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UNCERTAINTY PRINCIPLES IN TERM OF
SUPPORTS IN HANKEL WAVELET SETTING

S. HKIMI AND S. OMRI*

(Communicated by D. Han)

Abstract. Uncertainty principles in term of supports, namely Amrein-Berthier and Logvinenko-
Sereda theorems are proved for the continuous Hankel wavelet transform.

1. Introduction

During the last decades, many developments in harmonic analysis and signal the-
ory showed that despite the power of the Fourier transform as a main tool in studying
and analyzing signals. This transform revealed some inabilities to localize the fre-
quency spectrum of some non-stationary signals. To get over this problem, Gabor [6]
introduced the short time Fourier transform (STFT). The author considered a nonzero
function g € L?(R¥) called a window and defined the short time Fourier transform of a
function f € L?(R?) on the so-called time-frequency plan, by

dt

Y(w0) € R xR, Ay(f)x,0) = [ f0)a—ne 0" oot

Even though the short time Fourier transform solved the localization problem, a given
window couldn’t be well adapted to study every multi-frequency signals though. To
solve this issue, Grossman and Morlet [10] introduced the wavelet transform, that is,
given a nonzero function g € L?(RY) satisfying the following relation for every & €
§4=1 known as the admissibility condition,

Fee da
C, = 3(al) P22 < 4o,
o= [ leae)P <+

The classical wavelet transform of a function f € L*(R?) is defined on the so-called
time-scale plan R’ x RY, by

dt
(2m)
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The classical wavelet transform is closely related to signal theory, for more details we
refer the reader to [4, 24].
Let g be the measure defined on Ry by

r2a+1dr

due(r) = 2o+ 1)

For every p € [1,+o], let L, (R..) the Banach space of measurable functions f on R
satisfying

oo » .
e = ([ 17000 dia)) " <4 it pe [
Il = 55, [F9)] < = i6p = 4=

The Hankel transform of order o > —% , is defined on L(lx (Ry) by [13]

VAER A0 = [ F0alr)dita(r), (LD)

where j, is the Bessel function of the first kind and index o given by [16]

. 2T (a+1) B = (—1)" Z\2n

The Hankel transform given by Relation (1.1) is closely related to the Bessel operator
1
Lo, 00> _E , defined on ]07—|—<x>[ by
> 2a+1 9

ea:— —————

or? roor’

knowing that j,(A.) is the unique differentiable function satisfying the following Cauchy
problem

Ea((p) = _12(,0»
¢'(0)=0,
¢(0)=1

d
The Hankel transform of index 5~ 1 is the Fourier transform of radial functions on

R and involves in many physical problems [12, 19].
Let g L%x (R+) be a nonzero function satisfying the following admissibility rela-
tion

0<¢= [ 1Hue)@

Then the Hankel wavelet transform of a function f € L%x (Ry) is defined on R xR,
by

D) = [ F0za@iduiale)
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where gy 4(1) =12 0,8(t), ¥ is the generalized shift operator defined for every x € R
on LY(R;), 1 < p < +eo, by

I(o+1) /” in(0)2 i !
————— [ h(y/x®2+y2+2xycos(0))sin(0)°*dO, if a> —5,
DT b (/32 + 32+ 21c05(6)) sin(6) ;
h(x+y) +h(lx—y])

2 )

7 (h)(y) =
: _ 1
if o= B
(1.2)
and , is the dilation operator defined for every @ > 0 on .Z(R.), the space of all

measurable functions on R , by

8(h)(z) = a® ' h(az).

The Hankel wavelet transform %, has many interesting applications in signal analysis,
namely in Laser and ultrasound area [23]. In the last years many works have been
interested in studying and developing the harmonic analysis related to the transform
W, namely Baccar, Pathak, Dixit, Mahato, Prasad, Ben Hamadi, Omri and Unalmis
[3, 11, 18, 20, 21, 25].

The uncertainty principles in harmonic analysis state that a nonzero function can’t
be arbitrarily localized simultaneously with its Fourier transform. The idea of uncer-
tainty was first introduced in 1927 by Heisenberg [15] and constituted one of the most
important foundation of quantum mechanics. Roughly speaking, Heisenberg showed
that we can’t localize simultaneously with an arbitrary precision the position and the
momentum of a high speed particle by providing a lower bound of the product of their
variances. As mentioned above, in harmonic analysis, the uncertainty principles claim
the impossibility for a nonzero function and its Fourier transform to be arbitrary small
at the same time. In the last decades, the general idea of the uncertainty has been inter-
preted differently by many authors who have given many formulations of the localiza-
tion and the smallness, we cite for instance Amrein-Berthier and Logvinenko-Sereda
theorems [1, 17], who studied the localization in term of supports. For more details, we
refer the reader to [5, 14, 22].

Uncertainty principles remain closely related to Gabor and wavelet analysis on
which they play an important role by improving the knowledge and the localization of
the frequency spectrum of a given signal [27], in this context many results have been
already established notably by Wilckzok [26]. In the Hankel sitting, many uncertainty
principles have been also proved namely by Baccar, Ben Hamadi and Omri [3, 11]. In
Ben Hamadi and Omri [1 1] the authors proved several uncertainty principles associated
to the transform % directly related to the dispersions, namely the authors established
Shapiro’s dispersion theorem as well as Price’s local theorem. In Baccar [3] the author
showed in particular the well-known Amrein-Berthier theorem related to the transform
W4, unfortunately the theorem was proved with a constraining additional hypothesis
which covers only a particular case of admissible Hankel wavelets. The aim of this work
is to prove the Amrein-Berthier theorem for the Hankel wavelet transform % in the
general case, in addition we also generalize Logvinenko-Sereda uncertainty principle
for the same transform. Even if this paper turns out as part of a series of papers about
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uncertainty principles related to the transform %, the results proved here are interested
for the first time in the studying of the support of this transform.

The paper is organized as follows, in the second section we recall some prelimi-
nary harmonic analysis results related to the Hankel transform and the Hankel wavelet
transform. The last section will be devoted to the main results of this paper that are
Amrein-Berthier and Logvinenko-Sereda theorems associated to the Hankel wavelet
transform % .

2. Preliminaries

In this section we introduce the Hankel transform as well as the continuous Hankel
wavelet transform for which we recall some basic harmonic analysis results.

2.1. The Hankel transform

1
For every oo > ——, the modified Bessel function j, has the following integral
representation [2, 16],

(e +1) /1 i) . 1
= [ (Lt Ndr, if o> —1,
Vz€C, ju(z) =< Val(o+(1/2)) Jo ( ) cos(zt)dt, if a 3

In particular, for every n € N and x € R

') < 1.
For every x,y,A > 0, we have
7 (o (A) (V) = jo(Ax)ju(Ay),
where ¢ is the generalized shift operator defined by Relation (1.2).

1
For o > ) and for every measurable function f and x,y > 0 the generalized
shift operator defined by Relation (1.2) may be expressed as an integral operator with
kernel by
o0
W)= [ FOWalt.x)dpa(). 1)

where W, is the kernel given by
C(a+1)? ([(ery)zftz}[zzf(xfy)Z])“*l/z
We(t,x,y) = { vm2o IT(a+3) (or@

0, otherwise.

, if x—y| <t <x+y,

The kernel Wy, is symmetric with respect to the variables ¢,x,y, and satisfies

e o F((X—i—l) T 200 .
/ Wa(z,x,y)dua(t)_7”%)”%%)/0 §in(6)29d6 — 1. 2.2)
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Relations (2.1) and (2.2) show that for every p € [1,+o0] and for every x € R the
generalized shift operator 7% is a bounded linear operator from L} (R, ) into itself
satisfying for every f € Lb(R)

12 (Pl pstee < S Np e
Moreover, for every f € L}x (Ry), and for every x € R, , we have
oo oo
| 0at) = [ 70)duat).
The generalized convolution product associated to the Bessel operator is defined by

~+oo
Srag® = [ ()0)s0)dual).

whenever the integral on the right hand side is well defined.
The Hankel transform defined on L}x (R4), by Relation (1.1), by

VAR, AN = [ F0jaR)dualr),

is a bounded linear operator from L., (R.) into L% (R ) and that forevery f € L}, (R}),
we have

| Ao (F)llopter < M1t

It’s well-known that the Hankel transform .77, satisfies an inversion formula on
L (R,), thatis for every f € L} (R;) such that 57, (f) € LL,(R.), we have

~+o0

f(r) = A Ho(f)(X) jo(rx)dUe(x) ae.

Moreover, 7, can be extended by the standard density argument from the Schwartz
class to L% (R, ), and satisfies for every f,g € L% (R, ), the following Parseval’s for-
mula

oo -

oo
A f(x)g(x)dpe(x) = A Ho(f)(A)Ha(8)(A)dUa(R).
In particular, for every f € L% (R ), we have

| #a(f)

2,ug — ||f

2,Ug
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PROPOSITION 2.1.
i) Forevery f € LL(R,), p=1,2, and x € R,
VAERy, Hu(tlf)(A) = ja(xA)He(f)(A).
2i) For every f € LL,(R,) and g € Ly(R,), p = 1,2, the function f*qg is in
LY(Ry), p=1,2 and
Ho(f *a 8) = Ha(f)Ha(8)-

PROPOSITION 2.2. Let f and g € L%(R,.). Then,

[ a8 = Ho(Ha(f)Ha(8)).
Moreover, f g € L%(R.) if and only if 7#4,(f)#4(g) € L%(R) and in this case

Ho(f *ag) = Ha(f)Ha(8).

Proof. Consider the space S.(IR) of Schwartz class functions, even it’s well-known
that for every 1 < p < 400, S,(R) is dense in L5 (R4 ). It’s also well-known that the
Hankel transform is an isomorphism from S.(R) into itself. Let (f,)sen and (gn)nen
be two sequences of S,(R) which converge respectively to f and g in L% (R ). Then,
we have

Jo*xagn—F*a8=(fa—I)*agn+f*a(gn—28)
Hence by using the Cauchy-Schwarz inequality, we deduce that for every n € N and
YERy,

foran) — Frag O < [ 10— £ (60— )bt

+/0+°° ()7 (gn — &) (%)t ()

2#0!an _f 2,Ue + Hf”z#aHg" _g||27lia'

< llgn

Then

Il fo %o &n _f*agHw,ua < lgn 2,uaan = fll2pe + Hf||2~,l~1aHg" —g||2.,uaa

in particular

27#0!an _f 2, g + Hf”zJJaHgn_g 2,Ue :Ov

nETM||fn *a 8n —f*ochoo,ua < nlil}rlm“g"

which means that the sequence (f}, *¢ gn)nen converges uniformly to f* g. On the
other hand, for every n € N, we have

Ao (fn) Ha(8n) — Ha(f)Ha(8)
= (Ha(fn) = Ha(f)) Ao (8n) + (Ha(gn) — Ha(8)) Ha(f),
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and therefore by the same way using the Cauchy-Schwarz inequality, we deduce that
for every n € N, we have

[ (fn) o (8n) — Ha(f) A (&)1 10
= [(Ha(fn) = Ha(f) Ho(gn) + (Halgn) = Hal8)) H#a(F)1 ua
1(Ae(fn) = A () Ao (8n) 11 o + | (A (gn) — Ha(8)) Ha(f)

< Lt
< g2 o | e (1) = Ha(Fll2pa + 176 ()20 | 7 (8n) = Ha (8|2,
= llgnllzpa 1fn = fll2.0 + 1F 112,180 — 812,11
Hence,
Jm ([ (f) Ho(8n) — Ha(f)Ha(8)l1pa
< M {lgnll2 e 1o = Fll2pe + 1712, 180 = 81120 = O

which implies that the sequence (55 (f,)(H#a(gn))nen converges to 74 (f)H#y(g) in
L)(R). However, for every n € N, we have

Ao (fn*0 8n) = Ho(fn) Ho(8n)s

then (4 (fu %o &n))nen converges to 7 (f)#4(g) in LL(R,). Since the Hankel

transform is continuous from L., (R.) into €. o(R.) (Space of even continuous func-

tions f on R such that liT |f(x)| = 0), we get that the sequence (f;, *¢ &n)nen cON-
X— oo

verges uniformly to Iy (4 (f) 4 (g)), in particular fxq g = 4 (4 (f)7u(8)).
Thus, f*qg € L%(Ry) is equivalent to the fact that J#, (4 (f)#4(g)) € L4 (R.)
which implies that 7, (f)#(g) € L% (R.). Conversely, if 7, (f)#y(g) € L2, (R.)
then %, (f)#y(g) € LL,(Ry)NLZ(R,) and consequently

frag= o (Hy(f)Hy(g)) €LL(Ry). O

2.2. The continuous Hankel Wavelet transform
In the following we denote by dV,, the measure defined on R*. x R, by

2a+1 2a+1

d\/a ((1 X) mdadx.

We denote also by L5 (R x R;.), p € [1, 4] its related Lebesgue spaces of measur-
able functions F on R x R such that

Foo 1/p
Flloss = ([ IF@nPava(en) <o itpe [t

||FH°<’~,V05 = esssup(u,x)ER*+ xR |F(a7x)| < oo lfp = oo,



762 S. HKIMI AND S. OMRI
For every measurable subset M C R* x R, and forall 4 € R’ , we denote by
AM = {(la,%) eRY xRy | (a,x) EM}
= {(a,x) eR} xRy | <%,7Lx> GM}.

For every A € RY, the dilation operator &, is defined on .Z (R x R) the set a
measurable function on R* x R, , by

P, (F)(a,x) = F <%,7Lx>.
In the following we denote by (| )y, the inner product defined on L% (R;) by
doo
lgdna = [ f()8(x)dtia(x).
We denote also by (| )y, the inner product defined on L2 (R* x R, ), by
Hoo oo
v = [ [ olavlaxavatas).
Then we have the following properties.

PROPERTIES 2.3.

i) Forevery f € L%(R,) and a > 0, we have

16a(f)

2tta = If 20
2i) Forevery f,g € L%(R.) and a > 0, we have
(8a(f)|8) e = (f1018) 1o
3i) Forevery x > 0 and a > 0, we have
8,1 = Tx 0a.

4i) For every a > 0,
H 8y = 617,

5i) For every measurable function F € .Z (R’ x R,), we have

Supp(Z,.(F)) = ASupp(F),

where the support of a given measurable function 4 on RY x R is defined by

Supp(h) = {(a,x) € R} xRy | h(a,x) #0}.
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DEFINITION 2.4. A nonzero function g € L2(RR;) is said to be an admissible
Hankel wavelet if

~+oo
0<Co= [ 1 Hal@@PS <+

DEFINITION 2.5. Let g be an admissible Hankel wavelet. The continuous Hankel
wavelet transform % is defined on L2, (R} ) by

~+oo
V(a,x) € RL xRy, #,(f)(a,x) = A F(0)gra(t)dpia(t), (2.3)
where g, = 1%848.
Relation (2.3) can also be written as

Wo(f)(a,x) = f*a 6a(8)(x)
= <f‘gx,a>#a'

PROPOSITION 2.6. Let g be an admissible Hankel wavelet. Then, the continu-

ous Hankel wavelet transform #; is a bounded linear operator from L%x (Ry) onto
Ly (R xRy) and we have

W (F)loove < IS
THEOREM 2.7. (Plancherel) Let g be an admissible Hankel wavelet. Then,
i) Forevery f,h € L2(R.), we have
(A (N e(h)ve = Ce(f |1
2i) Forevery f € L2 (R}), we have
172 = V/Coll F 2.0

Moreover, the Hankel wavelet transform satisfies the following properties (see

[3D-

2,Ue g 2,Ug

PROPOSITION 2.8. Let g be an admissible Hankel wavelet and f € L%(R.).
Then, we have

i) We(f) € €(RY. xRy) (the space of continuous functions bounded on R’ x
R, ).

2i) Forevery A > 0, we have
V(a,x) €RY xRy, #(uf)(ax) = Za(He(F)ax). @24
3i) For xo >0,
T ()@, )(x) = #4(t () (@), (a.2) ER xRy

4i) For every (a,x) € R% xR, we have

i) = e A (Hal N Hel@) () ) )
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3. Amrein-Berthier uncertainty principles associated
to the Hankel wavelet transform

In [1] Amrein and Berthier showed that for every measurable subsets S,% C R4
with finite Lebesgue measure, there exists a nonnegative constant C(S,X) which de-
pends on S and X, such that for every f € L>(R?), we have

Hf”Zd C(s, Z)(”XSffnzd"_ ||X>:ffH2 4)

where y denotes the characteristic function and S°,X¢ denote respectively the com-
plements of S and ~. Many generalizations of this theorem have been proved in the
last decades, namely by Ghobber and Jaming [7, 9] for the Hankel transform and by
Wilczok [26] for the classical short time Fourier transform and classical wavelet trans-
form.

In [3], Baccar proved the Amrein-Berthier for the continuous Hankel wavelet
transform, however the author imposed a constraint on the support of the admissible
Hankel wavelet g so that the theorem doesn’t cover the general case. The aim of this
section is to prove the main results of this work, more precisely we will prove the
Amrein-Berthier theorem for the continuous Hankel wavelet transform in the general
case, which implies in particular that the continuous Hankel wavelet transform can not
has its support in a set of finite measure unless f is zero. In the second part of this sec-
tion we will also prove an analogue of Logvinenko-Sereda uncertainty for the transform
W, with which we will characterize annihilating set for the 7.

The following proposition has been given by Wilczok [26].

PROPOSITION 3.1. Let (X,7,1t) be a o -finite measurable space. Let M C X be
a measurable subspace with finite measure and let 2y be the orthogonal projection on
L?(du) defined by Py (F) = yuF. Let H be a reproducing kernel Hilbert subspace
of L*(X) with reproducing kernel K. Assuming that

sup K (x,y)| < +eo.
(x.y)eMxM

Then, we have

dim(HNIm Py) < u(M) sup  |K(x,y)| < +eo.
(x.y)eMxM

Proof. The proof can be found in [26]. In the following for the sake of complete-

ness, we summarize Wilczok’s arguments. Let o« =  sup  |K(x,y)|. Then,
(x.y)eMxM
J| KPRt @ dut) < a?u()? <+,

and therefore K € L?>(M x M). Let m € N and (e,)1<n<m be an orthonormal sequence
of HNIm Py and for every 1 < n < m let v, be the the tensor product defined on
M x M by

va(X,y) = en(x)en(y).
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Then for every 1 < p,q < m, we have

I, ot atenauto @ aut) = (| enteatanto) ( [, epieaiant))

= 5pq7

so that (v,)1<n<m is an orthonormal sequence in L?>(M x M). Thus, using Bessel’s
inequality, we deduce that

M=

||K||L2(M><M) = D (Klva)mxm

=
=1

// K(x,y)va (x,y)du (x) @ du(y)
1 MxM

3
Il

:/M (é/ﬂ/ﬂmy)%du(x)) en(y)dui(y)
:/M ﬁmMen()’)d‘u(y)
n=1

_ /M 21 en(y)en)di(y)

This shows that the cardinal of each orthonormal family of H NIm 2 is less than
Kl 2(v ) » in particular

LEMMA 3.2. Let p € [1,+oo[. Then forevery F € Ly (R, x R such that v(M)
< +oo, we have
i |73 F — Flly, =0.
=1

Proof. The idea is basic, the result will be shown first for continuous functions
with compact support and then extended by the usual density argument. Actually, let
G € 6. (R x R,) (space of continuous function on R x R, with compact support).
Then for every A >0, we have 7, G € €. (R* x R,) and thus for all £ > 0 sufficiently
small there are a,b > 0 such that for every A €]1 —¢,1+ €[, Supp (2, G) C |a,b] x
[a,b] and therefore by using the dominate convergence theorem, we get

){im 12,G—Gl|/pv, =0. O
—1
LEMMA 3.3. Let M,My C R x Ry be two measurable subsets such that My C
M, vy (Mo) >0 and vq(M) < +eo. Then, the function ¢ defined on R*. by
@A) = va(MUAMy),

is a non constant continuous function on R’ .
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Proof. Forevery A € R* , we have

@A) = va(MUAM)
= Vo (M) 4+ Vo (AMy) — vo (M N AMp)

+// XAMO a,x)dVa(a,x)
_//ix&xM(a,x)mMo(a7x)dva(a7X)

= Vo (M) +// . o0 @) 01y (5 )V (..

Consequently, for every A,y € R*., we have

o) =0 = | [ @) (0 (5 x) = (55 20) vt
<l Ve (5 25) = 2 (55 ) v
<//MX]R+ won,(37x) —xMO<%,AOx>‘dva(a,x)
= [ oo (e zx) - tmlaniavaan

So by Lemma 3.2, we deduce that
Jim o) p0)| < fim [
am//

= lim | Zn(otusy ) = 20 1.v4

o (o) = 2 e avada)

Ay <E,hx> — )(Mo(a,x))dva(a,x)

=0.

Hence, ¢ is continuous on R’ . Now we shall prove that ¢ is non constant, so one can
see that

o(1) = ve(MUMy) = ve(M).

For every p € N*, let B, = {(a x) ERY xRy | L <x<p} and C, = M N Bj,. Then
the sequence (C))pen+ is decreasing in the sense of inclusion and we have

Vo (C1) < Vo (M) < oo
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Consequently, by the right continuous of the measure v, , we have

~+oo
p=1

o (e <o (w011 )

= Ve(MNR? x {0}) =0.

Vo (M,
Let 0< 6 < %. Then there exists pp € N* such that v4(C,,) < . So, we have

Va(MNBy) = Va(M) —va(Cpy) > Vo (M) —6. 3.1

On the other hand, for every A € R, and for all subsets F,G C R x R, we have

AFOGz)L(Fﬂ%G).

Let 2 € R% such that A > p3. Since vy (AM) = vo (M), thus, we have

1 1
Va(AM 0 Bpy) = va (A (M0 IBFO) = Vo (M5B ).
Since My C M, thus for every A > p3, we have %BFO C B, and

1
Va(AMo N Bp,) = Vo (Mo N IB,,O>

1
< Vg (Mﬂ IBp())
<Va (MNBS)) = Va(Cpy)
<9,

and then

= Vvu(Mp) — 0. (3.2)
Using now Relations (3.1) and (3.2), we get

O(A) = va(MUAM,)
= Vau ((MUAMO) mBPO) + Vo ((MUAMO) mB;O)
> Vo (MNBy,) + Vo (AMyN B, )
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> Vo (M) + Ve (AMy) — 28
= Vo (M) + vo(Mo) — 28
> Vo (M) = ¢(1),

and then ¢ is not constant. [

COROLLARY 3.4. Let M,My C R’ xR be two measurable subsets such that
My C M, vy (My) >0 and vo(M) < +eo. Then, for every € €]0,vy(My)] there exists
Ae € RY such that
Va(M) < v (MU2AeMp) < vo (M) + €.

PROPOSITION 3.5. Let g be an admissible Hankel wavelet. The space #y(L%(R.))
is a reproducing kernel Hilbert space with kernel

Ao ((4d): (x,a)) = Cig ra B8 (x) = Ci/g@ﬂ,a/)(x,a).

Proof. The proof is identical to that given by [11]. In fact, it is obvious that

<Aoo, [

1 1 1
1 () (6,)) B, = =5 172 (820)3.v, = = lgralld e < = ll813
8 ,V Cg 8 V Cg U Cg i

The Proposition 3.5 allows us to define for every admissible Hankel wavelet g,
the orthogonal projection operator &, from L7 (R} x Ry) over # (L% (R)). We
also define for every given measurable subset M C R* x R, the orthogonal projection
Py on (R x Ry) by

Py (F) = yuF.

PROPOSITION 3.6. Let g be an admissible Hankel wavelet and M C R xR
be a measurable subset such that Vo (M) < +oo. Then, Py P, is a Hilbert-Schmidt

operator, with
1Pu Pgllns < vV Va(M) gl 0
where || ||us denotes the Hilbert-Schmidt norm. In particular, Py P, is compact.
Proof. Forevery F € L2(R% x R.), we have
PuP(F)(a,x) = ym(a,x) Z(F)(a,x)
[ aulax)F b3 F(B) @) dva(a.).
* XR+

Then, Py, is an integral operator with kernel Ny defined on (R x R;) x (R x
R4) by
Nem((b,y),(a,%)) = xm(a,x) A ((b,y), (a,x))-
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Furthermore,

//ixﬂh //ixﬂh |N8=M((b,y),(a,x))|2dva(b7y)dva(a7x)
o et ([[L 1A (@) Pavals.)) avefas)

1
=[] wa ( /] —2%<ga,x><b7y>|2dva<b7y>> dVa(a,)
iXR+ iXR+ Cg
= [ w@)lgaslB p dvala.
+><R+

<[ wan)lgl3y,avala
iXRJr

=va(M)|gll3 - O

PROPOSITION 3.7. Let g € L%(R.) be an admissible Hankel wavelet and M C
R% xRy be a measurable subset such that Vo (M) < 4-oo. Then,

Im P, NIm Py ={0}.

Proof. Suppose that Im P, NIm Py # {0} and let Fy € Im Py N Im Py such

that Fy # 0. Let My = Supp(Fp). Since Fy # 0 and Fy € &y, then
0 < vg(Mp) < Vo (M) < +oo.
Let (My)ren be the sequence of subsets of R x R defined by My = M, and
k
Vk>1, My =M1 U ijMo ,
J=1
where (4;)1<j<x C R’ are chosen according to Corollary 3.4, such that for every k > 1
k 1
Va(Mi—1) < Vo (M) = Vo | My U [ [TAMo | | < Va(Mi—y)+ T (3.3)
J=1

Therefore, we obtain

Vk € N*, v (Mo) < Vo (M) < va(Mo) + Z
J

(3.4)

ko1
=1ZJ

Note that by Relation (3.3), we have in particular

Vk €N, My & My.1. (3.5)
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Let M = U M. Then by Relations (3.4) and (3.5), we deduce that
k=0

Let (Fy)ren+ be the sequence of functions defined on R x R by
Vk> 1, Fr= 2, (F1).
Since Fy € #4(L%(R.)). Then by Relation (2.4), we deduce that
Vk €N, Fi € #o(L%(Ry)). (3.6)

However, using Relation (3.5), we have

Vk e N, Supp(F) C My C M. (3.7)
Thus, by Relations (3.6) and (3.7), we deduce that

VkeN, Fpe (ImPy;NImPy).

Now, we suppose that there exist k > 2 and ,...,%—1 € R4 such that

k—1
Fo= Y ViF;.
=1

Then, we get
k-1 k—1
Supp(Fr) = Supp( Y, viFy) € | v;Supp(Fj) = My
J=0 j=0

which leads to
Vo (Mi) < Vo (Mi—1),

and contradicts then Relation (3.5). Thus, the sequence (Fy)ien+ is linearly indepen-
dent which contradicts the fact that

dim(ImPy;NIm Py) < +eo. [
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DEFINITION 3.8. (Annihilating set) Let g € L2(R.) be an admissible Hankel
wavelet and M C R’ x R be a measurable subset. We say that M is a strong an-
nihilating set for the continuous Hankel wavelet transform %, if there exists a non
negative constant C, )y such that for every f € Lé (Ry), we have

[logve 7 (f)

Coml| fll2,p0-

THEOREM 3.9. (Amrein-Berthier) Let M C R x Ry be a measurable subset.
If Vo (M) < oo, then for every admissible Hankel wavelet g € L%C (Ry), M is a strong
annihilating set for the continuous Hankel wavelet transform #j.

Proof. According to [ 14, Theorem A, p 88] and [14, Theorem A, p 90], and using
Propositions 3.6 and 3.7, we deduce that there exists C > 0 such that for every f €
L2(R;), we have

[ e (Pll2.ve = CV/Cell fll2

2,Ug U

4. Logvinenko-Sereda uncertainy principle associated to the
Hankel Wavelet transfom

In [17] Logvinenko and Sereda showed that if X is a closed interval in R then
for every measurable set S C R, (S,X) is a strong annihilating pair if and only if S¢ is
relatively dense. This result has been generalized by Ghobber and Jaming [8] in the
Hankel setting. In this part we are interesting in proving an analogue of this theorem
for the continuous Hankel wavelet transform. More precisely we will prove that if a
measurable subset M C RY x R is a strong annihilating set, then M satisfy some
topological density property.

DEFINITION 4.1. Let M C R} x R, be a measurable subset and let N,y > 0.
The subset M is said to be (N, y)-dense if for every A € R, we have

Va(Mﬁz,KN) > Y,

where Ky = [0,N]?.

THEOREM 4.2. Let g € L%(R.) be an admissible Hankel wavelet, and let M be
a measurable subset of R xR . If M is an annihilating set for Wy, then there exist
N,y > 0 such that M is (N,7y)-dense.

Proof. Let f € L%(R.) such that ||f]|2,4, = 1. For every o >0 we denote by

(o) = sup {|[xe#e(N)3v,}-
Va(E)<0O
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Then, for every A > 0 and for every measurable subset E C Ri x R, we have

|2, (#, (a,x)[*dVy(a,x) W (f 2dva(a,x)
Jl = [l e (5)]
:/AE|% £)(@.0)Pdva(a,x)
x
n(n(2).
Since

OB = [ amandvatan) = [ g(FAx)dvelan) = va(e)

then we get

120 a0 Pdvala,n) < T(va(E)) @1

On the other hand, for every n € N*, let K, = [0,n}2, then we have

Jim [ 1747 @)Pdva(ax) =0,

so that there exists N € N* such that

2

2
[ P anPavata) < 3t

Consequently, for every A > 0, we get

//AK;V|@’1%(f)(a’x)|2d"“(a’x) :///lev W

_ /KC Wy (f) (@, x)[dve(a,x),

a kx) ’2dva(a7x)

and therefore by using Definition 3.8, we have

C2

2C2 4.2)

[, |77 @ avetan <
Hence, by using Relations (4.1) and (4.2), we deduce that
= [, 1zAp @) avatay
iXRJr
=[] 600 ava(an)
+><R+
<Cu [[ &) @n)Pava(a)
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=i [, 1275 )0 V(e

#Cu [[ 12 ) Pdvala)
MeN(AKy)

G
< 5+ CouT(Va(M N AKY)),

and then ,
T,(vo (MSNAKy)) > —s—.
;,( O(( N)) ZC;M

However, lin}) T,(0) = 0, then there exists ¥ > 0 such that for every 4 > 0
O —

Va(MC QAKN) > v,

thus M¢ is (N,y)-dense. [
In the following let

VreRy, yo(r)= m,
and let W, the function defined on R by
WYol(a,x) = Yo(a)Wo(x).
For every A > 0 we denote by
dNgj = D VYadve.

In the following we give an equivalent characterization of the (N — y) density property.

THEOREM 4.3. Let M be a measurable subset of R, x R, then the following
assertions are equivalents

i) There exist N,y > 0 such that M is (N,Yy)-dense.
ii) inf{ng.(M)| A >0} > 0.

Proof. Suppose that there exist N,y > 0 such that M is (N,7)-dense, then

Na.a (M) > No.a (MOAKN)

[ #¥aandvaax)
MNAKy

B //AKN xm(a,x) 73 Yo (a x)dve (a,x)

AN H
:/0 /0 am(a,x) DYoo (a,x)dvy(a,x)
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_/M/ (@ 0) Vet )q/a(/lx)dva(a x)

AN
> yal)? | /O (@, %)dVa(a,x)

—va? || mlax)dva(a)
AKy
= Ya(N)*ve(MNAK,)
> Ya(N)*y.
In particular inf{n, 5 (M) | A > 0} > 0. Suppose now that
inf{ny (M) |A >0} =0 >0,

23a+5

and let N > m. For every p,q € N*, let

I = {(a,x) € [0,400[x[0,4oo[ | N2? < @ < N2PT N27 < x < N29T'}
then for every A > 0, we have

~+oo
R: =Ky ( U M,,J,) :

Pq=1

Therefore, we have
0 < No.a (M )

too oo
- / 2(a,2) 7, (Yo (a,x)d Ve (a,)
0 0

:// xm(a,x) 2, (Wo)(a,x)dvy(a,x)
+ Jf // am(a,x) Dy, (Po)(a,x)dve(a,x)

p.q=1 Il’q

_ // 1@y (5 ) Va(Rx)dva(a,x)

n f // xM ax wa()t)u/a(?tx)dva(a X)

Pg=1

< //1 xm(a,x)dvy(a,x)

f /A " am(a,x llfa(l)ll/a(lx)dva(a X)

P.q=1

Ve (MO AKy) + 2 War(N27) e (N29) / (- 0)dvala,)
Pq=1
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- 1 1

=va(MNAKy) + Va(MNOAL,
ol R 2:1(1+N222p)a+% (14 N222)+3 a(MNAg)
1
MNAKy) 1
Ve ( N) N4a+6 2 | 22y %(224)a+% Va(Ipq)
(22(X+2_1)2 o 11
= Ve (MNAK ——
Vel M)+ M@+ (ot )27 22 20 2
230¢+4
Vo (MNAK, —_
a( N)+N2F(a+1)
<va(MﬁKN)+%
Hence,
o
Vo (MNAKy) > Z 5
. . . o
in particular M is (§,N> -dense. [
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