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THE PRODUCT OF OPERATORS AND THEIR THE
MOORE-PENROSE INVERSES ON HILBERT C*-MODULES
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(Communicated by R. Rajic)

Abstract. We assure the existence of the Moore—Penrose inverse of a product UT'S, under the as-
sumptions that 7 has a closed range and that there exist U’ and S’ such that U'UT =T =TSS’,
and then we characterize the Moore—Penrose inverse of UT'S in terms of the corresponding in-
verses of 7. Also, we obtain the block matrix decomposition of operators, which implies that
the reverse order law for operators establishes. Finally we achieve some relations between the
product of operators and their the Moore-Penrose inverses.

1. Introduction

Hilbert C*-modules are generalizations of Hilbert spaces by allowing inner prod-
ucts to take values in a C*-algebra rather than in the field of real or complex numbers.
Some fundamental properties of inner product spaces are no longer valid in inner prod-
uct C*-modules in their complete generality. Consequently, when we are studying inner
product C*-modules, it is always of interest under which conditions as well as which
more general, situations might appear. The book [4] is used as a standard reference
source.

The Moore-Penrose inverse is a topic of considerable research in matrix theory,
ring theory, operator algebra with a variety of applications including control theory,
signal processing and estimation theory. The existence of the Moore-Penrose inverse is
of interest in the study of the structure of a non commutative algebra.

Xu and Sheng [8] showed that a bounded adjointable operator between two Hilbert
C*-modules admits a bounded the Moore—Penrose inverse if and only if that operator
has closed range. Ensuring of the existence of the Moore-Penrose inverse of product
operators and its computing is not an easy task in general.

Gouveia and Puystjens introduced an equation on finite matrices and applied it for
several familiar factorizations of matrices such as the polar, the Schur, and the singular-
value decompositions [2]. Patricio in [7] gave necessary and sufficient conditions in
order to product of known operators be the Moore—Penrose invertible.
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In this paper, the existence of (T'S)", (UT)" and (UTS)", under the assumption
that T has a closed range and the existence of U’ and S’ such that U'UT =T =TSS’,
is guaranteed, and then we characterize the Moore-Penrose inverse UTS in terms of
the corresponding inverses of 7', and also by focuses on block matrix decomposition
of operators reobtain it, in terms of the corresponding the Moore-Penrose inverse T .
The same technique enabling us to find that conditions under which the reverse order
law for operators hold and it leads to obtain new results of the product of operators
and their the Moore-Penrose inverses in the infinite dimensional settings on the Hilbert
C*-module.

Let us fix our notation and terminology. A Hilbert 2-module 2 is a right -
module equipped with an 2(-valued inner product (-,-) : 2" x 2" — 2 such that 2~
is complete with respect to the induced norm ||x|| = ||<x,x>||% (x € Z7). Throughout
the rest of this paper, 2l denotes a C*-algebra and 2, %, 2 and 2% denote Hilbert
2A-modules. Let £ (2°,%') be the set of operators T : 2" — % for which there is
an operator T* : % — 2" such that (Tx,y) = (x,T*y) forany x € £ and y € #. It
is known that any element T € .2 (2", %) must be bounded and -linear. We call
L(Z,%) the set of adjointable operators from 2" to %. Forany T € (2 ,%),
the range and the null space of T are represented by Z(T) and .4(T), respectively. In
case 2 =%, the space £ (2, Z"), which is abbreviated to .Z (%), is a C*-algebra.

A closed submodule M of 2 is said to be orthogonally complemented if 2~ =
M&M*, where M- ={x€ 2 : (x,y)=0forany ye M} . If T € L(Z",%) does
not have closed range, then neither .4"(T') nor W needs to be orthogonally comple-
mented. In addition, if T € £ (2",%') and Z(T*) is not orthogonally complemented,
then it may happen that 4 (T)* # %(T*); see [4, 5]. The above facts show that the
theory of Hilbert C*-modules are much different and more complicated than that of
Hilbert spaces.

An operator S € £ (%, Z") is an inner inverse of T, if TST =T holds. In this
case T isinnerinvertible, or relatively regular. Itis well known that 7 is inner invertible
if and only if Z(T) is closed in %". The Moore-Penrose inverse of T € £ (2", %) is
the operator X € .Z (%', 2") which satisfies the Penrose equations

()WTXT=T, (2)XTX=X, (3)(TX)*'=TX, (4)(XT)*=XT.

The Moore—Penrose inverse of 7T exists if and only if Z(T) is closed in #. If the
Moore—Penrose inverse of T exists, then it is unique, and it is denoted by 7. If 6 C
{1,2,3,4} and X satisfies the equations (i) forall i € 6, then X is a O-inverse of T.
The set of all @-inverses of T is denoted by 7{6}. In particular, 7{1,2,3,4} = {T"}.

The term orthogonal projection will be reserved for T which is self-adjoint and
idempotent. From the definition of the Moore—Penrose inverse, it can be proved that
the Moore—Penrose inverse of an operator (if it exists) is unique and 77T and TT" are
orthogonal projections into Z(T*) and Z(T), respectively. Clearly, T is the Moore—
Penrose invertible if and only if 7* is the Moore—Penrose invertible [4, Theorem 3.2],
and in this case (7*)" = (T7)*, (T*T)" =T7(T*)", T*=T*TT" and T* = T*(TT*)".
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2. The Moore-Penrose inverse of a product

In the following theorems, the existence of (7'S)", (UT)" and (UTS)" satisfying
the stated conditions that T has a closed range and the existence of U’ and S’ such
that U'UT =T = TSS', is guaranteed by Theorems 1 and 2. In order to compute their
the Moore—Penrose inverses, we determine inverse of two operators in terms of the
corresponding the Moore—Penrose inverse of 7, that they play fundamental roles in the
related results in this section.

THEOREM 1. Laa T € L (2, %), Se L(Z X)), Uec L (¥, %) and T have
closed range. If there exist operators U' € L (%) and §' € L (X, %) such that

UUT =T =TSS,
then
(i) UT and TS have closed ranges and T'U' € (UT){1,2,4} and S'T" € (TS){1,2,3}.

(ii) (UT)'UT+1—T'T and (TS)(TS)*+1—TT" are invertible operators. In this
case,

(UTYUT+1-T'T) " = UT) (UT)") +1-T'T

and
(TS(TS) +1—TT") " = ((T8)") (TS)"+1—TT".

Proof. (i) Putting X = TTU’ implies that

UTXUT =UTT'U'UT =UTT T =UT,
XUTX =T0'UTT'v' =T'U' = X,
(XUT)* = (TTU'UT)* = (T'T)" =T'T.

Then TTU’ € (UT){1,2,4}. It immediately concludes that UT has closed range.
Also, letting ¥ = §'T" concludes that

TSYTS = TSS'T'TS=TT'TS=TS,
YTSY = STITSST =S'T'1T  =§'T" =Y,
(TSY)* = (TSS'T)* =(TTY)* =TT".

Then TS has closed range and S'T" € (TS){1,2,3}.

(ii) The statement (i) concludes that UT and T'S have closed ranges. By [6, Corol-
lary 2.4] (UT)*UT)" exists and (UT)*UT)" = (UT)"((UT)*)". Taking adjoint of
U'UT =T we get T*U*(U')* =T*. This implies that Z(T*) = Z((UT)*), therefore
(UT)TUT =TT . Now, putting C = (UT)*UT +1—T'T and D= (UT)(UT)*)T +
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1 — T7T implies that

CD = ((UT)*UT+ 1 - TTT> <(UT)T((UT)*)T+ - TTT)
= WUT)*'uTWT)"((UT)")"+(UT)*UT — (UT)*UTT'T
+UTn) ((UT)) +1-T'T
—-r'rwn)(wn) -1'T+T1'TT'T
= (UT)*((UT)")'+(UT)*UT — (UT)*UT
+Un) ((UT)) +1-T'T
—wnturwn) (WD) =1 T+ 1T
= Un)(UD)) + WD (W) +1-T'T— W) "(UT))
(U Y (UT)) +1-T'T
fUT) +1—TTT
= (UT)'UT+1-
= T T+1-T'T

Since (UT)'UT =TT, therefore

W) ((Un))'T'T = (Un) (UT)) (UT) (UT)
= wn(unHh. (1)

Also we obtain

DC = ((UT)T((UT)*)T +1- T‘fT) ((UT)*UT+ - T‘fT)

= ni(wrH'wryvr+wn)(un)) - wn(un))'T'T
+(UTYUT+1-T'T

—T'TWUT)*UT —T'T+T'TT'T

(by 1) = UT)'UT+UT) (UT)")" = (UT)(UT)")

+UT)'UT+1-T'T—(Un)'UTWUT)"'UT

= Un)'UT+WUT)'UT+1-T'T - (UT)*UT
= WUn)'UT+1-T'T
=1.

With similar argument, we prove that ((TS)*)"(7S)"+1—TT7" is invertible. Since
TS has closed range then [6, Corollary 2.4] (TS(TS)*)" exists and (TS(TS)*)" =
((TS)*)"(TS)". On the other hand, from 7 = T'SS’ it follows that TS(7'S)" =TT and
R(T)=2R(TS).
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Now, we put G =TS(TS)*+1—TT" and H = ((TS)*)"(TS)"+1—TT". Then

GH = (TS(TS)* +1- TTT) (((TS)*)T(TS)* +1- TTT)

= TS(TS)* (TS (TS +TS(TS)* —TS(TS)*TT"
+((T8)(TS)T +1-T1T"

— 1T (TS))(TS) =TT +TT TTT

= TS(TS) +TS(TS)* —TS(TS)*TS(TS)"
+(18))(TS)T+1—-TT"

— 1S(T8) (18)) (T8 —TT" +TT"

= TS(TS)" +TS(TS) —TS(TS)*
+H(TSHNTS) +1-TS(TS)" - ((T5)) (1)

=1.

— = = =

Also,

HG = (((TS)*)T(TS)T +1- TTT) (TS(TS)* +1- TTT)

= ((TS))(TS)'TS(TS)" + ((TS))(TS)" — (7)) (TS)'TT*
+TS(TS)* +1—TT"

— 1T TS(TS)* —TT + 1T TT"

= ((TS))(TS)* + (1)) (TS)" = (T5)")(TS) TS(TS)*
+TS(TS)* +1—TT"

— TS(TS)'TS(TS)* =TT +TT"

= ((TS)*)T(TS)* (T$))(T8)" = ((T8)) (1)

+TS(TS)* + TTT —TS(TS)*
= (TS)(TS)) +1-TT"
= (TS)(TS)T +1—TTr

=1.

This completes the proof. [l

We notice that 7,5 € .£(2"), then [T,S] =TS — ST denotes the commutator of
T and §S.

THEOREM 2. Let 2, %, %, % be Hilbert A-modules and T € L (X, %) has
closedrangeand S € L (%, 2°),U € L (¥, X). If there exist operators U' € L (A, %)
and §' € L( X, %) such that

U'UT=T=TSS.

Then
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(i) (TS)" =(TS)*G~' and (UT)" =C~1(UT)*,

(ii) [G~1,TS(TS)| =0 and [C~',(UT)'UT] =0,
(iii) UTS has closed range and (UTS)" = (TS)*G-'TC~ Y (UT)*,
(iv) S*C(UT)" = (TS)'GU*,
where C= (UT)*UT +1—T'T and G = (TS)(TS)*+1—-TT".

Proof. (i) From U'UT =T = TSS' we get the following: Z(T) = Z(TS) and
R (T*)=Z((UT)*). The first equiality implies that TTT = T'S(TS)". From the second
equiality it follows that 77T = (UT)"UT . By details which are shown in the proof of
Theorem 2, we conclude that C and G are invertible and theirs inverses are D and H ,
respectively. Hence we have

(TS)"G~" = (TS)" ((TS)*)T(TS)TH—TTT)

= (T$)

= (TS)"((TS)")"(TS)" +(TS)" — (TS)(TS)(TS)"
= (TS)*((TS)")"(TS)" +(TS)" — (T$)*

= (18)" (1)) (TS)’

= (T5)"

TS
and

clUT) = ((UT)T((UT)*)T—F 1 —TTT> UT)*

(i) From statement (i) we have G is invertible and (TS)*G~!' = (TS)", also G
is self adjoint. Taking adjoint, we obtain G~'(TS) = ((T'S)*)", then Z(G~1(TS)) =
Z((TS)*)") = %#(TS). Hence by [1, Lemma 2.1] the desired result follows.

Analogously, we can prove that C is invertible and C~'(UT)* = (UT)", also C
is self adjoint. Then Z(C~'(UT)*) = Z((UT)") = 2((UT)*). Reuse by [1, Lemma
2.1] concludes that [C~!,(UT)'UT] = 0.

(iii) The proof of the statement (i) can be used to see that C and G are in-
vertible and (7S)*G~' = (TS)" and C™'(UT)* = (UT)?. Letting B = UTS and
X =(TS)*G'TC~Y(UT)* conclude that

BXB =UTS(TS)*G™'Tc'(UT)*UTS
=UTS(TS)'T(WUT)'UTS
- U(TS(TS)T>T((UT)TUT>S
=UTT'TT'TS
= UTS.
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and in the same way we reach

XBX = (TS)'G'tc Y (ur)*'urs(rs)"¢'tCc'(UT)*
= (T8)'TWUT)'UTS(TS)'T(UT)"
= (1)’ TTITS(TS)'T(UT)"
= (18)'TS(TS)'T(UT)"
= (18)'TT'T(UT)"
= (18)'T(UT)’

Also BX and X B are orthogonal projections, since

BX = UTS(TS)*G'rc\(UT)*
= UTsS(TS)'T(UT)"
=UurT'T(UT)"
=UuT(UuT)’,

and

Then UTS has closed range and the uniqueness of the Moore-Penrose inverse implies
that (UTS)" = (TS)*G-'TC~'(UT)*.

(iv) Multiplying the equality (TS)" = (T'S)*G~! by GU* on the right side and the
equality (UT)" = C~1(UT)* by S*C on the left side, the desired result follows. [J

3. Matrix representation for U'UT =T = TSS’

In this section, we obtain the block matrix decomposition of operators, which
implies that the reverse order law for operators establishes. Moreover, we achieve some
relations between the product of operators and their the Moore-Penrose inverses.

The following theorem provides some conditions in order to U'U and SS’ are
orthogonal projections.

THEOREM 3. Suppose that T € L (2 ,%) has closed range, S € L (2, ")
and U € L(¥ , K'). If there exist operators U' € L (X, %) and S' € L (X, %)
such that

UUT =T =TSS, %(S)=2R(T"), RU")=2%(T),

then
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(i) U'U and SS' are orthogonal projections,
(ii) S(TS)" = (UT)'U.
Proof. (i) Using [3, Lemma 2.3] and [3, Lemma 2.4], the orthogonal sums 2~ =
RT)VON(T), W =RT)DN(T"), Z=RS")®AN(S) and X = Z(U) ®

A (U*) imply that the matrix representation of T has the form T = [ 7(;1 g} : [‘Z/((TT; } —

—1 *
t_ [T 0| [ 2(T) | _ | 2(T7)
T ] where T; is invertible and T { 0 0} : L/V(T*) (T .Also §

R
{ -] - ] - [ 3] 057 (?H

() } where D = S}S; + 5553 is invertible. Also, we have U = [Ul U {
( )

) A + _[UrETtol [ 2U)
L/V(U*) and U’ = Ul U , U = viEL o] | 4w where
E =U,U{ 4+ U,Uj is invertible. Since Z(S) = %(T") then
R S0l [p7ls;p7lsy] _[nol[rto
SS*TT@[&OHO 0o |=looll oo
SiD7is; ;b7 10 W
S3D71s; ssp71s;y | [00]°
Equation (1) implies that
S$\D71s5=0 2)
S;D71s% =0. (3)

By multiplication S on the left of the equation (2) and multiplication S5 on the left of
equation (3) we conclude that

SiS1D™'S5 +8583D 7S5 = (881 +5383)D 'S5 =0,
therefore, S3 = 0. Similarly, since Z(U*) = %(T) then U, = 0.
Now consider the following chain of equivalences, which is related to the assump-

tion U'UT =T:

vor=re [ 150 [50] - [30)

Ué Uéi 00 00 00
U{UlTl O |7hO
UéUlTl o |00

< UUIT =T, UUT =0.

Invertibility of 7 implies that U{U; = 1 and UjU; = 0. So we obtain U'U =

! 0} . Itis clear, U'U and SS’ are orthog-

[1 O] . Similar arguments show that S’ = { 00

00
onal projections.
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(ii) Using [3, Lemma 2.3], the orthogonal complemented submodules 2" = % (T*)
DA (T) and ¥ =Z(T)® N (T*) and Z = 21 ® 25 and A = J¢ ® J3, conclude

. o _|nol. [z _ Z(T) . .
that matrix decompositions 7 = [ 0 O] : [ (T (T where Tj is invertible.
_|sis| oA Z(S) ool 2w _ |
Alsos_{O 0}{%} {,/V(S*)] andU_[U2O].[J/(U) | Reuse

[3, Lemma 2.3] derives

S(TS)" = {Sl 52} {(TISI)*E" 0] _ [Sl(Tlsl)*Efl+S2(T1$z)*E*1 0]

00| |(N1$)E"Lo 0 0
and
—1 * p—1 *
i | FHUM) FTHULT)* | U1 O
Un)'U = [ 0 0 U, 0
_ [F*l(UlTl)*Ul+F*1(U2T1)*Uz 0}
- 0 0|’

where E = T1S1(T151)" + T152(T1$2)* and F = (U\Th)*U T + (U, Th)*U, Ty are in-
vertible. Since

(S1ST+$283) T E " = (S187 + $283) Ty (T7) 1 (818 + 8083) M1 = 7,7
and
F'TY(UTUL + UsUy) = Ty (U UL+ UsUn) ™ (T T T (U U + Us Uy) = T

hold, then 0 0 0 0
S(rs) =Wwrn)'v. O

k * *p—1 — 1 * *
(5187 +525)TTE 0} = {F BUUL+U) 01 g consequently,

In the following theorem, by applying the block matrix decomposition trick, we
reobtain (U TS)T, in terms of the corresponding the Moore-Penrose inverse 7, and we
show that the reverse order law holds for product of operators.

THEOREM 4. Let T € L( 2, %) have closedrangeand S € £ (Z"), U € L (¥).
If there exist operators U' € L (A, %) and S' € L (X, %) such that U'UT =T =
TSS', then

(i) UTS has closed range and (UTS)" = (TS)'T(UT)";

(ii) If S and U have closed ranges then (UTS)" = S'TTUT, under the additiational
assumption that (TS)' = S'T" and (UT)" = TTU"

(iii) (UTS(TS)"' =T(UT)';
(iv) (UTT"T=T(UT)T;
() (UT)'UTS)" =(TS)'T;
(vi) (TTTS)" = (TS)'T;
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(vii) (UTS)'UT(UT)" = (UTS)";
(viii) (TS)'TS(UTS)" = (UTS)T;
(ix) (UTS)" =S (UT)", under the additiational assumption that Z(T*) = %(S).

Proof. Since U'UT =T =TS, it follows that Z(T) = %(TS) and Z(T*)
Z((UT)*). Using [3, Lemma 2.3] , the orthogonal complemented submodules %’ T*

)
and Z(T) conclude that matrix decompositions 7' = {Tl O} : [’Q(T* } { }

00 N(T)

p_[mto) [ @) | _ [#(1) _[si%] . [201)] )
and T 7{ 10 0} : [JV(T*) (T . Also §= S8 || ) (T)
Since Z(T) =2 (TS) by [3, Lemma 2.4] matrix form TS is TS= {b({)l 17(!)2} : [ (( ))]
| Z(T)
| A(T)

. 10| |S; S

other hand, product of matrix forms 7" and S conclude that 7'S = =

008384
BRI

2 g] : [fl/((TT*))] - L’fgi)} and (UT)" = {Fi(l)Kf Fﬁ(l)K;} , where F = K{K; +
, U Uz} [Tl 0] B

K5 K> is invertible. The product of matrix forms U and T lead to UT = [ A
(U1 Ty 0} ] [%(T*)] . { Z(T)

*y—1
] and (TS)" = {Z}g*I g] , where D = H{H{ + H,H} is invertible. On the

] . In the same way, by [3, Lemma 2.4] , UT =

UsT 0 N(T) N(T)
ensure that 73S; = Hy, T1Sy = Hy and Ti(S1S} + $283)T; = D. Invertibility D and T;
imply that E = §157 + 5253 is invertible. Also, we compair the representations matrix
of UT and conclude that U, Ty =K,, UsT\ =K, and T} (U{U, +U;U3)T; = F. Invert-
ibility F and T; imply that J = U['U; 4 U;Us is invertible.

(i) Let X = (TS)'T(UT)". We conclude that the operator X has the following
matrix form:

} . With comparing these representations matrix of 7S

+ [Hyp7' o] [T 0] [F 'K F7'K2
X = (rs)'rwr)t = { 1= ] [ ] { 1 2
H;D10] ][00 0 0

- {S’fE*iniriUl* S’fE*iTl’iJ*iUﬂ
ko — —1 - * ok — —1 - *
SEtr oy ssE o
Since

UTSXUTS
(U8, U S, | [Sie~ oy st oy [Un S, Uins,
\UsTiSy UsTy Sy | [ SSE-' 17— oy SSE-V 1 u—uy | [ UsTiSy UsTh S,
(U T (818 +$285)E~ VT = U Un T (8187 + 8283 E~ 1 1o
LUSTi(S185 +$285) E~ T =0 UsTi (8185 + 8283 E~ 1 oo
[UIT1S1 UiTi S5 |
| UsThS1 UsTh Ss |
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vty vty
|\ UsJ Uy Usd g

|

[UITiS1 UiTiS2
| UsThS1 UsTh Sz
= UTS,
and
XUTSX

[ —17—175-1 —1lp—15-1 b
S~ oy sET T o
| SsE T oy ssE T oy
'S*;E*iTl:ir:Ul* S*;Efirliir:u;'
L3~ T oy ssET T oy
(sie~'r oy StET v oy

U118, U TS,
UsT1 S UsTi S,
(U N (U U+ U UR) TS, U~ YU U + U US) T S,
| UsJ (U U + U5 U3)T1 Sy UsJ~ (U UL + U UR) T So

| SsE~t T oy ssE T oy
'S’fE*iT(:J*i (U U +U3*U3)J*1U1*
LS3E-L T (U Uy + U3 U Ty
(sie~tr oy siET oy

LSsET T oy SsET T oy
X,

also, the operators

- =1 1 —1p—15-1
YUTS — SIEilTliljilUli SZE71T171J71U3:
Y2 PV A VA9 SRt M A U
_ [ STETS) STET!S:
| S3ETLS) SSETLS,
—lyr* —1ly*
and uTsx = | UV U OV Oy

UsJ~U; UsJ~'Us

|

Uuns, Uns;
UsThS1 UsTh Sz

vy ug'us
UsJ~'U; UsJ~'us

SE'TT YU U+ U U U

S3E-'T N U U+ U Us)T U

U3T1S1 UsT1S2

I

Uuns, U1T152]

Penrose inverse implies that, (UTS)" = (TS)'T(UT)".

(ii) By previous statement is obvious.
(ii1) We compute

[UITh S
N 11151
(uTs(Ts)")' = 05Ty,

(U 0
| U3 0

(
(
(
|

0

(UMET (T) ' E7'T7' 0
|UsTLET (T)'E~'T,71 0

D)

J Uy g

U TS,
UsT; S,

H{D™'0 >T
H;D~' 0

Nl

|

1U§(
0

|

351

|

[StET T N (U U+ U U)T Sy STETVTT TN (U UL+ USUS) TS,
| SSETLT TN U U+ USUS) TSy S3ETNTT TN UR UL+ USUS) TS,

] are self adjoint, then uniqueness of the Moore—

“)
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On the other hand, we obtain

+ ol [F 'k F-K:
TT)" = OIOH 0 02]
_[mr ) oy N ) T T Uy
| 0 0
I A Vi e U
- 0 0o |’ )

Hence, equations (4) and (5) imply that (UTS(TS)")" =T (UT).

(iv) By applying the equality %(T) = %(TS) we obtain TT™ = TS(TS)". Ac-
cording to the previous statement, it is obvious.

(v) This implication can be proved in the same way as the statement (iii).

(vi) The equality Z(T*) = Z((UT)*) implies that TTT = (UT)UT. By previous
statement is trivial.

(vii) We obtain (UTS) UT(UT)" = (TS)'T(wT)'UuT(WT) = (TS)'T(UT) =UTS)"
by according to the statement (i).

(viii) Similarly before, it is obvious.

(ix) Since Z(T*) = Z(S), then S closed range. Also, we have Z((UT)*) =
% (T*). Therefore, Z((UT)*) = %Z(S). Now, by [3, Lemma 2.4] matrix forms S,

ST, UT and (UT)T are S = ﬁ)l %} : {jgz)] - [jgz)} , 8t = [ggj 8} UT =
1] (5] [7] chers- [0 ] s

and F = K{K| + K;K; are invertible. Let

sk —1 —1 s p—1 g
X:ST(UT)T:[SlE 0} {F Ki F sz

S;E7L O 0 0

then straightforward computations show that X is Moore-Penroseinverse of UTS. [

THEOREM 5. Supposethat T € (2 ,%) has closed range and S € L (X"). If
there exist operator S' € L (Z") suchthat T =TSS', then

(i) T'TSS*T'T and TSS*T" have closed ranges and
(T778SS*TTT)" = T*((TS)")'(TS)'T

and
(TSS* TN =TT (T8)")' (TS)T;

(ii) There is an invertible operator F € £ (2") such that

(T7TSS*T'T)" = F(T'TSS*TT) = (TTTSS*T'T)F;
(iii) ((T*T)"SS*(T*T)")" = (TT(T*)")"T*((TS)")"(TS)' T(TT(T*)")" (m,n € N);
(iv) (1 =TT T+ (TSS*TH) ' =1-TT" +TT*(TS)")'(TS)";
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(v) If S has a closed range and SS' is self adjoint, then TSS*S(S' —S)T* =0;
(vi) If SS*T'T = TTTSS*T'T, then S(TS)T =T7;
(vii) (TTTSS*T*)T = (TS(TS)*)'T.

Proof. Since T =TSS', it follows that Z(T) = Z(TS). Using [3, Lemma 2.3],
the orthogonal complemented submodules Z(T *) and Z(T) conclude that matrix de-

compositions 7 = {7(;1 8} : { (( ))} { } and 77 = [Tgl g] : [;1%/)((;2)] .

2(T)
[‘fﬁf;i]-Also [??] §'= [5 §i] f (TT] { ((T;].By[3,Lemma2.4
0|~

] matrix form 7'S is 7S = {Hl HZ} : {

T ! O
0 0 [ *] and (TS)" = [HDIO]
where D = H{H{ + HyHj; is invertible. On the other hand, product of matrix forms

_|Tol[Si S| _ [0S 0S| [2(T)| _ | Z(T)
T and S conclude that 7S = [O O] [S3 S4] = [ 0 0 ] : L/V(T) (1) |
With comparing these representations matrix of 7'S ensure that
IS1=Hi, ThS=H (6)
and

Ti(S1S] + $285)T)" = D. (7)

Invertibility of D and T; imply that E =SS} 4 5,5 is invertible.
Also,

T =TSS
T 0 Ti(S1S] +5285) T (5132+5254)
00 0 0
Invertibility of 77 implies that
S1S1+8285=1, S185+ 58, =0. (8)

(i) By (7) we have E = Tle(Tl*)_1 thatis E~! = TI*D_ITl . Considering block
matrices of these operators conclude that

(118 1T = [E(gl g] =TH(TSS* T*)'T = T*(TS(TS)*)'T
=T*((TS$)")'(TS)'T.

Since Z(T) = %Z(TS), then TT' = TS(TS)". Hence we have

sk Y\ — —1
(78s°T7)" = {(Tl(slsﬁszsz) )‘0] {Tl(slsl+3252) 7710

0 0 0 0
= 1(T'rss* 1T 1T = 7T ((18)*) T (1S) ' TTT
=TT*(TS)")'(TS)".
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(i1) From the proof of the previous implication and [3, Theorem 3.6 ] is straight-
forward.
(ii1) By (7) and matrix forms, we have

(T*TY"ss*(T*T)")' = [(T )™ (S18T+8285) (T )" OT

0 0
[ (T T)™(S18T + S2S5)(T7 )" )~ 10]
0 0
= (T (Tt Tss T (T) Ty
(By statement (i)) = (T7(7*)")"T*((TS)")"(T8) T (T"(T*)")™.

00

(iv) Matrix operator 1 —TT" = { 01

} and equality (7) ensure that 1 — 77" +

—1
(18S* Tt = [TIEOTl (1’

inverse and its inverse is 1 — 77T +TT*((TS)*)"(TS).

. .. , . . .1 0
(v) Being self adjoint of S$’ and equality (8) imply that S’ = [0 §35,+ 845, ] .

} is an invertible operator. Statement (i) leads to compute of

Hence matrix operators yield

T1(S1S7 +5,55) Tl(sls3+s254)] [ 0 } {Tl 0}

* l
IS§ 88T [ 0 0 0538,+848,] 100

=TSS*T*
Since S has a closed range, then TSS*S(S" —ST)T* = 0.
(vi) Condition SS*TTT = TTTSS*TTT leads to

+ 00| [S1S7+8285 S1S5+828:|[10
_7t kot 197 209 V1930294
(I=T'T)SS'T'T |:0 1:| |:S3ST+S453 S3S§+S4SZ:| [0 0]

B 0 0 -0
a S387+8485 0 e

N siTyD~t o
T P11
On the other hand, (6) implies that (7S)" = [ STD1 0
(SIS*+S2S2) *D 0
(SgSl+S4S2)Tf‘D 0
Tt

(vu) A straightforward computation shows that

-1 * Qk *
¥ ok _ 70 T10||S1 8| |88 7 0
rrssT _ooHoo SySa) [S385]100
. —(SlST+525§)T1* 0
o 0 0

]. Therefore S(T'S)T

*y—1 —1
}Then S(TS) = [ETIOD g] - [TIO g].Thatis S(TS)t

_[ET} O
L 00
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where (8157 + 5255)T," = ET}" is invertible. On the other

(TTSS'T)T = [ (1) B! 0} _ |:(Tl*)l(T110D(Tl*)l)l 0

vl |

(TS(T

Thus (T7TSS*T*)T = (TS(TS)*)TT. a
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