectrum of a bounded linear operator
T on a Hilbert space H, Z(f) is the essential range of f.

Proof. (1) k, = V(ll ‘Zl) is the normalized reproducing kernel for H>. We have

”TfH = ‘<Tfukmukz>|
= \<fukz,ukz>|
=[{fks. k)| =1£(2)].
Hence,

IT¢ )| = | fllee-

Furthermore,
[ Tex || < Qx| < (1 £l I

(2) Assume T} is compact, then for any {x,} C H;, and {x,} is weakly convergent to

zero, then Hffx,,H —— 0 as n — . If u is a non-constant inner function, let x,, = uy,
and y, € H?. It is easy to see that {x»} weakly convergent to zero on uH 2 if and only
if {y,,} weakly converges to zero on H2. Note that ||Tfy, || = |[M.PMzfx,|| < || Trxal -

Thus Tf is compact imply that 77 is compact, by [9, 7.15], we have f=0.

(3) According to [9, corollary 4.24], where o(My) = Z(f), which that f is in-
vertible in L™ equivalent to M 1y is an invertible operator on L?. If ff is invertible, then
there exists & > 0 such that ||Tx|| > €||x|| for x € HZ,. Thus for each integer k,y € H>
and z € dD, we have

1Ml = 129 = [ fuwyll = [0 fuyll = | Tpuy]| > elluy]| = ]
Since {7*y:y € H? k takes all integers} is a dense subset of L2, it follows that ||Msx|| >
gl|x|| for x in L?. Similarly, ||M];xH > el|x||, since f]; = ff‘ is also invertible and thus
My is invertible by [9, Corollary 4.9 ]. Since Ty —A =Ty_; for A € C. The proof is
completed. [

The following theorem is unlike classical Toeplitz operator T .

THEOREM 3.2. Assume that u and v are both finite Blaschke products, for f €
L”, then R
0.(Ty) = 0.(My) = Z(f)-
where ©,(T) denotes the essential spectrum of a bounded linear operator T on a
Hilbert space H.
Proof. Since u and v are finite Blaschke products, the dimension of [HZ,]* =

K2 @ zK? is finite. On L2 = HZ & [HZ -,

T; H:
M= 07T,
Hy Sy
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ﬁ%ﬁ ¢ and Sy are finite rank operators. o, (My) = 0,(T}).

By [1, Theorem 2.1.4], o(My) = Z%(f). Since o.(My) C 6(My). We only need
to prove that if My is a Fredholm operator then My is invertible on L?(9D). In fact,
assume M is a Fredholm operator, then dimKer{M;} < . Easy to see thatif g|r =0
with mE > 0, then dimKer{Mg} = co. Thus f # 0 a.e. on JdID and Ker{M;} = {0}.
Also My has closed range, follows My is bounded below. Similarly, M;Z = Mj is also

bounded below. So My is invertible. [J
In fact,
I—Q=P—M,PM;+ P-—M;P_M,
= P—M,PMy + M;(P— M,PM;)M,

Since (H7,)" = K; ®zK?, P—M,PM; and My(P — M,PM;)M, is the orthogonal
projection form L2(9D) onto K2 and zK? respectively. In addition, K> = H> NvzH?,
hence zK2 = vK?2.

THEOREM 3.3. Let f € L(ID). Sy =0 ifand only if f € H2,,,.

Proof. For x € K2, we have
Spx ={P— M,PM; + M;(P — M,PM;)M,} fx
=(P—M,PMy) fx+ M;(P—M,PM;)M, fx
:A'}x + M;A':}l’x
For y € K2, we have

vy ={P — M,PMg + My(P — M,PM5)M, } f vy
=(P— M,PM)fvy+ My(P — M,PM;)M, f7vy

Hence,

~(6) () 0)
o) \am av ) \y

10\ (IO A} A
Sy =1 v 7 |
oM, 0 My AyY A%

where M; is a unitary operator maps K2 to vK2. Thus S; = 0 if and only if A% AZLAY
and A‘ji are all zero operator. S
By [15, Theorem 3.1] and [13, Theorem 2.1], we have

and
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1. A% =0 if and only if f € uH? & uzH?;
2. A% =0 ifand only if f € vH? & vzH?;
3. A%y =0 ifand only if f € uvH? & zH?;
4. Ay} =0 if and only if f € H? & uvzH?.

Since uvH? C uH? C H? and uvH®> C vH?> C H?, S; =0 if and only if f € uvH?> ®
uvzH? = H? O

uv,uv*

4. Examples and Questions

The harmonic Toeplitz operator is a new type of Toeplitz operator with many prop-
erties that are completely different from the classical Toeplitz operator.

EXAMPLE 4.1. Let u and v be finite Blaschke products, f is a characteristic
function of set E C dD (0 < mE < 1), so Ge(ff) =2%(f) ={0,1} by Theorem 3.2,
and Ge(ff) disconnected. For classic Toeplitz operators, if f € L*, then o.(Ty) is
connected (see [9, Theorem.7.45]).

EXAMPLE 4.2. On the classical Hardy space, by Coburn’s Theorem [9, Propo-
sition.7.24], if f is a function in L”(JD) not almost everywhere zero, then either
kerTy = {0} or ker7; = {0}. On H? , there exists a nonzero function f in L*, such

u,v

that ker Ty # {0} and kerf;‘ #{0}. Let f = u, and take h € K2 (= kerT;), we have

T, Zh = [MPM; + M:P_M,Juv zh
= M,PvZh+MsP uzh
=0+M;VPVuzh
= M,VPiih
= M;VT;h =0.

and

T uh = Tyuh = [M,PMg + MP_M, ) ituh
= M, Tyh+MyP_vh = 0.

EXAMPLE 4.3. If u and v are finite Blaschke products, (H2,)" = K2 & zK2 isa
finite dimensional space, ﬁj; has finite rank. By (2.7), YA"fg — ffﬁ has finite rank. Since

Theorem 3.1(2), ?fi has finite rank if and only if fg = 0. Thus YA"fi is a finite rank
operator, can’t implies that either f or g is a zero function.
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On classical Hardy space, zero product question for Toeplitz operators is very interest-
ing. Naturally, we have following question.

QUESTION 4.4. Assume f,g € L™ and T;T, = 0, whether f or g is a zero func-
fte
tion?

EXAMPLE 4.5. By famous Brown-Halmos Theorem [3, Theorem 8], if f or g is
analytic, then T¢T, = Ty, . But the result does not hold for harmonic Toeplitz operators.
Assume u = v, @ is an inner function and 6(0) =0. ¥ =uv,p € zH>NH>, v and
¢ both are analytic, but

ToTy7v = TyQyZv = T,0Zu
= Ty M PMy + MyP_M,)| Zu
= f(p[uPz + VP vzu]
=Tp[0+0] =

and
Typiv = QWozv = Quvzy = Quez = Qvpoz
= MMPM,;V(/)OZ_‘F M,jP_MvV(pe z.
Note that 87 € H?, M;P_M,vp07 =0
Typ7v = M,PMv@OZ = uzg #O0.
Hence
ToTy # Tye.
Naturally, we can ask the following question.

QUESTION 4.6. For which functions f and g, we have ffi = ffg ?

EXAMPLE 4.7. It is known that / — 7.7z = 1 ® 1 on Hardy space. On harmonic
Hardy space, an easy computation gives

=(1 = [u(0)v(0)})(zv e z),

I.T.
LTz =(1 = [u(0)v(0)*) (u® ).

11—
11—

N,) ’\])

In addition, we are concerned with the following question.

QUESTION 4.8. For which functions f and g, fﬂA’g - ffg is a finite rank opera-
tor?



HARMONIC HARDY SPACE AND THEIR OPERATORS 845

5. The product of harmonic Toeplitz operators

LEMMA 5.1. Let fi,fa, -, fu belongto L”(dD), such that T}, ?f, —T,, is com-
pact, then TI"_,| fi=h a.e on JD.

Proof. First, we will prove the following formula by induction.

lim <Hfﬂ.uk,57uk,§> =15 (5.1)
i=1 i=1

r—1-

for almost all £ € dD, where k,(w) = (tf_‘il;)) is the normalized Hardy reproducing
kernel. For kK =1, we have

111}17 <Tf1 ukré ’ ukré > = 111}17 <f1 ukré ’ ukré >
= VEI}E (f kré ) kré )

:,El}lf anl(C)|kr§|2dm(c)
= f1(§)

for almost all £ € JD. Assume the result true up to n — 1. Observe that

<ff1 .“Tfnflffnukré7ukré> = ffl ---ffn,l [M PM+MsP_M,) fuuK, , uk,¢ )
Ty, -+ Ty, \MyP_M, fyuk, s uk,)
+ (Tp, - Tj, My PMy fruk e uk )
=(Tp, -+ Tf, MsHp kg uke)
+(Ty, "'ffnflupfnkrg,uk,é).
Also
|<ff1 -../T\fn—lMng,,Wkrg,ukréﬂ < Hffl ”'ffn—l ||||anvuk,§ I

By [10, (BS5)], we have [|Hy,,,K,¢ || — O radially. Hence

lim [(Ty, - T, MyH Ky uk,e )| =0.

r—1-

On the other hand,
(Tpy - T, uPfoke uk,g) =(Tp, - T, uPfos Ky ukyg)
+ <Tf1 "'Tfnflupfn—kr&”kr@
=Ty Ty g by ki)
+fn*(r§)<Tf1 e Tfnflupkréaukr§>
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where f,+ = Pf,, fu— = P_f,, by induction hypothesis, (5.1) holds. For every f =
uh+vg € H; ,h € H? g € zH?, we have

<ukr§ suh + ﬁg> = <ukr§ ) uh>
= <kr§ ’ h>

Since k¢ converges weakly to zero as r — 17, uk,; converges weakly to zero as
r — 17, Recall that compact operators map weakly convergent sequences to norm-
convergent sequences. Note that the Cauchy-Schwarz inequality yields

HTf' Th ukrg ukré: HTf - Th ukré: ||

Hence [T, fi=h aeon dD. O

LEMMA 5.2. [8, Lemma 3.5] Let 0 be a noncostant inner function. On the
Hardy space H?, for f,g € L(dD), if TyT, = Téngg, then either f or g is analytic
on D.

THEOREM 5.3. Let f and g are non-constant functions in L”(dD). Assume
TfT = ng, then one and only one of the following possibilities occurs:

1. both f and g are analytic;

2. both f and g are co-analytic.

Proof. Assume Tng = Tf“ for every x € H,, we have fff”gx = ffgx. Take x =
uh,h € H?,

M, PM f Tyuh = M, PMy f M, PM; + MsP_M,|guh
= M,PfPgh+ M,PM;fM;P_M,guh
= M,PfPgh+M,Pufv(l—P)gvuh (5.2)
=M,PfPgh+ M,Pufvgvuh — M,PufvPgvuh
— M, TfTyh+MPfgh — M, Ty Trugh,

and
M, PMgfTouh = M, Pfgh. (5.3)
Thus,

Ty Ty = TysaTom- (5.4)
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If x=vh,h € zH?, we have

MyP_M, fT,7h = MzP_M, f[M,PMz -+ MzP_M,|gvh
= MyP_M, fM,PM;gvh+M;P_M,fMyP_M,gvh

_ _ (5.5)
= MyP_vufPvugh+ MyP_fP_gh
= M;H,,¢ vugh + M;S¢S, h
and
MyP_M,fgvh = MyP_fgh = MSgh. (5.6)
That means,
HV"f vug +SfS - ng’
V(Hm,eHWs +SpSg)V = VSf,,V
Hvuvau;, + T T; = T
Toafug ~ ToapTwg + T3l = ng
Hence
T -T,.=T:T;. (5.7)

g g = 1plg
By using the Lemma 5.2 to Ty Ty = Ty Tgpu and TmeWg = T};Tg, we have eithor
both f and g are analytic or both f and g are co-analytic. [

Now, we can affirmatively answer Question 4.4.

COROLLARY 5.4. Assume f,g € L, if fﬂi =0, then either f or g is a zero
function.

Proof. 1f fﬂA’g =0, then fg =0 a.e.on dD by Lemma 5.1. If one of f and g is
constant, obviously either f or g is zero. If f and g aren’t constant, then f and g are
both analytic, or f and g are both co-analytic, this implies that either f or g is zero
function. [J

COROLLARY 5.5. For f € L™, then YA”f is a isometry if and only if f is unimod-
ular constant.

Proof. Assume ff is a isometry, then f;ff = f—ff —[=T,. Thus f and f bare
both analytic by Theorem 5.3. Hence f is a constant and |f|> = ff=1. [

COROLLARY 5.6. For f € L™, if ff is a multiplication operators on H , then

f is a constant.

uv’
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Proof. Assume ff is a multiplication operators on Huv,

follows that f and f are both analytic by Theorem 5.3. Hence f is a constant. [J

In order to answer Question 4.6, assume u and v are nonzero functions. We only
need to consider the case that f and g both are analytic.

LEMMA 5.7. If f,g € H™, the following statements are equivalent.

2. 4T, =Ty

3. H:HyzH; =0: [H?* — H?.
Proof. Since Tf = T it is clear that (1) is equivalent to (2). Assume f,g € H™,
then

(T Te = Tro) | = 0-

=
Thus R
[MuPMﬁng _MuPMﬁfg] vy = 0
for every y € (H?)*. Multiplying both sides of the above equation by Mj, we have,
Puf[M,PM;g+M;P_M,g]vy — Puvfgy

=PfPuvgy + PuvfP_gy — Puvfgy =0

This implies that
TfH;‘Vg + H* S = H;‘m

on [H?]*. By equation (2.5), H S = — TiwyH; . Thus we obtain that

uvfg

TyHye — Ty Hy = [Ty Ty — Ty |Hy = —H:HpH; =0,

uvg

The second equality follows from that Hy, = H¢T, and TzH; = Hp, when g € H™.
On the other hand, if H;HWHE = —[TyH, ; — TwpHg] = 0 then

uvg

M PMy(Ty Ty = Ty = O

Since f and g are both analytic, we have
[MzP_M, [T, = MzP_M\ f8]|, - = M5[SySg — Sgel |l = 0
where Sy and S, are dual Toeplitz operators on [H?]*. Thus

[Ty Ty =Tl 0.

ez =

Similarly, A
[T5Te = Tygllur2 = 0.

Hence T;T, — Ty, = 0. Thus (2) equivalent to (3). [J
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LEMMA 5.8. [8, Lemma 4.6] Let ¢ and Wy be nonconstant functions in H”,
and O is a nonconstant inner function. Then H;i/HéH;f) is zero if and only if ¢(6 —

A),W(08—A) and @y(0 — 1) are in H* for some constant M.

Sum up Theorem 5.3, Lemma 5.7 and Lemma 5.8, we give an answer to Question 4.6.

THEOREM 5.9. Let f,g € L”(dD). Then ffYA”g = ffg if and only if one of the
following cases holds:

1. f,g fou—2A),g(vu—A) and fg(vu—A) all belong to H*>  for some constant
2. £.8.fvu—2A),g(vu—A) and fg(vu— L) all belong to H*  for some constant
A

3. either f or g is constant.

This result is different from classical Hardy Toeplitz operator theory.

EXAMPLE 5.10. Assume u# and v are inner functions and u isn’t constant. Let
f=uand g =v, take A =0, then f,g, fluv—2),g(uv—2A) and fg(uv—A) all are
belong to H?, hence Tng = Tf,, by Theorem 5.9. This resultis different from harmonic
Bergman Toephtz operator theory[4].

COROLLARY 5.11. Assume f,g € L”. If fff”g = ffg , then fff”g = Tgff.

A

Proof. If TfT ng, Then 7, Tf ng by Theorem 5.9. Hence TfT = f; r.oo 4

6. The finite rank perturbutions
For convenience, we use
A =B mod (F)
to denote that the operator A — B has finite rank.

THEOREM 6.1. Let f,g € L*(dD). Then fﬂi = ffg mod (F) if and only if the
following conditions all holds

1. TfTy = Ty Tewe mod (F);
2. HyfTy = HyTyug mod (F);
3. TyH;,. = TwgH mod (F);

*
4. HypH,, = HyH: mod (F).

uvg
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Proof. fﬂA’g - ffg has finite rank if and only if
(T5Tg = Tge) |z = 0 mod (F)
and

(T4 Ty — Tt g2 = 0 mod (F).

Note that {TfT, — Tse}|,z2 = 0 mod (F) if and only if set {PiifTyx — Piifgx:
x € uH?} and {P_vfTyx— P_vfgx:x € uH?} all have finite dimension. An easy cal-
culation gives

{Pzifi,x— Piifgx:x € uH*}
={PufluPugx+ v(I — P)vgx] — Pufgx: x € uH*}
={PfPiigx — PivfPvgx : x € uH"}
={PfPgy— PuvfPuvgy:y € H*}
=range{T;Ty — Tisf Tuvg }

and

{P_vaA’gx—P_vfgx :x € uH?}
={P_vf[uPiigx+v(I — P)vgx] — P_vfgx:x € uH*}
={P_uvfPiigx — P_fPvgx: x € uH*}
={P_uvfPgy — P_fPuvgy:y e H*}
=range{H,,Ty, — Hf Ty }.

Thus {TyT; — Tfe}|,2 = 0 mod (F) if and only if both (TTy — TiwsTuve) and
(HuyfTy — HfTye) are finite rank operators. Thus (1) and (2) hold.

Similarly, we have {7y T, — Tf¢ }|s42)0 =0 mod (F) if and only if both {Pitf Tyx—
Piifgx:xe v[H?'} and {P_vfTyx—P_vfgx:x € v[H?]"} are finite dimension. Easy
calculations give

{PifT,x— Piifgx:x € v[H}*}
={PitfluPitgx+ v(I — P)vgx] — Pitfgx : x € v[H*]*}
={PfPugx — PuvfPvgx: x € v[H*]*}
={PfPuvgy— PuvfPgy:y € [H’]"}
=range{T¢H,,; — TawsH; }
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and

{P_va”gx—P_vfgx x e v[HHY
={P_vf[uPiigx+ v(I — P)vgx] — P_vfgx :x € v[H]*}
={P_uvfPigx —P_fPvgx:x € v[H*]*}
={P_uvfPuvgy — P_fPgx:yec [H*]*}
:range{Hm,fH;‘mT - Hng }.
Hence (ffi - ffg)‘v[HZ] 1+ =0mod (F) is equivalentto (T¢H . — TawsH;) and (HurH o
—HyH g) are both finite rank operators. That is, (3) and (4) hold, which completes the
proof. [

LEMMA 6.2. Let f,g € L*(dD). Then TyT, = Tyzs Ty mod (F) if and only if
one of the following conditions holds:

1. There exist nonzero analytic polynomials A(z),B(z) such that A(z)f(z) € H* or
B(z)g(z) e H*;

2. there exist nonzero analytic polynomials A1(z),A2(z),B1(z) and By(z) with A1 B,
= AyBy such that

{Ay +Ayu}f € H {B, +Byu}g € H”.

Proof. By Kronecker’s theorem [14, Corollary 3.3.], for ¢ € L™, the Hankel op-
erator Hy has finite rank if and only if there is a analytic polynomials A(z) such that
A¢ € H”. Since Axler-Chang-Sarason theorem [2], for ¢,y € L™, H;Hl,, has finite
rank if and only if the operators Hy or Hy does. Since Hy,, = H,T,,, Hg is a finite
rank operator implies that H,,, is also finite rank operator. The condtions (1) and (2)
follow from [7, Theorem 3.4]. [

LEMMA 6.3. Let f,g € L”(dD). Then H,,r :sz = Hng mod (F) if and only if
one of the following conditions holds:

1. There exist nonzero analytic polynomials A(z) and B(z) such that A(z)f(z) € H
or B(z2)g(z) e H”;

2. there exist nonzero analytic polynomials A1(z),A2(z),B1(z) and By(z) with A1 B,
= A, B, such that

{A1+Ayvu}f e H”,{B,+Byvu}g € H”.

Proof. Since

Hy H

uvg

— HyH; =V (H}, ¢ H,z — HiHz )V

Vi
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and
HyHuvg — HiHg =TTy — Tip g,

Hy, H

uvg

—Hng =0 mod (F)
if and only if

Tf];? — T,;\jfTuVE =0 mod (F)

The result follows from Lemma 6.2. [

LEMMA 6.4. Let f,g € L*(9D). Then Hy,fTy; = HfT,ug mod (F) if and only if
one of the following conditions holds:

1. At least one of P—f,P_uvf,P_g and P_uvg is a rational function all of whose
poles are in D.

2. There exist nonzero analytic polynomials Ay(z),A2(z),B1(z), Ba(z) and ¢(z)
such that
(A1 +Auv)f € H”,(By +Byvu)g € H”.

and q(By + Byuv) fg € H” with A\B; +A;By =0 on 9D.
Proof. By Kronecker’s theorem [14, Corollary 3.3.], at least one of H¢,H,,r,H,
and H,, has finite rank if and only if at least one of P_f,P_uvf,P_g and P_uvg is

a rational function all of whose poles are in . By [6, Theorem 4.2], if none of Hy,
Hyyr,H; and H,,, has finite rank, then

HVMfY;; = HfTvug mod (F)

if and only if there exist nonzero analytic polynomials A1(z),A>(z),B1(z), B2(z) such
that

(A1 +Auv)f € H”,(B1 +Byvu)g € H.

with A1By +A2B; =0 on dD and Hy,(p, +B,uv)re has finite rank.

Hao (81+83w) rg = H(By+Byu) £g Tas
has finite rank if and only if
H(B,1Byuw) fg

has finite rank if and only if there is none zero analytic polynomial ¢(z) such that
q(B1+Bouv)fge H. O

LEMMA 6.5. Let f,g € L”(dD). Then TyH,, . — TawpH; = 0 mod (F) if and only
if one of the following conditions holds:
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1. At least one of P_f,P_uvf,P_g and P_uvg is a rational function all of whose
poles are in D.

2. there exist nonzero analytic polynomials A(z),A2(z),B1(z), B2(z) and q(z) such
that B
(A1 +Auv)g € H”, (B +Byvu) f € H™.

and q(By + Bouv) fg € H” with A{By +AB, =0 on dD.

Proof. Since T¢H,, . — TapH; = 0 mod (F) if and only if (T¢H,, . — TimpH;)" =
ngTf H; Tuv? = 0 mod (F), the result follows from Lemma 6.4. []J

Combining Theorem 6.1, Lemma 6.2, Lemma 6.3, Lemma 6.4 and Lemma 6.5.
we obtain the following theorem.

THEOREM 6.6. Let f,g € L*(dD). Then fﬂi = ffg mod (F) if and only if the
following conditions all holds

1. The condition (1) or (2) holds in Lemma 6.2;
2. The condition (1) or (2) holds in Lemma 6.3;
3. The condition (1) or (2) holds in Lemma 6.4,
4. The condition (1) or (2) holds in Lemma 6.5.

COROLLARY 6.7. Let u,v be inner functions, and f,g € L*(dD). If one of u and
v is not a finite Blaschke product, then T¢T, has finite rank if and only if one of f and
g is zero function.

Proof. Assume one of u and v is not a finite Blaschke product, then uv is not a
finite Blaschke product. If fﬂA’g has finite rank, then fg =0 (Lemma5.1) and T;T, =
T4 Tgvy mod (F)(Theorem 6.1).

By Lemma 5.2, if TyT, — Tyz¢ Ty = O, thus either f or g is analytic. Since
fg =0, one of f and g is zero function.

If Ty Ty — Ty5¢ Tgvu is a nonzero finite rank operator, Since

Ty Ty = Toag Tow = H 7Huvg — H:Hg,

we need to consider two cases: the case H* fHqu and H;H both are finite rank oper-
ators, the case H * Huvg and H H, both are not finite rank operators.

In the prev1ous case, H- 7 or H, is finite rank operator by Axler-Chang-Sarason
theorem in [2]. By Kronecker’s theorem [14, Corollary 3.3.], there is a nonzero an-
alytic polynomial A(z) such that A(z)f(z) € H” or A(z)g(z) € H”. Since fg =0,
(A(2)f(z))g(z) =0 or (A(2)g(z))f(z) =0 a.e on D), one of f and g is zero function.

In the latter case, By [7, Theorem 3.4], there exist nonzero analytic polynomi-
als A;(z),Bi(z),i = 1,2 with A (z)B1(z) = A2(2)B2(z), such that Ajuvf +Asrf € H”
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and Bjuvg+ Byg € H™. 1If there is a set E C dD such that 0 < mE < 1, flg =0
and flop_g # 0, then A} (2)u(z)v(z) +A2(z) =0. Thus uv = —g—f is a rational inner
function.

Note that rational inner function must be finite Blaschke product. In fact, if rational

function % is a inner function, then % have the form

25 = B0,

where ¢ is a constant with |co| = 1, B(z) is finite Blaschke Product, and polynomial
0(z) =ci(z— A1) -+ (z— A) with [A;] > 1. By Theory[11, page.72], O(z) is a singular
inner function. Let Q(z) be the singular function determined by measure y on JD,
and let E C dD be the closed support of 1, then |Q(z)| dose not extend continuously
from D to any point of E. But |Q(z)| is continuously on C. Hence polynomial is
impossible singular inner function. Thus Q(z) is a constant. It follows that uv is a
finite Blaschke product. This leads to a contradiction. [J
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