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NONLINEAR LIE DERIVATIONS OF INCIDENCE ALGEBRAS

YUPING YANG

(Communicated by L. Molndr)

Abstract. Let (X,<) be a locally finite preordered set and R a 2-torsion free commutative
ring with unity, /(X,R) the incidence algebra of X over R. In this paper, we give an explicit
description of the structure of nonlinear Lie derivations of /(X,R). We prove that every nonlinear
Lie derivation of I(X,R) is a sum of an inner derivation, a transitive induced derivation and an
additive induced Lie derivation.

1. Introduction

Let R be a 2-torsion free commutative ring with unity, A an associative alge-
bra over R. A map D:A — A is called a nonlinear (or multiplicative) derivation if
D(xy) = D(x)y+xD(y) forall x,y € A, and amap ¥ : A — A is called a nonlinear (or
multiplicative) Lie derivation if

W (bey)) = [¥(x), 5]+ [ ¥()]

forall x,y € A. If the maps D and L are also R-linear, then they are called a derivation
and a Lie derivation respectively. A (nonlinear) Lie derivation is called proper if it
can be written as a sum of a (nonlinear) derivation and a central-valued map. In 1961,
Herstein [13] proposed many problems concerning the structures of Jordan and Lie
mappings on associative simple and prime rings. Roughly speaking, he conjectured
that all the involved Lie mappings, including Lie isomorphisms, Lie derivations etc., are
proper or of the standard form. The renowned Herstein’s Lie-type mappings research
program was formulated since then. Based on the techniques introduced by BreSar [4],
the study of the Herstein’s Lie-type mappings research program finally became one of
the foundations of the theory of functional identities (see [5]).

The main motivation of this paper is to study the nonlinear version of the Her-
stein’s Lie-type mappings research program on incidence algebras. Now let us recall
the definition of incidence algebras. Let (X, <) be a locally finite preordered set. This
means that < is a reflexive and transitive binary relation on the set X, and for any x <y
there are only finitely many z € X such that x < z < y. The incidence algebra I(X,R)
of X over R is defined as the set of functions

(X, %) = {f X xX — R f(x.y) =0if x £ y}
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with multiplication given by the convolution

(fe)xy) == D, flx2)s( (1.1)

X<ZLYy

for all f,g € I(X,R) and x,y € X. If X is finite, then I(X,R) is also known as the
special subring of matrix ring [23]. The full matrix algebra M,,(R), the upper (or lower)
triangular matrix algebra T, (R) and the infinite triangular matrix algebras To(R) are
also particular examples of incidence algebras. In addition, in the theory of operator
algebras, the incidence algebra I(X,R) of a finite partially ordered set is referred as a
digraph algebra or a finite dimensional commutative subspace lattice (CSL) algebra.

In the past fifty years, isomorphisms and other related algebra maps on incidence
algebras have been studied extensively, see [1, 6, 7, 16, 18, 23, 25, 27] and the refer-
ences therein. In 2015, the Herstein’s Lie-type mappings research program on incidence
algebras was studied in [30]. Subsequently many other authors have made essential
contributions in this topic, for example [15, 17, 29, 34]. On the other hand, the non-
linear version of the Herstein’s program on incidence algebra 1(X,R) was studied by
the author in [32] only when X is finite. The main obstacle for generalizing the results
in [32] to the case of X being infinite is that we cannot find an analogue of the linear
extension technique introduced in [34].

In this paper we shall study the nonlinear Lie derivations on incidence algebra
I(X,R) when the preordered set X is infinite. Notice that there is a long history on the
study of nonlinear algebra maps. About fifty years ago, Martindale III [19] proved that
every multiplicative bijective map (i.e. nonlinear isomorphism) from A to an arbitrary
algebra is additive if A contains a nontrivial idempotent. Since then more and more
mathematicians have made essential contributions to the related topics. For examples,
nonlinear Lie-type derivations were studied on triangular algebras in [3, 8, 14, 33] and
on generalized matrix algebras in [28, 31]. Fosner [10] and Semrl [24] studied nonlin-
ear commutativity preserving maps. The nonlinear generalized Jordan derivations on
prime and semiprime rings were studied in [9, 20]. In the field of operator algebras,
the nonlinear Lie-type derivations were studied on von Neumann algebras in [2, 11].
Several kinds of nonlinear operators were considered in standard operator algebras in
[12,21,22] etc.

This paper is organized as follows. In Section 2, we introduce some basic notions,
notations and facts on incidence algebras and several types of nonlinear Lie derivations.
In Section 3, an explicit description of the structure of additive induced Lie derivations
is obtained on incidence algebras. In Section 4, we prove the main theorem of the
paper, which asserts that every nonlinear Lie derivation on /(X ,R) is a sum of an inner
derivation, a transitive induced derivation and an additive induced Lie derivation.

2. Some canonical nonlinear Lie-derivations

In this section, we will introduce four kinds of nonlinear Lie derivations of in-
cidence algebras. Throughout, (X,<) is a locally finite preordered set and R is a
2-torsion free commutative ring with unity. Let X = | Jic » X; be the decomposition of
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X into the union of its distinct connected components, where _# is the index set. It is
clear that /(X,R) =[Tic 7 I(Xi,R).
For a fixed pair x <y in X, let e,, : X x X — R be the function given by

exy(bhv):{l’ if (u,v) = (x,y) @.1)

0, otherwise.

Then the product of I(X,R) satisfies ey e, = Syuexy, and each element f € I(X,R) can
be written as a formal sum f =3, f(x,y)exy. Let Z(X,R) be the diagonal subalgebra
of I(X,R), i.c.

P(X,R) :={D reex|ry € R}. (2.2)

Let € (X;,R) (resp. %(X,R)) be the center of I(X;,R) (resp. I(X,R)), and [; :=
Yiex; exx foreach i € #. Then €'(X;,R) is R-linearly spanned by /; and €' (X,R) =
[Tic  ¢(Xi,R), see [26, Theorem 1.3.13] for details. It is also useful to point out that
Sirxex € €(X,R) if and only if r, = ry forall x <y.

Throughout this paper, for all x,y € X, we define:

o x~yifx<yory<ux,
e x<yifx<yandx=#y,
o x~yifx<yandy<x.

It is clear that ~ is an equivalence relation. So if x ~ y, we say x is equivalent to y.
Since (X, <) is locally finite, each equivalence class under ~ is a finite set.

Now we can introduce the four kinds of canonical nonlinear Lie derivations on
I(X,R).

(I) Inner derivation. Let f € I(X,R). Then the map

adf:I(X,R) — I(X,R)
g —Lf:dl

is called an inner derivation.
(Il) Transtive induced derivation. In what follows, we use the notation < to
present the set {(x,y)|x <y € X}. Amap f:<— R is called transitive if

Fey)+f(y,2) = f(x,2)

for all x,y,z € X such that x <y < z. Let 6 : X — R be a map. Then associated to
o there is a transitive map f defined by fs(x,y) = 6(x) — o (y), x,y € X. Transitive
maps of this form are called frivial. For a fixed transitive map f :<— R, we can define
an R-linear map W, : I(X,R) — I(X,R) determined by

\Pf(exy) = f(xvy)exya X<y

According to [23], see also [30, Lemma 2.3], W[ is a derivation of I(X,R), which is
called a transitive induced derivation. Note that W is an inner derivation if and only
if f is a trivial transitive map.
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() Central-valued map. Let I(X,R) = ([f,g] | f.g € I(X,R)), the commutator
subalgebra of I(X,R). A central-valued map of I1(X,R) is a map

% :1(X,R) — I(X,R)

such that

x(I(X )) C(X,R), (2.3)
= 2.4)

=)

It is clear that a central-valued map ) is a nonlinear Lie derivation of I(X,R). Con-
versely, if a nonlinear Lie derivation ® of I(X,R) satisfies (2.3), then ® is a central-
valued map since ®@([e, f]) = [D(e), f]+ [e,P(f)] =0 forall e, f € [(X,R).
(IV) Additive induced derivation: A map f: R — R is called an additive deriva-
tion if
flr+s)=1(r)+f(s), (2.5)
f(rs) = f(r)s+rf(s) (2.6)

forall r,s € R.

PROPOSITION 2.1. Let F :={fili € 7} be a family of additive derivations on
R, and Wr : I(X,R) — I(X,R) be the map defined as follows:

Yr (2x<y rxyexy) = 2x<y Y (rxyexy)7 Ixy € R, 2.7
Yr(ryew) = fi(ry)exy, ey €I(Xi,R), i€ 7. (2.8)

Then Wr is a derivation of I(X,R).

Proof. According to (2.7), we only need to show that
Wi (reqysew) = Vr(recy)sew + rexy Pr(seuy) (2.9)

for all x <y,u<v, rns € R. If y=£ u, it is obvious that both sides of (2.9) are zero.
Now suppose y = u, and e,y,e,, € I(X;,R) for some i € _# . Then (2.9) follows from

Wr(rexy)seuw + rexyYr(sew) = fi(r)exySew + rexy fi(s)ew
= (ﬁ(r)s+ rfi(s))exv
= fi(rs)ex
=Yr(regsey). O

DEFINITION 2.2. Let F := {fi|i € #} be a family of additive derivations on
R, the derivation Wr : I(X,R) — I(X,R) defined by (2.7)—(2.8) is called an additive
induced derivation associated to F .
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3. Additive induced Lie derivation

In this section, we introduce and study additive induced Lie derivations. In order
to introduce the notion of additive induced Lie derivation, we need the following two
definitions.

DEFINITION 3.1. Let n > 2 and x1,xp,- - X, be n different elements in X. Then
we say that {x|,xs,---,x,} forms a cycle if either

(1) n=2 and x; ~x,, or

2) n>3and xy ~xp X3~~~ Xy X

DEFINITION 3.2. Suppose x <y, u < v in X, then we say that e,, is equivalent
to e, , denoted by ey, ~ ey, , if either ey, = e, or there is a cycle containing both x ~ y
and u ~v.

LEMMA 3.3. [32, Lemma 2.2] The binary relation = is an equivalence relation
on the set {exy|x < y}.

Let {E;| i € .#} be the equivalence classes of {ey|x <y} with respect to the
equivalence relation ~, where .# is the index set. If e,, = ¢,,, then it is obvious that
x,y,u,v must be contained in the same connected component of X . Let {E;| i € .7;} be
the set of equivalence classes of {ey|x <y € X;}. Then it is clear that . = Ujc 4 .7;.

DEFINITION 3.4. Let F :={f; |i € .#} be a family of additive derivations on R.
A nonlinear Lie derivation y of I(X,R) is called an additive induced Lie derivation
associated to F if y leaves Z(X,R) invariant, and for all x <y we have

y(rey) = fi(r)ew, exy € Ei, r €R. (3.1)

REMARK 3.5. A central-valued map is an additive induced Lie derivation with
{fi=0|i € .#}. Itis also clear that an additive induced derivation is an additive induced
Lie derivation.

The following example gives an additive induced Lie derivation which is neither a
central-valued map nor an additive induced derivation.

EXAMPLE 3.6. Let X = {xo = y0,X1,Y1,"**,%i, Vi, -} be a partially ordered set
with the order given by
Xo <X <X < -ee X< ey
Yo<yr<yz<---<yi<--.
It is clear that X is connected, {exl.xj |0 <i< j} and {ey,,,|0 <k <} are two equiv-

alence classes of the set {e,,|u < v}. Let f; # f» be two additive derivations on R.
Define amap ¥ :I(X,R) — I(X,R) by

\P(Z Cuveuv) = 2 \P(Cuveuv)7 cuw €R, (3.2)

uy usy
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‘I‘(rexixj) = fl(r)exixj,‘l’(reyiyj) = fz(r)ey,.yj7 reR, 0<i<j#0, (3.3)
\Il(cexoxo) = Z(fl (C)exixi + /2 (C)eini)7 cER. (3.4)

i=1

Then ¥ is an additive induced Lie derivation of I(X,R).

Proof. 1t is obvious that ¥ satisfies (3.1) and leaves Z(X,R) invariant. So we
only need to show that ¥ is a nonlinear Lie derivation. By (3.2), we need to prove

W([rexy, sew]) = [P (rexy),sew)]) + [rexy, ¥ (sew)] (3.5)
for all x <y,u <v and r,s € R. The proof will be divided into four cases.
(1) exy = expxy,lur = €xx; for i < j. If i =0, then (3.5) follows from

[P (rexy),seu]) + [rexy, ¥(seuw)]
=[- E(fl (r)exy; +f2(r)e)’i)’i)’sex()xj] + [rexpy f1 (S)ex()xj}

i>1
= fi(r)sexyx; +rf1(s)exyy;
= fl (rs)exox_,-
= P([rexy, seu]).
If i # 0, then it is obvious that ¥([reyy,se,y]) =0, and
[W(rexy), sew]) + [rexy, ¥ (sew)]
= [_ Z(fl (r)exixi +f2(r)e,Vi,Vi)7sexixj] + [rexoxovfl (S)exixj]

i1

0.

Hence we also have identity (3.5).

(2) exy = exyxy, €ur = €y,y; for i < j. Note that ey y, = ey, since xo = yo, hence the
proof is similar to (1).

(3) exy = exxjyeur = ey for 0 <i< j<hk<I, j#0. If i =1, then we have
i = j = k = and the both sides of (3.5) are zero. If j # k, it is also obvious
that the both sides of (3.5) equal to zero. Now suppose that i # [ and j =k, then
(3.5) follows from

W(reyy),sew)]) + [rexy, ¥(sew)]
= [fi (r>exixj’sexkxl} + [reXin7f1 (s)exx]
= fi(rs)exy,
= P([rexy, seu]).

4) ey = €yyjrCur = Eyy for 0 <i<j<k<I, j#0. The proof is similar to
3. O
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PROPOSITION 3.7. An additive induced Lie derivation associated to F = { f;|i €
I} is uniquely determined by F up to central-valued maps on I(X,R).

Proof. Suppose yr and ¢r are two additive induced Lie derivations associated to
F, then we need to prove that ¥ := yr — ¢ is a central-valued map.
Firstly, we will show that

¥(2(X,R)) € €(X,R). (3.6)

Since yr and ¢r leave Z(X,R) invariant, then ¥ also leaves Z(X,R) invariant. Let
Sex F'vexx € Z(X,R), where ry € R forall x € X. Then we can assume V(Y cx rvexw) =
Siex Cxexr € Z(X,R), cx €R forall x € X . Inorderto prove W (X, cx rvexc) € €(X,R),
we only need to show that ¢, = ¢, if x <y. By (3.1), we have

Y (cery) = Wr(cexy) — Or(cexy) =0, x <y, c €R. (3.7)
Applying W to [T,cx Fr€xr; €xy] = (e — 1y)exy, by (3.7) we obtain

0 ="Y((rx —ry)exy)
=Y([2 reexen))

xeX
= [¥( Z rxexx)vexy] + [Z rxexx»\P(exy)}
xeX xeX
= [Z Cxexxaexy]
xeX
= (cx—cy)exy.

So ¢y = ¢, forall x <y, and we have proved (3.6).
Next, we will prove that

Y(I(X,R)) C Z(X,R). (3.8)

Let H = ¥, <, hyyexy, Where hyy € R for all x <y. Suppose W(H) = ¥,y cyyexy. In
order to prove W(H) € Z(X,R), we need to show that ¢,, =0 forall x <y. If x <y
and x is not equivalent to y, then [[ex, H|,eyy] = hyyex,. By (3.6) we have

V(hayexy) = ¥([[exx, H], eyy])
= [[exm\P(H)}veW]
= Cyyeyy.
Since W(hyery) =0 by (3.7), we get ¢y = 0. If x 2y, then [[ex, H], eyy] = hyyer, +
hyxeyy. Applying ¥ to this equality we obtain
W (hxyexy + hyxeyx) = ¥ ([[exx, H], eyy])
= [[exm\P(H)}veW] (3.9)

= Cxy€xy 1 Cyx€yx-
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By the above equality, we get

W ([hayexy + hyxeyx, eyx]) = [ (hayexy + hyxeyy), €]
= [Cxylry + Cyxlyx, €] (3.10)

= Cxy(exr — eyy)-

On the other hand, W([hyyery + hyceyy, eyx]) = ¥ (hy(ex —eyy)) € € (X,R) by (3.6).
This implies ¢,y = 0, and we have proved (3.8).

Finally, we will prove that W(I(X,R)) C ¢(X,R). Let H € I(X,R). According to
(3.8), W(H) = X, cx rrexx € Z(X,R), where r, € R for all x € X. By (3.7)~(3.8), we
have W([H,ey]) = [V (H),ex| = (re—ry)exy € Z(X,R) forall x<y. Hence ry—r, =0
for all x <y. This implies ¥(H) € ¢(X,R). O

In general, an additive induced Lie derivation may not be proper. So we want to
know when an additive induced Lie derivation is proper. We have the following two
propositions.

PROPOSITION 3.8. Let Wr be an additive induced Lie derivation associated to
F={filie Z}. If yr is proper, then f; = f; forall j€ # and il € ;.

Proof. Suppose yr is proper, then there are a derivation D and a central-valued
map C such that yp = D+ C. Since yr leaves 2(X,R) invariant, we have

D(rey) = Wr(rey) — C(ren) € 2(X,R), x€X,r €R. (3.11)

Note that ey, = [exy, x| € [(X,R) for x <y, so by (2.4) we obtain C(rey,) =0 and
D(reyy) = Wr(reyy) — C(reyy) = Yr(rexy), r €R. (3.12)

According to (3.11), we can assume D(rexy) = Y,cx fi(r)ew , where {fi|x,u €
X} are functions on R. Then for each pair x # y in X, we have

0 = D(rexyeyy) = D(rex)eyy + rexD(eyy) = f;(”)eyy +rfi(1)ex

This implies f; =0 if x #y. Hence D(rex) = f;(r)ex forall x € X, r € R. Note that
fi(1) =0 by (2.6), so for x <y we have

D(reyy) = D(rexcexy) = D(rex)exy + rexeD(exy) = fi(r)exy, (3.13)
D(rexy) = D(exyreyy) = D(exy)reyy + exyD(reyy) = f7 (r)exy. (3.14)

By the two equalities above, we obtain f¥ = fj for all x < y. This implies
fi =1, uveX; (3.15)

since X; is a connected component of X .
Now suppose ey, € E;, i € .#;, then by (3.12)—(3.13) we have

fi(r)exy = D(rexy) = Wi (rey) = fi(r)ey. (3.16)
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Combining (3.15)—(3.16), we obtain f; = f; if i,l € .7;. [

According to Proposition 3.8, the additive induced Lie derivation given in Example
3.6 is not proper.

PROPOSITION 3.9. An additive induced Lie derivation is proper if and only if it
is a sum of an additive induced derivation and a central-valued map.

Proof. Let ¥ be an additive induced Lie derivation associated to F = {f;,i € .# }.
If ¥ is a sum of an additive induced derivation and a central-valued map, then ¥
is proper by definition. Conversely, if ¥ is proper, then for each j € _#, we have
fi = fi forall i, € .#; by Proposition 3.8. So there is an additive induced derivation
® associated to F'. By Proposition 3.7, C := ¥ — ® is a central-valued map. So
Y = ® +C is a sum of an additive induced derivation and a central-valued map. [

4. The main result
The main result of the paper is the following theorem.

THEOREM 4.1. Every nonlinear Lie derivation of I(X,R) is a sum of an inner
derivation, a transitive induced derivation and an additive induced Lie derivation.

The proof of Theorem 4.1 will be carried out by a series of lemmas and proposi-
tions. Combining Theorem 4.1 with Proposition 3.9, we have the following corollary.

COROLLARY 4.2. A nonlinear Lie derivation of 1(X,R) is proper if and only if
it is a sum of an inner derivation, a transitive induced derivation, an additive induced
derivation and a central-valued map.

4.1. The connected case

In this subsection, we assume that (X, <) is connected and W is a fixed nonlin-
ear Lie derivation of I(X,R). When (X,<) is finite, the nonlinear Lie derivations of
I(X,R) were studied in [32]. So in this subsection, we also assume that (X,<) is
infinite.

DEFINITION 4.3. Let F : I(X,R) — I(X,R) be a fixed map. For each x <y, let
Fyy 1 1(X,R) — R be the function given by

FX)’(e):F(e)(x7y)a EEI(X,R). (41)
By definition the functions Fy,,x <y satisfy
F(e) =Y Fyl(e)er, e € I(X,R). (4.2)
Xy

For each pair x <y in X, let Iy, := ey + 2e,, € Z(X,R) and
ey =Y Vo (ly)ey. (4.3)

x<y
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LEMMA 4.4. The nonlinear Lie derivation ¥ — adey leaves Z(X,R) invariant.

Proof. Let H =Y, cx heey, be an element in Z(X,R). Since I, € Z(X,R) for
each pair x <y in X, we have
[H,Iy] =0. 4.4)

Applying W to the both sides of (4.4), we obtain

[lP(H)aIxy] + [Halp(lxy)] = 2 W (H)eux +2 2 "Puy(H)euy - 2 W (H)ex

usx Uy X<y
=23 Wy (H)ey + Y (h— ho) Y Iy )ew
y<v u<v
=0.

Considering the coefficient of e,, in the last equality, we get
\PXy(H) = (hy - hX)‘ny(Ixy)~ 4.5)
By (4.5), we have

(¥ —adey)(H) = Y(H) — [ey,H]|
= Z lP’W(H)eXY - Z(hv - hX)lny(Ixy)ex,v

X<y x<y

= Z Yo (H)exy.

xeX
Hence (¥ —adey)(H) € Z2(X,R) forall H e (X,R). O

From now on, let "W := ¥ —adey.
LEMMA 4.5. 'W(ey) € €(X,R) forany x€ X.

Proof. By Lemma 4.4, we can assume 'W(e,,) = ¥, cx cxexr. In order to prove
S ex Cxexx € € (X,R), we only need to show that ¢, = ¢; forall r <sin X.
If r # x and s # x, then applying ''¥ to [es,e,5] = 0 we obtain

(C ers+ z \va ers €xy — z \Pux ers)eux =0. (4.6)

X<y u<sx

So we get ¢, = ¢; by considering the coefficient of e, in (4.6).
If r = x, then applying '¥ to [e.,e,s] = e,s we have

(C ers + Z "va er\ E€xy — 2 lPu)c er\)eux - Z hPuv(er.\')euw (47)

x<v ULX Uy

Comparing the coefficients of e, on the both sides of (4.7), we obtain ¢, = c;.
If s = x, then applying ' to [e,s,ex] = ers We obtain

Z \Pux ers Cyx — Z \va ers)exv+ (Cs_cr)ers = Z I\Puv(ers)euw (4.8)

U<x <y usy
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We also get ¢, = ¢y by comparing the coefficients of e,; on the both sides of (4.8). [

Let x <y be a pair of elements in X and define
Sy = {cey|c €R}. (4.9)

Then we have
LEMMA 4.6. 'W(S,y) C Syy.

Proof. By Lemma 4.5, applying "W t0 rey, = [[exx, exy], eyy] We have

llP(rexy) = [[exx, llP(”exy)]aeyy}'
If x is not equivalent to y, then we have

l\P("exy) = [[exx Z 1‘PW("exy)euv]7€yﬂ

Uy
= [z llva(rexy)exv - 2 1‘-I’mc(rexy)em,eyy} (4.10)
X<y u<x
S e

So we have 'W(Sy,) C Syy.
Now suppose x ~ y, then we have

1‘I‘(re,(y) = I‘ny(rexy)exy + 1‘I‘yx(rexy)eyx. 4.11)

Since (X, <) is locally finite, there are only finitely many elements in X which are
equivalentto x. Because X is connected and infinite, there exists an element z € X such
that z ~ x and z is not equivalent to x. If x < z, then we have 'W(e,;) = "Wy, (ex;)ex;
by (4.10). Applying ! to [reyy,ex] = 0 yields

0= [I‘I’xy(rexy)exy + 1‘{’yx(rexy)eyx,exz] + [rexy, l‘i’xz(exz)exz} = l‘i’yx(rexy)eyz.

By (4.11), we obtain "W(rey) ='Wy (rexy)exy € Syy. If z < x, then z <y since x ~y.
So "W (e,y) ='W y(e,y)ezy by (4.10). Applying "W to [reyy,e.,] =0 we obtain

0= [I‘I’xy(rexy)exy + 1‘{’yx(rexy)eyx,ezy] + [rexy, 1‘{’Zy(ezy)ezy] = —l‘i’yx(rexy)eu.
By (4.11) we also have "W(reyy) = W,y (rexy)exy € Syy. Hence 'W(Syy) C Sy, O

Let ry = "W,y (ey) for each pair x <y. According to Lemma 4.6, we have
W(ey) = "Wylen)er = e, x < y. (4.12)

LEMMA 4.7. Let f:<— R be the map defined by

Iy, ifx<y;
f(x,y)={oxy ifxzi (4.13)

Then £ is transitive.
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Proof. By definition, we need to prove
f(x,y) +£(y,z) =f(x,2)
for all x,y,z € X such that x <y < z.
If x # z, then applying "W to [eyy, ey;] = ey, we have
ree = "W(ew) = I\P([exweyzb = (ry +ry)exc.

Thus we get f(x,y) +f(y,z) = f(x,z2).
If x = z, then we have
I\P([exweyxp :[1\P(exy)7eyx} + [exy, l\P(eyX)}
=[ryyexy, eyx| + [exy, Fyxeyy] (4.14)

(ray + 1yx) (exx — €yy)-

Since (X,<) is infinite and connected, there exists w € X such that w ~ x but
w is not equivalent to x. Assume that x ~ y < w (the proof of the case w < x ~y is
similar). By (4.14), applying ¥ to [[exy: eyx], €xw] = [exx — €yy, €xn] = exy We obtain

Fawlry = "¥ ()

IT([[exweyX]anW])

[hy([exyveyX])vexw} + [lexy, el "W (ew)]

= [(roy + ryx) (€xx — eyy), €xn] + [exx — €yy, Frwenn]

= (Fy + Fyx) €xw + Faveon

So we get ry, + 1y, = 0, hence f(x,y) +£(y,x) =0=1£(x,x). O

In what follows, let W¢ be the transitive induced derivation associated to f defined
by (4.13), and 2 := "W — W;. According to (4.12), we have

W(ey) =0, x <y. (4.15)

LEMMA 4.8. ¥ is an additive induced Lie derivation of I(X,R).

Proof. By Lemma 4.4 and the definition of transitive induced Lie derivation, it is
clear that ¥ leaves Z(X,R) invariant. Let {E;|i € .#} be the equivalence classes of
{ex|x <y} under the relation . In order to prove that > is an additive induced Lie
derivation, we only need to show that there exists a family of derivations F = {fj|i € .}
on R such that

2P(cey) = fi(c)ewy, c ER,exy €Eii € S (4.16)

By Lemma 4.6, we have
2‘1’(cexy) :lq’(cexy) — Ps(ceyy)

1
=Yy (cexy)exy — cryyexy
CSyy
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forall x <y and ¢ € R. So for each pair x <y in X, we can define a function f,, : R— R
such that

Y(cery) = foy(c)exy, c €R. (4.17)

In order to prove (4.16), we need to show the following:
(@) fo = fuv if exy,e, €E; forsome i€ 5.
(b) Let f; := fy, where ey, € E;. Then f; is an additive derivation on R.

(a). If ey = ey, then it is clear that fy, = f,,. In what follows, we always assume
that ey, # ey, . Since ey, ey, € E;, there exists a cycle {x; ~xp ~x3~ - ~x, ~x}
which contains both x ~y and u ~ v.

If n =2, then we have x ~y and u = y,v = x. Applying >¥ to [ceyy,epn] =
[exy, ceyy] We obtain

Jo(c)(exk —eyy) = fix(c)(exw —eyy), c ER.

So we have
Jry = frxs X2y (4.18)
Next suppose that n > 3. For a pair s ~ ¢ and s # ¢, define
. S, ifs<i;
T fs iff <.

Note that the function fi is well defined since fi; = fi5 if s ~¢ by (4.18). So in order
to prove fy, = fuy, we only need to show

Here x,; is regarded as x; . Since Wg(cey) = cf(x,x)exy =0 forall c € R and x € X,
we have
P(cey) = "P(cex) € Z(X,R). (4.20)

For afixed i € {1,2,--- ,n}, let {g;,z € X} be the set of the functions satisfying

2
W(ceyy;) Zgz c)ez.

zeX

Then for all s < € X such that s,7 # x;, applying >¥ to [cex;x;,esr] = 0 we obtain
gs(c) =g:(c), c€R. Since {x] ~xy ~x3~ -+ ~x, ~x} isacycle, we have

gy =8u, 1<jk<n, jk#i @.21)

To prove (4.19), we need to consider the following cases: (1) x;—| < x; < xj4+1; (2)
X1 > X > X1 (3) xim1 < xiyxi > X5 (4) xi—1 > xi, X < Xy .
Case (1). By (4.15), applying ¥ to

[Cexi—lxi7exixi+l] = [exiflxﬂcexixt#l}’ VcEeR
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we obtain fy,_ 1y = frx, -

Case (2). The proof is similar to that of case (1).

Case (3). By (4.15), applying 2% to [exi_1xis Texi;] = Tex,_x; and [rey, v 7exy] =
Tey; 1x;» W€ get

8 (r) = &x (1) = fr (1), (4.22)
25 (1) = 8xi (1) = froym (7). (4.23)

Combining (4.21)—(4.23), we have fy, v, = fuqx -
Case (4). The proof is similar to that of case (3).
(b). If ey, € E;, i € &, then we have
[exx — Fexy, exx + Sexy| = (r+$)exy, 1,5 €R. (4.24)
Applying ¥ to both sides of (4.24) we obtain
PW (exx — rexy); exe + 5€xy] + [exx — rexy, > (exs + sexy)] = £i(r 4 5)exy. (4.25)
By (4.20) and Lemma 4.5, we have
¥ () = "P(en) € € (X,R). (4.26)
So

[2‘1’(6,@ — reyy), exx + sexy

= [Z‘P(em — Fexy), €xy + 5[ (ew — rexy), exy)

([exx — Fexy, xc]) + 8 ‘P([em — rexy, exy]) (4.27)
2‘P(rexy) +s ‘I‘(exy)
=1i(r)ey.

Here the second equality follows from (4.15) and (4.26), the fourth equality follows
from (4.15). Similarly to (4.27) we have

[exx — Fexy, 2‘I’(exx +564y)]

= [exxvz\P(exx +sexy)] = rlexy, 2\P(exx + sexy)]

— 2‘I‘([ex,(, ex+sey]) —r 2‘I’([exy, exx + sexy]) (4.28)
=2¥(sery) — 1 2W(—exy)
= f,-(s)exy.

Here the fourth equality follows from 2W¥(—ey,) = 2¥([exy,ex]) = 0. Combining
(4.25), (4.27) and (4.28), we obtain

fi(r+s)=1f:(r)+1fi(s), ns €R. (4.29)
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On the other hand, aplying 2¥ to [rexy, sexy] = rsey, we obtain

2P (rseyy)

= 29([rex, sexy))

= P (rew), sexy] + [rex, 2P (sery)]
= S[PW¥(rew), exy] + rfi(s)ex

5 2 ([re, ex]) +rfi(s)exy

= sfi(r)exy + rfi(s)ey .

fi(rs)exy

Hence we have
fi(rs) =f£;(r)s+ rfi(s), s €R. (4.30)

By (4.29)-(4.30), f; is an additive derivationon R. [J

For a fixed nonlinear Lie derivation ¥ on I(X,R), by Lemmas 4.7-4.8, we have
¥ = ad,, +¥r+ ¥, (4.31)

where ad,,, is an inner derivation, W is a transitive induced derivation and 29 is an
additive induced Lie derivation. Hence we have the following proposition.

PROPOSITION 4.9. Let X be alocally finite preordered set. If X is connected and
infinite, then every nonlinear Lie derivation of 1(X,R) is a sum of an inner derivation,
a transitive induced derivation and an additive induced Lie derivation.

4.2. General case

In this subsection, we consider the general case where (X, <) is not connected, and
prove Theorem 4.1. Let X = | |;c 7 Xi be the decomposition of X into the union of its
distinct connected components. For a family of maps {¢;: I(X,R) = I(X,R) |i€ 7}
such that Im(¢;) C I(X;,R) foreach i € ¢, we can define a direct product

I ¢:1(xX,R)—I(X,R) (4.32)
i€ J

¥ (Tic s )(f) = ic s 9i(f) forall f € I(X.R).
Now foreach i€ 7, let [;: I(X;,R) — I(X,R) and m; : I(X,R) — I(X;,R) be the
natural injective map and projective map respectively. The following two lemmas are
obvious.

LEMMA 4.10. Let ¥ be a nonlinear Lie derivation of I(X,R). Then ¥; := m;o
Y ol; is a nonlinear Lie derivation of I(X;,R) foreach i€ 7.

LEMMA 4.11. Suppose ®; is a nonlinear Lie derivation of 1(X;,R) for each i €
S, then Tlic g lio®;om; is a nonlinear Lie derivation of I(X,R).
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With the help of the previous two lemmas, we can prove the following useful
lemma.

LEMMA 4.12. Let ¥ be a nonlinear Lie derivation of (X,R) and ¥; := mioWol;
foreachic / Then Cy =Y — Hiej lioW;om; is a central-valued map.

Proof. By Lemma4.11, Hie/ [;o¥;om and hence Cy are nonlinear Lie deriva-
tions of /(X,R). So in order to prove that Cy is a central-valued map, we only need to
show that Cy(H) € ¥(X,R) forall H € I(X,R).

For any Y € I(X;,R), we have

Cy(Y)=Y(Y)- H lioWjom;(Y)
i€t

=[] tjom(¥(¥)) —lio¥iom(Y)
jes
=[] Ljom(¥(¥)) ~liomo¥oliom(Y)

=[] {om(¥(¥)) —liomo¥(Y)
= [I Gom(¥).
je\i}

This implies
Cy(Y)e [ I1(Xj,R), VY el(Xi,R). (4.33)
je J\i}
Let E € I(X,R) and H € I(X;,R), i€ # . Then

[Ce(E),H] = Cy([E,H]) - [E,Cy(H)]. (4.34)
Since H € I(X;,R) and [E,H] € I(X;,R), by (4.33) we have

Cy([E,H]) €lje o\(n I(X},R),
[E,Cy(H)] € Tje o\ iy (X, R).

So the right hand side of (4.34) is contained in [Tje s\ (i}/ (X;,R), while the left hand
side of (4.34) is contained in /(X;,R) since H € I(X;,R). This forces

[Cy(E),H] =0 (4.35)

forall E € I(X,R), H € I(X;,R),i € ¢ .Hence Cy(E) € €(X,R) forall E € I(X,R)
and Cy is a central-valued map. [

Now we can prove the main theorem of the paper.

Proof of Theorem 4.1. Let ¥ be a nonlinear Lie derivation of I(X,R). By Lemma
4.10, ¥; = m;o W ol; is a nonlinear Lie derivation of /(X;,R) foreach i€ ¢ . If X; is
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infinte, by Proposition 4.9 we have ¥'; = ad ey, + ¥, + 2y, where ey, is an element in
I(X;,R) defined by (4.3), f; is a transitive map on (X;, <) and 2\¥; is an additive induced
Lie derivation of I(X;,R). If X; is finite, then since the sum of an additive induced Lie
derivation and a central-valued map is also an additive induced Lie derivation, we also
have ¥; = adey, + ¥y, + 2y, by [32, Theorem 3.1]. It is obvious that

Hie/ lioadey,om; = adHie/ ey,
[lic 7 lio¥gom ="y,

where f is the transitive map of (X, <) defined by f(x,y) =fi(x,y) if x<yeX;. It
is also clear that [;c 4 /;o 2¥,; o m; is an additive induced Lie derivation on I(X,R).
So we have Hie/ LioW,om = adHie/ ey, + P+ Hie/ l;o®W,om;, i.e. a sum of an
inner derivation, a transitve induced derivation and an additive induced Lie derivation.
Let Cy =¥ —Tlic 7 lioWiom. By Lemma 4.12, Cy is a central-valued map, which
is a special additive induced Lie derivation. We have proved the theorem. [J

Acknowledgements. The author is very grateful to the referee for the valuable
comments which improved the paper greatly.

REFERENCES

[11 K. BACLAWSKI, Automorphisms and derivations of incidence algebras, Proc. Amer. Math. Soc. 36
(1972), 351-356.
[2] Z.-F.BAI1AND S.-P. DU, The structure of nonlinear Lie derivation on von Neumann algebras, Linear
Algebra Appl. 436 (2012), 2701-2708.
[3] D.BENKOVIC AND D. EREMITA, Multiplicative Lie n-derivations of triangular rings, Linear Algebra
Appl. 436 (2012), 4223-4240.
[4] M. BRESAR, Commuting traces of biadditive mappings, commutativity-preserving mappings and Lie
mappings, Trans. Amer. Math. Soc. 335 (1993), 525-546.
[5] M. BRESAR, M. A. CHEBOTAR AND W. S. MARTINDALE 111, Functional Identities, Birkhiuser
Verlag, 2007.
[6] R. BRUSAMARELLO, E. Z. FORNAROLI AND E. A. SANTULO, Anti-automorphisms and involutions
on (finitary) incidence algebras, Linear Multilinear Algebra 60 (2012), 181-188.
[71 R. BRUSAMARELLO AND D. LEWIS, Automorphisms and involutions on incidence algebras, Linear
Multilinear Algebra 59 (2011), 1247-1267.
[8] L. CHEN AND J.-H. ZHANG, Nonlinear Lie derivations on upper triangular matrices, Linear Multi-
linear Algebra 56 (2008), 725-730.
[9]1 B. DHARA AND S. ALL, On multiplicative (generalized)-derivations in prime and semiprime rings,
Aequ. Math. 86 (2013), 65-79.
[10] A.FOSNER, commutativity preserving maps on M, (R), Glasnik. Mat. 44 (2009), 127-140.
[11] A.FOSNER, F. WEI AND Z.-K. X1A0, Nonlinear Lie-type derivations of von Neumann algebras and
related topics, Colloq. Math. 132 (2013), 53-71.
[12] H. GOLDMANN, AND P. gEMRL, Multiplicative derivations on C(X), Monatsh. Math. 121 (1996),
189-197.
[13] 1. N. HERSTEIN, Lie and Jordan structures in simple, associative rings, Bull. Amer. Math. Soc. 67
(1961), 517-531.
[14] P.-S.J1, R.-R. LIU AND Y.-Z. ZHAO, Nonlinear Lie triple derivations of triangular algebras, Linear
Multilinear Algebra 60 (2012), 1155-1164.
[15] H.-Y.J1A AND Z.-K. X1A0, Commuting maps on certain incidence algebras, Bull. Iran. Math. Soc.
(2019), https://doi.org/10.1007/s41980-019-00289-1.



292

[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]

[34]

Y. YANG

1. KAYGORODOV, M. KHRYPCHENKO, AND F. WEI, Higher derivations of finitary incidence rings,
Algebr. Represent. Theory (2018), https://doi.org/10.1007/s10468-018-9822-4.

M. KHRYPCHENKO, Jordan derivations of finitary incidence rings, Linear Multilinear Algebra 64
(2016), 2104-2118.

M. KOPPINEN, Automorphisms and higher derivations of incidence algebras, J. Algebra, 174 (1995),
698-723.

W. S. MARTINDALE III, When are multiplicative mappings additive?, Proc. Amer. Math. Soc. 21
(1969), 695-698.

F. Y. LU, Jordan derivable maps of prime rings, Comm. Algebra. 38 (2010), 4430-4440.

F. Y. LU AND B. H. L1, Lie derivable maps on B(X),J. Math. Anal. Appl. 372 (2010), 369-376.
L. MOLNAR AND P. SEMRL, Elementary operators on standard operator algebras, Linear Multilinear
Algebra, 50 (2002), 315-319.

A. NOWICKI, Derivations of special subrings of matrix rings and regular graphs, Tsukuba. J. Math.
7 (1983), 281-297.

P. SEMRL, Nonlinear commutativity preserving maps, Acta Sci. Math. (Szeged) 71 (2005), 781-819.
E. SPIEGEL, On the automorphisms of incidence algebras, J. Algebra, 239 (2001), 615-623.

E. SPIEGEL AND C. O’ DONNELL, Incidence algebras, Monographs and Textbooks in Pure and Ap-
plied Mathematics, vol. 206, Marcel Dekker, New York, 1997.

R. STANLEY, Structure of incidence algebras and their automorphism groups, Bull. Amer. Math. Soc.
76 (1970), 1236-1239.

Y. WANG AND Y. WANG, Multiplicative Lie n-derivations of generalized matrix algebras, Linear
Algebra Appl. 438 (2013), 2599-2616.

D.-N. WANG AND Z.-K. XIA0, Lie triple derivations of incidence algebras, Comm. Algebra, 47
(2019), 1841-1852.

Z.-K. X1AO0, Jordan derivations of incidence algebras, Rocky Mountain J. Math. 45 (2015), 1357—
1368.

Z.-K.XI1AO0 AND F. WEI, Nonlinear Lie-type derivations on full matrix algebras, Monatsh. Math. 170
(2013), 77-88.

Y.-P. YANG, Nonlinear Lie derivations of incidence algebras of finite rank, Linear Multilinear Alge-
bra, (2019) https://doi.org/10.1080/03081087.2019.1635979.

W.-Y. YU AND J.-H. ZHANG, Nonlinear Lie derivations of triangular algebras, Linear Algebra Appl.
432 (2010), 2953-2960.

X. ZHANG AND M. KHRYPCHENKO, Lie derivations of incidence algebras, Linear Algebra Appl.
513 (2017), 69-83.

(Received February 5, 2020) Yuping Yang

School of Mathematics and statistics
Southwest University
Chongging 400715, China

e-mail: yupingyang@swu.edu.cn

Operators and Matrices
www.ele-math.com

oam@ele-math.com



