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AN OPPENHEIM TYPE DETERMINANTAL
INEQUALITY FOR THE KHATRI-RAO PRODUCT

YONGTAO L1 AND LIHUA FENG*

(Communicated by M. Zinchenko)

Abstract. The Khatri-Rao product is a generalization of the classical Hadamard product for
block matrices. In this paper, we give an Oppenheim type determinantal inequality for the
Khatri-Rao product of two block positive semidefinite matrices, and then we extend our result to
multiple block matrices.

1. Introduction

We use the following standard notation. The set of m x n complex matrices is
denoted by M., (C), or simply by M,,x,, when m = n, we put M, for M,,»,. The
identity matrix of order n by I,, or I for short. If A = [a;;] is of order p x g and B is
of order r x s, the Kronecker product (tensor product) of A with B, denoted by A®Q B,
is a prx gs matrix, partitioned into p x ¢ block matrix with the (i, j)-block the r x s
matrix a;;B, i.e., A® B = [a;jB]!"! "L ;- Given two matrices A = [a;;] and B = [b;;] with
the same order, the Hadamard product of A and B is defined as A o B = [a;;b;;]. It
is easy to see that Ao B is a principal submatrix of A ® B. By convention, the u x u
leading principal submatrix of A is denoted by A, .

Let A = [a;;] € M, be positive semidefinite. The Hadamard inequality says that

Ha,-i > detA. (D
i=1

If B=[b;;] € M, is positive semidefinite, it is well-known that A o B is positive semidef-
inite. Moreover, the celebrated Oppenheim inequality (see [15] or [7, p. 509]) states
that .
det(AoB) > detA - [ ] bii > det(AB). )
i=1
Setting B = I,,, then (2) reduces to (1). Note that Ao B = Bo A, thus we also have

det(AoB) > detB- Ha,, det(AB). 3)
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The following inequality (4) not only generalized Oppenheim’s result, but also pre-
sented a well connection between (2) and (3); see [16, Theorem 3.7] for more details.

n n
det(A o B) + det(AB) > detA - [ | bii + detB- [ ai. (4)
i=1 i=1

Inequality (4) is usually called Oppenheim-Schur’s inequality. Furthermore, Chen [2]
generalized (4) and proved an implicit improvement, i.e., if A and B are n X n positive
definite matrices, then

1 ayydetA, |  byydetBy,
det(A o B) > det(AB HE K HE | 5
ct(A0B) > det( )I£Iz< detAy * detBy ’ ©®)

where A, and By, denote the  x u leading principal submatrices of A and B, respec-
tively.

Over the past years, various generalizations and extensions of (4) and (5) have
been obtained in the literature. For instance, see [18, 19] for the equality cases; see
[1, 10, 17, 3] for the extensions of M -matrices; see [6, 14, 4] for the extensions of
block Hadamard product.

In this paper, we mainly concentrate on block positive semidefinite matrices. Let
M, (M, x4) be the set of complex matrices partitioned into 7 x n blocks with each block
being a p x ¢ matrix. The element of M, (M) is usually written as the bold letter
A =[Aj]};_,. where Ajj € My forall 1 <i,j<n. For A= [A;;] € My(M,xq)
and B = [B;j] € M,(M,s), the Khatri-Rao product A x B, first introduced in [8], is
given as A« B := [A;; ®B;j|!;_,, where A;; @ Bi; denotes the Kronecker product of
A;j and B;;. Clearly, when p =g =r=s=1, thatis, A and B are n x n matrices
with complex entries, the Khatri-Rao product coincides with the classical Hadamard
product; when n = 1, it is identical with the usual Kronecker product. It is easy to
verify that (A% B)*C = A (B«C), so the Khatri-Rao product of A1) ... A" could
be denoted by 17, *A") | We refer to [11, 12, 13] for more properties of Khatri-Rao
product.

Recently, motivated by the breakthrough of Lin [14], Kim et al. [9] gave the
following extension of Chen’s result (5) for the Khatri-Rao product, if A,B € M, (M)
are positive definite, then

det(A + B) > (detAB)*

o ﬁ <detA““ detAy 1 )k n (detBW detBy_; )k . (6)
(=2 detAy detBy ’

where A, = [A; j}fl j—1 and By = [B, j}fl j—1 stand for the 11 x i leading principal block
submatrices of A and B, respectively.

Clearly, when k& = 1, Kim’s result (6) reduces to Chen’s result (5). In this paper,
we will prove the following main result, which is a generalization of the above (6).
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THEOREM 1.1. Let AY) € M, (My,), i =1,2,...,m be positive definite. Then

m m a192am
det (H *A<f>> >T1 (detA(i)> g
i=1 i=1
X X ‘11‘12‘.“11171
n [ o [ detAf) et |\
X — e —(m—1) |,
p=2 \ i=1 detAy,

where AL') stands for the | x W leading principal block submatrix of AW

The paper is organized as follows. We first modify Kim’s result (6) to more general
setting where the blocks in each n x n block matrix are of different order (Theorem
2.1). Motivated by the works in [5] and [4], we then show a proof of our main result
(Theorem 1.1), as a byproduct, we will present the second main result (Theorem 2.5).
Our results extend the above mentioned results (4), (5) and (6).

2. Auxiliary results and proofs

To review the proof of (6) in [9], we present a slightly more general result (Theo-
rem 2.1). Clearly, when p = g = k, Theorem 2.1 reduces to (6). Such a generalization
also actuates our cerebration and propels the main result (Theorem 1.1). Because the
lines of proof between Theorem 2.1 and (6) are similar, so we leave the details to the
interested readers.

THEOREM 2.1. Let A = [A;j] € M,(M,,), B = [B;j] € M,(My) be positive defi-
nite. Then

det(A  B) > (detA)(detB)”

“ ﬁ <detAW detA”,1>qI+ (deth detB#,1>17_1
e detAy detBy ’

where A, = [A,-j}szl and By = [B,-j]f.“szl forevery p=1,2,...,n.

The following Lemma 2.2 is called Fischer’s inequality, which is an improvement
of Hadamard’s inequality (1) for block positive semidefinite matrices.

LEMMA 2.2. (see [7, p. 506] or [20, p. 217]) If A= |:A11A12
Azl Ap

positive semidefinite matrix with diagonal blocks being square, then

] isan nxn

n
Ha,-i > detA;;detAy > detA.
i=1

Next, we need to introduce a numerical inequality, which could be found in [4].
For completeness, we here include a proof for the convenience.
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LEMMA 2.3. If (aﬁ"),ag"),...,afﬁ) €ER", i=1,....,m and aﬁ) > 1 forall i,u,
then

fi (6o 0810

u=1 i=1lu=

Proof. We use induction on n. When n = 1, there is nothing to show. Suppose
that the required inequality is true for n = k. Then we consider the case n =k+1,

Thus, the required inequality holds for n = k+ 1, so the proof of induction step is
complete. [l

REMARK. When m =2, Lemma 2.3 implies that for every a,,by, > 1, then

n

ITlap+bu—1)=[]au+ [Tbu—1. (7)
u=1 u=1

u=1

This inequality (7) plays an important role in [14] for deriving determinantal inequal-
ities, and we can see from (7) that Chen’s result (5) is indeed an improvement of (4).
The above proof of Lemma 2.3 is by induction on n. In fact, combining the above (7)
and by induction on m, one could get another way to prove Lemma 2.3.

The following Corollary 2.4 is a direct consequence from Lemma 2.3, it will be
used to facilitate the proof of Theorem 1.1.

COROLLARY 2.4. If by,by,...,by, € R and b; > 1 for all i, then for positive

integer q
q

Now, we are in a position to give the proof of Theorem 1.1.

M=

bl —(m—1).
1



AN OPPENHEIM TYPE DETERMINANTAL INEQUALITY FOR THE KHATRI-RAO PRODUCT 697

Proof of Theorem 1.1. We show the proof by induction on m. When m = 2, the
required result degrades into Theorem 2.1. Assume that the required inequality is true

for the case m — 1, that is

det (ﬁ ) ]j (deta®

9192 9m—1
qi

9192 4m—1
qi

m—1 detA,(fL detAg)fl —(m—2)

X _
,};[2 2 detALl)

i=1

i=1

Now we consider the case m > 2, we have

det (ﬁ *A(i)>
i=1

= det ((
> (det(

m—1

H*AU) A(m))
i=1

m—1 () dm
11 *A )

I1

(d tA(m)>qlq2"'qul
€

det m_l*A(i) det(m]:[ *A(i)> q192°Gm—1
n S ) e i\ [ detaf]) detAl)”),
x H m—1 . + (m) -1
u=2 det( 1 +4")) detA
i=1 1
” ” 9192 Gm—1 qm
m 0192 4m m=1 [ detAy, detA] K
> [T (deta®) * XH P e —(m—2)
i=1 i=1 detA
m—1
A( ) t A(l) dm—
" det(ll—[l* )yyde (,':1* >[J—1 m de'[ALW;I) detALmJI a9 qm—1
<I1 rE— A !
u=2 det( 1 +4")) etAy
i=1 1
For notational convenience, we denote
‘11‘12"'?77171 dm
ot [ detAfy detAl) )
R, = _ —(m=2) ,
u (i)
i=1 detA,J
and
d t(lnl_[1 Al )) d t<m]:[1 A(i)> B 91929
() k. c k. m m 192" 9m—1
) i=1 m =1 pu—1 detA,(J,J) detAL)l
Sy = + # —1.
detA,

det ("ﬁiw)y

i=1
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By Fischer’s inequality (Lemma 2.2), we can see that
detAf) detAl]) | > detAl), i=1.2,....m,

which together with Corollary 2.4 yields

91492 9m—19m

m=1 [ detAl) detA! | "

RIJ 2 K -
i=1 detA,(j)

On the other hand, by Fischer’s inequality (Lemma 2.2) again, we have
m—1 . m—1 . m—1 .

det([T+A®) det([T+4”) > det([T+4?) .

i=1 My i=1 u-1 i=1 H

Therefore, we obtain

9192 9m—1

detA"™ det A
uu u—1 > 1.

detAl"
Since Ry > 1 and Sy, > 1, this leads to
RySu>Ry+Su—1.

Hence, we get from (8) and (9) that

m m qlqz qm  p
det (H*A(’)> [T (deta®) 7 ]‘[R,J HS,L
i=1 i=1
m ‘11‘12 “qm n
> T (deta?) R”+S”—1)
i=1
m qlqz “qm
<detA )
1:1
4192 9m
n [ o (detagydecay) )

XH — —(m—1)

i=1 detA

This completes the proof. [

—(m=2)>1.

®)

)

Next, we will present the extension of Oppenheim type determinantal inequality

(G2
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THEOREM 2.5. Let A% € M,(My,), i=1,2,...,m be positive demidefinite. Then

m m 4192--4m
det (H*A(i)> +(m-DJ] (detA<f>> g
i=1 i=1
41492 9m (10)

m qi

(detA H detAy #>
i

Proof. If some of AﬁL in (10) is singular, then so is A9 n this case, the right
hand side of (10) equals to zero. Indeed, by a standard perturbation argument, we may
assume without loss of generality that all A are positive definite. Thus, we may
rewrite (10) as

41492 9m

m . a492-9m m d A() qi
det(H*A(’)> [T (deca)" 2<M> 1)

i1 i—1 i=1 detA

3

(11)

By Fischer’s inequality (Lemma 2.2), we have
detAg)“ de:tAg)_1 > detAEf).

Therefore, it follows from Theorem 1.1 and Lemma 2.3 that

4142'."%1
detALL detA(l) i
i=1 pu=2\ i=1 detA,(J)
q1492 - 9m
m o\ Andm [om o n detALL detA(l) g
(dera®) e )
i=1 i=1pu=2 detA

Observe that _
n detAj) detAl) | TT;_, detAl])

i detdl)  detA?)

Hence, the proof of (11) is complete. [

In the sequel, by setting g; = g2 = -+ = g, = 1 in Theorem 1.1 and Theorem 2.5,
we can get the following Corollary 2.6 and Corollary 2.7 for the Hadamard product,
respectively. These two corollaries are extensions of Oppenheim-Schur’s inequality (4)
and Chen’s result (5). The first corollary can be found in [5, Theorem 7] and the second
one can be seen in [4, Theorem 4].
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COROLLARY 2.6. Let AY) € M,,(C), i =1,2,...,m be positive definite. Then

v N (N (o afdeal,

det HoA(’) > HdetA(’) 11 ;1

—(m-1) 1,
i=1 i=1 u=2 \i=1 th(

(1)

where Ay’ stands for the U x W leading principal submatrix of AW

COROLLARY 2.7. Let AV € M, (C), i=1,2,...,m be positive semidefinite. Then

ﬁoA@ +(m—1)ﬁdetA<"> >y ]m‘[ detAl Haw

i=1 i=1 i=1j=1,j#i
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