oerators
nd
atrices
Volume 15, Number 1 (2021), 175-193 doi:10.7153/0am-2021-15-13

LVOV-KAPLANSKY CONJECTURE ON UT;"
WITH THE TRANSPOSE INVOLUTION

RONALD ISMAEL QUISPE URURE* AND WILLIAN FRANCA

(Communicated by I. Klep)

Abstract. Let UT,, be the algebra of all m x m upper matrices with entries in a field F'. Let us
consider UT,, equipped with the transpose involution *. Under a mild technical assumption on
F, we will show that the image of any multilinear Jordan polynomial in three variables evaluated
on UT,f ={U € UT,, | U* = U} is a vector space. In particular, we will determine a basis for
such image. As an application, we will describe the set of values of some multilinear Jordan
polynomials in four variables.

1. Introduction

The following question is known as the Lvov-Kaplansky conjecture:

Let f(x1,...,x,) be a multilinear polynomial over a field F. Is the set of values
of [ on the matrix algebra M,,(F) a vector space?

A major breakthrough in this direction was made by Kanel-Belov, Malev and
Rowen [8, 12]. They have provided a positive answer for this question when n = 2.
Later, they also have obtained significant results for 3 x 3 matrices [9], but the complete
problem for matrices of order > 3 is still open.

This conjecture has motivated many different studies related to other algebras and
other types of polynomials. The reader is referred to [13] for more information about
recent and important results on this subject. In the present work, we are interested in the
Lvov-Kaplansky conjecture for Jordan algebras, and we refer to [7] for basic properties
about the Jordan theory.

Let x,y,z be three non-associative and commutative variables. The polynomial
(xy)z—x(yz) is called the associator of x,y,z. In 1974, S. R. Gordon [6] presented a
result for a finite dimensional simple Jordan algebra J over a field F which is alge-
braically closed. Gordon proved that the image of the associator on J is the subspace
formed by all elements of zero trace in J. Associators are important polynomials in the
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free Jordan algebra. In the special free Jordan algebra, associators coincide with com-
mutators of length three. In Lemmas 1, 2 and 3, we obtain, in terms of commutators, a
characterization for multilinear Jordan polynomials in three and four variables.

In 2015 A. Ma and J. Oliva [11] proved that the image of any multilinear Jordan
polynomial in three variables evaluated on the Jordan algebra formed by the real (resp.
complex) symmetric matrices is a vector space, namely, the set of all real (resp. com-
plex) symmetric matrices of zero trace. In the same year, C. Li and M. C. Tsui [10]
published a result for finite dimensional central simple algebras over fields of charac-
teristic zero. They showed that for a suitable element ¥ in the field, the image of the
polynomial [[z,y],x] + ¥[[x,y],z] is the vector space formed by all zero trace elements
of the algebra.

Let us denote by UT,, the algebra of all of m x m upper triangular matrices over a
field . In 2019, P. S. Fagundes [3] investigated the image of an noncommutative and
associative multilinear polynomial evaluated on the set of all strictly upper triangular
matrices, and he obtained as image a nilpotent subalgebra of UT,, (this subalgebra only
depends on the number of the variables of the polynomial). Later, P. S. Fagundes and
T. C. de Mello [4] studied the same type of polynomials, but now, evaluated on UT,,
and obtain a result for polynomials with at most four variables.

In the present work, we will be considering the algebra UT,, equiped with an
involution. The involutions of the first type on UT,, have a very good description as we
can see in [2]. The only involutions of the first type on U7, (up to a *-isomorphism)
are the transpose and symplectic involutions (the symplectic involution on U7, occurs
only when m is even). We are particularly interested in UT,, the Jordan algebra
formed by all symmetric elements of UT,,, with the transpose involution.

In this paper, we give a positive answer to Lvov-Kaplansky conjecture for a multi-
linear Jordan polynomial in three variables defined on UT, . Our proof will be divided
in two cases. For m odd, we will see in Section 3 that the image of such polynomial is
exactly the nilpotent algebra formed by all elements of U7, with zero diagonal. For m
even, we will obtain as the set of values, another vector space which is a proper subset
of the nilpotent algebra formed by all elements of UT,;" with zero diagonal (Section 4).

At the last section, as an application, we will describe the image of certain types
of multilinear Jordan polynomials in four variables.

2. Preliminaries
Let F be a field of characteristic different from 2. Let R be an unital (associative)
algebra over F' with multiplicative identity 1. We write Z(R) to designate the center

of R. Note that F = F - 1. Thus, F CZ(R).
A map *: R — R is called an involution on R if

(x+y)" =x"+y", ()" =yx" and (x7)" =x

for all x,y € R. Involutions which leave the center elementwise invariant are called
involutions of the first kind. Otherwise, we say that the involution is of the second kind.
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From now on, we only consider involutions of the first kind. In this case, (ox)* =
ox* forall o € F and x € R. We say that an element x € R is symmetric (resp. skew-
symmetric) if x* =x (resp. x* = —x). Weset Rt ={x€R| x*=x} and R~ ={x €
R | x* = —x}. Hence, if x € R, we see that

x = (1/2)(e2) 4 (1/2)(x —x").

Therefore, R=RT®R".

For each x,y,z € R, we define [x,y] = xy —yx. Every associative algebra can
be regarded as a Lie algebra under the operation [x,y] which is called the additive
commutator of x and y. Similarly, the cirle operation xoy = xy+ yx turns R into a
Jordan algebra. Some properties of the Lie and Jordan algebras can be found in [1, 7].
A vector subspace V of R is called a Jordan subalgebra when aob €V forall a,b € V.

In the next lemma, we will prove some identities regarding the circle and the
bracket operations in R.

LEMMA 1. Let x,y,z be elements of an associative algebra R. We set [x,y,z] =
[[x,¥],2]. Then, the following identities hold:

i) (xoy)oz=uxo(yoz)+[zx,y].
ii) xo(yoz)=yo(xoz)+[x,2].

iii) [z,xoy] =x0[z,y|+yo[zx].

Proof. i) By definition of the circle operation, (xoy) oz = xyz+ yxz+ zxy + zyx
and xo (yoz) = (zoy)ox = zyx + yzx + xzy +xyz. After subtracting these last two
equalities, we have that yxz -+ zxy — yzx — xzy = [z,x]y — y[z,X] = [z,x,].

ii) Using i) and the commutativity of the circle operation, we have that

x0 (y02) + [2.4,)] = (xoy) 02 = (yox) oz = yo (xoz) + [z, ]

Now, the Jacobi identity [z,y,x] — [z,x,y] = [x,y,2] finishes the proof.
iit) The proof in this case it is similar to 7). [

Let {y; | i € N} be a countable set of variables. We write F (y1,y2,...) to denote
the unital, associative and non-commutative algebra over F', which is freely generated
by the set {y; | i € N}. The elements of F (y;,ys,...) are polynomials in the non-
commutative variables y; with scalars in F', where i € N.

An element f € F(y1,y2,...) is a multilinear polynomial in the variables y;, ,
<oy Vip» 11 < ... <y, when f can be written in the following way:

f= Z OsYo(i) - Yo(in)
GESC

where Sy denotes the permutation group of the set § = {iy,i2,...,i,} and o € F for
each o € S¢.
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An element g of F (yy,ys,...) is called a Jordan polynomial when g belongs to
the Jordan subalgebra of F (y;,y2,...) generated by the set {y; | i € N}. Observe that
the polynomial f(yi,y2) = y1y2 is not a Jordan polynomial. In the present work, we
are interested in multilinear Jordan polynomials, and for this reason, we believe that it
is appropriate to list some examples of polynomials of this type:

Yi,¥i, ©¥i, (polynomials in 1 and 2 variables respectively);

¥j, ©(yj,0¥j;) (polynomial in 3 variables);

yiiopo(jizovi)), Wi oyj,)o(yj;oyj,) (polynomials in 4 variables);

Viy © Vky © (V3 © (Vg © Vi) Vky © (Vg © Vi) © (Viy © Vks)) (pOlynomiials in 5 variables).

In what follows, all the polynomials belong to the algebra F' (y;,yz,...). Now, we
will prove a couple of results about multilinear Jordan polynomials.

LEMMA 2. Let f be a multilinear Jordan polynomial in the variables {yi, ,yi,,yi, |
i1 <iy <i3}. Then, f can be written in the form

ayi, © (yiz oyl-3) + ﬁ[yi27yil 7yi3} + 'Y[yl‘3,})i1 7yi2}7

where o, 3,y € F.

Proof. We can assume without loss of generality that (iy,i,i3) = (1,2,3). Let f
be a multilinear Jordan polynomial in the variables y;,y,y3. Since the circle operation
is commutative, we may assume that f is a linear combination of yj o (y,0y3), y20
(y1oy3) and y30(y;0y;). Now, using Lemma 1 (item ii)), we have yy o (y;oy3) =

y1o(y20y3)+[y2,y1,¥3] and y3 o (yioyz2) = yi o (y20y3) +[y3,y1,¥2]. Thus, f is a
linear combination of yj o (y20y3), [y2,y1,y3] and [y3,y1,y2]. O

LEMMA 3. Consider the following sets:
J= {yio [yj»yk»yl} ‘ {17]7k7l} = {1727374}7j >k < l}

K ={[y2.y1] 0 [y3,y4], [v3.31] 0 [v2,ya], [ya.y1] 0 [y2, 3] }-

Let f be a multilinear Jordan polynomial in the variables {yy,y2,v3,y4}. Then, f can
be written as a linear combination of the set B = {yj 0 (y20 (y30y4))} UJUK.

Proof. Let f be a multilinear Jordan polynomial in the variables {y,y2,y3,y4},
and let S be the permutation group of the set {1,2,3,4}. We can write f = fi + f2,
where

fi= 2 ﬁc(yo(l) ch(2)) o (yG(S) ch(4))7

ocsS

fr="Y te¥o(1)° (Vo) © (Vo (3) 0 Vo)))-

ocsS
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The equality (y;oy;)o (ykoyi) = (vkoyi)o (vioy;) = (yioyx) o (yioy;) can be
used to rewrite f; in the form
fi=PBa(v1oy2)o(y3oya) + B3(yioys) o (y20y1) + Ba(y10ya) o (y2oy3).
It suffices to show that each of the g; = (y1 0y;) o (yjoyk) € Span(B), where {i, j,k} =
{2,3,4}. By Lemma I(item {)), we have
gi=y1o(yio(yjoy))+[vjoyey1,yil-

Since the term y; o (yio (yjoyx)) appears in f>, we can suppose that g; = [y; o
Yk:¥1,yi]. By Lemma 1(item iii)) we see that [y; oy, y1] = y;jo [ye,v1] +yx o [yj.y1]-

Using Lemma 1(item iii)) one more time, we have
gi = yjolve,yil,yil + o yj,y1],i]
=y;o iy, + ioyi] o i vil +yio [yj v, yil + v 1] o [y, vil-

Thus, g; € Span(B). Consequently, f| € Span(B).
Now, we will show the result for f, = y;o(yjo(yxoy)), where {i,j,k,l} =
{1,2,3,4}. In this part, We will divide the proof in 2 cases:

Casel)i=1.
Lemma 2 guarantees that there exist o, 3,y € F such that

yjio(ykoy) = ayr0(y30ys) + Bly3,2,ya] + ¥4, y2,¥3],

since {j,k, I} ={2,3,4}. Thus, fo =ayio(y20(y30y4))+ Byio[y3,y2,y4] +yyi0
LY47)’2»)’3] ESpan(B)

Case?2)i>1.
In this case, 1 € {j,k,[}. Once again, Lemma 2 guarantees that there exist o, 3,y
€ F such that

yio(koy) = ayio(yroys)+ Blyryi,ys| + Ys: Y1y,

where {1,r,s} = {j,k,l}. Since y;o [y, y1,¥s]> ¥io [ys,y1,¥:] €J, it is enough to con-
sider the case when f> = y;o (y; o (y0ys)). By Lemma I(item ii)), we have

fa=y1o(yio(yroys) + Vi,yi, (vroys)]-

Since y; o (yio (yroys)) has the same form as in Case 1), we can suppose that f, =
[vi,y1, (yroys)]. After applying Lemma 1(item iii)), we obtain

fa=yrolyiyil,ys] +yso[yiyil,yr] = yro i, y1,ys] +ys 0 i, y1, ]
And this completes the proof. [

For each m € N, let M,, be the algebra of all m x m matrices with entries in F', and
UT,, the subalgebra of all m x m upper triangular matrices. We define * : M,,, — M,,
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by U* = JU'J, where U’ is the transpose of the matrix U, and J is the following
permutation matrix

J:

The map above is an involution of the first kind called the transpose involution. For
each U € UT,,, the matrix U™ is obtained by reflecting U along its secondary diagonal.
Let e;; be the standard matrix unit of M,,. Thus, we can write J = X" | e,11—i;.
Hence, e;‘j =JejiJ = epr1—jmy1-i- So, we see that the subalgebra UT,, is closed
under this involution.

For each U € UT,,, we set U =s(U) =U +U* and U = a(U) =U — U*. The
elements U and U are respectively, symmetric and skew-symmetric elements of M, .
With this notation in mind, we see that a linear basis for UT, is given by the elements
of the form e;;,, where i,z are integers such that i > 1,7 >0 and 2i+r<m+1.

Let f = f(y1,...,yn) be a multilinear Jordan polynomial. The image of f evalu-
ated on UT, is defined by

Imy(f) ={f(V1,....Y) | Y1,....Y, €UT,}.

From a direct inspection, we can see that UT," is a Jordan subalgebra of UT,,,
because (wov)* =wov whenever w,v € UT,I. Therefore, UT, is invariant by f,
since f is a Jordan polynomial. In other words, Im,,(f) is a subset of UT,’ .

Now, let us discuss some possible images for f. Note thatif o # 0, then Im,, (0. f)
= Imy,(f). Besides, it is not difficult to see that a multilinear Jordan polynomial in the
variable {y;} has the form oty;, where & € F. Thus, its image evaluated on UT,| is
either UT," or {0}.

A multilinear Jordan polynomial in the variables {y{,y,} has the form o(y; oy3),
where o € F. Fora given W € UT,, we have that W o 1,, = 2W, where 1,, denote the
identity matrix of M,,. Thus, we conclude that the image of (y; oy;) evaluated on UT,’
is UT,T if o # 0. For a multilinear Jordan polynomial in three variables (evaluated on
UT,}), we will see that it is possible to obtain nontrivial images.

Now, let f be a multilinear Jordan polynomial in the variables {y;,y2,y3}. By
Lemma 2, we can assume that f = oy o (y20y3) + Bly2,v1,¥3) + Y3, 1,y2]. Note
that f (1, Ly, W) =4aW forall W € UT, . Then, Im,,(f) = UT,} when & # 0. For
o =0, observe that f(Y1,Y2,Y3) = B[Y2,Y1,Y3] +7[V3,Y1,Y2] is aelement of UT," with
null diagonal for all ¥;,Y>,Y; € UT, . Thus,

Imn(f) € (UT,) o,

where (UT,,)o denotes the subspace of UT,, consisting of all matrices with null diag-
onal. At this point, we can suppose that either § or ¥ is nonzero (otherwise f =0 and
therefore Imy, (f) = {0}). Without loss of generality, we may assume that 8 # 0. So,
the image of f on UT,! is equal to image on UT, of

[}’2&’1’}’3}+B_17[)’37)’17)’2]~ (1)
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In the next two sections, we will study the image of (1) evaluated on UT, . From
now on, we set & = (—1)" forall i € Z.

3. m is odd
Let & be a positive integer. In this section, we will prove the following theorem.

THEOREM 1. Let y € F. The image of the Jordan polynomial f = [y2,y1,y3]+
+7[y3,y1,¥2] evaluated on Uth+1 is (UTy)o-

In order to prove Theorem 1, we will need some technical results. And for conve-
nience, we establish the following convention:

CONVENTION 1. ep; = ¢, 2112 =0 forall £ > 0. Therefore, ¢y, =0 forall r >

LEMMA 4. Let g: UT;,;Jrl — UTyyy1 be the linear map defined by
2%+1
= [ 2 e W]~
j=2

Then, g(€;i1+) = 8i€i—1 i1t + Oi+1€ijts+1 for all integers i > 1 and t > 0 where i+t <
2k.

Proof. Let i,t integers such that i > 1, r > 0 where i+1 < 2k. Set v=2k+2 —
(i+1) and w=2k+2—i then ¢j;,, = e, . Then,

8(@iivs) =lern—ex3+ ...+ €12k — €2k 2k+1 5 it T Ev]
= &iei_1iiitt + Ovey—1v€mw — Ojtr1€iit1€its,iti+1 — Owr1€mCuwtl
= 0i€i—1,i+1 + Oitt€y—1w+ Oir€ijtr+1 + Oi€yyt1-

It is easy to see that e,y ,, = ¢, and e,y+1 = ¢/ | ;,,. Thus, this proof is com-
plete. O

COROLLARY 1. Let r,t integers such that r > 1, t >0, r+1t < 2k. If t is even
(resp. odd) then ¥;_, 8(@iivi) = 6/€ryir1 (resp. X 6i+18(Ciitt) = Crpprs1 ).

Proof. Let us suppose that ¢ is even. By Lemma 4 we have Y/ | g(€; i)
Y0 0i€i1,itr + 2i_ Oit1Ciiti+1 = Ort1@rrr141. NOw, suppose that 7 is odd. Let 1
i <r. By Lemma 4 again, we have 0;118(@ii+r) = 02i41€i—1,i+s + O2itr418iite+1
—Ci_1,it1 +€iivi1. Thus, 71 8i118(Ciis) =Crpprgr. O

/A

LEMMA 5. Let h: UTzzJrl — UThy+1 be the linear map defined by

k 2%
w ,2621,21 ) Eej.,jﬂ .
=1 j=1
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Let i,t be non-negative integers such that 1 <i and i+t < 2k. If t is odd then
h(zi,i-&-t) = g(Ei,i+t)- Otherwise, h(Ei,i-&-t) =0.

Proof. Setv=2k+2—(i+t)and w=2k+2—i,then ¢}, , = e,,. Letus suppose
that 7 is odd. If i is even then i+ ¢ and v are odd, and w is even. So,

k

*
(et + € s X, €2000) = €wp — €iiss = €} 11y — Ciir-
i=1

If 7 is odd then w is odd, and i +¢ and v are even. Then,

k

*
(et + e s X, €2001) = €iis — €ny = €iiss — €} i1y
i=1

. _ k
In summation, [, , Y €2 21| = Oit1(€iiss — e ++)- Therefore,

2k

h(@iite) = Sivileiirr — emo s D, €jjt1]
=1

= Oir1(€iiti+1 — o1 — it it +Ev_1,w)
* *
= it 1(Ciite+1 — €1 iy — Cimlitt T € iysy1)
= 0i11(@iitr+1 —Ci-1,it1) = &(@iits)-
Finally, suppose that 7 is even. If i is even then i+, v and w are even. So, [e; i+ +

e Zi-‘zl e121] = € ivi + ey —eijrr — ey =0. If i is odd then i+, v and w are odd.
So, [ei it +ew 25-‘:1 ez 2] =0 as desired. [

Proof of Theorem 1. The elements Y, = Zé‘z 122 and Yo = Zl-zil eji+1 are in

U T;,Q 1+ Itis not difficult to verify that [V2,Y]] = Zl-zil Oit1€ii+1- Then, for all W €
UTy . we have f(Y1,Y2,W) = g(W)+ ya(W), where g and h are in accordance

Lemmas 4 and 5. Thus, it is enough to show that the map W — g(W) + yh(W) is a
surjective linear transformation from UT;, onto (UT5f,)o-

A linear basis for (UT,)o is given by the elements ¢, r11+1 Where r,t are integers
suchthat > 1, ¢ > 0 and r+1t < 2k. We will to show that each e, belongs to the
image of the map W +— g(W) + ya(W). Indeed, let r,# non-negative integers such that
1 <r, r+1t < 2k. Consider the following two elements of U Tzi e Wo=2>/_,¢iit and
Wi =3!_,6i+1@ii+: . If 1 is even (resp. ¢ is odd) then h(Wy) = X h(eiiys) =0 (resp.
h(Wy) = X7_, 6i+1h(eii+) = g(W1)) by Lemma 5, and consequently f(¥;,Y>,Wy) =
g(WO) = 6}’ Er,r+t+1 (resp. f(Y17Y2aW1) = (1 + Y)g(Wl) - (1 + Y)Er,r+t+l ) by Corol-
lary 1.

If 14y # 0 the proof is complete. Otherwise, we have that f = [y2,y1,y3] —
[v3,91,2] = [y2,¥3,¥1]. The same argument can be repeated with y=0. O



LvOoVv-KAPLANSKY CONJECTURE ON UT,} 183

4. m is even

Let k be a positive integer. Each element U € U T can be written in the following

way:
AY
v=(03)

where A,B € UT;, and ¥ € M;. Thus, the transpose involution of U can be written in
the following way
“ B* ¥*
oo (5Y)

where A*, B*,W* denotes, respectively, the transpose involution of A,B and ¥ on M.
If U € UT,}, then B=A* and ¥ € M;! . In the case that U € UT,;, we see that

B=—-A" and ¥ € M, . Besides, we can conclude that the elements in M, have all
the entries equal to zero in the secondary diagonal, that is, if ¥ = 25-‘7 j=1 Yijeij e M,
then Wiy =W_12=... =¥ = 0. For more details about these and other properties

regarding this involution, we recommend [2].

In order to avoid ambiguity, we denote by d;;, e;; and ¢;; the standard matrices
unit for My, My, and My o, respectively.

Let us recall that the polynomial [y;,y,] is an identity for U T;r (see [2]), that is,
[Y1,Y5] =0 forall ¥1,Y, € UT,". Thus, the image of (1) evaluated on UT," is {0}. For
k > 2, we have the following necessary condition for an element W € U Tz*,; to lie in
the image of (1):

PROPOSITION 1. Let f = [y2,v1,y3] + V[v3,¥1,y2], where y € F andlet k >2. If
W € Imy(f), then epWepyt i1 =0.

Proof. Tt suffices to show that e [Y1,Y2,Y3]ex 1441 =0 forall Y1,Y,Y3 in U Tﬂ.
For this, since [V;,Y>] € UT,, , we can write

[Y1,Y2] = (g _Ié*) 7

where C € UT; and A € M;". Moreover, C is an element with null diagonal, since

[Y1,Y>] has null diagonal. Now, write Y3 in the form Y3 = <g 1{*) , where A € UT,,

T € M. Thus,

wn- (S )05 (E)E D)

_ ([C(,)A} Cl"—l—Az?;—AzﬁkA—i-FC*) _ ([C(,)A} [Ci ]*>.
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We can also write ey, = (dgk 8) and ej i1 x4 = (8 dO ) . Then,
11

8 8 0 [c.A*)\ody )~ o 0 )\oa,
(dk ) ([C Al @ ) (0 0 ) (dkk[c Al dkkd>> (0 0)
()

Note that in M, I'C* = (CT")*, AA* = —(AA)* and df, = dw. Hence, it is enough

to show that dCT'dy| = diAAd); = 0. Indeed, since C € (UT;)o we can write C =

2?,]:1 (Xijdij where each ;€ F with 0= 0if i > j. Thus, dyC = 21;21 akjdkj =0.
Finally, let A = 21<i§j§k ﬁ,‘jd,‘j with ﬁij € F. Then, dyA = ﬁkkdkk- Therefore,

dANdy 1 = BudigAd, 1.

It follows immediately that djAdy; =0, since A € M, has (k,1)-entry equal to zero.
Thus, the proof is complete. []

As in the odd case, we will fix two convenient symmetric elements. For each
k > 2, we define the following elements in UT,;

(T di1a _(B: 0
Y2—<O I ) and Yl_(OB;;)’ 2)

diy+dyz+---+dy  ifkisodd
dy+dy+---+dy  if kiseven

of Y1 and Y», we have: [V»,Y]] = <[kaBk] [JOB ]*> , where
— Wk, Dk

where J;, = 2{-‘:2 di—1,,and By = { . For this choice

0 =dy_1 1B} — Brdi—11 = (Bidi—1.1)" — Bed—11 = —a(Bydi—1.1)
= —a(B(di—1,1 +di2)) = —a(Bidia) = —a(dip) = dj_1.1.

On one hand, for k odd, we have [J;, Bx] = [Zf:z di—j,di+dz+-+dg) =—din+
dy; — ... +di_1 ;. On the other hand, for k even, then [Ji,Bi| = [Zf-;z di—1i ,dyn+
daa+ -+ dy) =dip—daz+... + di—1x. Therefore, for all k > 2

k
[Jk,Bk} = (Ska, where Dy, = 2 6idi—1,i~
i=2

And, because D} = &Dy and 6,3 = 1, we conclude that

8Dy dy—11 ) <5ka di—1 1) L .
Y. Y| = ] = ’ = 6i i—1.d _ . 3
(Y2, Y1] < 0 —&D; 0 -D, k 1:25 Ci-1,i| tek—1xr1- (3

In the sequence, we will show that the converse of Proposition 1 holds. More
precisely, we will prove the following theorem.
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THEOREM 2. Let k > 2 and let v € F. The image of the Jordan polynomial

f=[v2,51,y3] + ¥ly3,y1,2] evaluated on UT,} is a linear space with basis €;;, where
1<i<j<2k, i+j<2k+1and (i,j) # (kk+1).

Proof. As in the proof of the Theorem 1, we can suppose, without loss of gen-
erality, that ¥ = —1. Let V} be the linear subspace of (U Tzk)ar with basis e;;, where
1<i<j<2k, i+ j<2k+1 and (i,j) # (k,k+1). Let us define the linear map
fi : UTy, — Vi by fi(W) = f(Y1,Y2,W) = [V2,Y1,W]+¥[W,Y},Y5]. The map f; is
well-defined by Proposition 1. Note that if f; is surjective then Imyi(f) = V. Our
goal, it will be to show the surjectivity of the linear map f;. The proof of this theorem
will be divided in two lemmas. [

LEMMA 6. Let k be an integer > 2. Then €141 € fi(UT,}) for all t such that
1<t <2k.

Proof. We start proving 4 facts regarding the map f;. Set & = # for all
z€Z.

Fact 1) fi(ex) = (1 + v&i1)(O@ix +€2412)-

First of all, we write ey; in blocks: ey, = (dzk 0

0 d;k) . Thus, using the block

notation part of (3), we have

_ 1 _ [ S[D, o] 0
[Y2,Y1,e2] = ( 0 6k[Dk,d2k]*> ’

where

0 = dy_11d5, — dodi—1,1 = —s(doxdy—11)
=—s(do(di—11 — di2)) = —s(—da2) = d2».

From the definition of Dy, we see that

k
Ok[Dr,doi] = 5k[2 Oidi—1,i ,da| = Oxd -
i—
Therefore,
V2, Y1,20] = Sdir dan B 4
2, Y1, 8] = 0 &di) €1k + € k12- 4

On the other hand, using the definition of Y; in (2), we have

_ d ’B 0
[ex , 1] = <[ 2ko : —[dzk,Bk]*)
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For k odd, we obtain directly from the definition of By that
[do, Bi] = [doi,dv1 +d33 + -+ + di] = do = &1

In the same fashion, for k even, [dox, Br] = [dok,d22 +das + - - + dii] = dog — dog = 0.
Thus, [dak, Bx] = &+1dax for all k > 2. Combining this last identity with the definition
of ¥ in (2), and the fact that J; is symmetric, we arrive at

_ [da, Ji] o )
,Y ,Y =& % |
[e2k 1 2] k+1 < 0 _[derIk}

where ¢ = dydi_11 +3k_—1,1d§k = dody—1,1 + (dudi—1.1)" = s(dudi—1,) =
= s(du(di_1.1 +di2)) = da, and [doy,Ji] = [dor, 35 5 di—1 ;] = —dyx. Thus,

_ —dy d _
[, Y1, 12] = €11 ( Olk _fﬁ ) = &r1(—Cuk +e2k+2)
1k

= &1 (8k@ix + @2 k42), Since — Exy1 = €t O
Now, the result follows from the equality above combined with (4).

Fact2) fi(@x+1) = (1+ Ye1) (6€1kt1 +E2042)-
Note that @511 = €241+ €54, = €2pr1+ex2u—1- So, in blocks, we have

i1 = (0 d21> . By the block notation part of (3), we obtain

00
_ 0
V2,Y1,8 141) = (0 lg) ;

where
W = &§Dyda1 +da1 Dy = 8 (Dida1 + (Didar)*) = 6is(Dydar)
k
= O (Z Oidi—1,i(da1 +dk,k—1)> = OS(di1 + Okdi—1 k1)) = Od 11+ d2o.
i—
Thus,

_ 0 &edy1 +d _ _
V2,Y1,8 141) = (0 g HO 22) = 8@ k41 + 8242 (5)

Using the definition of Y} in (2), it is straightforward to verify that

_ 06
[62,k+1 7Yl] = (0 O) )

where 6 = 321372 —Bk32_1 = (Bk321)* —B,ﬁgl = —a(B,ﬁgl).
~ When ~k is odd, Bidoy = (di1 +dsz+ -+ dii ) (doy +dk,k71) =dyx—1. S0, 6 =
—dy j—1 = dp . Similarly, for k even,

Biday = (doa+das+ -+ dig.) (do1 +dij—1) = doy +dip—1 = day.
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Then, 8 = —a(dy) = 0. Therefore, 8 = &, d>; forall k >2.
Thus, it follows from the previous computations and the definition of Y, in (2),
and the fact that J; and d»; are, respectively, symmetric and skew-symmetric elements

that
241,71, 0] = (8 1(4)/) )
where
v = [0,Ji] = &1 (daJk — edar) = gs1 (doJi+ (darh)”) = €i18(dar )
= & 118 ((d21 —dik-1) édil,l) = g118(dan — dig) = €+1(d2n — d11)
= gr1(dn + 8d11), since g & = —&11.
Thus,

_ 0 dy + &ed _ _
k41,11, 12] = €41 (0 2 0 k “) = &1(@2 42 + k@1 g1 )-

The desired result can be obtained, from the identity above together with (5).

Fact 3) Let t such that k <1 < 2k. Then, fy(ey;) = 01—k (1 +yE1_1)1 141
Set t =k+s. S0, 1 <s<k—1. By definition, €y, = €y x4 +e1‘7k+s =

_ 0ds . .
= €| kts T ery1-s2k- Hence, €y s = (0 6‘) . Once again, using the block notation

_ 06
[Y23Y17el,k+.\'} = <O O) 1)

part of (3), we see

where
0 = &Dyd +d 15Dy
& k
— 5/{ Z aidifl,i(dl.\' + dk+1_s7k) + Z ai(dl.\' + dk+1—s,k)di71,i
i=2 =2
= GOk 1—si—s i+ Osr1di g1 = 81 s(di—sp+ dis41) = S5y 511
So,

[Y2,Y1,21 jts] = O1-4€1 ppst1- (6)

According the definition of ¥} in (2), we have

_ 0
[€14+s Y1) = (0 (g) ,
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where ¢ = d B — Bydis = (Bid1s)* — Byd s = —a(Bid).

First, we will suppose that (k+ 1 —s) is even. For k even, we have Bid, =
(do +daa+ -+ dye)(dis + diy1-5k) = dir1-sk- SO, @ = —dp1-g = dis. If k is
odd, we see that Byd 3 = (d11 +d3z+--- +dkk)(d1_\~ +dk+1—s7k) =dj. Then, o= —ds.
Hence,

¢ = 8&diy = 8 _sdys, when (k+1—35) is even.

Secondly, let us suppose that (k+ 1 —s) is odd. For k odd, we have BkdlS =
(d11+d33+ A di) (dys + dyg1 - sk) dis+dyyi— Sk—dh Consequently, ¢ = dls
dys =0. When k is even, we have Bydy = (dy +dag + - +di) (dig + dpy1 s, % =0.
So,

¢ =0, when (k+1—s) is odd.
Therefore,
@O = 8)_s&41_dys forall k=2, where t =k+s and k <1 < 2k.

From the previous discussion and the definition of ¥, in (2), and the fact that J;
and @ are, respectively, symmetric and skew-symmetric elements, we conclude

_ 0 oJr—J
[el7k+s 7Y17Y2] = (O Pk 0 k(P>7

where [@,Ji] = @Ji — Ji@ = s(@Ji) = 81 _s&1-s8(d15J) . And since
} k
digJi = (dis — diy1-54) Edi—u =dj 11,
i—2
we see that [@,Ji] = &) &1 1-5d1 511 Thus,
(€1 kts Y1, V2] = O1— g€kt 1-5€1 krsti-

The conlusion follows from the equality above combined with (6), and using that
s=t—k.

Fact4) Let t suchthat 1 <7 <k—1. Then,

_ ) +yg1)(Entei) ift=k—1
fi(en) = _ . .
Ot (1 + 7€ )E1 141 if t<k—1

.. . . dy; 0
Writing ey, in blocks, we obtain e, = ( it

« | - By the block part of (3), we see
0 dj,

_ 1 [ 6&[Dx.di] 0
[Y27Y17611] - ( O 6k[Dk,d1t}*)
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where
60 = di_1,1d}; — dyedi—1,1 = —(dydi—1,1)" — dyedy_11.-

Note that dltjk—l,l = dlt(dk—l,l _de) =dy ift=k—1 and dltjk—l,l =0 oth-
erwise. Thus,

0 — —311 ift=k—1
1o ifr<k—1

On the other hand,

k

[Didi] =Y, 8idi—1,i vdi] = &dy 41

i=2
In particular, if # = k— 1 then 6k[Dk,dl,k—l] = O O_1dix = —dyx. Thus,

i€ if r<k—1

12, Y181 = kjtel’ttl l . @)
—€1k — €] k+1 if t=k—1

Using, (2), it is immediate to check that

_ dt’B 0
ey 1] = <[ 10 : —[dek}*)'

When £ is even, we see that [dy,,By] = [dir,do + daa + -+ - + di] = &d,; . In the
same way, if k is odd, we have [d;,Bi] = [d\;,d11 +dsz+ -+ dw] = —&d); .
Therefore,

[dlt7Bk] - 6k8[dlt-

Thus, using the previous computations and the definition of ¥, in (2), and the fact
that J; and dj_ | are symmetric, we see that

_ . [dlta‘]k] r
[elt 7Y17Y2} - 5k£t ( 0 [dlta‘]k}* ’

where

— — — 311 ift=k—1
I =ddi_ di_11d7, = s(dydy_ = s(dydi— = .
1dr—1,1tdi—1,4dy, S( 110k 1,1) S( 11k 1,1) {O fr<k—1

Now, observe that [d;,Jy] = [d); 725-;2 di—1i] =dy;+1. Hence, for t <k—1,

_ d 0
el Y1, 1) = &g ( 16“ d*

) = 811141 = O 1 &€ y41-
141
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And, fort=k—1,

> _ digdin) _ digdin) _ -
[Cr1x—1,71,10] = &&y ( 0 di) =—& | ( 0 di) =—g_ 1@+ 21 pt1)-

The desired result follows from (7) and the last two equalities above.
So far, we have proved that if y £ —1, then the following elements belong to the
image of f:

12,...,e1 k-1 (By Fact4),

€] k+42,---, €12k (By Fact 3),

x| =e1x+ €1 j11 (By Fact 4),

xy = &1k + € 412 (By Fact 1),
x3 = &€} k+1+€2442 (By Fact 2).

Note that & (xy —x3) +x; =2ey; € fi (U T2D? because f; is linear. In particular,
211 € iU Tﬁ). And this completes the proof. [J

Before proving the next lemma, we will make some considerations. Let us con-
sider the following embedding of algebras ¢ : UTy;y — UTy;4» given by

000
oU)=|0UO0|, where Ue€UTx.
000

It follows directly from the definition of the map ¢ that ¢(e;;) = cij1,j41 for
all i,j such that 1 <i < j < 2k. In particular, we see that ¢(&;;) = Ci}1 j4+1 and
©(éij) = Cit1,j+1. and that the map ¢ preserves involution, i.e., ¢(U)* = @(U*) for
all U € UTy. Consequently, o(UT,}) CUT, .

For convenience, let us rewrite the elements defined in (2) as

el t+ess+...+e if kisodd,

k
Y, =¢,_ + > ei1i Yi=<_ _ _. .
k=1k+1 l% e e+ e+ ... +ey if kiseven,

and let us define two new elements that lie in U Tz*,; 4o a8 below

k+1 — — _ . .
= I VR RS B a5 & e R o AN AN if k4 11is odd,
Y =82t Zﬁcl*l” » = {522 +Cas+ ...+ Chp1 41 if K+ 11is even.

Then, by (3)

1=

k Kt 1
[Y2,Y1] = & (Z 5i5i1,i> + & 1x+1s  [Y2, Y]] = Okt ( 5i5i1,i> + Cr k2
i =

Now, for a given element W € U Ty, by definition of f;, |, we have that

fk+1((P(W)) = [Y2/’Y1/’(P(W)} +Y[(P(W)’YI/’Y2/]'
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Note that,

k k
oY) =@@r—14+1)+ @ Z =Crri2+ D, Ciiv1 = Y5 —Ci2,
i— i—

and

Crirr = (13, Y]] = Gpr112-

k
o([Y2,11]) (25(P €1, ) O(Cr—14+1) (2501 z+1> + Cr 2
i=2
k1
_6k+l (2661 1/)

If k is odd, then
oY1) =@ +e3+ - +e) =Cn+Cau+  +Crr1p+1 =Y.
For k even, we have
oY1) =@(@n+eu+ - +ex) =C3+0Css+ 4+ Crp1x41 = Y| —Cr1.
000

Since (W)= | OW 0 | , we see that [@(W),c;1] = 0. Hence,
000

[¢(W)7 ¢(Y1)] = [¢(W)7Y{]

After all this, we see, at last, that

o(fi(W)) = [o([12,11]), o(W)] +Y[@(W), 0(Y1), ¢(Y2)]
=15, Y, 0W)] = 8ci1[C12, o (W) + Y@ (W), Y, V3] — Y[o(W), Y], C12]
= fir1(@(W)) = & 1[C12, 0(W)] — Y[@(W), Y], C1a]. ®)

LEMMA 7. Let k > 2. Then, &; belongs to fi(UT;) for all i,j such that 1 <
i< j<2k, i+j<2k+1and (i,j) # (k,k+1).

Proof. We will proceed by induction on k. The base case k =2 was coverded
by Lemma 6, since we have that ej5,¢13,214 € fo(U T4+) . Let us assume that the result
holds for k. We will show that the result is valid for K+ 1. Once again, Lemma 6
tells us that it suffices to show that ¢,s € fi1(UTy;,,) for all (r,s) such that 2 < r <
s <2k+1, r+5<2k+3 and (r,5) # (k+ 1,k+2). Indeed, take (r,s) as above.
By induction hypothesis, there exists W € UT,; such that f(W) =&._;,_;. Then,

o(fik(W)) = 0(@r—1,5-1) = Crs.

By (8),

Crs = Q(fit(W)) = fir1 (@(W)) = Scra[C12, (W) — ¥[@([W. 1]),C12].
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It remains to show that [¢12, (W)] and [c12, ([W,Y1])] € fis1(UTy; ), since @(W) €
@(UT,;) CUTy,. From the fact that W and ) € UT,) , we see that [W,Y1] is skew-
symmetric. Thus, we can write

W= Y aje; and [WYi= Y Bijé;,
(i,j)EA (i, J)ENi<]

where o;;, Bij € Fand A={(i,j) | 1 <i<j<2k, i+j<2k+1}.
Note that @(W) = X; jjea ®ijCi+1,j+1- And this yields,

[E12,0(W)] = D 04j[€12,Cip1j11)-
ijeA

Fix (i,j) € A. If i # | then j # 2k. Thus, since i < 2k, we see

[51275i+17,/’+1} = [012 = C2k+1,2k+2 5 Citl,j+1 +C2k+2—j,2k+2—i] =0.
Therefore, by Lemma 6, we have
2k 2%k—1
(12, @(W)] = Y auj[¢12.C2, 1] = D, o€ 14200281 kst € frr1 (UTo,).

J=1 Jj=1

Similarly, we can show that [¢12, ([W,1])] € fis1(UTyp,,). O

5. Application

As an application of the last two sections, we will characterize the image of some
multilinear Jordan polynomials in the variables {y,y2,y3,y4}, namely, we will find the
image of polynomials in the following form:

FO1,y2,y3,94) = ayr o (y20 (y30y4)) +8(v1,2,3,v4),
where J is in accordance with Lemma 3, g € Span(J) and o € F. Note that
FO s L L) = 0¥ 0 (1o (10 1)) = 8a¥

forall Y € UT,[. Thus, Imy,(f) = UT, for all nonzero & in F. When a =0, we
have the following result.

THEOREM 3. Let g be a nonzero element of Span(J). Then Imy,(g) = (UT, o
if m is odd. When m is even, Imy,(g) =V, /2 Where V,, 15 is the linear space with basis
ejj where 1 <i<j<m, i+ j<m+1and (i,j) # (m/2,m/2+1).

Proof. We can write g in the form

4

g = ouyio[y3,y2,v4] + o1y1 o [ya,y2,y3) + 2, (0yr 0 [V, ¥1, k) + 04yr 0 ks ¥1, 55, ]),s
r=2
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where j,,k, € {2,3,4}\ {r} with j, < k., and o,,c, € F. We can suppose, without
less of generality, that either ¢ or a{ is nonzero. Let Y| = 1,, and Y;,Y3,Ys be three
arbitrary elements of U T,,‘f . Then,

g(lm7Y27Y37Y4) = 2'al [Y37Y27Y4] +2(X{[Y47Y27Y3] = 2P(Y27Y3»Y4)7

where p(wi,w2,w3) = oy [w2,wi,w3| + af[ws,wi,ws] is a multilinear Jordan polyno-
mial in three variables. Thus, Im,,(p) C Imy,(g). Hence, by Theorems 1 and 2 the
result follows. [
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