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EXPLICIT CONSTRUCTION OF TIGHT NONUNIFORM
FRAMELET PACKETS ON LOCAL FIELDS

O. AHMAD AND N. A. SHEIKH

(Communicated by D. Han)

Abstract. The main objective of this paper is to provide the explicit construction of nonuniform
tight framelet packets on local fields via wavelet spaces and NUMRA spaces.

1. Introduction

The theory and applications of frames have been developed nicely during the last
sixty years. This development turns out to be an active research area dealing with a
generalization of the concept of an orthonormal basis. The idea comes by having an
additional lower bound of the Bessel sequences. Frames were introduced in 1952 by
Duffin and Schaeffer in the context of nonharmonic Fourier series [12]. They used
frames as a tool in the study of nonharmonic Fourier series. Almost 30 years later,
Young wrote his book [23] in 1980, which contains a beautiful development of abstract
frames and their applications to nonharmonic Fourier series. In 1986, Daubechies,
Grossmann and Meyer constructed frames for L?(R) based on time frequency or time-
scale translates of functions [11]. These developments and others spurred a dramatic
advancement of wavelet and frame theory in the following years.

Recently there has been an interest in the applications of redundant dyadic wavelet
systems. Although many applications of wavelets use wavelet bases, other types of ap-
plications work better with redundant wavelet families, of which tight wavelet frames
are the easiest to use. Tight wavelet frames are different from orthonormal wavelet
bases in one important respect; they are (in general) redundant systems but with the
same fundamental structure as wavelet systems.The most common method to construct
tight wavelet frames relies on the so-called extension principles. The resulting tight
wavelet frames are based on a multiresolution analysis, and the generators are often
called mother framelets. Wavelet frames provide poor frequency localization in appli-
cations.For instance, in context of signal processing, the pyramid-structured framelet
transform decomposes the signal into a set of frequency channels that have narrower
bandwidths in the lower frequency region. The transform is suitable for a signal whose
main information is concentrated in the low frequency regions. But it may not be suit-
able for information whose domain frequency channels are focused on the middle fre-
quency region. To overcome this disadvantage, the concept of wavelet frames must be
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generalized to include a library of wavelet frames, called framelet packets. Coifman,
Meyer and Wickerhauser [8, 9] introduced the concept of framelet packets where or-
thonormal wavelet packets were considered and then lots of results on wavelet packets
emerged [5, 6, 7, 10, 15, 21].

On the other hand, the past decade has also witnessed a tremendous interest in the
problem of constructing wavelet bases and frames on various spaces other than R. For
example, R. L. Benedetto and J. J. Benedetto [3] developed a wavelet theory for local
fields and related groups. They did not develop the multiresolution analysis (MRA)
approach, their method is based on the theory of wavelet sets and only allows the con-
struction of wavelet functions whose Fourier transforms are characteristic functions of
some sets. Jiang et al. [13] pointed out a method for constructing orthogonal wavelets
on local field K with a constant generating sequence and derived necessary and suffi-
cient conditions for a solution of the refinement equation to generate a multiresolution
analysis of L?(K). Subsequently, tight wavelet frames on local fields of positive char-
acteristic were constructed by Shah and Debnath [18] using extension principles. Also
the concept of nonuniform multiresolution analysis (NUMRA) on local fields of posi-
tive characteristic given by Shah and Abdullah [16]. For more about frames and frames
on local fields, we refer to [1, 2, 4, 14, 17, 19, 20]. In this paper we introduce the notion
of tight nonuniform framelet packets on local fields. We provide the method of con-
structing nonuniform tight framelet packets via wavelet spaces and NUMRA spaces.

The remainder of the paper is structured as follows. In Section 2, we discuss the
notations and basic facts on local fields. In Section 3, we provide the construction
of tight nonuniform framelet packets on local fields by splitting wavelet spaces. We
provide the construction of tight nonuniform framelet packets on local fields by decom-
posing NUMRA spaces in section section 4.

2. Notations and basic facts on local fields

Alocal field K is alocally compact, non-discrete and totally disconnected field. If
itis of characteristic zero, then it is a field of p-adic numbers Q,, or its finite extension.
If K is of positive characteristic, then K is a field of formal Laurent series over a finite
field GF (p©). If c =1, itis a p-series field, while for ¢ # 1, it is an algebraic extension
of degree ¢ of a p-series field. Let K be a fixed local field with the ring of integers
D={xeK:|x|<1}. Since K isalocally compact Abelian group, we choose a Haar
measure dx for K*. The field K is locally compact, non-trivial, totally disconnected
and complete topological field endowed with non—Archimedean norm |-|: K — R™
satisfying

(a) |x| =0 if and only if x = 0;

(b) [xy[ = |x[|y| forall x,y € K

(©) |x+y| < max{|x|,|y|} forall x,y € K.

Property (c) is called the ultrametric inequality. Let B = {x € K : |x| < 1} be the
prime ideal of the ring of integers © in K. Then, the residue space © /B is isomorphic
to a finite field GF(q), where ¢ = p¢ for some prime p and ¢ € N. Since K is totally
disconnected and 8 is both prime and principal ideal, so there exist a prime element
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p of K such that B = (p) =pD. Let D* =D\ B ={x€K: x| =1}. Clearly, D*
is a group of units in K* and if x # 0, then can write x = p”y,y € ©*. Moreover,
if  ={an:m=0,1,...,q— 1} denotes the fixed full set of coset representatives of
B in D, then every element x € K can be expressed uniquely as x = > ° , ¢/ p! with
¢y € % . Recall that B is compact and open, so each fractional ideal B¥ = p*D =
{x €K :|x| < q_k} is also compact and open and is a subgroup of K*. We use the
notation in Taibleson’s book [22]. In the rest of this paper, we use the symbols N, Ny
and Z to denote the sets of natural, non-negative integers and integers, respectively.

Let x be a fixed character on K that is trivial on © but non-trivial on B!,
Therefore, x is constant on cosets of © so if y € B¥, then yx,(x) = x(y,x),x € K.
Suppose that ), is any character on KT, then the restriction ),|® is a character
on ®. Moreover, as characters on ©,x, = ), if and only if u —v € ©. Hence, if
{u(n):n €Ny} is a complete list of distinct coset representative of ® in KT, then, as
it was proved in [22], the set { Xu(n) 11 E No} of distinct characters on ® is a complete
orthonormal system on ©.

We now impose a natural order on the sequence {u(n)};_,. We have ©/B =
GF(gq) where GF(q) is a c-dimensional vector space over the field GF (p). We choose

aset {1=200,81,6,...,8-1} C D* such that span{cj};;(l) =~ GF(q). For n € Ny
satisfying

0<n<gq, n=ap+aip+...+ac_1p°', 0<ar<p, andk=0,1,...,c—1,

we define
u(n):(ao—f—alCI+~~+acflé/cfl)pil~ (21)

Also, for n=bo+big+brq*>+...+bsyq’, n €Ny, 0< by < q,k=0,1,2,....s,
we set
u(n) = u(bo) +u(b))p ' +...+u(bs)p>. (2.2)

This defines u(n) for all n € Ny. In general, it is not true that u(m+n) = u(m) +
u(n). But, if r,k € Ngand 0 < s < ¢*, then u(rg" +s) = u(r)p~ + u(s). Further, it
is also easy to verify that u(n) = 0 if and only if n =0 and {u(f) +u(k) : k € Ny} =
{u(k) : k € No} for a fixed ¢ € No. Hereafter we use the notation x, = x,,(n), 7 > 0.

Let the local field K be of characteristic p >0 and §y, 1, ..., .1 be as above.
We define a character y on K as follows:

_jy_ Jexp(2mi/p), u=0and j =1,

X (up ’>_{1, p=1,....c—lorj#1. (2.3)

The Fourier transform of f € L'(K) is denoted by £(&) and defined by
T} =18 = | f()xe(x)ax. (2:4)

It is noted that
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The properties of Fourier transforms on local field K are much similar to those
of on the classical field R. In fact, the Fourier transform on local fields of positive
characteristic have the following properties:

e The map f — f is a bounded linear transformation of L!(K) into L*(K), and

1Al < Al
e If f € L'(K), then £ is uniformly continuous.
o If f € LY(K)NL*(K), then ||/]|, = | £],-

The Fourier transform of a function f € L?(K) is defined by

F(&) = lim /(&) = lim | fx)xz(x)dx, 25)

k—so0 ‘X‘qu

where fi = f®_; and ®; is the characteristic function of B*. Furthermore, if f €
L*(D), then we define the Fourier coefficients of f as

Fu) = [ 6 a3 2.6)

The series e, f (u(n)) Xu(n)(x) is called the Fourier series of f. From the stan-

dard L?-theory for compact Abelian groups, we conclude that the Fourier series of f
converges to f in L?(®) and Parseval’s identity holds:

715 = [ reofax= 3 |G- e

neNy

For an integer N > 1 and an odd integer » with 1 < r < gN — 1 such that r and
N are relatively prime, we define

A= o)z

where 2 = {u(n):n € Ny}. Itis easy to verify that A is not a group on local field K,
but is the union of 2 and a translate of 2. Following is the definition of nonuniform
multiresolution analysis (NUMRA) on local fields of positive characteristic given by
Shah and Abdullah [16].

DEFINITION 2.1. For aninteger N > 1 and an odd integer » with 1 <r<<gN —1
such that » and N are relatively prime, an associated NUMRA on local field K of
positive characteristic is a sequence of closed subspaces {Vj 1j€e Z} of L?(K) such
that the following properties hold:

(@) V;CVjforalljeZ;

(b)  UjezVjis dense in L*(K);

© NjezVj=1{0}:

(d) f(:) €V;ifandonly if f(p~'N-) € V;1 forall j € Z;
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(e) There exists a function ¢ in V; such that {¢(-—A): A € A}, is an orthonor-
mal basis for V.

It is worth noticing that, when N = 1, one recovers from the definition above
the definition of an MRA on local fields of positive characteristic p > 0 [13]. When,
N > 1, the dilation is induced by p~'N and |p~!| = g ensures that gNA C 2 C A.

As in the standard scheme, one expects the existence of gN — 1 number of func-
tions so that their translation by elements of A and dilations by the integral powers of
p~ !N form an orthonormal basis for L?(K).

Let us define the spaces

P(A) = {z A—C: }LZ }z(/l)}z < oo}
eA

and

2@ ={ria-c: [ |rofa <},

where Q is a Lebesgue measurable subset of K with finite positive measure. These
spaces are Hilbert spaces with the inner products defined by

(Zw) =Y ZA)w(d) forz,we 2(A)

AEA

and

(.8)= [ FESENE for fig € L),

respectively.

DEFINITION 2.2. The Fourier transform on [*(A) is a map A : [>(A) — L*(Q)
defined by

28) =Y :Ma(8), zel()

AEA

and its inverse is given by

P =(rm@) = [ 1&nE)dE fer@.

For all z,w € I>(A), the Parseval and Plancherel formulae are respectively, given
by

() = X 0T = | S(ENTENE = (),

Jell = X a0 = [ 6 e -

A

2
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For A € A, we define the translation operator T,y : I*(A) — [*(A) by
Tyny2(0) =z(0 —gNA), Yo €A
Then, it can be easily verified that for z,w € 2 (A), we have

(Tna2) (&) = xgva(©)2(8)  and  { Tynaz, Tynow) = (Tyn(i—o)2W) -

DEFINITION 2.3. For given W := {y1,...,yuv—1} C L*(K). A system of the
form

FA) = {wejn = @)y (7N x=2), jEZAEAT<E<gN 1},
(2.8)
is called a nonuniform wavelet system on local field K, where p is prime and y is
called the generator of the system.

DEFINITION 2.4. The nonuniform wavelet system .% (W,A) defined by (2.8) is
called a non uniform wavelet frame, if there exist positive numbers 0 <A < B < e such
that for all f € L*(K)

All7ll; < ZEEK]‘MW} <B]II> (29)

=1 jEZAEA

The largest A and the smallest B for which (2.9) holds are called nonuniform wavelet
frame bounds. A wavelet frame is a tight nonuniform wavelet frame if A and B are
chosen such that A = B and then the generators {l[/l, Y2, WgN—1 } are often referred
as tight nonuniform framelets. 1f only the right-hand inequality in (2.8) holds, then
F (W, A) is called a Bessel sequence.

Next, we give a brief account of the NUMRA-based wavelet frames generated by
the wavelet masks on local fields. Following the unitary extension principle, one often
starts with a refinable function or even with a refinement mask to construct desired
wavelet frames. A function ¢ € L?>(K) is called a nonuniform refinable function, if it
satisfies an equation of the type

o) = V4N ¥, azo((p~'N)x—2), (2.10)

AEA

where {a : A € A} € [*(A). In the frequency domain, equation (2.9) can be written as
56— mo (P2 ) 6 (P
¢@>—m(N)¢(N), 1)

(2.12)

where

mO

\/q_N Y apxi(€)

is an integral periodic function in L?(®) and is often called the refinement mask of ¢.
Observe that x;(0) = ¢(0) = 1. By letting & = 0 in equations (2.10) and (2.11), we
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obtain Z a; = 1. Further, it is proved in [18] that a function ¢ € L?(IK) generates an
AeA
NUMRA in L?(K) if and only if

>

AEA

P(E+A)[ =1, fora.e. & €D, and ¢(0):%Ln10¢(§):1, EeK. (2.13)

Suppose ¥ = {1//1 s WgN—1 } is a set of NUMRA functions derived from

(&) =my (%) [0 (%) ; (2.14)
where .
mz(é)=ﬁ%aﬁm(é), 1<l<gN—1 (2.15)

are the integral periodic functions in L?(®) and are called the nonuniform framelet
symbols or nonuniform wavelet masks. With my(£),0 < £ < gN — 1 as the wavelet
masks, we formulate the matrix .Z (&) as

mo(&)  mo(E+pu(l)) ... mo(E+pu(s—1))

mi(&)  mi(E+pu() .. m(E+pu(s—1))

A (§) = (2.16)

g1 (E) may1 (& +pu(1)) .. mox_1 (€ +puls — 1))

The so-called unitary extension principle (UEP) provides a sufficient condition on
¥ ={yi,¥....,¥un-1} suchthat the nonuniform wavelet system .7 (¥, 1) given by
(2.8) constitutes a tight frame for L?(KK).

The construction of nonuniform framelet systems often starts with the construction
of NUMRA, which is built on nonuniform refinable functions. A function ¢ € L?(K) is
called refinable if it satisfies a refinement equation given by (2.10) The so-called unitary
extension principle (UEP) provides a sufficient conditionon ¥ = {y,..., yyn_1} such
that the resulting nonuniform wavelet system .% (¥, 1) forms a tight frame of L?(K).
In this connection, Shah and Debnath [18] gave an explicit construction scheme for the
construction of tight framelets on local fields using unitary extension principles in the
following way.

THEOREM 2.1. Suppose that the refinable function ¢ and the framelet symbols
my, 0 <L < gN —1 satisfy equations (2.11)—(2.13). Define y, ..., Wyn—1 by equation
(2.14). Let # (&) be the modulation matrix such that

ME)M(E)=1,, for ae. & ec(Vy) (2.17)
where

o(Vo):={6€D: Y |9(E+2)P #0},

AEA
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then the wavelet system F(W,A) given by equation (2.7) constitutes a normalized
tight wavelet frame for L* (K).

Moreover, if the nonuniform framelet symbols my;, 0 < £ < gN — 1, satisfy the
UEP condition (2.17). Then, for any & € K, we have

qNEI’W (1% & +ulk )))‘2<1, (2.18)
and
qjgolmz(%(éﬂ(r)))mz(%(éw(s)))=6m, 0<rs<gN—1. (2.19)

For each j € Z, we define the spaces

V;=5pan{¢;; : A € A},
and
Wo=span{y i : A €A}, 0<L<gN—1.
Therefore, in view of tight frame decomposition algorithm, we can write

gN—1
Vi=Vioi+ Y, Wej. (2.20)

It immediately follows from the above decomposition that these gN spaces are in gen-
eral not orthogonal. Therefore, by the repeated applications of (2.20), we can further
split the V; spaces as:

gN—1 —1 gN—1
V—VJl"‘ZWf/l— Vi + Z > W,
= r=j—2 (=1
j—1gN—-1 j—1 gN—1
==Vt > W= Z Y W,
r=jo (=1 r=—co (=]

3. Construction of tight nonuniform framelet packets via wavelet space

This section is devoted to the construction of tight nonuniform framelet packets
on local field spaces by splitting the wavelet spaces Wy ;. We start this section with the
following lemma which will be useful for obtaining main result.

LEMMA 3.1. Let g € L*(K) and {gj1: A € A} be aBessel’s sequence in L*(K)
ie.,

> laE+A)[ <B, &ek (3.1)

AEA
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for any fixed j € 7. Let my,0 < £ < gN — 1 be the nonuniform framelet masks as-
sociated with the nonuniform refinable function ¢ and the tight nonuniform framelets
vy, 1 <0< gN — 1 satisfying the UEP condition (2.17). Suppose

gr(x) =gN Z me(l)g(p_le—l), (3.2)
AEA
Gy =span{gs ;1) : A €A}, (3.3)

and G=span{g;): A € A}, for 0 <L < gN—1. Then

1. For 0< ¢ < gN—1, each set {gm,m VIS A} forms a Bessel’s sequence with
gz < B and s]; < B.

2. For any sequence z € 1>( %), there exists gN sequences {ze}gal defined by

z(u(k)) = /gN Y, mi(A —p 'Nu(k))z(1), A €A (3.4)

keNy
such that
2 ! 2
lzllizgzy = 2 llzell”, (3.5)
(=0
and
gN—1
2 aA)gia= 2 XaA)gei1a (3.6)
AEA (=0 LeA

3. In particular for any f € L*(K), let z(1) = (f:8j2), A €A, then z € 1*(2)
and equations (3.4)—(3.6) gives

2(A)=(f.80j-12), AEAO0LL<gN—1, (3.7)
gN—1
Z’f’gh |_22’f7g(/ 11’7 (38)
AEA =0 AeA
and
z<f7gjl 8. Z Z<fvg(/ ll>gl,J 1L,A> (39)
AEA =0 AeA
respectively.

4. G has the decomposition
gN—1
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Proof. (a) By invoking Plancherel’s formula, we have

2 2
lsll> = 1l21>

18(8)xa (&)t

Q>

I
~

3 [6(E+ 1) |xa (&) dE.
cA

Using equation (3.1) and the fact that the set { XA € A} is an orthonormal basis on

%), we obtain HgHi <B.
On taking Fourier transform of equation (3.2), we obtain

o6 -m (%) (1), 10

Using equations (2.18) and (3.1), we have

Sl )l = X e (G 6 +ul )|

gN—1

GEOEA’W( (& +u(gNA + o) )’ ’g(]% §+u(qu/l+G))>‘2
gN—1

= 3 [ (Fe+uo)]
-5 (2@ ru@)[ 3

gN—1

¥ |(2e o)

<B, foré 0,1,...,L.

‘ 2

¢ (2 (E+ur))

(% (& +ulgNA+0))) ’2

(b) For each 0 < ¢ < gN — 1, the Fourier transform of equation (3.4) gives

4() = (V) 1/22 (2 (Eru0))2(E & +ulo)). (3.11)

By summing equation (3.11) over £ =0 to gN — 1 and using (2.19), we obtain

gN—1 qN 1gN—-1

Y @O =@ Y X (& )2 (G ul)

=0 (=0 r,o0=0

xmy (N@ +u(0)))E( (€ +u(0))
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- <qN>1qN2; (B E+ut))E(E (& +uto))
quzlm/( (& +u(o))) i

gN—1

M3 (@ uoD)E(FEFu0D) b

S (B ruen)[

= (gN)™!

r=0

Therefore

= Hin(y)

In frequency domain, (3.6) can be written as

(gN) =22 ((p7'N)7E) g ((p'N) 7€)
I /qN 1
=(qN)7 Y 2

Py (7 'N)E) g (7 'N)E).

(3.12)

141
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Thus, in order to show that (3.6) holds, it suffices to verify only the equality (3.12).

N—1
RH.S. = (gN) 7 12 (0 'N)'IE) g (07 'N)E)
=0
1 0! . , '
= @)Y 2 (07N me (0 N) ) & (07N )
(=0
1-j LA gN— qN—l P
=(@N) 7 & (0 N) 2\~ u(r
(aN) = 2 ((67'N) /) g M X 2y )
XW<]%(5+u )} (5N) )
gN—
= (V) /g ((b"'N) 78) g ( (& +u(r)

x 2 iz (2 (& +utr)) me ((6718)798)]

N—1

i (AT p
= (@) (7'M 7E) X, 2( (E+u(r) 0

r=0
= (@N) 728 ((0"'N) &) 2((0'N) VE) = LH S.

(c). For the proof of the part (c) of the lemma, it is sufficient to verify equation
(3.7) only. The equations (3.8) and (3.9) are direct consequences of equations (3.5) and
(3.6) which have been proved. Moreover, from equation (3.4), we have

2(A) = N)"? Y wi(o—p 'NA)z(A)

ocEA
= (gN)'/2 Y, mi(c—p 'NA) (f.8j.0)
ocEA
= <f, @N)'"? Y m_e(a—p‘lNl)g.f,c>
ocA

=(f.80j-12), 0<L<gN—1.

(d). This is immediate from equations (3.2) and (3.3).

Now we proceed to construct tight nonuniform framelet packets for L?(K) via
NUMRA generated by the nonuniform framelet symbols . To do this, let { vy, WZ[}ZQ(; !
satisfy the conditions of the unitary extension principle and @y = ¢ . Define the func-

tions T,(x), n=0,1,2,..., associated with the refinable function @ recursively by
Fa(8) = oyt (8) =me (07 'N)T'E) T ((07'N)71E), 0<L<gN—1, 7€ No.
(3.13)

Note that for r =0 and 0 < ¢ < gN — 1, we have

(&) =m (0" 'N)'E) o (0 'N)'E) =my ((p'N) ') @ ((plN)lé) "
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which shows that I'y(x) = yp(x), 0 < £ < gN — 1.
For n € Ny, define a family of subspaces of L?(K) by

Uy =3span{T, 0, : A € A}. (3.15)

Clearly Uy =Vp and Uy =W, for 1 <{ < gN—1. Since .Z (¥, A) is a tight nonuni-
form wavelet frame constructed via UEP in an NUMRA generated by ¢. Therefore,
we have

Y [fo(E+A))P <1, Eek.
AeA

By invoking Lemma 3.1, for n = 1,2, ..., we obtain
R ) X (gN)(n+1)—1
YN+ <, vi= Y U,

AEA t=gNn

and for any f € L*(K),

) (gN)(n+1)—1
Z |<f7rn,l,l>| = Z Z ’ f7 1,0,4 | .
LeA t=gNn  JeA

A repeated application of the Splitting Lemma 3.1 for j =1,2,..., yields

(gN)! (n+1)—1

Ul = Z U, (3.16)
t=(qN)in
and for any f € L*(K)
) (gN) (n+1)—1
Z |<f7rn7j,7t>’ = 2 2 ’ £ 1,0, | : (317)
LeA N)in AeA

Substituting 7 = 0 in equations (3.16) and (3.17), we get

(gN)/ -1
Vi= Y U (3.18)
=0
and
(gN) -1
Yol = ¥ X AT (3.19)
AEA t=0 AeA

for any f € L*(KK), respectively. Moreover, for n = ¢, where £ =1,...,gN — 1, equa-
tions (3.16) and (3.17) yield

. . (N
Wy =Wy=Ul=" 3 U (320)
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and for any f € L*(K)

(gN)7 (0+1)—

> vl = E [(f.Te )| = E Z [(FTea) (321)

AeA gN)it  AeA

From equation (3.21), it follows t‘hat each wavelet space Wy ;, j € No, <U<gN—-1
can be further splitted into (gN)/ subspaces Uy, t € [(gN)/¢,(qgN)’ (¢ + 1) —1]. If we
keep the parameter j fixed, say J > 0, we will obtain

gN—1

aN)’ -
g U+ 2 > W (3.22)

=1 j=J

THEOREM 3.1. Let % (W,A) be a tight wavelet frame constructed via UEP in
an NUMRA and my,my,...,mgy 1 are the nonuniform framelet symbols satisfying the
UEP condition (2.17). Let {T',:n € Ny} be defined as in (3.13). Then for any fixed
J > 0, the family of functions

y:{rn,(),l:ogng(qN)’—l,AeA}U{WJ,A:1<12<qN—1,j>J,AeA}

forms a tight frame for L*(K).

Proof. By Theorem 2.1, the nonuniform wavelet system % (\¥,A) constitutes a
tight nonuniform wavelet frame for L?(IK). Therefore by equation (3.18), we have for
any f € L*(K)

1715 = Z (o) + Z > X (vl

=1 jEZAcA

= S o) z > gAwf,w,mf

AEA /=1 '/
(gN)’ -1 gN—
= Y X ATl + 2 DI RTAPH
n=0 neNy =1 j=JAeA

This completes the proof of the theorem. [

DEFINITION 3.1. The functions {I', : n € Ny} are called as the basic nonuniform
[framelet packets on the local field associated with the refinable function ¢..

Now we proceed to construct a class of tight frames for L?(IK) by choosing other
L*(K) space decompositions with the help of basiv nonuniform framelet packets. For
simplicity, let us consider a disjoint partition P; of a finite set of non-negative integers

Q {reNo <r<(gN)y — 1} (3.23)
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into disjoint of the form

Hin={@NVn,.... @)+ 1)~ 1}, jne N,

i.e.,
b= { AU = 2}, (3.24)
Then, it follows from equations (3.16) and (3.21) that
(gN)’ -1 gN—1
L*(K) = 2 U+ 2 > W,
=1 j=J
(qN) (n+1)—1 gN—1
= 2 X U+ X XYWy
Hn€Pr  t=(qN)in (=1 j>J
gN—1
= Z U,+ Z ZW€7J
ﬁnEPJ (=1 j=J

THEOREM 3.2.  Suppose .7 (W, L) is a tight nonuniform wavelet frame con-
structed via UEP in an NUMRA and my,my, ... ,myy_| are the nonuniform framelet
symbols satisfying the UEP condition (2.17). Let {T', : n € No} be defined as in equa-
tion (3.13). For any fixed J >0, Py is a partition of Q;, where Qj and P; are defined
in equations (3.23) and (3.24), respectively. Then the family of functions

Ty = {Toon: Hwe Pd e AU {wija i 1<0<aN—1,j> 0,2 €A

constitutes a tight frame for L*(K).

Proof. For any arbitrary f € L?>(K), we have

(gN) (n+1)—1

S Yol Y Y Y Lo

HGn€Py AeA Hin€P1  n=(qN)in AeA

(gN)’ -1

= Z }(fvrn,OJLMz'

n=0

By invoking Theorem 3.1, we get the desired result. [J

4. Construction of tight nonuniform framelet packets via NUMRA space

In this section, we construct tight nonuniform framelet packets by decomposing
the NUMRA space V; directly for a fixed level J > 0O to the level 0.

At the first level of decomposition, by Lemma 3.1, V; is decomposed into the gN
spaces Wy_1s,8 € Ay where

A1:{S:(SJ,SJ,h...Sl)IO<S]<C]N—17SJ,1 =...=85 :0}.
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For this choice of s = (sy,s/_1,...,51), we define

s(n) Sny n=12,...J,
s(x) ( 1/22h o(p “INx—o),

oEA

and
Wy_1s:=span{T;_;,: A €A}

Therefore, for any f € L?>(K), we have

> |<f7§0m>|2= > |<f7rs,J—1,7L>’2~

AEA SEA] AEA

At the second level of decomposition, by Lemma 3.1, each space Wj_15,8 € A is
decomposed with the constructed mask M into spaces W;_, ¢ ,8" € A3, where A is a
subset of A, defined by

={s'en:s(1)=5s(1)}
and A; is a J-tuple index set defined by

A = {SZ (S7y87—15--+551):0<sy_1,5) <gN—1,8) 2 =... =35 20},

Ty(x) = @N)"2 Y 15@ o (p'Nx— o),

GeA
Wisg = span{l"s/J_wL = A}.
Thus, for any f € L>(K), we have

Z |<f»(0s71—1.,x>|2: Z Z |<f»(0s'.,1—271>|2~

AeA s'€AS AeA

Finally, at the m-th level (2 < m < J) of decomposition, by Lemma 3.1, each space
Wi—m+1s, 8 € Ay—1 is decomposed with the constructed mask M into spaces W;_,, ¢ .8’ €
AS,, where A is a subset of A, defined by

m?
A = {s/ € Ay :8'(n) =s(n), for 1<n<m— 1}
and A, is a J-tuple index set defined by

Amz{s:(sj,sJ,h...,sl):Ogsj_m<qN—l7sj_m:...=s1 :0}7

Ty() = (@N)'? ¥ 15" o(p~'Nx— o),

ocEA

Wme,s’ = W{rs’7‘1_,n7k S A}
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Therefore for any f € L>(K), we have

Y (A Tsrmina) = 3 X KATvsema)l

AEA s'eAs, AeA

In particular, at the J-th level of decomposition, by Lemma 3.1, each space W;s,s €
Aj—1 is decomposed with M into spaces Wy ¢ ,s" € Aj, where Aj is a subset of Ay
defined by

A‘SIZ{S/EA‘]:S/(I’Z):S(”)7 forlgngj—l}

and Ay is a J-tuple index set defined by

Ay = {s: (57,571s--0,51) 10 < 5 <gN —1, 1 <z<1}, (4.1)

Ty(x) = @N)"2 3 15 o (p~'Nx— o),

oeA
Wog i= span{l"s/pJL = A}.
Thus, for any f € L>(K), we have

ST = Y T Tvon)l

AEA s'eATAEA

Combining all the inner product equations in the above construction, we get

Sfol =3 3 [(f.Teon)|’, forany f e LX(K). (4.2)

AeA SEAJAEA
In other words, we obtain another representation of V; as
Vy= span{l“sp’l iSEALLE A}.
THEOREM 4.1. Suppose F (¥, ) is a tight nonuniform wavelet frame constructed

via UEP in an NUMRA and M = [mqg,my, ... ,myn_1| is the combined mask satisfying
the UEP condition (2.17). Then for any fixed J > 0, the family of functions

ffz{l“sm :SEAJ}U{V//;’J-?A:é:l,...,qN—l,j}J,?LEA}

forms a tight frame for L*(K), where A; is a index set defined in (4.1).

Proof. Since .7 (W, 1) is a tight nonuniform wavelet frame of L?(K), then by
(4.2), we have

1= T 1ol +'E T 3 )l

AEA
gN—1
=3 Y AT+ T X Y [(Avenl’
SEAJAEA (=1 j=JAeEA
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for any f € L>(K). This completes the proof. [J

Similar to the recursive construction of tight nonuniform framelet packets, we can
obtain tight nonuniform framelet packets by performing various disjoint partitions .47
of Ay with each partition separating A; into disjoint subsets of the form

Sj7s = {(SJ,...,Sj_,.l,S},...,S/l) EAjis= (SJ,...,Sj+1,0,...,O) S AJ,J'},
i.e.,
Hi={Sis:USis =} (4.3)

COROLLARY 4.1. Suppose F(W,A) is a tight nonuniform wavelet frame con-
structed via UEP in an NUMRA and M = [mg,my,...,mgy_1] is the combined mask
satisfying the UEP condition (2.17). Let A} be a disjoint partition of Ay, where A;
and N are defined in (4.1) and (4.3), respectively. Then the collection

%Vlz{r&j?,l (Sis € MA eA}U{wM:5:17...,qN—1,j>JeZ,xeA}

generates a tight nonuniform frame for L*(K).
Proof. Since .4} is a disjoint partition of Ay, for any f € L?(K), we have

Y Xlnual= X% 3 KT

Sjs€MNAEN Sjs€Nrs'ESjs AEA

S S | Teon)|

SEA;AEA

By applying Theorem 4.1, we obatin the desired result. [J
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