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LINEAR LIE CENTRALIZERS OF THE ALGEBRA OF
STRICTLY BLOCK UPPER TRIANGULAR MATRICES
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(Communicated by E. Poon)

Abstract. Let .4/ be the algebra of all n x n strictly block upper triangular matrices over a field
F. In this paper, we describe all linear Lie centralizers of .4 . We also show that every linear
Lie centralizer of .4 is a centralizer.

1. Introduction

Let % be a ring. An additive mapping ¢ : Z — Z is called a left (resp. right)
centralizer of Z if ¢(ab) = ¢(a)b (resp. ¢(ab) =a¢(b)) forany a,b € % . The map
¢ is called a centralizer if it is both a left and a right centralizer.

Left and right centralizers were first introduced by G. Hochschild in [8], and later
by Johnson in [9] and [10]. In [17] Zalar proved that if & is a 2-torsion free semiprime
ring and T : # — % is an additive mapping such that T (x*) = T (x)x (or T(x*) =
xT(x)) for all x € #Z, then T is a centralizer. Vukman also studied centralizers of
semiprime rings and proved that if % is a 2-torsion free semiprime ringand T : # — %
is an additive mapping such that 2T (x*) = T'(x)x +xT(x) for all x € #, then T is a
centralizer in [12]. Numerous work have been done on the study of centralizers of rings
and algebras see [3, 13, 14, 16].

Let #Z be aring. An additive mapping 0 : Z — % is called a Lie centralizer of
X if

8([a,b]) = [8(a),8] (or 8([a.b]) = [a,5(b)))
forall a,b € Z, where |a,b] = ab — ba is the usual Lie product of a and b.

REMARK. The conditions 6([a,b]) = [8(a),b] = [a,d(b)] are equivalent regard-
less of the additivity of § (see [4]).

Fosner and Jing studied the Lie centralizers on triangular rings and nest algebras
in [4] and presented characterizations of both centralizers and Lie centralizers on tri-
angular rings and nest algebras. Recently, Ghomanjani and Bahmani dealt with the
structure of Lie centralizers of trivial extension algebras in [7]. In [1] hadj and Ahmed
characterized the non-additive Lie centralizers of strictly upper triangular matrices over
a field of zero characteristic.
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Let g be an algebra over a filed F. Then a linear map f : g — g is called linear
Lie centralizer of g if

f([a7b}):[f(a)vb] (L.1)

forall a,b € g.

The main goal of this paper is to explicitly describe the linear Lie centralizers of
the algebra of strictly block upper triangular matrices over a field F. In recent years,
significant progress has been made in studying the algebra of strictly upper triangular
matrices over a field or a ring. Some results on the study of the algebra of strictly upper
triangular matrices are given in [2, 5, 6, 11, 15].

Fix afield F. Let M,,, be the set of all m x n matrices over IF, and put M, =M,, ,,.
Let .4 (resp. %) denote the set of all strictly block upper triangular matrices (resp.
block upper triangular matrices) in M, relative to a given partition. Then .4 and A
are subalgebras of gl(n,F), i.e. M, with the usual matrix multiplication. In this paper,
we explicitly describe the linear Lie centralizers of .4 over I and will show that in
Theorem 2.1: if f is a linear Lie centralizer of .4, then

F(A) = A4+ u(A)

forall Ae A", where A €F and u : A — Z(A4") is alinear map such that u[4", 4] =
0 where Z(./") denotes the center of 4.

The main motivation of this work comes from hadj and Ahmed’s results on the
non-additive Lie centralizers of the algebra of strictly upper triangular matrices over a
field [1]. Our work on the linear Lie centralizers of .#” not only generalizes the result
of hadj and Ahmed, but also use a new approach that is promising to find the linear
Lie centralizers of other matrix algebras with appropriate block forms.The essential
tools are Lemmas 3.1-3.3, where four types of product preserving linear maps between
matrix spaces are determined.

Section 2 gives the basic notations and presents the mail result, i.e., characteriza-
tions of the centralizers and linear Lie centralizers of .4". Section 3 determines four
types of product preserving linear maps between matrix spaces that will play essential
roles in finding the linear Lie centralizers of ./4". Section 4 presents some other lemmas
and proves Theorems 2.1.

2. Main results

The linear Lie centralizers of the algebra .4 of strictly block upper triangular
matrices will be determined in this section. We also characterizes the centralizers of

N

2.1. Notations

Let [n] = {1,2,---,n}. Fix a field F. Let M,,, (resp. M,) be the set of m x n
(resp. n x n) matrices over . Let I, denote the identity matrix in M,,. A t Xt block
matrix form in M, is represented by a sequence (nj,ny,---,n;), where n; € 7+ for
i€[t] and ny+---+n =n. Fixing a ¢ x ¢ block matrix form in M, represented by a
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sequence (ny,n,---,n;), each A € M, can be expressed as
A=[Ai]
where the (i, j) block A; ; € My, ;. The matrix A can also be expressed as
A= 2 AbJ
(@.J)elx[]

such that each A™/ € M, has A; ;j on the (i, j) block and 0’s elsewhere. A is called

Xt

o block upper triangularif A; j =0 forall 1 < j<i<t,
o strictly block upper triangularif A; j =0 forall 1 < j <i<t,
o block diagonal if A; ;=0 forall i # j.

When A is not given in advance, A"/ and similar expressions may be used to express
generic matrices in M,, with 0’s outside of the (i, j) block.

Let £ (resp. .4, 2) denote the set of all block upper triangular matrices (resp.
strictly block upper triangular matrices, block diagonal matrices) in M,. They are
subalgebras of the algebra M, with the usual matrix multiplication.

For i, € [t], let M, denote the set of matrices in M, with 0’s outside of the (i, j)
block. Define the block index set of A as

Ty ={Gj)eZ’|1<i<j<1}. @.1)
For (i,j) €Ty, denote A = My’ . For ACT y, denote
No= P A, = P (2.2)
(i./)eA (i,/)ET 4 \A

Let E},Jq denote the matrix in M, that takes 1 on the (p,q) entry of the (i, )
block and 0’s elsewhere for (i, j) € [t] x [t] and (p,q) € [n] X [n;].

2.2. Centralizers and linear Lie centralizers of ./

We describe the linear Lie centralizers of .4~ when ¢ > 3. The main result for
t > 3 is given in Theorem 2.1 below. We will give a proof of this theorem in section 4.
It is well-known that the center Z(.4") of 4 is A7,

THEOREM 2.1. Let t >3 and let A be the algebra of strictly block upper trian-
gular matrices over a field F. Let f: N — A be a linear Lie centralizer. Then

F(A) =2AA+8(A) (2.3)
forall Ae N, where A €F and 6 : N — Z(.N) is alinear map such that 6 ([N, .N])
=0.

As an application, we consider the centralizers of .#". We begin with the following
lemma.
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LEMMA 2.2. Let u: N — Z(A") be a linear mapping satisfying u([AN, N]) =
0. Then p is a centralizer of N .

Proof. Let A,Be .4 and A" ={(i,i+1)|i€ [t—1]}. Onone hand, by direct com-
putation, AB€ Y A" and for each (i, ) € T 4 \ A, there exist (i,k), (k, ) €
(i.J)ET 4 \A
T 4 such that A = 4k ki = [k ki) C A, 4], so that u(AB) =0. On
the other hand, Z(.#") = .#"!* and by direct computation A4 4 =0 =44 so
that (A)B =0 = Au(B). Therefore, U is a centralizer. [J

COROLLARY 2.3. Every linear Lie centralizer of A over a field F is a central-
izer.

Proof. It is easy to check that a linear mapping ¢ : .4~ — .4 defined by ¢(A) =
AA for A€ 4 and A € F is a centralizer of ./#". Hence, by Theorem 2.1 and Lemma
2.2, every linear Lie centralizer of .4 over a field F is a centralizer. [J

3. Linear maps preserving matrix products

The linear Lie centralizer property (1.1) over a matrix algebra is closely relative
to some matrix product preserving properties. Their relationships are much obvious
when the algebra consists of block matrices. Here we will determine linear maps that
preserve four different types of matrix products. These maps play essential roles in
exploring the linear Lie centralizers of .4~ as well as other algebras of block matrices.
They will also be helpful in studying the centralizers of matrix algebras.

In Lemmas 3.1-3.3, let E}!, denote the m x n matrix that has the only nonzero

entry 1 in the (p,q) position.

LEMMA 3.1. Suppose F is an arbitrary field. If X € M,,, and Y € M,, satisfy that
XA =AY (3.1
forall A€ M,y,, then X = AL, and Y = Al, for some A € FF.

Proof. Suppose X = (xip) € My, and Y = (y4j) € M,,, where i,p € [m] and ¢, j €

[n]. For any (i, j) € [m] x [n], by (3.1),
XE}), = ELL,Y. (3.2)

Comparing the (i, j) entry of the matrices in (3.2), we get x;; = y;;. Similarly, compar-
ing the (p, j) entry for p # i, we get xp,; = 0; and comparing the (i,q) entry for g # j,
we get 0 =y, . Therefore, X = Al,, and Y = AI, forsome A € F. [

LEMMA 3.2. If linear maps ¢ : My, , — My 4 and ¢ : My, , — My, 4 satisfy that

0(AB) =A@(B)  forallA € My, BEM,,,

then there is X € My, 4 such that ¢(C) = CX for C € My, and ¢(D) = DX for D €
M, p.
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Proof. Forany j € [n] and B€ M, ,

1.j 1.j
¢(Em>j<nB) = Eﬂ’l>j<n(p(B)'
Let R,l,w, denote the subspace of M, consisting of matrices with 0’s outside of the

first row. Similarly for R}, . Then for every j € [n], R}, , = E (Uag, . so that

mxn

O(RL ) = O(ESIM, ) = ESS (M, ) C R

m,p mxn mq-*

— R, , can

There exists an X € M), ; such that the linear transformation ¢ |1 i R}, »

be expressed as
Olgy (T)=TX, forallT e R,

Then for every B € M, p,
EL) o) = ¢(E) By = E1V)px

m mxn — TmXn

Therefore, ¢(B) = BX for B € M, ,. Hence ¢(AB) = Ap(B) = ABX for every A €
M, and B € M, ,,. The linear combinations of all such AB form M, ,. So ¢(C) =CX
forall Ce My, ,. O

LEMMA 3.3. If linear maps ¢ : My, , — My, p and @ : My, g — M, 4 satisfy that
¢(BA) = ¢(B)A forall AeM,,, BEMy,,

then there is X € My, such that ¢(C) = XC for C € My, , and ¢(D) = XD for D €
My .

Proof. The proof (omitted) is similar to that of Lemma 3.2. [

4. Proofs of main results

The main goal of this section is to prove Theorem 2.1. We always assume that
t > 3 in the following discussion.

4.1. Linear Lie centralizer image locations

First we will give several auxiliary results on the image locations of f(.#"/) for
a linear Lie centralizer f and .4/ C 4. We will observe the following interesting
fact: most nonzero blocks of f(A"/) for A € .4/ are located on the (i,j)-th and
(1,¢)-th blocks.

The first lemma discusses the linear Lie centralizer image on 412 and 47~ 17,

LEMMA 4.1. Let f be alinear Lie centralizer of A . Then
A2 a2 ez( ), 4.1
FA Ty C =M z(). (4.2)



308 P. GHIMIRE

Proof. To prove (4.1), we show that f(A!?)" =0 for any A2 € 412, (i,j) €
T 4 and (i,/) ¢ {(1,2),(1,1)}. Suppose i > 1. Then forany Al € 414 [A12 AlT] =
0, so that

0=f([A"? AN = [F(a12), AV = —ALIf(A12)M (4.3)
for A € 41 Now we further discuss (4.3) in the following two cases:
o Ifi>2,0=Abf(A"2)" forany A € 4. So f(A'2) =0.
o If i =2, it suffices to show that f(E,if)zf =0 for any k € [n1],¢ € [n2]. Given
E;; e 12,
0=E f(E) (4.4)
Comparing the k-th row in the equality (4.4), we see that the £-th row of f(E ;gz)z,
is zero. Since { € [n] is arbitrary, f (E,lf)zf =0.
Therefore, f(A'2)"/ =0.

Now we show that f(A?)!/ =0 for 2 < j <t. Suppose 2 < j < . Then for any
At c z/‘/jJ’

0= (A", A = [F(A12), A1) = p(Al2) Al

Therefore, f(A'2)1/ =0.
The proof of (4.2) is similar. [J

Next we consider the linear Lie centralizer image on .A23, 434 ... y1=21-1,

LEMMA 4.2. For alinear Lie centralizer f of N and 1 <i<t—1,
f(JVi’i+1) g </Vi,iJrl +Z(</V) (45)

Proof. Forany A1 e 4+ it suffices to prove that the (p,q) block f(A%+1)r4
=0 for (p,q) €T 4 and (p,q) & {(i,i+1),(1,¢)}. We first show that f(A"*+1)P4 =0
for (p,q) €Ty, p#i, q#i+1,and (p,q) # (L,t). Either p > 1 or g <t. With-
out loss of generality, suppose ¢ < ¢ (similarly for p > 1). Then for any A?" € 49!,
[ABF A41] = 0 so that

0= f[(Ai’iJrl,Aq’t}p’t _ [f(Ai,iJrl)’Aq,t]p,t _ f(Ai,iJrl)p,qu,t.

Therefore f(A%*1)P4 = (. Which shows that the possibly nonzero blocks of f(A%*1)
are in the i-th block row and the (i + 1)-th block column .

Next we show that f(AH 1P+l =0 for 1 < p <iand f(AY 1) =0 fori+1<
g <t.Suppose 1 < p <i.Thenfor AL e /Hbr 11 <r<t,

f(Air)pr — f[Ai,i+l’Ai+l,r]p,r — [Ai,i+1 ,f(AiJrl,r)}p,r =0. (46)
By (4.6), we get
0= f(Air)p,r _ f[Ai.,i+l Ai-‘rl,r]p,r _ [f(Ai.,i+1) Ai+l,r}p,r _ f(Ai.,i+l)p,i+1Ai+l,r'
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Therefore f(AMT1)Pitl =0,
Similarly, f(A¥*1)4 =0 fori+1<qg<t. O

Now we consider the linear Lie centralizer image on the other .4/

LEMMA 4.3. For a linear Lie centralizer f of 4 and i,j € [t] and j>i+1,
the image f(A") satisfies that

fAHy oy, (4.7)

Proof. Let j=i+k,k>2. We prove (4.7) by induction on k.
1. k=2": ,/Vi’i+2 — </‘/i,i+1’/1/t'+1,i-&-2 — [,/Vi’i+1,,/l/i+1=i+2], For Ai,i+1 c Wi,i-&-l
and A2 ¢ L2 Jaccording to Lemmas 4.1 and 4.2,
f[Ai,i-‘rl Ai+1,i+2] — [f(Ai,i-‘rl) Ai+l,i+2] — f(Ai,i+l)i,i+lAi+1,i+2 c </Vi’i+2.
Hence k=2 is done.
2. k> 2: Suppose (4.7) holds for all ¢ < k. Now A btk = yiit2 git2itk —
[V+2 204K For any Ab+2 € 4442 and Ait2ith ¢y it2itk
f[Ai,i+2 Ai+2,i+k] _ [f(Ai,i+2) Ai+2,i+k] :f(Ai,i+2)i,i+2Ai+2,i+k c itk
where the last relation is due to induction hypothesis, Lemma 4.1, and Lemma
4.2. So (4.7) holds for k.

Overall, we have proved (4.7) forall k. [

The above lemmas determine all possibly nonzero blocks of f (A™) for a linear
Lie centralizer f and A"/ € 4"/ C 4. The next goal is to describe the f-images on
these blocks.

LEMMA 4.4. Let f be a linear Lie centralizer of A . Then there exist A € F
such that
FAPT)PT = L AP forall AP" € NPT C N, (4.8)

Proof. Forany l <p<qg<r<t, AP?c A/P9and A?" € 49",
F(APAATTYPT = F([AP4, ADT))PT = [f(AP4), A9T|PT = f(AP9)PGA9T
Applying Lemma 3.3, there exist X7*? € M}’ such that
FAP9)PS = XPPAPS  forall APY € NP4,
FAPTYPT = XPPAPT  for all APT € AP (4.9)

Since f is a linear Lie centralizer, forany 1 < p<g <r<t, AP9 € A P4 and
A" e /DT,

FAPIATTYPT = (AP ATT)PT = [APA, F(AS]PT = APAF(AT ).
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Applying Lemma 3.2 , there exist X" € M,," such that

4.2

SATHET = ATTXTT for all AT € P4,
SAPTPT = APTXT for all AP" € NPT, (4.10)
By (4.9) and (4.10), we have
XPPAPT = APTXT for AP" € NPT,

Applying Lemma 3.1, there exists A € F such that X”'? = AIPP and X" = AI"".
Therefore, f(AP")P" = AAP" for AP" € /PTC A . O

Proof of Theorem 2.1
We are ready to prove our main result.
Proof of Theorems 2.1. By Lemma 4.4, there exists A € I such that
F(AWY = QAN for AW e N C .
Define fy:= f — AlL,. Thus fy is a linear Lie centralizer. Then (4.8) implies that

fo(A)i =0 forall AW € 4" C 4. By Lemma4.1, 4.2, and 4.3, fo(A%) =0 for
(i,j) €T 4 \{(i,i+1):i€[t— 1]} and the only non-zero block of fo(A" 1), i€ [t—1]
is the (1,#)-th block.

Define a linear map 6 : .4~ — .4 such that for A € .4,

Zf Au+l ZfAtt+l

Then 6(A) € Z(.4") and 6[4",.4#] = 0. Now we get a new linear Lie centralizer
fii=fo—6=(f—AL) -6,

where fi(A"/) =0 for A® € A" C 4 . Therefore

F(A) =2AA+8(A)

for A € . Hence Theorem 2.1 is proved. [J
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