oerators
nd
atrices

Volume 15, Number 1 (2021), 1-15 doi:10.7153/0am-2021-15-01

INTEGRAL REPRESENTATIONS OF SOME
FAMILIES OF OPERATOR MONOTONE FUNCTIONS

YoI1CHI UDAGAWA

(Communicated by D. R. Farenick)

Abstract. We obtain an integral representation of holomorphic function Py(z) which is real on
the positive part of the real axis and formed

Pul) = ("“2“)é x>0

For this purpose we define a two variable function which is substituted for an argument 6, and
also find an explicit real and imaginary part of P (x+iy).

1. Introduction

Let % be a complex Hilbert space with an inner product (-,-), and #() be
the set of all bounded linear operators on .#. An operator A € () is said to be
positive if and only if (Ax,x) > 0 for all x € 7#. We denote a positive operator A by
A > 0. For self-adjoint operators A,B € #(), A < B means B —A is positive. A
continuous function f(x) defined on an interval 7 in R is called an operator monotone
functionif A < B = f(A) < f(B) holds for every pair A, B € () whose spectra
o(A) and o(B) lie in I. A typical example of it is x* for o € (0,1), this claims
0<A<B = A* < B” for 0 < o <1 ([4], [5]). This inequality is so famous and
called the Lowner-Heinz inequality. This inequality also asserts that

A*—1 B%—1I
<

S

(04 (04

holds for o € (0,1), and by tending o\, 0, both sides of the above inequality converge
to logA and logB in the norm topology, respectively. From this fact, we can conclude
that the logarithmic function logx is operator monotone too.

We call f(z) a Pick function if f(z) is holomorphic on C* = {z € C | 3z > 0}
and satisfies f(CT) c C*. By Lowner’s results ([1], [5]), a real function f(x) is
operator monotone if and only if a complex function f(z) is a Pick function. Strictly
speaking, an operator monotone function f(x) defined on an interval (a,b) has an
analytic continuation to the upper half plane as a Pick function, and, conversely, if a
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Pick function f(z) satisfies f((a,b)) C R for an interval (a,b), then the restriction
of f(z) to (a,b) is operator monotone. For example, we have confirmed that logx
is operator monotone on (0,), and, indeed, the logarithmic function has an analytic
continuation to the cut plane C\ (—e,0] as a Pick function

Logz :=logr+i0,

where z:=re’®(r >0, —m < 6 < ). Moreover, it is well-known that a Pick function
f(z) has an integral representation

r=aztB+ [ (5o ey ) 8

where @ >0, B € R and u(A) is a nonnegative Borel measure on R such that

< 1

The measure i in (x) is called representing measure of f. We remark that if f satisfies
f((a,b)) C R for an interval (a,b), namely, f is an operator monotone function on
(a,b), then the measure y has no mass on (a,b). In particular, if f is an operator
monotone function on [a,b), then the measure (& has no mass on [a,b). Recently
F. Hansen showed interesting results about the representing measure of an operator
monotone function on (0,e0);

THEOREM A. (Hansen [2]) Let g: (0,00) — R be an operator monotone function
which has an integral representation

g(x) :ax+ﬂ+/0m <7L2L+l_ %ﬂ) dv())

where V(L) is a positive measure on the closed positive half-line [0, ) with

-
/0 PR

Let V be the measure obtained from v by removing a possible atom in zero. Then

h(0)

gii%%Sg(—tJris)h(t)dt: T v{o}) + /Owh(l)dfi(l)

for every continuous, bounded and integrable function h defined in [0,e0).

It is also known that constants ¢, B and measure y(A) which appear in the above
integral representation (%) is found as

( y)

B =R{(). mdu(d) = limSf(A +iv)d2,

v~>oo

where the last limit is in the vague topology. Following this method, we can easily get
o and B. Butit is little harder to obtain measure t1(A) than previous case, because we
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need to find not only a limit of a family of functions but also convergence in the vague
topology. For this purpose, it is usually required for us to show that a convergence
theorem is applicable to Sf(A +iy). However, there are some functions such that we
can confirm the validity of its integral representation only using a simple computation,

for instance
zlogz @ /0 1 A A
DL = = — — .
@="=7=37 m</l—z 7)o

Note that a “real” function DL(x) can be extended continuously to [0,e) by DL(1) =1
and DL(0) = 0. This function is also known as the representing function of the dual of
the logarithmic mean ([6]). In [6], we proved that the imaginary part of DL(z) satisfies

0 < 3DL(re'?) < 6

for z = re’® € C*, where 6 is an “argument” of z. Hence exp{DL(x)} is operator
monotone on (0,0).
The 1-parameter family of functions {Py(x)}qe(-1,1]3

x*+1
2

1
o

P = (“54)" cr<asy)
is one of the most famous family of operator monotone functions, and also known as
the representing function of the Power mean [7]. When we confirm operator mono-
tonicity of Py(x), we usually show that Py (x) has a holomorphic branch, which maps
the upper half plane into itself, by checking their “argument” 6. This technique is very
simple and useful, but, in its proof, there is no information about an explicit form of
holomorphic branch Py(z). If we want to find an integral representation of Py (x + iy)
by the above way, then we have to describe its real part RPy(x + iy) and imaginary
part 3P, (x+iy) concretely. In Section 2, we give a “device” to express this real and
imaginary parts, and we obtain an explicit form of P, (x+iy) in Section 3. Lastly, in
Section 4, we obtain an integral representation of Py(z).

2. Tan!(x,y)

As mentioned in the Section 1, it is well-known that a real function gy (x) = x%,
which is continuous and increasing on [0,e0), is operator monotone for o € (0,1].
go(x) has a holomorphic branch

aeiae

ga(z):=r

)

where z = re’® (r >0, —m < 6 < &), and is also known as a Pick function. This form
is described by an “argument” 6, and thus it is difficult to express like gy (x 4+ iy) =
u(x,y) +iv(x,y). We remark that

Po(x) =g

R_I=

(%) (x>0).
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In [3] F. Hansen gave imaginary part and real part of g1 (ga (2) + 1) =(z%4+ l)é by
using “argument” 6, but their form was not explicit. So we consider introducing a two
variable function which is substituted for an argument 6 to express concrete real and
imaginary part of gy (x+1y).

DEFINITION 1. Let A :=R?\ {(a,b) € R?| — o < a < 0,b=0}. We define the
two variable function Tan~! : A — (—7,7) € R as the following;

tan”~! (;)—l—n (x<0,y>0)
g (x=0,y>0)
Tan~!(x,y) := { tan~" (f) (x> 0)
—g (x=0,y<0)
tan~! (%)—TL’ (x<0,y<0).

Clearly, Tan"!(x,y) is continuous on A. On the other hand, next proposition
determines how to treat Tan~!(x,y) for the case y = 0.

PROPOSITION 1. (1) lim Tan'(x,y)= lim Tan !(x,y) =,
x<0,yN\0 y>0,x——oc0
2) lim Tan™! = lim Tan ! =—-7
(2) dim Tan™'(xy)= lim Tan™(x,y) ,
(3) lim Tan~ ! (x,y) = 0.
X—00

Proof. (1) When x <0 and y > 0, Tan"'(x,y) = tan™! <)—}> + . So we have
X

lim Tan!(x,y) = limtan~! (X> +rn=m,
x<0,y\0 y—0 X

lim Tan !(x,y) = lim tan"! <X> +rn=rm.
y>0,x——o0 X——o0 X

(2) We can prove similar to the case (1).

(3) For x>0,

lim Tanfl(x,y) = lim tan~! <X> =0. O

X—>00 X—00 X

From the Definition 1, we can easily find that a two variable function Tan~!(x,y)
defined above has many properties that an argument 6 satisfies. We introduce some of
these without proof in the following. These properties will often appear as useful tools.
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PROPOSITION 2. (1) For a >0, Tan"!(ax,ay) = Tan"!(x,y),
(2) For b <0, (i) y>0 = Tan"!(bx,by) = Tan"!(x,y) —
(ii) y <0 = Tan !(bx,by) = Tan ! (x,y) + 7

LEMMA 1. (1) For y >0 and x; > x5, Tan"!(x1,y) < Tan"!(x,y),
(2) For y <0 and x; > x5, Tan"!(x1,y) > Tan~!(x,,y),

(3) For x>0 and y; > y,, Tan"'(x,y;) > Tan"!(x,y2),

(4) For x <0 and y; >y, > 0> y3 > y4,

Tan~!(x,y2) > Tan~!(x,y;) > Tan~! (x,y4) > Tan~!(x,y3).

LEMMA 2. (1) Let x>0 and y > 0. Then
(i) Tan"!(—x,y) = —Tan"!(x,y) + m,

(if) Tan~!(x,—y) = —Tan"'(x,y),

(iii) Tan~!(—x,—y) =Tan !(x,y) — 7

(2)

(3) (i) y> 0 implies Tan Y(—x,y) = —=Tan"!(x,y) +m,
(ii) y < 0 implies Tan~!(—x,y) = —Tan"! (x,y) —

Tan™!(x,—y) = —Tan"" (x,y),

Next proposition asserts that Tan~!(x,y) can be substituted for an argument 6.

PROPOSITION 3.

sin(Tan~! (x,y)) = x2y+y27 cos(Tan"" (x,)) = \/X+Tyz

Proof. When x <0 and y >0,

sin(Tan™"(x,y))

cos (Tan—T(ro)) (Tan_l . y)) = tan (Tan—l (x, y)))

= tan (tan_1 (i};) + n)
=tan <tan_1 (i]—c i}_c (%)

From this, we have

1 —sin®(Tan ! (x7y))> ,

/N

x*sin® (Tan ™! (x,y)) = y?cos? (Tan ! (x,y)) =»*

and therefore

(x* +y*)sin® (Tan " (x,y)) = »*.

Since y > 0 and sin(Tan"'(x,y)) >0,

Va2 +y2sin(Tan" ' (x,y))

Y-
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By this fact and () we obtain

X

VEry

sin(Tan" ' (x,y)) = cos(Tan™" (x,y)) =

Yy
VX2 +y? ’
By Proposition 3, we can immediately have

x+iy=/x2+y2 (cos (Tan™"(x,y)) +isin(Tan™" (x,y))) .

From this, it is expected that Tan~! (x,y) will be able to express real and imaginary part
of go(x+iy) as an explicit form, instead of 6.

PROPOSITION 4. Define the function Gy : R X C\ (—e0,0] — C by
Go(x+iy) = (*+?) z {cos((xTan_l(x,y)) +isin(oTan ! (x,y)) }

Then the following hold;
(1) Gg(x+1iy) is holomorphic on C\ (—ee,0],
(2) If « € (0,1), then Go(CT) C C*, where Ct ={z€ C |3z > 0}.

Proof. (1) We verify that G, satisfies the Cauchy-Riemann equations.
Put RGy(x+iy) = R(x,y),3Gy(x+iy) =I(x,y). Since

Y J -1 i
—Tan " (x,y) = —,
(x,) PEp

J
—Tan !(x,y) = ————,
(x.) xX2+y2" dy

ox

we obtain

d d d d
aR(xﬂy) - 8_yl(x7y)v 8_yR(x’y) - _al(xvy)'

(2) Take y>0. Then Tan"!(x,y) € (0, 7), and we have aTan"!(x,y) € (0, ) C
(0,7). Accordingly,
sin(aTan" ' (x,y)) >0

holds and it implies I(x,y) > 0. O

For x+iy € C*, itis clear that Gy (x+iy) — x* as y \, 0. From this we find that
Gg(x+iy) is an analytic continuation of g (x) such that G4(C™) C C*. Furthermore,
this holomorphic branch will play an important role when we construct an explicit form
of Py(x+1iy). Also, we find that G has some properties which a real power function
satisfies.

LEMMA 3. (1) For oo € (0,1),

-1 cos( (xTan (x y)),sin((xTan_l(x,y))> = aTan ' (x,y).

(2) Tan! (cos(Tan_l(x,y)) ,— sin(Tan_l(x7y))> = —Tan"!(x,y).
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Proof. If x <0, y >0, then g < aTan !(x,y) < 7. So
Tan ! <cos(ozTan_1 (x,y)),sin(eTan ™" (x7y))> = aTan" ! (x,y),
Tan ™! <cos(Tan*1(x,y)),— sin(Tan’l(x,y))) = —Tan '(x,y). O

1
B Ga (Z)

PROPOSITION 5. G_4(2) =Ga(z )

PROPOSITION 6. (1) Gy (2)Gg(z) = Gg(2)Gal(z) = Gyiplz),
(2) If o, B € (—1,1), then G4 (Gp(2)) = Gp(Gu(z)) = Gupl2).
REMARK 1. Proposition 6.(2) doesn’t hold for if |a| > 1 or |B| > 1. For example,

1
weput z=—1+4+1i, a =2 andﬁ:E.Then

G2(Gy(2) = ~1+i=2 Gy (Ga2)) =1 —i=—z

Nl—

3. An explicit form of P,

In this section, we define an explicit form of P, anew by applying G, which is
determined in the previous section.
Firstly, let o € (0,1). For a “real ” x > 0, Py(x) is described as

Palv) = (”2“)é —ey ()

by “real function” g (x) = x*. From this relation, we define a “complex function” Py,

. Po(s) = Galz)+1
az)—Gé<72 )

1
o 1 o
Then lim Pgy(x+iy) = X

x>0\0
on C\ (—ee,0]. Since the set of all holomorphic functions is closed under composition,
Py, is also holomorphic. For z = x+iy (y > 0),

is clear. By Proposition 4, G, is holomorphic

Pl + 1) = (Rale ) + a7
X {cos (éTan1 (Ra(x,y),la(x,y))) +isin (éTan1 (Ro(x,y), 1, (x,)’))) } ,

where

o
2

(¥ +y?) ? cos(aTan ! (x,y)) +1
2

(o +5?)

sin(oTan ™! (x,y))

Ra(x7Y): 2

7106(xay) =
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Since y >0, aTan"!(x,y) € (0, 7). Hence Tan"' (R (x,y),Iu(x,y)) > 0. By Proposi-
tion 2, Lemma 1 and Lemma 3,

1
0< aTan*l (Ra(x,y). Ia(x,))

a
2

= éTan‘1 <(x2 +y%) z cos(aTan™" (x,y)) + 1, (x* +»?) sin(aTan‘l(x,y))>
< éTan_1 <cos(ozTan_1 (x,y)),sin(eTan ™" (x7y))>
= é((xTan’l(x,y)) =Tan !(x,y) < 7.

Since

SPy(x +iy) = <Ra(x,y)2 +Ia(x7y)2>  in (éTan_l (Ra(x,y)Ja(x,y))) :

we see that Py, is a Pick function for any o € (0,1).
Next we consider the case o € (—1,0). For real function Py(x),

Pul) = (xa;l)é - ()%)_ ~o ()

holds, and we determine a complex function Qy, similar to the case a € (0,1), as the
following;

Qu(z) =G (2— m) (ae(0,1)).

2x%

x%+1

Clearly, lim Qg(x+iy)= ( ) .Forz=x+iye C"
x>0\0

>

Qau(x+iy) = (Sa (,9)> +Jo (x,y)z) &

% {cos (éTan_l (Sa(x,y)Ja(x,y))) +isin (éTan_l (Sa(x,), e (x,y))) } ;
where
s 2{(@ 4+ (2 ) * cos(@Tan”! (7)) | |
2 et ) 1
. 2(x2+3?) % sin(aTan™" (x, )

(2 +32) " +2(2 +32) ¥ cos(aTan ! (x,)) +1

Similarly to P, we can easily obtain

1
0< aTanf1 (Sar(x) Ja(x,y)) <.
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Consequently, we have Q(C™) Cc C*.
From the above, we have obtained next two theorems;

THEOREM 1. Define the function Py : R x C\ (—e0,0] — C by

(Ga(zz-)ﬂ) .

Then Py (z) is a Pick function for o. € (0,1), and for x+iy € C*

Pu(z) =G

R_I=

li P iy) = P, .
x>(}§1\0 a(x+iy) = Py(x)

THEOREM 2. Define the function Qg : R x C\ (—e0,0] — C by

Then Qg(z) is a Pick function for o € (0,1), and for x+iy € CT

li iy) = P_ .
X>(}7Iyn\0@a(x+lﬂ a(x)

REMARK 2. Py(x) can be extended naturally to [0,e) for a € (0,e0), and so Py
and Q,, can be extended naturally to C\ (0,c0). Thus the representing measure of them
have no mass on [0,).

REMARK 3. It follows from their definitions that both P, and QQ,, are continuous
in o € (0,1). Namely, for fixed z € C\ (0,c0] and any sequence &, which converges
to &, we can confirm that the following equations

lim P5, (z) = P5(2), lim Q5 (z) = Qs(2)

Nn—oo
are satisfied.

From Theorem 1, Theorem 2 and the identity theorem, we could obtain an explicit
form of Py(z) for oo € (—1,0)U(0,1). But we have left a question that how P (or
Qg ) is treated for o¢ = 0. Thus we haven’t complete to get an explicit form of Py(z),
and we must solve this question. For the case of a “real function”, Py(x) converges
pointwise to x2 as o — 0. We shall show that this relation is satisfied for “complex
functions” Py (x+iy) and Qg (x+iy) from definitions of them, and we will treat P (x+
iy) and Qq(x+iy) as these results.

LEMMA 4.

Ga(z) =Gal2), Pa(z) =Pu(2), Qu(z) = Qalz).
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Proof. For z=x+1iy, we have 7 = x — iy.Firstly we consider G . By Lemma 2,
Tan~!'(x,—y) = —Tan"!(x,y). This yields

cos(aTan ™! (x, —y)) = cos(eTan~ (x,)), sin(oTan~! (x, —y)) = —sin(eTan"" (x,)).
Accordingly,
Ga(xT D) = (¢ + (~9)) * {cos(aTan" (x,~)) +isin(oTan" ! (x,—y)) }
= (2+)? {cos(aTan’l(x,y)) — isin(eTan"! (x, y))} —Coalrt D).

Next we consider Py, . From the definition of P,

s ) = (Rale.—5 +Iafr ) *
X {cos (éTan1 (Ra(x, =), Iy (x, —y))) +isin (éTan1 (Ra(x’ ) Ia(x, —y))) } '

Applying the above relations, we have Ry (x,—y) = Ry (x,y), Io(x,—y) = —Iy(x,y).
This fact and Lemma 2 yield

Tan™! (Roc(x, =), Lo (x, —y)) = —Tan~! (Roc(x,y),Iu(x,)).

Therefore,

cos <éT&ll’l1 (Ra(x, =), 1a(x, _y))) = ¢€0s (éTanl (Ra(x,y),la(X,y))) ’

1 1
sin (T (R, du ) ) = —sin 5T (R ) )
From the above
Po(x —iy) =Po(x + iy).
For Qg , we can also obtain Sy (x, —y) = Sg(x,¥),Jo(x, —y) = —Jx(x,y) and hence get
a desired assertion. [J

THEOREM 3. For families of functions {Pu(2) }ge(0,1) @nd {Qa(2)}ac(o,1)

lim Po(2) = lim Qu(z) = Gy (2) (z€C\ (—=,0))
holds, namely, {Pq(2)}ae(0,1) and {Qa(2)}ae(0,1) converge pointwise to G% (2) when

a\,0.

Proof. Firstly we consider Py (x+iy). It is clear for the case z € (0,00) from
Theorem 1. It is sufficient to show the case z € C*, because if we can prove that
éiir})]P’a(z) = G%(z) (zeC"), then

lim Py(z) = lim P (2) = G

1(2)=G
a0 a0 2

(2)
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by Lemma4. Put z=x+iy € C*. For any x+ iy there exists a sufficiently small o > 0
T

such that o'Tan~ ! (x,y) € <07 E) . Therefore we can assume that cos(aTan ™! (x,y)) >

0. We easily get

1
L 2% (2 142) 8 Tan~! 1\
<Ra(x7y)2+la(x7y)2> = <(x : ) (x - )4 COS((X an (x,y)) i )

Applying I’Hospital’s theorem, we have

% log(x*+y?
im log (a5, + Lo(x)?) = 22T,
a0 4

~ 1
Accordingly, élg}) (Ra (x,9)? 4+ 1o (x, y)z) o (x2 + y2) * . We apply I’Hospital’s theo-

rem again and get

Tan~ ' (Ry (x,y), 1o (x, 1
lim (Ra(:3),la () _ ~Tan"'(x,y).
a\0 (04 2

From the above, lil\*% Po(x+iy) =G ! (x+iy) holds for x+iy € C*. Next we consider
o
Qq(x+1iy). We easily obtain
1
4(x2+y2)* o
(x2+y2)a—|—2(x2+y2)%cos((xTan’1(x,y)) +1 '

(Sul3) +Jalwy)?) * =

So we can similarly get

Tan™" (Sa(x,),Ja (%,y))
a

1
20 1 1 _
(Sa(x7y)2+-]a(x7y)2> - (x2+y2)47 — ETan 1(x7y)

when a \, 0. Therefore I%Qa(x+ iy)=Gj(x+iy). O
o

1
2

4. Integral representations of Py(z)

In this section, we shall find an integral representation of Py(z). Py(z) is treated
by divided it into three parts, namely Py (z) when o € (0,1), Qq(z) when o € (—1,0)
and G 1 (z) when oo =0, as before. But, we have already known that G 1 has an integral
representation

LA A\ VA
G%(Z>_\ﬁ+/w<x—fﬂ+1) A

(see [1, p. 27]). Therefore we only have to consider P, and Q.
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THEOREM 4. Let 0 < o < 1. Then Py(z) has an integral representation
1 1 (O{ ) T 1 ﬁ 1 . (OC )
o cos (5w sin (%7
=) z+ | —Z22—] cos|—tan!| ——2L
2 2 o cos (§m)+1

where

palt) = ( : .

Proof. From Theorem 1, we know that Py (z) is a Pick function for 0 < o < 1.
Thus Py has an integral representation

Pule) = oac+Bot | (7

1
|A)?% 4-2|A|%cosam + 1) 2o (Tan‘l(M“cosom—i— 1, |/lo‘sina7r)>
sin .

A

where @4, B, and Uy (A) are constants and measure which depend on ¢, respectively.
In the following we find ¢y, B, and ;,La(k) Putz=A+iyeCt.

}P’a(iy):< * +2y%cos (% )—l—l)

iy 4y2a
y {sin (Tan—1 (Ra((;y)7la(07y))> icos (Tan_l(Ra((Zy)Ja(OJ))) } .

“cos(%m)+1 “sin (47
From Definition 1, Ry (0,y) = % , 10(0,y) = % Since 0 <

2
o o
§n< g,wehave cos (§n> sm( ) €(0,1) and then R (0,y),15(0,y) > 0. There-
fore
sin (%) o
lim Tan ' (Ry(0,y),14(0,y)) = limtan™! [ ——2"72 | = 2.
y—eo (Ra(0.).1a(0,5) y—eo (cos(%n) +y@ 2
By this fact,
. . Tan_l (Roc(o»y)Ja(O»y)) . Tan_l(Ra(O»y)Ja(OJ))
lim sin =1, lim cos =0.
Yoo o Yoo o
P (iy

We thus find lim ———=
y—eo Iy

g 1 & in (4
R{Pu (i)} = (%) cos (étan_1 (COSS(%(%>> .

1\ @
) <§> . By putting A =0,y = 1 we also find
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Lastly, we find s (A). We have already known that

S{Pu(A +iy)} = (Ra(x,yf +1a(x,y)2> % i (Tan_l (Ra(/lozy),la(%,y)) ) .

From Theorem 1, Py (4) € R when A > 0. Therefore 3{Pq (A +iy)}—0 (A >0,y

A% 1
0). Since lim Tan(1.y) = 7. Ry(hy) — LG H]

and I, (A,
A<0,y\0 2 aldoy) =

Al%sinam
[AZSIAT 114 when 2 < 0,y 0. By Proposition 2, we get

lim

2<0,y\0 o o

, (Tan—l(Ra(;L,y),za(x,y))> , (Tan‘l(M"‘cosan—i-l,7L|°‘sina7t)>
sin =sin ,

1
1 2 1
& AP* 42| A | cosam + 1 2
and also have (Ra(k,y)z—i-la(l,yf) o <| [ +2] |4 cosam t ) when A <

0,y ™\, 0. Accordingly, we can find that 3 {Py(A +iy)} converges pointwise to Tpy(A)

1
as A <0,y \, 0. Moreover, when we put y = — (n € N),
n

(/lz+n%)aJrz(szr%)%Cos(aTan—l(x,%))+1 _ (Az+1)“+2(k2+1)%+1
4 h 4

holds. Thus we get

1

o = 1
A2+1)2 41\ (A2+1)7+1 2
S{}P’a<7t+i%>}<<( +1) +> I+ A2ra

2 2 4

12
Since

is integrable on (—oo,0), we see that dominated convergence theorem is

applicable. Let ¢(A) be a nonnegative continuous function and assume that its support
is compact. From the assumption, support is contained in closed interval [—K,K] for
K > 0. By dominated convergence theorem,

/i(b(x)s {IF’a (x"'i%)}dx—)/id)(l)ﬂpa(k)d?t (n— o).

Therefore, we conclude that 3 {P (A +i %)} converges Tpy(A)in the vague topol-
ogy, and thus duy(A) = pe(A)dA. O

THEOREM 5. Let 0 < o0 < 1. Then Qq(z) has an integral representation

2 ﬁ I sin (%)
(rrenrzm) (3o (o753 )
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where

1
4[A P % [ Tan ' (JA|% +cos am,sin ourr)
|A|2% 42| A |%cosam + 1 s o :

i) = (

Proof. We find @q, B, and duy(A) similar to a proof of Theorem 4. For z =
A+iyeCh,

@a(l)’) 4 m
iy y2 +2y%cos ($m) + 1

y {Sin (Tan_ (Sa(07y),Ja(07y))> o (Tan—l(Sa(07y),Ja(07y))> }

o o
It is easy to find

2(y*% 4+ y%cos (4r)) >0, Ju(0,y)=

Sa(0,y) = -
al0.7) = y2 +2y%cos ($m) + 1 y2* +2y%cos (§m) + 1

o o
since cos <E77:> ,sin (377:> € (0,1). From this relation, we obtain

lim Tan~! (52(0,y),J0(0,y)) = %n.

y—roo

Therefore lim Qa_—(ly)
y—eo Iy

= 0. Putting A =0,y = 1, we also have

1

e, )]

Lastly we find dy(A). We can assume that A < 0 and y > 0 similar to a proof of
Theorem 4. Then

2(|A[** + |4 |* cos o) 2|A|*cosam

lim S (A limJ A
limSa(A.3) = T s 2Acosan+ 1 /e ty) = FEe oA cosan 1 17
By Proposition 2,
o (Tanl(sa(z,y),Ja(z,y))> ‘ (Tanl(Mucosan,sinan))
lim sin =sin .
A<0,\0 o o

It follows from this fact that 3 {Qy (A +iy)} converges pointwise to mgq(A) as A <
0,y \\ 0. In the following we show that dominated convergence theorem is applicable
to 3{Qq(A +iy)}. Since 0 < aTan'(A,y) <7, —1 <cos(aTan"'(A,y)) < 1. Thus
0 < cos?(aTan"'(A,y)) < 1. From this fact we can choose a constant C,, > 4, which
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Cy—4 .
¢ < 1. For this constant

depends on only o, such that cos?(aTan"'(1,y)) <
Cy >4 4()Lz+y2)a
(A2+y2)% +2(A2 +?) 2 cos(aTan 1 (A,y)) +1

< Cq

i 1L
holds. Accordingly, 3 {Qa (k + i) } < Cg* for any n € N. From the above, we see
n

that dominated convergence theorem is applicable. [J
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