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ON A FUNCTIONAL CALCULUS FOR UNITARY
OPERATORS IN PONTRYAGIN SPACES

VLADIMIR STRAUSS

(Communicated by V. V. Peller)

Abstract. This work is devoted to a functional description of the weakly closed algebra generated
by a Pontryagin Space unitary operator under the condition that this operator contains a part like
the two-side shift operator. The latter means that the inverse operator does not belong to the
algebra.

Introduction

This paper is related with the theme treated initially in the papers [15], [16] and
is a direct continuation of the paper [19]. For the terminology and the history of the
subject, see the monograph [1] (or [2]), more specific concepts and facts can be found
in [19]. The setting of the main problem is as follows. Consider a unitary operator U
acting in a Pontryagin space, calculate all operator values of polynomials, where the
value of the independent variable is taken to be equal to U. Next, close this operator
algebra in weak topology denoting the new algebra by AlgU . Our aim is to describe
a structure of AlgU . Depending on some properties of U, the algebra AlgU can (or
not) contain the operator U~!. The case U~ € AlgU was studied in [19], so in the
present paper the case U~! & AlgU will be analyzed.

Section | provides an introduction to known notions and results used in the course
of the paper. Section 2 presents a slightly modified version of F. and M. Riesz Lemma
on peak sets for the disc algebra, in Section 3 some function spaces related with func-
tional calculus for m-unitary operators are introduced. The role of these spaces is
sketched by Proposition 3.1. Section 4 gives some preliminary results concerning the
functional calculus for any 7m-unitary operator with the unbounded spectral function.
Section 5 deals with a behavior on some unbounded functionals. Section 6 is de-
voted to the case of a m-unitary operator U with unbounded spectral function such
that U~! ¢ AlgU . The main result is given by Theorem 6.2.

Mathematics subject classification (2010): 46C20, 47B50, 47A60, 47L75.
Keywords and phrases: Pontryagin spaces, unitary operators, function model, weakly closed operator
algebra, Hardy class.
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1. Preliminaries

In what follows the term “Pontryagin space” means a separable Hilbert space
with an ordinary scalar product (-, -) and a Hermitian sesquilinear indefinite form (inner

product) [-,-]: (Vx,y € 9) [x,y] = (Jx,y), J =J !, dimKer(I +J) = k < o. Operator
J is called the fundamental symmetry (of [-,-] with respect to (-,-)). As usual the
symbol [L] means the 7-orthogonality, i.e. the orthogonality with respect to [-,-] and

the symbol | means the orthogonality with respect to the Hilbert scalar product. In

what follows U means a 7-unitary operator, i.e., in particular, U$) = §. Next, the

symbols C, D and T mean complex plane, open unit disk and its border respectively.
Let us present §) in the form

H=97+9r, UHTCHr, UHy C HYY\ (LD

where 6(Ulg,) C T, 6(Ulg,,) C C/T. The subspace $Hyv has a finite dimension. Let
E) be the m-orthogonal spectral function (spectral resolution) generated by U g, and
let {4;} be the set of its critical points. Denote $©: =CLin{E(A)$}, where A runs
the set of all closed arcs A C T, such that AN {4;} =0, so

the subspace E(A)S$) is positive. (1.2)

The subspace 5 is non-negative and generally speaking has a non-trivial isotropic part.
We shall suppose

HnHt £ {o}. (1.3)
Note that Condition (1.3) is fulfilled if and only if the spectral function E; is un-
bounded. Let &; = HNHL, &y =JB,, 6, = HNGL, 63 = (H® ). All
considerations would be only simpler if &3 is trivial so we will suppose ®3 # {0}.
Without loss of generality one can suppose that &3 = (5 @ Bg)* and that the Hilbert
scalar product on &; coincides with [-,-]. Thus,

A= BB DG P B3

ovltoo Up 0 0 O (1.4)
Tl = V0 00 Ulg. = Uio U1 Ui Ut -
710 0 Lo |7 Uy 0 Un 0O

0 0 0J5 Usp 0 0 Uss

In this representation V' is an isometry, I is the identity in &,, J3 is a fundamen-
tal symmetry in &3 and the elements of the matrix representation for U|g,. have the
following relations

(Uoo) ™' = V7 '(Un),
Uio = — 35UV ((Uz0)*Uso + (Uso)*JaUso +iA),
Uso = —Un(U12)*V U,
Uso = —Us3J3(U13)*V U,

(1.5)
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where A is a self-adjoin operator. Moreover, the operators Uy, and Uss are, respecti-
vely, unitary and J3 -unitary in the corresponding subspaces. Let us put

~ Un U\ 1 Uoo O
U:. = Ul = . 1.6
( 0 U22> (Uzo U22> (1.6)

Operators U and U' act in the spaces H=6,06,and H: = Bo B &, respectively.
Since U, is a unitary operator, its model is ¢/ , i.e. the multiplication operator by e
in a suitable space Lé((’i), where € is a Hilbert space (maybe finite-dimensional), a
vector-valued measure is defined as usually in the theory of multiplicity of self-adjoint
operators (see [10], §41; [4], Chapter 7; [5], Chapter 4.4; [11], Chapter VII). So, assume
that o(¢) is a non-decreasing function defined on the segment [0,27], continuous (at
least) from the left in all points of the segment and having an infinite number of growth
points. The mentioned function generates on the segment the scalar Lebesgue-Stieltjes
measure Ug. Let 1 — &, t € [0,27] be a map such that

e 5 C&,

e dim(&;) is a U -measurable (but not necessarily finite a.e.) function,
o if dim(&;,) =dim(&;,), then &, = &;,,

e if dim(&;,) < dim(&,), then &, C &, .

Denote by Mz (&) the space of the vector-valued functions f(¢): ¢ — & g -measu-
rable in the weak sense, defined a.e. and finite a.e. on the segment [0,27]. Accordingly,
the symbol L%(éo ) means here a Hilbert space of functions f(¢) € Mz(&'), such that

N %do(r) < oo, (f(0):8(0)z = 2 JoT(f(2),8(1))do(t). Due to these con-
ditions there is some vector d € & such that

dt)=d e I3(& /||d )|2da(r) (1.7)

Let {gj(t)}lj‘.:1 C M3 (€) be a finite set of functions with the following properties

a) the system {g;(z )} _, is linear independent modulo L% Z(€);

b) forall j=1,2,... .k the function ¢"g;(¢) has the representation

k
€"gi(t) =n;(t)+ Y, c;u&i(t), where n;(r) € L3(€);
=1

(1.8)

c) eigenvalues of the matrix C = (c ﬂ) kxk have unit module.

Denote by 2 (QE) the Hilbert functional space generated by the linear span of L%(QE)
and {g;(t)}* -1, where functions from the set {g,'(t)}’j‘-=1 are supposed by definition to
be normalized, pairwise orthogonal and orthogonal to L%(QE) .
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Conditions (1.8) allow us to define on Z% (&) the operator of multiplication by e’ :
f(t) €' f(¢). This operator will be denote by ¢/’ . Conditions (1.8) also allow us to
""2 . . . i —iT .
define on La('e) the operator Qf multiplication by e~ " (denoted by e *"). It is easy to
check that e~ is inverse to e/ .

THEOREM 1.1. ([19]) For the operator U the same as above there are a Hilbert
space L%((‘i), a function set {gf(t)}];=1 satisfying Conditions (1.8) and an isometric

operator W : Zé((‘f) — 9, WL%((’E) = &, such that

U=W( Tyw!, Ul =wle(wh-1, (1.9)

where W1 = (L @V’I)W, I, is the identical operator on &,, V is an isometric oper-
ator mapping &g onto &,: Vx = Jx for every x € &, o (1) is continuous for every t
such that " € o(Uy1) Uc(Usz). Lé((’i) and {gf(t)}§=l can be chosen by a such way
that forall j=1,2,... .k and at a.a. t € [0,27] the condition g;(t) € & holds, where
&, is some subspace of € with the dimension no greater than k.

DEFINITION 1.1. The space Z%(QE) in Theorem 1.1 is called a basic model space
for the operator U and W is called an operator of similarity (generated by Z%(QE) ).

Let us note that a basic model space and a corresponding operator of similarity are not
uniquely determined (see [ 18], Subsection 6.2 for details).

Let us introduce some notions and notations from [17].

DEFINITION 1.2. Every operator B € AlgU can be associated with a scalar func-
tion ¢p(z) (the portrait of B) such that

BE(A) = /A 08(t)dE,,

where A runs over the set of all closed subintervals of [0,27] disjoint from A. If ¢p()
is the portrait of B then B is called an original for ¢g(¢) (the same function can have
different originals).

An alternative approach that establishes the connection between the operator B
and its portrait can be presented (see (1.9)) as follows:

P'B| o =wiosWwh)~! (1.10)

where P! is the orthogonal projection onto 5T and ®jp is the operator of multiplication
by ¢5(1).
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2. On peak sets for holomorphic functions.
Before proceeding further we need a technical result.

PROPOSITION 2.1. Foran arbitrary finite set of pairwise different points {v;}' C
(0,27] there is a system of 2m real functions {n,i(t) T given on [0,27], such that

a) forall j=1,2,... ,m the functions n;’ (t) and n; (t) are contin-
uously differentiable and nji(O) = r[ji (2m);

b) the inequality an-E(t) > 0 holds for all j=1,2,... ,m and t €
[0,27] ;

c) for every j=1,2,... ,m there is a neigborhood 8(v;) of vj, 2.11)
such that the equality n;t(t) =0 holds for all t € 6(v;) and
q=12,... ,m;

d) forall j,q=1,2,... ,m the equalities ﬁ 02” n;“(t)ctg t_%dt =

Sjg: 3% gﬂn](t)ctg%dtz_ajq

(briefly 5 [¢7 07 (1) ctg 2dt = +8;4) hold,

where 8, is the Kronecker symbol.

Proof. First, let us compose a set { ,uji (1)}]" of continuously differentiable func-
tions under the following conditions

a) pi(r) >0 forre0,2n], ui () =0if 1 & (oF, BF), where the
interval (aji,ﬁji) C (0,2m] is chosen such that v, ¢ (ocji,ﬁji),
Ja=12,...,m, u;(0) = u;(2m);

b) ﬁ ()Mnuji(t)Ctgt_#df:ﬂil,j=1,2,...,m;

) el o7 uy () ctg Ldl <4, jg=1,2,...,m, j#q.

The mentioned above system { ,uji ()} it is easy to construct taking, for instance,
the function

T<t>:{<15/16><f2—1>2’ rel-1:1);

0, t € (—oo;—1]U[L;+o0);

and using the relations (|| and |B| are sufficiently small)

n 2 B+a t
- — t-d: o,
/_nr<ﬁ—at ﬁ—a)cg2t +

lim L/”r 2, BHoN e ta—
apo—Oa<pB—al-z \B—a B-« gy ==

lim
o,f—+0,00<f [3 —a
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T —
lim 2 / ( 2 r— B+a>ctg Zvdt:—ctg(v/Z),

aﬁﬂj:OOKﬁﬁ o)z \Bp—-a B-o

where v € (—m,0)U (0, 7).

Functions ni;—L (r) we will construct stage by stage and (within the same stage) step
by step. The process slightly remains a construction of biorthogonal families (see, for
instance, [13]) but has some detalls related principally with the item b) from (2.11).

First stage. Put yﬂz = = Ozﬂuji( )ctg ﬂdt J,q=1,2,...,m. Let q=1. During
this stage we will construct a system of functions * orthogonal” to ctg 5 "1 .

First step. Let us consider 7/21 If 7, = 0, then the function 11" (¢) 1s not changed,
if 7, > 0, then we set [.72 (1) = 1y (1) + 13y 1y ( ), if %} <0, then we set [i) (1) =
W (1) — v i (¢). Thus, in any case we have [, (1) >0,

V2
dt = 1493175,

1 2r t—Vvi 1 2 _ t—
o= [ Oee e =0, o [T R (e

2w Jo
12 I—Vj F ot v
o 1y (1) ctg dt =1+ mIn;, i=34.....m,
T Jo
where the choice of the signs “—"" or “+” for the multiple )/fFj corresponds to the sign

of —7,. Let us redefine 115 (¢) by the following way: p5 () := 15" () /(1 + %5 75) -
After that we can write

1 2 t—v 1 2n t—W
+ +
— t)ct, dt =0, — t)ct dt=1
o e 5T =0, — [ (et ,
1 271' m+ m
— u;(t)ctg Jdt 4 42 <1/221 =34, . .m
2r 42m

By these formulae the first step is finished. Note that during this we we did not use the
functions u, (), ;,Lf(t), j=3.4,...,m and only the function ;" (1) was redefined.

Second step. During this step we will redefined the function i, (¢). Let us con-
sider 75, . If 75, = 0, then the function ;" (¢) is not changed, if 5, > 0, then we set
Wy (1) = w5 (1) + vy 1y (2), if 15, < 0, then we set [y (t) = iy (t) — Yo, 1y (¢). Thus,
in any case we have 1, (1) >0,

1 2n 1 2n - =W —
27 o ”2()Ctg M = E 0 1y (1) ctg dt = =1+ 915,
l 2r - t—V; B B .
E 0 :u“2 (I)CthdeZYZj+|’YZ1|Yl$j7 ]:3,4,...,7}’17
where the choice of the signs “—"" or “+ for the multiple yfFj corresponds to the sign

of —7,. Let us redefine u; (¢) by the following way: u; (¢) ==ty (£)/(1 =%, |15)-
After that we can write

1 2 1 2 t—Wv

27 o #2()Ctg Mar = ﬂ , He (t)ctg 5

dr=—1,
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1 271- 1 + 21m 2
— u;(t)ctg Jdt A <12l =34, .m
2” l 42m

So, the second step is finished.

Third step. The aim of this step is a redefinition of y; () making it “orthogonal”
to ctg’ 5. Consider 7. If 75, =0, then the function p (r) is not changed, if
v >0, then we set [I3 (1) = py (1) + ¥ 1y (1), if 73] <0, then we set [iy (r) =
uy (t) — ¥, 1y (). Thus, we have [i, (r) > 0. A final part of this step is similar to the
corresponding one of the first step.

The subsequent steps are devoted to a redefinition of i (r) and ;,ij.[(t), Jj=
4,...,m with the aim to obtain the conditions of the type (2.11), where n;c (t) is sub-
stituted by uif (t),g=1.

Thus, in the first stage we obtained the system that satisfies the following condi-
tions

a) forall j=1,2,...,m the functions u;r(t) and i; (#) are contin-
uously differentiable and ;,Lj-[(O) = ;,Lf(27t);

b) the inequality ,uf(t) > 0 holds for all j =1,2,...,m and ¢ €

[0,27] ;
c¢) for any j = 1,2,... ,m there is a neigborhood &(v;) of v;,
such that the equality p; Z(t) = 0 holds for all 7 € §(v;) and
q=12,... ,m; (2.12)
d) forall j=1,2,... ,m the equalities 5- Oz’tuji( )ctg t_#dt =
hold;

e) forall j=2,3,... m the equalities fo U =(r) ctg 5tdt =0 hold;

f) for all j=1,2,...,m and ¢ =2,3,... ,m, j# g the inequalities
| JoT (1) etg 2dr| < 1/2271) hold.

oo

The system { uf(t)
Second stage. Put yi = 2[5 LL;E( t)etg 5%dt, j.q=1,2,...,m. During this

ZVQ

", under Conditions (2.12) represents a base for the next stage.

stage we will construct a system of functions “orthogonal” to ctg—=. A way to do
it is similar to the process used during the first stage. In partlcular let us describe
the first step. If yf”z = 0 then we do not change ;,Lf“(t), in the opposite case we put
By (1) = ui (1) +|v5 1y (1), where the choice of the signs “— or “+ for the multiple
W5 () corresponds to the sign of —y1+2. Note that the latter formula can be considered
as valid in the case ¥}, = 0 too. Next, we redefine p;" (¢) := {15 (r) (note that ¥, = 0).
By the same manner we, first, put ﬁ,* (1) = ,uj+ (1) + \)/j+2| 15" (1) and, second, redefine
Wi (o) =1 (/14 valn)). j=3,4,...m, et

As a next stage (for q=3) we redefine by the same manner the functions uli(t),
,uzi(t), ,uf(t), ... W=(t), etc. Finally, concluding the last stage (for g=m) we put
Ny ) =u; (), j=12,...,m. O
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The following lemma represents a slightly modified version of F. and M. Riesz
Lemma on peak sets for the disc algebra (see, for instance, Garnett [7], Part III, Page
125).

LEMMA 2.1. Let & C T be a compact of Lebesgue measure equal to zero and
let {v;}!' C'T be a some some finite set of pairwise different points and & N{v;}]' =
0. Then there is a holomorphic on D and continuous up to the border T numerical
Sfunction @(&) such that

a) p(§)=1forEe&;
b) le(E)l <1 forE€T/&; (2.13)
c) the function (&) /T (§ — v;) is uniformly bounded on D.

Proof. Without loss of generality one can assume that —1 ¢ &U{v;}', so the
function 11n& maps the set & U{v;}!" to an interior part of the interval (0,2x]. By the
Fatou’s theorem (see Garnett [1], Ch.IIL, p. 125) there is a function @: T +— [—oo;0),
such that the pre-image of the set {—oo} coincides with &, w(e™) € L'(0,2x), w(&) is
continuous (taking into account the natural topology of semi-closed interval [—e;0))
on T and the function (&) has a continuous derivative on the set T/& . Next, let
a real-valued function y(&) is defined and has the continuous derivative on the set
T, w(§) >0 forall £ €T, w(§) is equal to zero in some neighborhood of the set
{v;}", but the pre-image of zero for y(&) has no intersection with &. Let o, (r) =
o(e™) x y(e), t €[0;2x], and let @ (t) be the conjugate of @ (¢) function, i.e.

1 2r

oy (1)

1—7
= — 01 (7)ctg ——dt
27 Jo 1(T)ctg )
(the integral is treated as a principal value integral). Due to the conditions imposed on
@ (t) the function @;(¢) is continuous on 1In(T\&) and is analytic as a real-valued

function in some neighborhood of the points %ln vi, j=12,...,m. Put an(t) =
m

w ()= |oy (vj)mjj-E (¢), the choice of the sign for n,i(t) is the following: it is “+”
j=1 ’
if w;(v;) >0, anditis “—" in the opposite case, the functions nf (¢) are the same as

in Proposition 2.1. Due to the construction of @,(z) the conjugate function (1) is
analytic as a real-valued function at points % Inv;,

1
G(5lnv)) =0, j=12...m, (2.14)

and for the function @,(¢) the inequality @,(¢) < 0 is fulfilled everywhere. Let us put
) 1 21 it
(&) =C(pe™)= —/ ‘ +§w2(t)dt . The function (&) is holomorphic in D
0

277: elt —
and continuous in DU (T\&") and its range is a part of the closed left complex semi-
plane, moreover due to (2.14) the equalities {(v;) =0, j=1,2,... ,m are fulfilled and
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the function §(&)/T1}L (& —v;) is bounded on the intersection T with some neighbor-
hood of the set {v;}}". Letus put (&) =¢(&)/(£(§)—1). Itis clear that the function
(&) has the required properties. [J

3. Some function spaces

Let us recall that U is a m-unitary operator satisfying Condition (1.3). Let us
choose and fix a basic model space LZ(€) for U, where o(t) is a non decreasing
continuous from the left function given on the segment [0,27]. Then o(r)

o(t) = o.(t) +os(t), (3.15)

where o,(1) and oy(¢) are uniquely determined non-decreasing functions such that
o.(t) generates absolutely continuous and o,(7) generates singular (including the ato-
mic component) measures with respect to the standard Lebesgue measure.

Due to Theorem 1.1 us(In(o(Uy1)Uo(Ussz))) =0, s0

tie,(In(0(U11)Uo(Us3))) =0 (3.16)

Next, let {g;(r) ’j‘-z | be a set of unbounded elements generating the space Z%(QE). In
concordance with the notations given in [17] (formula (4.4)) (compare also with [18],
formula (6.79)) we define

k
Ug(t) = (8/(1).801))e, joa=1,2,....k, G(t) =1+ 1;;(1). (3.17)
j=1

For simplicity we assume that
1 € o(Up1)Uo(Usz). (3.18)

Condition (3.18) means that the operator E,; is correctly defined and projects all the
space on .

Next, let numbers 0 = o < 0 < 0p < ... < Oy < O4u4+1 = 27 be such that
«{ei"‘-f};":1 =0 (U11)Uo(Usz), let Bj € (@), 0j11) be some fixed numbers, j=0,1,2,...
Then for ¢ € (o, 0j41) we put

Ve(r) = ﬁt‘ G(t)do.(t), vs(t) = ﬁt‘ G(t)dog(t), v(t) = ve(r) + vi(1). (3.19)

By the same way we introduce functions
ne(t) = /0 (1/G(t))doe(r), ns(t) = /0 (1/G(t))dog(t), n(t) = ne(t) +ns(t), (3.20)
where 7 € [0,27].

The space L%, is by definition the natural closure of the set of all continuous func-
tions given on [0,27] and vanishing on some neighborhood of the set {¢;}"_; . By the

)

n.
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similar way the spaces Lj_ and L} are introduced, the spaces L3, L%C, L,zh, etc, are
defined as usual.

Note that the spaces Lg and L3, as well as the spaces L§; and L3 , form compatible
pairs or, the so called Banach pairs (for details see [3] or [9]). Therefore, the spaces
LY+ L} and Ly N LY are well defined. In particular, the standard norm on L + L7, is
given by the formula

= inf .
I71=, inf {1Ailly + 12z

The space L5 N L2 can be considered as the adjoin one to the space Lk +L$, if the dual-

ity between these two spaces is given by the formula (f(¢),g(r)) = 02” ft)g()do(r),
where f(r) € Ly + Lj and g(t) € Ly NL3,.

An importance of above function spaces for our aims can be illustrated by the
following manner (see [17], Proof of Proposition 4.1 for more details).

PROPOSITION 3.1. Let the spaces Zé((‘f) and L +L% be related by Definition
1.1 and Formulae (3.20). Then for any function y(t) € L. +L,2,I there are vector-

Junctions g*l(t)vg()(t% ffl(t)vf()(t)w” 7fk(t) € L%(QE)’ such that

k
w(t) = (8100, f-1(1)) e+ (80(1). fot)) e + X (8;(1). £;(1)) -
j=1

Below we will also use the symbol uX for the standard Lebesgue measure of a set
X and the symbol L! for for the Lebesgue space of scalar complex valued absolutely
integrable functions, given on the interval [0,27], etc.

4. Constructing Alg,, U : first steps

We study the structure of AlgU in two stages. In this section we consider the
set of operators M(U), where M(&) is a polynomial such that M(U) is completely
defined by the basic model space of the operator U, and, next, some other functions
with similar properties. The second stage starts in Section 5. For the beginning let
us note that the spectrum of the operator Ussz is a subset of the set A and therefore
forms a finite set. Therefore &3 is a Pontryagin space, it is a finite-dimensional space
or can be presented as a m-orthogonal sum of two subspaces invariant with respect to
Uss such that the first one is finite-dimensional and the other one is positive. Thus, Us3
has the minimal polynomial M3(&): M3(Usz) = 0. Next, let My(E) (= M, (£)) be the
minimal polynomial for the finite-dimensional operator Uy (or Uyy), and My (&) be
the minimal polynomial for the operator U]| &, - In this case for any polynomial M &)
of the form

M(&) = M§(E)M5(&)Mp (E)Q(8), (4.21)

where Q(&) is an arbitrary polynomial, all matrix elements of M(U) with respect to
the decomposition
H=60D8, DG, B3O HY (4.22)
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are equal to zero with exception, maybe, for ones corresponding to the mappings o —
By, By — &y, Gy — B, By — &,. The exceptional elements By — &,, &, — &
and &, — &, can be calculated via the basic model space of U, but this way does not
work for &y — &;. Indeed, let W be an operator of similarity generated by L%((’E).
Let us define (see (1.9))

hj=WIgi(&), ¢j=Wg;(&), j=12... .k (4.23)
The equality Mo(Upo) = 0 yields Mo(e™)g(t) € L2 (€). Due to (1.1) Mo(e")M3(e) =
c-e” P My(e" )M (e™), where |c| = 1 and p is the degree of My(E)M3(&), hence (see
(3.17) and (4.21)) the integrals foz’rM(e”)qu(t)dG(t), j.q=1,2,... k, converge but,
generally speaking (see Example 1 from [19]),
2

(M(U)hj,e,) # A M(e")i()do(t), jq=1,2,... k. (4.24)
The latter problem can be resolved by the following way. Let us redefine (4.21)
M(&) = M3 (E)M3(E)Mr (§)0(8). (4.25)
Then (see the justification of Formula (9) in [19])
(M(U)hj,eq) = OzﬂM(eit)qu(t)dG(t), jq=12,... k. (4.26)

Everywhere below we put

M = {M;(§)Q(E)}, M = {Mg(§)M5(8)Me(£)Q(E)}, 4.27)

where Q(&) runs throw the set of all polynomials. Using the equalities like (4.26) let
us introduce values @(U) for some class of functions ¢(&). Note that we do not make
the assumption that the condition @(U) € AlgU is satisfied. Thus, let the function
¢(&) be such that the function @(e”) is measurable, defined a.e., uniformly bounded
on [0,27] and

2m .
/ 9(¢)|G(1)da (1) < oo. 4.28)
0
Let us introduce the operator (;; (U) as it is described (see (1.9) and (4.26)):

o
o Pl o(U) 5= Wid(WT)~!, where P! is the ortoprojection on
9l and @ is the multiplication operator by function @(e) act-
ing on L% (€);

~ <& o
o the subspace § is invariant with respect to @ (U) and @ (U)|$ =

wo' (W)~!, where ® is the multiplication operator by ¢@(e”); (4.29)

o (9 (U)hjeq) = [T @(e)j(1)do(t), jog=1,2,... ,k;

e all other elements of the matrix representation of the operator

<
¢ (U) with respect to the decomposition (4.22) are equal to zero.
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Due to (4.28) the operator (7) (U) is well defined by Conditions (4.29). The answer

<
to the natural question concerning the relation between ¢ (U) and AlgU is directly
connected (see below) with some properties of o .
Condition (4.28) is satisfied if @ (&) is such that

0(&) = y(E)Mg(E)M3 (&) M (£), (4.30)

where (&) is a holomorphic on D and continuous on DUT function. The next
proposition follows directly from Theorem 1.1 and comparison with Formulae (4.26)
and (4.29).

PROPOSITION 4.1. If a function ¢(&) has Form (4.30), then the corresponding

<
operator © (U) belongs to the closure in norm topology of the set of elements M(U),
where M(E) € M.

Let Alg,, U be the weak closure of the operator set {M(U)}, where M(&) runs
<

throw the set 9. Due to Proposition 4.1 the relation ¢ (U) € Alg,, U is fulfilled for
any function @(&) that have the representation (4.30).

THEOREM 4.1. Let X C T be a set such that its pre-image In"'(X) is mea-
surable both with respect to Lebesgue measure and g, moreover tg(In"'(X)) >0,
u(In=Y(X)) = 0 and for the closure X the equality X N (c(Uy;)Uc(Us3)) = 0 holds.
Then E(X) € Alg,, U.

Proof. As it is well known (see, for instance, [6], Theorem 1.18) for the measur-
able set X there is a subset X, such that X, is a finite or countable union of closed
sets and Ug(X\X.) = 0. Moreover, due to (1.2) E(X)($) is a positive subspace
and the inner product [-,-] defines on E(X)($) a structure of Hilbert space. Thus,
E(X)=E(X.) and E(X.) is a strong limit of projections, where each projection cor-
responds to a closed subset. The latter means that it is enough to prove the theo-
rem for the case of closed X. So, let us assume that X is closed. Then due to
Lemma 2.1 there is a function @(&), such that for ¢(£) Conditions ((2.13)) hold
with & =X and {v;}]' = o(U;1)Uo(Us3). Next, there is a natural number gy such
that all functions from the sequence 6;(&) = My (&)(@(&))%*, 1=0,1,2,... have

Representation (4.30), hence the sequence {51 (U)}y is well defined. Moreover, the
choice of the function (&) is such that the sequence {6;(&)}¢ is uniformly bounded
on T, everywhere on T converges to the function 6x(&) = My (&)xx (&), where
xx (&) is the indicator of the set X. Moreover, if 6(X) is an arbitrary neighborhood
X, then the sequence {(¢(&))'}; uniformly converges to zero on T\§(X). Thus,

o o <&
w—lim;_... ; (U) =0x (U), where the operator 8y (U) is defined by 7 (4.29). If X
is a single-point set, then the theorem has been already because in this case the opera-

<&
tor Ox (U) is up to a non-zero multiple a projection. In the general case the operator
E(X) can be obtained as the Riesz projection for the non-zero spectrum of the operator
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<
0x (U). Indeed, X C T is a closed set and its Lebesgue measure is equal to zero, so it

<
is nowhere dense on T and the non-zero spectrum of §x (U) can be surrounded by a
simple contour. [J

PROPOSITION 4.2. Ifapolynomial M(E) has Form (4.21) then M (U) eAlgyU.

Proof. If £ € C then the expression

- ()™
Zn(&) = o (4.31)
T
represents in fact a polynomial. If & = e”, # € (0,27) then %, (¢") — = for m — oo.
Next,
it 2 it
1— ) Zy(e" :)1—(K) Hl—ei. 4.32
(1= e")Zn(e")] m+1 (m+1—me") ( )

the expression (1 — e'").%,(e™) is bounded on [0,27] y trends to 1 forall £ # 0, 27. Us-
ing this construction one can prove the existence of a sequence of polynomials O, (&)
such that

e lim, . Qm(eit)Mg (ei[)M32 (e”) =1ift ¢ o(Uy)Jo(Us);
e lim, . Qm(eit)Mg (ei’)M32 (e”) =0if r € o(Uy)Uo(Uss);

e There is a constant ¢ > 0 such that |Q,(e")MZ(e")M3(e")| < ¢
forall t € [0,2n] and m=1,2,....

Latter Conditions jointly with the basic model representation for U and Equality (3.16)
show that
w = lim Mg (U)M3 (U)Qn(U) = M3 (U)M5 (U),

m-—oo

where w — lim is a symbol of limit in the week operator topology. The rest is straight-
forward. [

Let us present My (&) from (4.21) and (4.25) in the form
My (8) =M, () My (8), (4.33)

where M, (&) and My (&) are two polynomials with zero sets out of DUT and within
T T

D respectively.
PROPOSITION 4.3. If a polynomial M(&) has the form

M(E) = M5 (&)M; (£)0(E), (4.34)

then M (U) € AlgyU.
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Proof. One can removed first M32(U ) by the same way as in the proof of Proposi-

tion 4.2 and next M%,(é) using the idea of Proposition 4.1 replacing w(&) by MQA(‘%%) .

'H‘/
O
In the next discursion the polynomials (4.34) will play a special role, so we denote

R={M(&): M(E)=M;(§)Q(8)}, ={M(&): M(€)=M3(§)M%,(§)Q(§)}, (4.35)

where Q(&) runs throw the set of all polynomials. Now let us discuss on a functional
space in which the the functional set corresponding to Alg,,(U) could be embedded. It
does not mean that there is one-to-one correspondence between this set and Alg,,(U),
but it is clear that for any operator from Alg,,(U) there exists the corresponding func-

tion. Thus, let M(&) is defined as in (4.34) and the corresponding operator M (U) is
described as in (4.29). Then, in particular, for x,y € &, we have

i1 @l = [ M) 080 edo ), 36)

where (see Theorem 1.1) f(t) = W~ 'x, g(t) = W~'y. Then (f(),g(¢))e runs throw
the whole space LL. So, one can consider Expression (4.36) as a continuous lin-
ear functional related with M and defined on LL. If we have a sequence {N;(&) =

Mé(’g’)P%/(é)Ql(’g')} such that {[]f/l (U)x,y]} converges for every x,y € &, then due

to Banach-Steinhaus Theorem the sequence {N;(e")} converges in w*-topology to a
function ¢(r) € L. On the other hand, for (see (4.22) and (4.23)) hj € & and the
same x the expression

o 2

(M (U)x,hj] = A M(e")(f(1),8;(1))edo (1),

can be consider as a linear continuous linear functional acting on Lé(@) , S0, taking the
same polynomial sequence we get that Mg,(:) € L%(QE). Putting j =1,2,...,k and
taking into account that ¢(¢) € L we obtain (see (3.18) and(3.19)) ¢(z) € L?. So, for
every operator B € Alg,, U there is a continuous linear functional defined on L% + L,z,l ,
i.e. there is a function ¢(r) € L2 N L that corresponds to the model representation of
B or, in the terms of Definition 1.2, it is the portrait of B.

Note that, generally speaking, Condition (4.28) is not fulfilled for ¢(¢) € L2 NL,
because G(t) & L% —|—L% therefore (compare with (4.29)) we must explain a way to
define the set of numbers {[th,eq]}’ji 4—1- Another important question is related with
a description of the closure of the polynomial set £ as a linear manifold in the space
L3N L. Let us denote this closure as B. Note that B coincides with the set of
portraits for the operators from Alg,,U. The structure of B strongly depends of the
corresponding measure. Let us illustrate this statement.

Due to the definition of o,(¢) (see (3.15)) there is a Lebesgue integrable functions
o(t) > 0 given e.e. in segment [0,27] and such that for every ¢ € [0,27]

ou(t) = /0 " w(t)dr. 4.37)
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Below the symbol uX means the standard Lebesgue measure of a set X .
In [19] it was explicitly proved (see Theorem 5) that if

u{r: o(t) =0} >0, (4.38)
then B = L2 N L3, and implicitly it was shown (see Theorem 2) that B # L2 N LY if
u{t: o(t) =0} =0. (4.39)

In the next section we present a complete description of B for the case (4.39).
As a previous analysis let us consider the expression
2 .

Bjy(M) = A M(e")1j4(t)do (1) (4.40)
with M(e™) from (4.34). It can be treated as a linear functional well defined on £ and
(maybe) unbounded with a dense domain in 8. The unboundedness of at least one of
these functionals takes place if B = L2 NL, but if B # L2 NLY the situation can be
different. Let us given two examples.

EXAMPLE 4.1. Put g(r) = ,, — and take the linear span of g(7), L? and a formal

vector & as a Hilbert space $. In the latter space put ||g(¢)|| = ||4|| = 1, g(¢) L h L L?
and define a Hilbert structure on L? as usual. Next, introduce on $ a Pontryagin
space structure using a fundamental symmetry J as follows: Jg(¢) = h, Jh = g(t).
Finally, put Ug(t) = eg(t) = 1+ g(t) — th, Uh=h, Ue™" =1 —h, U™ = £/"+11
forn=0,1,£2,43,.... Itis easy to check that U is a & -unitary operator B is aone-

dimensional subspace spanned by h, My(§) =& —1 and 1,(r) = (e,,—l) Thus, in

this case there is only one functional (4.40). The direct calculation brings fo e (e
1)1y (t)dt = 0 forall m =0, 1,..., therefore ¥, (M) = 0.

it

EXAMPLE 4.2. Here the construction is similar to one in Example 4.1, J acts un-
der the same rules, but g(t) = 1( In(2sin%)+i(5%)), 1 € (0,2m). Then €"g(r) =

g(t) +v(r), where v(r) = (—In(2sin§) +i('5%)). Note that in L?
sodue to (1.5) Ue™ = "1 for n=—1,0,1,2,... and Ue ™ = ¢~ "=1r — _L_p, for

n=2,3..., Uh = h, moreover taking A =0 in (1.5)) we can put Ug(¢t) = 1+ g(t) —
3 fozn |v(t)|dt - h . Note that due to (4.41) we have the following representation

7117[

4.41)

+°° oo
:Zoqe wherea_l—azz l:0717...,

or, after a transformation,

oo
o =1, (XZZYEE, l=2,3,...,SO ZOQZOO.
=0
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So, 111(t) = [§0)P = 74 |0, 50 G(T) = 1+ 755 [v(1)>. Let us consider

the sequence {Qp(e" ):( it 1)2L,,(e")}7, where £,(e") is defined by (4.31). Tt
easy to check (see (4.32)) that this sequence is bounded in B : f02” |Om(e")|?G(t)dt =
0" l(e" = 1220 ()| (e" —1)? — v (1)|?|dr. Next,

2r . 2 . i
0n(eun(1)do() = = [ e Lol u(0)Pdo ()

2 m2—1 )
L () ermopaot)

0

m*—1

m P
== 3 (o) @ o
p=0

Thus, the corresponding linear functional (4.40) is unbounded.

Generalizing a few the above cases let us consider a collection of functions {v, ()}

g=1
such that for every g: M§(e")v,(¢) € L and let us consider the corresponding collec-
tion of linear functionals {Tq}21:1 defined (compare with (4.40)) on £:
21 .
Y, (M) = M(e")vy(t)do(t), q=1,2,....m. (4.42)

0

DEFINITION 4.1. The collection (4.42) is said to be linear independent modulo
$B* if its unique linear combination extendable on whole ‘B as a continuous linear
functional is trivial (i.e. all its coefficients are equal to zero).

LEMMA 4.1. Let functionals Yy, Ya,..., Y, be as in (4.42). Then they are lin-
early independent modulo B* if and only if forall g =1,2,...,m

sup {7y (M)[} = o-.

M€ﬂj1 lj#qurYj, HMHL‘Z/QL‘;_ZI

The proof of Lemma 4.1 is omitted because it is directly follows from Hahn-Banach
Theorem (see also the proof of Lemma 2.4 in [17]).

5. A concept of equivalence for some functionals
In [19] the following theorem was proved:

THEOREM 5.1. Let Z%((’E) be a basic model space for U. Then U~ € AlgU if
and only if Condition (4.38) is fulfilled.



ON A FUNCTIONAL CALCULUS IN PONTRYAGIN SPACES 987

Thus, for our aim we need to impose on basic model space of U Condition (4.39).
Let us define an additional functional space. First, we put

6<é>—ep[1/2”'.’+51 1+2||g, ool 64

2r et

Then Hé((’i) is by definition the set of holomorphic in D vector-valued functions f(&)
with the range in €, such that f(&)G(&) € H2(€), by the same way the spaces Lé(@)

and Li/a(é) are defined, i.e., for instance, ¢(¢) € Li/a(é) if and only if ¢(r)/G(e") €

L2(¢).
Since the structure of B* is not yet discussed we try in a first step to compare
unbounded functional using Lé + L% . Let us recall Representations (4.21) and (4.33).

DEFINITION 5.1. Two given on [0,27] us-measurable functions @(¢) and y(z)

are called 91 -equivalent ( 2 ) if Condition
Mg (e")o(r), M3 (") (1) € Lg (5.44)

is fulfilled and for all polynomials Q(&) Equality
2 . 2,
| e o) - windo(n =0 (545)
holds, and 9V -equivalent ( o ) if Condition (5.44) is fulfilled and Equality

2n . . .
[ a@mienms (@) {00 - wo}dot =0 (5.46)
holds for all polynomials Q(&).

REMARK 5. 1‘. The notion of 9’ -equivalence lost sense if Hv = {0}, so in this
case we put Mv/ (e") = 1. Below it will be proved that 2’ -equivalence can be reduced
T

to M -equivalence in the case Hv # {0} too. Note also that in Definition 3.15 we take
into account Proposition 4.3.

The following lemma describes a special case of 9T-equivalence.
LEMMA 5.1. Let o(t) =1 and @(t) be such that
M3 (e o(t) e L. (5.47)

Then one can find a function y(t) € L' —|—L%/G such that @(t) 2 (1) if and only if

sup {| | <p(t>N(e"’)dt|}<oo7 (5.48)
N()ex
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where X is the set of all polynomials from M such that

2
/ G(e")N(e")[Pdr < 1, max {IN(e")[} <1,
0 1€[0;2x]

i.e. |[N(e' )HCO271']QL2<1‘

Proof. First, let us prove the necessity of Condition (5.48). Thus, let as assume

the existence of y/(r ) eLl'+12 /G such that o(1) z y(t). Then due to Definition 5.1
FEo(t)N(e")dr = [37 w(1)N(e")dr for all N(E) € X. The integral [;™ w(t)N (e )dt
represents a continuous linear functional on C|0,27] OL%, so the necessity of Condition

(5.48) is now evident and we go to its sufficiency. Thus, let (5.48) be fulfilled. Then
one can consider the expression

2n

P(1)N(e")dt
0

as (see (4.35)) a continuous linear functional on & C CJ0,27] OLZG. Due to Hahn-
Banach Theorem and the structure of the space dual to C[0,27] |’1L26 (see [3] or [9])

there are functions ¥ (¢) and ¢(z) such that ¥(0) =0, ¥(¢) has on [0,27] a bounded
variation, is continuous from the left and satisfies to the condition

if Mo(e") = 0 then ©(tg +0) = ®(10), (5.49)
sit)yel? / and for all entire non negative numbers m

2n o 2 L 27 L
POMF ()™ dr = [ M3 vy + [ M (0
0 0

Due to F. and M. Riesz Theorem on analytic measures (Garnett [7], Chapter II, Sect.3,
Theorem I1.3.8, Hoffman [8], Chapter 4, Page 47) we have that the following function
of bounded variation

/(p M() lt /MO it d,ﬂ /M2 lt

is absolutely continuous and analytic, i.e. there is a function (&) € H 1(C) with bound-
ary values {(e"), £(0) =0 such that

/Cltdt /(P Mz”dt /M2”dl9 /M2lt

The latter means that the function of bounded variation ¥(¢) is absolutely continuous
for all segments [o, B] C [0,27] such that M(e") # 0 for ¢ € [, B]. Due to Condition
(5.49) it gives that ¥(z) is absolutely continuous on the whole interval [0,27x]. Thus,
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there is a function 7(¢) € L' such that ®(t) = [§ t(t)dr and @(t) = {(e")My2(e™) +
7(¢) + ¢(r) . Moreover, for all N(&) € R we have

NG Mg = [ 0"t = 270(0)(0) =0,

0

so we can put W(t) = t(¢) + ¢(¢) because in this case y(t) € L! +L%/G. O

DEFINITION 5.2. Let all functions of the collection {¢;(r)}]" satisfy Condition
(5.44). This collection is called 9M-linearly independent (M’ -linearly independent)
with respect to LY +L% , if for every non-trivial linear combination @(z) of these func-
tions there is no one function y(¢) € L, + L,27 such that

The reference to the space L. + L,27 can be omitted.

PROPOSITION 5.1. If ¢(r) z y(t) or (1) b y(t) then ug {t: o) £y()}=

Proof. Due to F. and M. Riesz Theorem on analytic measures and the conditions
of Proposition 5.1 the complex valued Borel measures M3 (e"){o(t)—y(t)}do(t) and
M3(e")My (e"){(t) — w(t)}do(t) are absolutely continuous, so their singular parts

’]I‘/

M3 () {9(r) = (D)} do(r) and M3 ()M (") (1) — y(r)}dox(1)
must be equal to zero. Thanks to (3.16) the rest is straightforward. [

PROPOSITION 5.2. Let Condition (4.38) be fulfilled for the measure . If func-
tions @(t) and y(t) are M-equivalent or M’ -equivalent then Us{t: (1) # w(1)} =
0.

Proof. Due to Proposition 5.1 we can assume that 6(t) = o.(r). Next, let ¥(¢)
be an arbitrary function such that ©¥(z) € LL. Then thanks to Szeg6é Theorem (see [7],
Chapter IV, Theorem 3.1 or [8], Chapter 4) and Condition (4.38)

2r . .
n;f/ 11— e Q(eM)]2|0(1)|da () =0,
0

where Q(¢) runs throw the set of all polynomials. Thus, there is a sequence of polyno-

2r . .
mials {Q,,}7 such that lim / |1 — e Qp(e)[*|0(r)|do(r) = 0. Now let us assume
m—eo [

2
that/ M9 (1)da(t) =0, k=0,1,2,... .
0
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Then

2 ) . 2n . .
| e = e npdo| < [ le = 0uleB0ldo()

= [T eoneniwo s
< { [T —e”Qm(e”)zﬂ(f)dﬁ(t)}l/z { / 2”ﬂ<z>da<t>}l/2 —o,

5o JiTe 19 (1)do (1) = J37 (e — Om(e")) D (1)do (1) = 0. The same reasoning apply-
ing to the expression [ (e~ — e~ Q,,(¢"))(t)do (1) gives [3" e 2 ¥ (t)do(1) =0,
etc. Thus, all Fourier coefficients of the measure ¥(r)do(t) are equal to zero. As
it is well known (see, for instance, [14], Chapter VII, Part 1, Item 5) a function in
L' can be uniquely restored via Fejér sums, the latter brings (let us recall (4.37)) the
equality ¥ (z)w(z) = 0. Now one can conclude the proof taking as ¥(¢) in the first step
M3(e"){o(t)— y(t)} and Mg(ei’)M%,(e”){qo(t) —y(t)} in the second one. [

The following proposition is a direct corollary of Proposition 5.2.

PROPOSITION 5.3. Let s satisfy Condition (4.38) and functions from a system
{@;(t)}" satisfy Condition (5.44). Then the latter system be M -linearly independent
(9N -linearly independent) with respect to LY. +L% if and only if it is linearly indepen-
dent modulo L(l7 + L% , Le.

m
ifEaj(pJ-(I) S Lé-—FL% thenoy =0p =... =0, =0.
1

LEMMA 5.2. Let ¢(t) satisfy Condition (5.44) and () satisfy Condition (4.39).
Then ¢(t) has an M -equivalent function y(t) € LL + L% if and only if

2n .
swp {1 [ Nieotaoo] f < (5.50)
NEex Lo

where X is the set of all polynomials N(&) = M3(E)Q(&) suchthat |N(e™) HL;QQL% <.

Proof. The necessity of (5.51) has the same justification as the similar one in
Lemma 5.1, so we go to its sufficiency. Denote

c= sup {|/02”N(eff)¢(t)do(t)}. (5.51)

N(&)ex
Next, let X be a number set such that

X C[0,2n], Xisclosed, uX =0, UsX >0, XNo(Uy)=0. (5.52)
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Let us choose an arbitrary continuous on {e”},cx function 0y (&) such that

zt < lt 2
max{|6x (¢")[} < 1, /|9 )2dv(t) < (5.53)

Due to Rudin-Carleson Theorem on a peak interpolation set (see [7], Part III, Section
“Exercises and further results™ or the original papers) there is a function 6(&) holo-
morphic on D and continuous on DUT such that ||0]| g~ = Max,cx {|0x (¢")|}. Note
that, generally speaking, 6(e) & L2(C) but 8(e")@P(e") € L2(C) for a suitable nat-
ural p, @(&) was introduced in Lemma 2.1, {v;}]' = 6(Un), & = X. Moreover,
for every & > 0 there is a natural number pe such that [;"|0(e")?(e")Pdv(t) <

(14¢) [x |8x(e")[>dv(t) for p > pe. Next, for sufficiently big p the function %Eg
is holomorphic on D and continuous (see (2.13), item ¢)) on DUT. Thus, the latter
can be uniformly approximated by polynomials Q(e'), so the functions @”(e’) can
be approximated by polynomials from the set (14 €)X mentioned in (5.51). Finally,
the sequence {6 (e")@P(e™)} has the pointwise limit equal to Ox (e”) if # € X and O if
t € [0,2m]\X . Taking into account all these steps one can attain the following estima-
tion

sup {] [ 6x(e")o(e")do ()]} <c. (554)
OxeVy X

where X is under Conditions (5.52), ¢ is the constant defined by (5.51), Uy is the set
of all continuous on X functions subordinate to Conditions (5.53). The latter means
that

o(eMxx(1) € Lo+ 1Ly, (5.55)

where, as usual, yx(¢) denotes the indicator of the set X . Now let us split the segment
[0,27] into two subsets X (1) and X in such a way that separates absolutely con-
tinuous and singular parts of the measure: X() N X2 =0, Ay (t)do(t) = o(t)dt,
Xx@) (1)do(t) = (r)dt. Then (5.55) yields yy @ (1) (t) € LS, —|—L2 so after this ob-
servation we can assume o (¢) = 0.(¢). Under this hypothe51s and Condition (4.39)
Condition (5.50) takes the form

2n
sup {| [ N(eMo(@t)o(t)dt|} < oo. (5.56)
N(Eex. 70

where X, denotes the set of all polynomials admitting the representation N(&) =
MG (§)Q(&) such that [N(e”)||cig.azz2 < 1. The next steps that use Inequality (5.56)
are similar to the corresponding ones applied during the proof of Lemma 5.1 so we give
their short description only. Due to (5.56) one can consider the expression

T oo ()

0

as a continuous linear functional on & C C[0,,27] N L . Thanks to Hahn-Banach The-
orem and the structure of the space dual to C[0,27] ﬂL%,C (see [3] or [9]) there are
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functions ¥(z) and g(¢) such that ¥(0) =0, ¥(r) has on [0,27] a bounded variation,
is continuous from the left and satisfies to the condition

if Mo(e") = 0 then ©(rg +0) = ®(19), (5.57)

¢(r) e L,%C and for every entire non negative number m

2ﬂ¢([)M3(€ ) "de / M2 lt) lm[dﬂ +/ M2 zt) zmtg( )dG()

Due to F. and M. Riesz Theorem on analytic measures we have that the following
function of bounded variation

/¢ (M3 (e")do (1) /M2 v (i /M2 g (1)do (1)

is absolutely continuous and analytic, i.e. there are function {(&) € H 1(C) with bound-
ary values {(e"), £(0) =0 and 7(t) € L! such that

L(e") = 9(1)M5 (") @ (1) — MG (e")T(t) — M (e")g (o (1),

i.e.

Next, [¢"N(e"){(e" )My (")~ (1)do (1) = [ Q(e")C(e")dt = 2mQ(0)£(0) =0
forall N(&) € &, so we can put y(t) = 7(t)o ' (t) + ¢(¢) because in this case y(t) €
L. +L% and the difference ¢(r) — y(z) is “orthogonal”’to K. [

LEMMA 5.3. Let afunction ¢(t) satisfy Condition (5.44) and let the weight func-
tion (t) satisfy Condition (4.39). Then ¢(r) £ v (t) for some y(t) € LL +L% if and

only if
sup {/ N(e™) ()}<oo, (5.58)

where Q) is the set of polynomials N (&) with Representation (4.34) and such that
[N (e )HLN 2 < 1. Moreover, if Condition (5. 58) holds then there is (maybe) another

function yy(t)) € L —i—L,z1 such that that ¢ (¢ ) ~ y(t).
Proof. There are two positive constant a and b, a < b such that a < |Mv/ (") <b
T

for all 7 € [0,27]. Taking into account this fact it is easy to transform Condition (5.58)
to a condition like (4.25)

s {/ N(e" )M ( )¢(t)d6(t)}<oo, (5.59)
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where ¢(t) is replaced by My (e”)¢(¢). Due to Lemma 5.2 the latter means that the
T/

necessity of Condition (5.58) was already proved, moreover, for the proof of the suffi-
ciency of the same condition we can assume that 6(7) = 0.(z). Under this hypothesis
Condition (5.59) takes the form

2r . .
sup {| [ N(e")Ms (eM)9(r)o(o)di]} < oo.
N(Eex 0 v
The latter and Lemma 5.2 bring Myw (eM)o (1) z y(t) € L§ + L3, so due to mentioned
above F. and M. Riesz Theorem on analytic measures there is a function ¢ (&) € H!'(C)
such that ‘ _ o
M; ()M, ()9 (1) — y(@)]o(r) = "5 (")
: it (it
v e

M (o) " M (M (Do)

or

o) =

Note that (() ) €Ll 4—L2 so we need to analyze the second summand only. The

'H‘/
function §y(&) = 1\52(55) is holomorphic on I and the function ¢ (§) = Afg(&) 3 is mero-
morphic on D and has here finitely many pols. Let K(&) be the Hermlte Birkhoff in-
terpolant for §y(&) with the set of interpolation points that coincides with the zero set

of Mv (5) taking into account the multiplicity of zeros. Due to this choice the function

y(é) = 40(5) i 5)@) has within D removable singularities only. Then
']1‘/

izc( it) et ) ei’K(ei’) ”K(e”)
1

1
M (o)~ o alo, (@) (@l <

v(eMg(e") _ Ele") —K(eDMG(e")
20 M, (e)o(i) o

and [;"e"y(e o (1)N(e")da(t) = [37 e y(e" )M (e")Q (e )dr = 0 for all N(&) €
K. The rest is straightforward. [J

Taken together, Lemma 4.1 and Lemma 5.3 yield the following result.

COROLLARY 5.1. Let a function set {vy(t)};_, be such that M3(e")v,(t) € L
for all q and let the corresponding set of linear functionals {Y’q};"z | be defined by
(4.42). This function set is 9N -linear independent with respect to L}, + L% if and only
ifforall q=1,2,....m

sup {7y (M)[} = o-.

Me KerY;, |M w=1
e M1l 2000

Jj=1.j#q
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COROLLARY 5.2. Let a function set {q(t)}y_, be such that M3(e")v,(t) € LY

for all q. Then this set is M -linear independent with respect to Lk —l—L% if and only if
it is M -linear independent with respect to the same space.

6. The case in which AlgU is not a WJ* -algebra

Let G(U) be the collection of operators {S} that can be presented (see Decom-
position (4.22)) as
00000
S100000
s=|o0o0000], (6.60)
00000
00000

where Sp1: &9 — & runs through all operators such that (compare with (4.26))

k , k
it Y oigtig(t) ™ wit) L+ L2, then Y atg(Shj,eq) = 0. (6.61)
Jq=1 Jq=1
Note that if Condition (5.44) is fulfilled then due to Proposition 5.3 Condition (6.61)
can be replaced by the following condition

k k
if 2 Oququ(l) GL(l)--FL,zﬂ“ then 2 Oqu(Sl()hj,eq) =0.
Ja=1 Ja=l
The latter was used for the definition of G(U) in the paper [19] that was mainly con-
cerned with the case (5.44).

Let ¢(r) be Us-measurable bounded function defined on [0,27]. Let us denote
by ¥, (U) the set of operators B € AlgU any of which has ¢(r) as a portrait (see
Definition 1.2 and Formula (1.10)). It can occur that %, (U) = 0 for some ¢(z), but,
for instance, ¥,(U) # 0 for ¢(r) =0.

PROPOSITION 6.1. &(U) =% (U)NAlg,U.

Proof. 1If Condition (4.38) is fulfilled then due to Proposition 5.3 the statement of
Proposition 6.1 was proved in some previous papers (see, for instance, [17] and [19]).
On the other hand a way that we apply here does not depend, roughly speaking, of
Condition (4.38).

Let S € Alg,, U . Then for any collection of vectors x1,x2,...,X¢,y,z € &, and the
collection hy,hy, ...  hy,ey,ea, ... e, defined by (4.23) there is a sequence of polyno-
mials {Q;(&)}7 such that

lim(Ajlg(U)M%/(U)Qz(U ,2) = (Sy,2),

[—o0
Jim (M3 (U) My (U)Qu(U)hx) = (Shyox;), (6.62)

[—o0

o
lim (M2 (U)ijr,(U)Ql(U)hj,eq) = (Shj,eq), j,q=1,2,... k.
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Since S € % (U) then
(Sy,2) =0, (Shj,xj) =0, j=1,2,... k. (6.63)

As it was shown in Proposition 3.1) every function w(z) € LL + L,21 accepts the repre-
sentation

[ 0 M o) = MW)G )2 +
J

k
(MU)Qi1(U)hj,xj),

=1

$0 (6.61), (6.62) and (6.63) yield % (U) N Alg,,U C S(U). Now let S € S(U) and let

E be a subset of the set {(Lq)}’; g=1 such that {14 (t)}j g)ez is a maximal linear 90'-

independent subset of the set {j4(r)}%,_ ;.

there is a polynomial sequence {M3(&)My (é)Ql(’m’qO)(é)}?ll such that
’]I‘/

Due to Corollary 5.1 for any (jo,qo) € E

Jim [|A5 (¢ )My ()01 ()] 35 = O,

4 .
Jim (M ()M, (U)Q7™ (U )y eq0) = (Shigeqs).

lim (M5 (UM, (U)Q)" ) (U)hj.eq) = 0. (j.4) € E. (j.q) # (jo.0).

[—oo

The latter yields S € 4 (U)NAlg,,U. O

In [19] the following result was obtained.

THEOREM 6.1. If U is such that (4.38) is fulfilled, then %,(U) N Algy, U # 0
if and only if @(t) € L3 NL%; if By is a fixed operator from 9(U) N Algy, U, then
Yo(U)NAlgy U = {Bo+S}tses()-

Before going further, let us make a simple observation concerning the space H*(C).
It can be treated as a space of uniformly bounded holomorphic functions on ID. These
functions have bonded values: f(e) = lim, . _o f(re'), the limit exists a.e. with re-
spect to the standard Lebesgue measure, one can say also that f(re') converges to
f(e™) in the weak* topology on L=, see, for instance, [8], P.33. The latter gives a
possibility to treat the space H*(C) as a subspace of L. The analogous remark on the
couple Hé((C) and L%,C is valid too. The latter gives a possibility to consider the space

(HéOH""((C))—F(L‘Z,".Y ML) asasubspace of L3 NLY .

THEOREM 6.2. If U is such that (4.39) is fulfilled, then 4,(U) N Algy, U # 0 if
and only if @(t) = M%/(e”)u/(t), where y(t) € (HéﬁH“(C))—i—(L‘;v NL});if By isa

fixed operator from Gy (U) N Algy, U, then 9,(U)NAlgy, U = {Bo+ S}scsu)-

Proof. Due to Theorems 4.1, 5.1, 6.1 and Relation (5.55) we can assume o(t) =
oc(r). If (4.39) is fulfilled and d is as in (1.7), then —“—d € L(&), where n =

o(f)
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0,£1,42,.... If @(e") is a portrait of B € Alg,,(U), then for every natural N there is
a polynomial sequence {M;(&) = Mg(é)M%/(é)Ql(N)(é)}le such that

int

e 2 o 2n L.
[ \/_ \/_ ] p(e")e™dt = llim M;(e")e™dt,
0 —e Jo
where n=0,+1,+2,..., 4N . This yields [7" ¢ (e )e™dt =0 forall n=1,2,.... So,
there is the holomorphic in ID function @(&) such thata. e. lim,_,;_o @(pe”) = @(e").
Due to Proposition 3.1 @(e") € L= N L2, in particular, [;™ |p(e")[>G(1)w()dt < .
The latter thanks to @(e”) € L can be transformed into the condition [5™ ¢ (e™)[?(1+
2’;:1 18;(1)]|%)@(1))dt < . So (see (5.43)), @(&) € (H(%ﬂH""((C)). Suppose now
that & is a zero of Mqu/(é) with a multiplicity mg. Then md € Li(6),

j=1,2,...,my and there is a polynomial sequence {M;(§) = Mg(é)M%,(é)Ql(é)}le
such that

2 4 (o)l
—————dt = lim i(ef)e”

ei ] /271- (P( lt) it
e” &)/ o \/ 0 (e"=8)  i==Jo (e —&)

where j=1,2,...,mq . But for the same j

. -_1 ; 2 ll ll 2 M
eU=D(&) = U > ) /0 (Z)‘t dt and / l =0,

——dt,

The latter yields Mq’v@(%) € (Hé NH=(C)). This concludes the first part of the proof.

T
Now we need to prove that if ¢(&) = u/(é)Mqul (&), where

w(§) € (HZNH(C)), (6.64)
then ¥,(U) NAlgy, U # 0. As a previous step let us consider the function ¢(&) =
w(&E)My (E)MF(E)MS(E). Let Cy(pe™) be the Cesaro means of the Fourier series

T/
for y(pe™). Condition (&) € (HéﬂH“’((C)) means that C,(pe”) is a polynomial
of & = pe. Take an arbitrary collection of vectors x1,x2,...,X,,z € &, and the

collection &y, hy, ... hy,eq e, ... ,ex defined by (4.23). Put fi(t) = W lxy, fo(t) =
W lxg, oo i) =W lxg, u(t) =Wy, v(t) =W~ !z. Then

(G (UM (U )M (U)M3(U)y.2]

o . . .
= /0 Cn(e”)Mqu,(6”)1‘/16‘(6”)1‘/131 (€") (u(t),v(1))sdo (1),

[Ca(U)M, (U)M5 (UM (U)hj,x)

2r . . . .
= [ Culen My (S (M) 1), S (1)), = 1.2,k
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(Gl UM, ()M (UM e,

= n(e”)M% (e" Mg (e )M5 (" )14(t)d o (1), j,q=1,2,... k.
O A

The functions (u(r), (1)) (1), Mo(e")(Z1(t). £5(0)) £ (1), M3 (¢")1jq (1) (1) are ab-
solutely integrable and, as is qul known (see, for instance, [8], page 19), the Cesaro
means C,(e") converges to y(e") in weak-* topology. These yield

6 (U) = w—lim C,(U)M; (V)M V)M V).

n—oo

Now let us apply the scheme like in Proposition 4.2: using the polynomials (4.31) we
construct a sequence of polynomials O, (&) such that

o limy—.co Qu(e" )M (e )M5(e") = 1 if t & 6(Upo) Uo (Uss);
o limy—.co O (e )Mg (e )M5(e") = 0 if 1 € 6(Upo) Uo (Uss);

e There is a constant ¢ > 0 such that |Q,,(e” )M (e )M3(e")| < ¢
forall r € [0,27] and m=1,2,....

=

o
Now let us define the sequence of operators {¢,, (U)}>_;:

6, (U)=w—lim CulU)Qu(U) M, (V)M (UM V). (6.65)

n—oo

Then

o 2n

[0 (U)y.2) = | W(e""‘)Qm(e”)Mqu,(e”)MS (e")M3(e") (u(r),v(1))sdo (1),

[(Zm (U)hj,x;]

2r . . . . .
= /0 W(e”)Qm(e”)ijr, (€")Mq (e")M5 (") (gj(1), f(t))edo(2), j = 1,2,... k,
Due to Condition (6.64) the functions

(w(eMu(t),v(1)s@(t) and (w(e")g; (1), f;(1) s ()
are absolutely integrable, so,
o 21

lim [9,, (U)y,2] = | w(e")My (") (u(t),v(r))sdo(r) and

m—o0 0 4

© 2n . .
ngllgo[qu (U)hjrxl} = 0 l//(en)M%,(6”)(gj(l),fj(t))(g’dc([), J=12,.. k.

On the other hand, the convergence of the sequences

=

{[&fm(U)h,-,eq}} Lha=120k

m=
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cannot, generally speaking, be garanteed, therefore we need to modify (6.65). Acting
as in Proposition 6.1 fix a subset = of the set {(j,q) .];751:1 such that {1j4(¢)}(j g)ez is
a maximal linear 90 -independent subset of the set {1j,(¢)}5,_,. Select an arbitrary

set of numbers {bj,}(j4ez- Due to Corollary 5.1 for every (jo,qo) € Z there is a
polynomial sequence {M3( )M%/(é)QE,{O’qO)(é) *_, such that

lim HM(% (eit)M%/(eit)QEr{0=40)(eit)||L‘2/ﬁLz e O,

m-—oo

1im ({6, (0)+ M UMy (U)K ) i eay) = B
Jim (M5 (U)My, (U)Q4" ) (U)hj.eq) =0, (j.q) € . (j.q) # (jo- o).

The rest is straightforward. [

THEOREM 6.3. Let B€ AlgU. Then B= Q(U)+F, where Q(&) is a polynomial
and F € Algy, U.

We omite the proof of this theorem because it can be realised on the base of The-
orem 0.2 by the same way that was applied in [17] proving Theorem 4.23 on the base
of Theorem 4.7.

Closing remarks

The results concerning a similar circle of problem for normal and, in particular,
for unitary operators in Hilbert spaces are well known, see [12] for detail analysis. The
proof of Lemma 2.1 (including Proposition 2.1) is presented here for the first time. The
treatment of unbounded elements in Section 5 differs from one in [19] due to Condition
(4.39) that yields U~! ¢ AlgU. A similar remark is valid for the notions and results of
Section 6.
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