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MULTIPLICATIVE A-%x-JORDAN TRIPLE HIGHER
DERIVATIONS ON STANDARD OPERATOR ALGEBRAS

ABDUL NADIM KHAN AND BILAL AHMAD WANI

(Communicated by N.-C. Wong)

Abstract. Let A be a standard operator algebra on an infinite dimensional complex Hilbert
space . containing an identity operator .# . In this paper, it is shown that any multiplicative
A -x-Jordan triple higher derivation 2 = {0, },en from A to B(#) is an additive *-higher
derivation on A. In particular, & is inner.

1. Introduction and results

Let A be an algebra over a commutative ring % . Recall that an % -linear mapping
6 : A — Ais called a derivation if §(o/ %) = 6() B+ o/ 6(A) forall &, B € A.
In particular, a derivation 0 is called an inner derivation if there exists some 2" € A
such that 6(&) = 4 X — X/ forall o € A. For of , B € A, denote by o ¢
B=ARB+ BA* and A, B = A B — Ba/*, the x-Jordan product and the *-
Lie product, respectively. Such kind of products play a key role in the problem of
representability of quadratic functionals by sesqui-linear functionals on left-modules
over x-algebras (see [7, 8, 9, 10, 15, 17, 18, 22]). Special attention has been paid
to understand mappings which preserve Jordan *-products between x-algebras, see
[1,2,4,5,6].

We define A -x-Jordan product by 7 o) B = .of B+ A PB.o/* and say that the map
¢ (not necessarily linear) with the property ¢(o7 o, B) = ¢(F) o) B+ o o) ¢(B)
is a A -x-Jordan derivation map. It is clear that for A = —1 and A = 1, the A -Jordan
x-derivation is a *-Lie derivation and a *-Jordan derivation, respectively. In [5], Huo
et al. considered the Jordan triple A -x-product (where 11 = A) of three elements <7, &
and ¢ in a *-algebra A and defined o7 o) B o) € = (A o), B) o) € (we should be
aware that ¢ is not necessarily associative). That is,

A o) Bo)C = A BEC+MNBAC+CRB A+ |M*Cod B (1.1)

For more results related to A -*-Jordan triple product, we refer the reader [12, 13, 19].
A mapping ¢ : A — A (not necessarily linear) which satisfies ¢(<7 o) B oy €) =
O ) oy Bo)C+ A o) ¢(B)o; €+ o) Boy¢(€) forall o, B,% € A is called
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A -x-Lie triple derivation. Given the consideration of A -x-Jordan derivations and A -
x-Jordan triple derivations, Lin [10, 11] further developed them in more general way.
Suppose n > 2 is a fixed positive integer and A is a nonzero scalar. Let us see a
sequence of polynomials with involution

pi(X1) = X,
p2(X1,X2) = p1(X1) o Xo = X1 03 X2,
p3(X1,X2,X3) = p2(X1,X2) 02 X3 = (X103 X2) 03 X3

= Xj 03 Xp0) X3,

Pa(X1,X2,X3,Xs) = p2(X1,X2,X3) 0 X4 = (X102 X2) 03 X3) 05 X
= X103 X203, X530 Xa,

Pu(X1, X2, Xn) = pp1(X1, X2, ., Xy 1) 03 X
= (... (X102 X2) 02 X3) 03 ... 04 Xn1) 04 Xn
=X10, X020y ...03 X103 X+

A mutiplicative/nonlinear A - *-Jordan n-derivation is a mapping & : A — A satisfying
the condition

5([%1(%752{277%)) = Zpn(gfla'"7%—175(%)7M+17'”7%)7 (12)
k=1

for all &,4%,...,9, € A. By the definition, it is clear that every A -*-Jordan deriva-
tion is a A -x-Jordan 2-derivation and every A -x-Jordan triple derivation is a A -x*-
Jordan 3-derivation. Let p,(Xi,X>,...,X,) be the polynomial defined by n indeter-
minates Xp,...,X, and their Jordan multiple A -x-products. Let N be the set of non-
negative integers and 2 = {6, },en be a family of nonlinear mappings 6, : A — A such
that 8y = id 4, the identity mapping on A. Then Z is called a multiplicative/nonlinear
A -x-Jordan n higher derivation if & satisfies the condition

5m(pn(52{174y27~w£{n)) = 2 pn(5i1(M)vaiz(%)w“vain(%)) (1-3)

iptip+...tip=m

for all &, ,...,9, € A. In the case of L =1, J,, is called a *-Jordan higher
derivation whenever n = 2, and is called a *-Jordan triple higher derivation whenever
n=3.

In [3], Daif initially proved that each multiplicative derivation is additive on a 2-
torsion free prime ring containing a nontrivial idempotent. In [14], Li et. al showed
that if A C A(7) is a von Neumann algebra without central abelian projections, then
6: A — B(s) is a nonlinear A -*-Jordan derivation if and only if § is an additive
«-derivation and §(A.e7) = A0 (/) forall o7 € A. More recently, this result is gener-
alized to the case of nonlinear 1-x*-Jordan triple derivations by Zhao and Li [21].

In this article, we investigate that when a multiplicative A -*-Jordan triple higher
derivation on standard operator algebra of infinite dimensional Hilbert space .77 is
additive. Following main theorem is the generalization of [19]:



MULTIPLICATIVE A-*-JORDAN TRIPLE HIGHER DERIVATIONS 891

MAIN THEOREM.

Let A be a standard operator algebra on an infinite dimensional complex Hilbert
space F containing the identity operator % . If A is a non-zero scalar such that
A # 1,2 and A is closed under the adjoint operation, then every multiplicative A - -
Jordan triple higher derivation 9 = {8, }nen from A to B(F€) is an additive *-higher
derivation on A.

To be in a position to prove our main theorem, we need to prove the following
result.

THEOREM 1.1. Let A be a standard operator algebra on an infinite dimensional
complex Hilbert space 7 containing the identity operator & . If A is a non-zero
scalar such that A # 1,2 and A is closed under the adjoint operation, then every
multiplicative A -x-Jordan triple higher derivation 9 = {6, }nen from A to B() is
additive.

Proof. Take a projection & € A and let &%, = . — ;. We write Aj =
P APy for j,k=1,2. Then by Peire’s decomposition of A, we have A= A;; @
A1 ® Az @ Azy. Note that any operator <7 € A can be written as &7 = of|| + %> +
ah| + ahy . In view of the above facts, the proof of the theorem is given in the series of
the following lemmas:

LEMMA 1.1. 6,(0) =0 for each n € N.

Proof. Proceeding by inductionon n € N with n > 1. If n =1, by [19, Claim
2.2], the result is true. Assume that the result holds for k < n, i.e., 8 (0) = 0. Our goal
is to prove that J, satisfies the same property. Obverve that

8,(0) = X 8:(0)058:(0)02 8(0)

r+s+t=n
= 8,(0)03, 00,0400, 6,(0)0, 0400, 00, 8,(0).

This gives 0,(0) =0 foreach ne N. O

LEMMA 1.2. Forany @, € Ayp and o5 € Ay, we have
On (2 + 2h1) = 8u(A12) + Ou(S1).

Proof. Using induction on n € N with n > 1. By [19, Claim 2.3] result holds true
for n = 1. Assume that it is true for k < n, i.e., & (2 + D41) = & (F12) + 6 ().
Let us set @ = 6, (s + 9h1) — 8u(A2) — 8u(9h1). We now show that © = 0.

By using induction hypothesis, we first compute

On(F 0 (P1 — P2) 0 (12 + 1))

= 0u(I) 0y (P1 — P2) oy (o + 1) + I 0) 0u(P1 — P2) o) (F12 + 1)
+I 0y (P — P2) o), 6u( 12 + 1)
+ Y 8(F)0p 8( P — D)0y 8( Ay + )

r+s+t=n
0<rs1<(n—1)
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= 8,(F) 03 (D1 — Do) oy (ehy + oy) + I 03 8a( D1 — P2) 03 (hy + 1)
+I o) (P11 — Pa) o) 8u( Ao + o)
+ Y 8(F)0n 8(P1— D)oy (8(h2) + & ().

r+s+t=n
0<rs1<(n—1)

On the other hand,

80 (I 03 (P1 — D) o) (ip + 1))
= 5,(F 01 (D1 — D)oy 1)
= 8y(I o) (P21 — D) 0p Gh2) + 8u(I 0y (P1 — P2) 05 1)
= 0u(I) 0y (P21 — Pa) oy G2+ I 0y, 8 (P — P2) 0, 2
+I 0y (P — D) o) 0n(H2)
+ Y 5(F)0n &(P1 — Pa) o (o)
0<rre (1)
18,(F) 01 (D1 — Po) oy o+ I 03 8:( P — Pa) 03, 53,
+I 0y (P — D) o) O0n(a1)
+ Y 8(F)0n 8( P — D)0 8 ().

r+s+t=n
0<rs1<(n—1)

From the last two expressions, we obtain
T o) (P — P) 0, ®=0.
Since @ = @y + Py + Py + Dry, s0 we have
(1422 + [AP)®11 + (1 = [A[) P12 + (1= [A[P) Do — (1424 + [A]*) D2y = 0.
We know that A # 0, 1. Then
D =P =Dy =P =0.

Therefore ® =0 i.e., 8,(2+ 2h1) = 6 (H2) + On(9y). O

LEMMA 1.3. Forany @/ € A11, &3 € A and <) € Ayy, we have
On (A1 + 2+ 1) = Ou(D11) + On(H12) + 6u(Ha1).
Proof. Using induction on n with n > 1. The result holds for n =1 by [19, Claim

2.4]. Let the result hold for k < n, thatis & (1| + 12 + “h1) = 6 (1) + S (o) +
Ox(eh1). Take A = 8,(eA11 + 9o + 9h51) — Ou(A1) — Ou(H12) — On(f1) . Our aim is
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to show A = 0. To show this, first we compute

8u (I 03 (21— P2) 03 (1 + A2+ 1))
= 6(I) o (P1 — P2) o) (1 + Sz + a1
+I 0 6u(P1 — P2) 05 (P11 + F1o+ )
+I 0y (P — P2) 0y, Su( D1 + G2+ 1
+ Y () d(P1— D)o s
0<raL )
= Ou(I) 0y (P1 — P2) 0y, (@1 + A2+ 1)
+I 03 6u(P1 — P2) 0 (D1 + G2+ 1)
+I o) (P — P2) 03 6u(Gh1 + 12+ 1)
+ Y 8(I)on 8P — P2) o (8(F1) + & () + 8 (ha1)).

r+s+i=n
0<rs,r<(n—1)

TN e ~— ~—

N+ o+ ahy)

Furhtermore, since . ¢; &%, ¢, <71 = 0. Hence

8, (I 0p (P21 — P2) o (1 + Hio + 1))
= 0u(I 0y (P21 — P2) 05 1))
= 8,(SI 03 (P21 — P2) op H11) + Ou(I o) (P1 — P2) ) G12)
+06, (I 0) (P — Py) 0y 1)
= 8,(I) o) (P — Pa) 0p 1+ I 03 8u( P — P2) 03 1
+ I oy (Pr—Py)or b))+ D, 6:(I) 03 8:(P1 — P5) 05 & (1)
0<rsi< )
+0u(F) 03 (P1 — D) oy o+ I 0y, 8,(P1 — D) o), 2
+ I 0y (P1— Py oy Bu(n)+ D, 6:(I) 03 8(P1 — P5) 05 &( )
0<rsi<(n1)
+0,(F) 03 (P1 — D) 0oy o1 + I 03, 8,(P1 — P) 0y,
+ I o) (Pr— P2)on 8u)+ Y, 8(I) o 8(P1 — D) 0y 8 ().

r+s+t=n
0<rs<(n—1)

Comparing the last two relations, we obtain
jOA (@1 - gz)OAAZO.

Following the same procedure as used in the previous lemma, we see that Aj; =
A12 = A21 = A22 =0. Hence A=0 i.e., 6n(£711 +JZ{12+£721) = 5,,(42{11) + 6n(£712) +
(). O

LEMMA 1.4. Forany <1 € A1, <13 € A1, 951 € Ay and <ty € A, we have

On (A1 + A2+ 91 + 92) = 8y (1) + O6u(H12) + 8n(21) + Ou(9P22).
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Proof. The proof of lemma is same as that of Lemma 1.2 and Lemma 1.3. [

LEMMA 1.5. For each <Z;j, #;j € Aij, we have
8u(ij+ Bij) = 8u(ij) + 84(%ij)-

Proof.
Casel. i# j.Let Z;;,%; € A;j;. Itis easy to compute that
S oy (Zij+ Pi)or (P+ ) = (L+ M) (Zij+ %) + (A +[AP) 2
A+ A2 255

Therefore, we have
Oy ((1 F AL+ ) + A+ AP 255+ (A + IMZ)%%}*)

= 0n(SI o (Zij+ Pi) 03 (P + %))
= 6u(SI) 02 (Zij+ Pi)or (Zj+ Hij) + I 03 8u(Zij+ Pi) on (P + i)
+I 03 (Zij+ Pi) o (P + %))
Y &) on&(Zij+ Pi)or &P+ )
0<rss< (1)
= 0u(I) 0oa (Zij+ Pi) oa (P +%j) + I 03 (u(Zi)) + 6u(P)) 02 (P + D)
+I 0y (Zij+ Pi) 0 (8:(P)) + 8a(%)))
+ X () on&(Zi) + 8() 0 (8(F)) + 8(Z)))
oéﬁié’(?’in
= 0y(I oy Zijor Yij)+ On(I o) Pioy Pj)+ 6u(I oy Zijoy P))
+00(I 05 o) %)
= 8u((1+A) 23)) + 8u((1+ 1)) + 8u((A + A1) 235) + 8u((A + |21 % 255).-
Comparing the above two relations, it follows that
(1 AN+ ) = 8,((1+2)25)) + 8,((1+2) ).
Hence
On(ij + Bij) = Ou(Aij) + 64(Bij),
where (14+14)(Zi;) = o; and (1+1)(%;;) = %;; respectively.
Case II. i = j. We shall show that © = 6,(<}; + Bii) — 6n(Hii) — Su(RBii) = 0.
Let 2, %; € Aj; and k € {1,2} with k #i. We have
0 = 0u(Prop Pr oy (i + Bii))
= 6,(Pk) op Prop (i + Bii) + P oy Ou(Pi) op (i + Bii)
+ P op Prop O i+ Bii)
+ Y 8(P)on 8:(P) 0p & (i + Bii)

r+s+t=n
0<rs1<(n—1)
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= 8,(Pp) o Proy (i + Bii) + Proy 6u(Py) 0y (Hii + Bii)
+ P o) Doy Ou( i + Bii)
+ Y 8(P) o 8(Pk) 0p (8( i) + 8(Bi)).

r+s+t=n
0<rs1<(n—1)

On the other hand, we have

0 = 8,( P o) Proy i)+ Op( P o) Py Bii)
= 6u(Fx) op P oy Fii+ Py o) 0n(Prk) 0, i
+Prop Prop Sul i)+ Y, 8:(Pk)on 8:(Pk) 0p & (i)
0 <rrj; frg(? L )
+6:(P1) o3 P o Bii + Py oy, 6u(Py) 0y, Bii
FProy oo 8 Bi)+ Y (P on 8 Py) 0n b(B)
Kﬁf}g@'ﬁ 1)
= 0u(P) or Pr 03 (i + Bit) + Pr 03 Ou( D) 03 (i + Bii)
+Pr oy Prop (6u( i) + 6.(Hii))
+ Y 8(P)oa 8(Fa) on (& () + &i(%i)).

r+s+t=n
0<rs1<(n—1)

Observe from the above two equalities, we see that
ﬂkol ,@kol ®=0.

Thus,
(1424 + A0+ (1 +1)0 + (A + |A]*) Oy = 0.

It follows that Oy = ©y; = ©;; = 0. Finally, we will show that ©®; = 0. To prove this,
for each G € Ay, since Py o) i = P o) Bii = P oy (i + PBii) =0, we have

On(Pk) op (i + Bii) 03, Cit + Py 0y, Su( i + Bii) 03, Cie
+ P oy (it Bii)op 6u(Ci)+ Y, 8:(P) op bs( i+ Bii) 05 6 (€

r+s+t=n
0<rsr<(n—1)

= Ou( P o (Fii + Bii) 03 Cix)
= 8,( Pk op Hiiop Cit) + Ou(Pr o) Bii 03 Cix)
= Ou(Pk) op Hii 03 Cit + Py, 8u (i) 0p Cix + P 0 i 0, 8 (Cik)
+ Y 8(P)on 8(Hii) on 6 (Ck)
0<rss< 1)
+6,(Px) 03 Bii 03 Cix + Prop, 6u(Bii) 03 Cit + P03, Bii 03 6a(Cir)
+ Y 8:(P)on 8(Bu) 0n 8(r)

r+s+t=n
0<rs<(n—1)



896 A.N. KHAN AND B. A. WANI

= 8,(Pk) on (i + Bii) 05 Ci + P 0y (6u(Hii) + 0u(Bii)) 03 Cik
+ Pk op (i + 6:Bi)) 02 8a(Ci) + D, 8:(Pk) on Bs( i+ Bii) o1 & (Cix).-
r+s+t=n
0<rss<(n—1)

Thus,
@kol (‘3<>)L %k =0.

After computation, we have ©; =0. U

Hence the additivity of 0§, comes from Lemmas 1.1-1.5. This completes the
proof. [

2. Proof of main theorem

To complete the proof of the theorem, we need the following lemmas. Throughout,
we shall use the hypothesis of Theorem 1.1 freely without any specific mention in
proving the following lemmas.

LEMMA 2.1. 6,(i.%) = 6,(¥) =0.

Proof. The resultis true for n =1 by [19, Claim 2.9]. Assume that the result holds
true if k <n,ie., &(iI) = & (&) =0. Now we compute

Sn(fﬂol l.jO)L lf) = Sn(fﬂ)ok if())L if—l—f()l 5,,(1:%)01 iy

+ I 0y 1505 0,(iF)
+ Y 8.(S)0y 8,(i5) 0y 8,(i7).
r+s—+t=n

0<rst<(n—1)
= 2i8,(i.9) — |A %18, (i.7) + |A[%i8,(i.7)*
+Ai8, (i) + AiS,(i.9)* — 8,(F)
+|A[%i8,(.7).

On the other hand, we have

On(iF o) iI o) I) = 8u(iF)0piI 0y I +iF0) 0,(iF)0) I
+iI 0y i I o) 0p(S)
+ Z Or(iF) o) O5(iI) o) & ().

ogrrif}g(i 1)
= —8,(I) + |Ai(I) +2i8,(i.7)
—1i,(i.I) — Ai&,(i.7)" — |A|7i8,(i.7)
+|A %8, (i) .
Since S0y iI o) i =iF o) iF o) S, socomparision of the last two expression

yields
2(Ai6, (i) +Aib(i5)*) =0,
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which gives
6 (i) =—=6,(i7)". (2.1)
Additionally, compute
On(iF0)if 0y i) = 0y(iF)0) iS00I +iF o) 8,(iF) oy i S

+iIT o) 1T 0y 0,(iF)
+ Y 5(i)0n 8,(iF) 03 8(iS).

r+s+t=n
0<rs,r<(n—1)

= —38,(i.9) + A8,(i.9) + A8, (i.9)"
F2IAL8,(15) — | A28, (i.7)".

Further, we have
On(Iopid o) I) =8 (I)opiI o) I+ I0; 0(iF)o) I
+j<>;L ifO;L 5,,(%)
+ XY () ondi(iF) o 8 ().

r+s+t=n
0<rs,r<(n—1)

= 2i8,(I) = A&u(i.I) — A8 (iI)*
P2\ LIS, (i) — |AP8(i.5) — 8u(i7).

One can observe that i.# o) i.¥ o) i.¥ = —.% o i.¥ o) . Thus from above, we get

—38,(i9) + 18,(iI) + A8, (i7)* + 2|42 8,(i.7) — |A|*8,(i.9)* (2.2)
= —2i8,(I) — A8, (i.I) = A8, (i) +2|A)2i8,(i-I) — |A[*8u(i-9)* — 8u(i ).

From (2.1), we have

—38,(i.9) + A8,(iT) — A8u(i.) + 2 A28, (i5) + |A|*6,(i7) 2.3)
= —2i8,(.I) = A8,(i.) + A8,(i.9) + 2|A2i8,(i.7) + |A28,(i.57) — 8,(i.7).

This further implies that
—28,(i.7) + 2| A [28,(i.) 4 2i8,(.F) — 2| A|?i8,(i.7) = 0. (2.4)
Taking adjoint of above expression, we obtain
28,(i.9) = 2|A128,(i.7) — 2i8,(F) — 2| A|%i6,(i.7) = 0. (2.5)

Combination of (2.4) and (2.5) gives 0,(i.#) = 0. This reduces (2.5) into 6,(.¥) =
0. O

LEMMA 2.2. 6,(&*) = 8,()* and 6,(ief) = i8,() forall of € A.
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Proof. Using inductionon n € N with n > 1. By [19, Claim 2.10 and 2.11], the re-
sult holds true for n = 1. Assume that the result holds for k <n,i.e., & (&) = o (/)"
and & (ie?) = id(</) for all &/ € A. We know from Lemma 2.1 that §,(i.¥) =
0,(.#) =0 foreach n > 1. Thus

i 03T 03 i) = Gy )opiT 0y i+ Y S(el) oy 8:(iF) 0y &(iF).
r+s+t=n
0<rs,r<(n—1)

It follows that
Su(— + APt ) = —8u() + A1 8s(). (2.6)
This gives
& (|A[7) = AP 8,(7). 2.7)
Further,

5n(42f<>1f0/1f)=5n(@7)%f0/1f+ 2 5,(437)0,1&(%)0,16;(%).
r+s+t=n
0<rst<(n—1)

This yields
8 (A 20" + A2 ) = 8,( ) +2A8,(F)* + |A|*8u( ). (2.8)
Hence,
00 (A7) =20 0,()*. (2.9)
Furthermore

Su(F o Iond*)=8(I)on I o+ Y 8(F)oa 8(F) o &(),
r+s—+t=n
0<rs<(n—1)

gives
8 (420 AP el*) = 8 () +2A8,( ) 4 [A|P8u( ). (2.10)

Thus
6, (2A ™) =2A8,(H™). (2.11)
Observe from (2.9) and (2.11) that §,(e7*) = 6,(<7)* . Now, for any </ € A, we have

Sn(folifold):Jo;tifol&q(mf)—i— Z 6,(%)0165(1'%)%6,(%).

r+s—+t=n
0<rs,r<(n—1)

Proceeding as above, we get 0,(ie/) = i0,(&/) forall &/ € A. O
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LEMMA 2.3. 2 = {0, }nen is a *-higher derivation.

Proof. Forany of , € A, weknow & o) o o) B=A B+AA B+ NBA*+
|A|> %2/ *. Hence

8u(I 0 03 B) = I 03 8u(A) 0y B+ I 05 A ) 6u(HB)
+ Y &(I)ond(d)018(P)
0<ror <)
= I 03 8u(A) 0y B+ I 0) A ) 6u(B)
+ Y, Ty 8(H) 0, 8(B)
0<sst£(r:1 1)
= 5,(A) B+ 16,(A) B+ A 5,(B)*
+|A 28BS, ()" + o 8,(B) + Aot 5,(B)
+A8,(B) et * + |A|*6.(B)
+ Y, Ty 8(H) 0, 8(B).
0<s1< (1)

Thus,

S (A B+ Nt B+ ABA* +|A|> Bt ™) (2.12)
= 8u(A) B+ ASu(A) B+ Al §,(B)"

+|A 2B, () 4 A 8,(B) + Al 8,(B)

+A8,(B) "+ |1 [*8,(B)

+ Y I 8(H)oy8(B).

s+i=n
0<s,1<(n—1)

On the other hand, since &7 B+ Ao/ B — ABA* —|A|>? B * = I oy idl o) (—iB),
forany &7/, € A, so we get

On( I oy il o) (—iB)) = I o) 8, (il ) o) (—iB) + I o) i o) Op(—iB)
+ D 8(F) o &) 0y §(—iB)
0<rsi< )
= I 0) 0,(i) 0y (—iB) + I o) il o) Op(—iRB)
+ Y I 8,(id )0y §(—iB)
0<ot2 (1)
= 8,(A) B+ 18, (A)DB— \ot 8,(B)*
—APBE, (A )+ A 84(B) + Aot 5,(B)
—A8,(B) A — || 8,(B)
+ Y S0 8,(i) 0y §(—iB).

s+i=n
0<s,r<(n—1)
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Hence,

ARBANARB—ANBA* —|\|* Bt * (2.13)
= 5,(A) B+ 18,(A) B — Aot 8,(B)*
— AP B ) + A 5,(B) + Aol 8,(B)
—A8,(B) " — |A*8,(B) 7"
+ Y S0 8(i) 0y 8(—iB).
0<s1<(n-1)

Equivalantly, we obtain from (2.12) and (2.13) that

On((14+A)dB) = (1+A)0(F) B+ (14 A1)t 5,(B)
+(1+14) Y 8(H)&(B).

s+t=n
0<st<(n—1)

Observe from (2.11) that

(14+4)8,(Z B) = (1+1)8,( ) B+ (1 + 1) 8,(B)
+1+4) Y 8()8(B).

s+t=n
0<s,1<(n—1)

Finally, we get

Si(AB) = 8, A) B+ A5(B)+ Y &(H)8(B). O
s+i=n
0<s,r<(n—1)

LEMMA 2.4. P = {0 }nen is inner.

Proof. We know that every additive derivation 0 : A — B(J¢) is an inner deriva-
tion by [16]. Therefore, it follows from [20, Proposition 2.6] that 2 = {0, }nen is
inner. [J

REFERENCES

[1] M. BRESAR AND M. FOSNER, On rings with involution equipped with some new product, Publ. Math.
Debrecen, 57 (2000), 121-134.

[2] J. Cur AND C. K. L1, Maps preserving product XY —YX* on factor von Neumann algebras, Linear
Algebra Appl. 431 (2009), 833-842.

[3]1 M. N. DAIF, When is a multiplicative derivation additive?, Int. J. Math. Math. Sc. 14 (3) 1991, 615-
618.

[4] L.-Q. DAI AND F.-Y. LU, Nonlinear maps preserving Jordan x-products, J. Math. Anal. Appl. 409
(2014), 180-188.

[5] D.Huo, B. ZHENG, AND H. L1U, Nonlinear maps preserving Jordan triple N — *-products, J. Math.
Anal. Appl. 430, 2015, 830-844.

[6] D.-H.Huo, B.-D.ZHENG, J.-L. XU, AND H.-Y. L1U, Nonlinear mappings preserving Jordan mul-
tiple *-product on factor von Neumann algebras, Linear Multilinear Algebra 63 (2015), 1026-1036.



(7]
[8]
[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]
[17]

[18]
[19]
[20]
[21]

[22]

MULTIPLICATIVE A - % -JORDAN TRIPLE HIGHER DERIVATIONS 901

W. JING, Nonlinear x-Lie derivations of standard operator algebras, Quaes. Math. 39 (8) (2016),
1037-1046.

W.-H. LIN, Nonlinear *-Lie-type derivations on standard operator algebras, Acta Math. Hungar. 154
(2018), 480-500.

W.-H. LIN, Nonlinear x-Lie-type derivations on von Neumann algebras, Acta Math. Hungar.,
(preprint).

W. H. LIN, Nonlinear x-Jordan-type derivations on von Neumann algebras, arXiv: 1805.16027v1
[math.OA].

W. H. LIN, Nonlinear mappings preserving Jordan-type A -x-products on von Neumann algebras,
arXiv: 1805.96815v1 [math.OA].

C. L1 AND F. Lu, Nonlinear maps preserving the Jordan triple 1-x-product on von Neumann alge-
bras, Compl. Anal. Oper. Th. 11 (2017), 109-117.

C. L1, F. LU AND T. WANG, Nonlinear maps preserving the Jordan triple *-product on von Neumann
algebras, Ann. Funct. Anal. 7 (2016), 496-507.

C. L1, F. LU AND X. C. FANG, Nonlinear & -Jordan x-derivations on von Neumann algebras, Linear
Multilinear Algebra 62 (2014), 466-473.

C. L1, F. Lu AND X. C. FANG, Nonlinear mappings preserving product XY +YX* on factor von
Neumann algebras, Linear Algebra Appl. 438 (2013), 2339-2345.

P. SMERL, Additive derivations of some operator algebras, 1llinois J. Math. 35 (1991), 234-240.

A. TAGHAVI, H. ROHI AND V. DARVISH, Non-linear *-Jordan derivations on von Neumann alge-
bras, Linear Multilinear Algebra, 64 (2016), 426—439.

A. TAGHAVI, V. DARVISH AND H. ROHI, Additivity of maps preserving products AP+ PA* on C* -
algebras, Math. Slov. 67 (2017), 213-220.

A. TAGHAVI, M. NOURI, M. RAZEGHI AND V. DARVISH, Non-linear A -Jordan triple -derivation
on prime *-algebras, Rocky Mountain J. Math. 48 (2018), 2705-2716.

F. WEI AND Z.-K. XI1AO0, Higher derivations of triangular algebras and its generalizations, Linear
Algebra Appl. 435 (2011), 1034-1054.

F. F. ZHAO AND C. J. L1, Nonlinear x-Jordan triple derivations on von Neumann algebras, Math.
Slov. 68 (2018), 163-170.

F.-J. ZHANG, Nonlinear skew Jordan derivable maps on factor von Neumann algebras, Linear Multi-
linear Algebra, 64 (2016), 2090-2103.

(Received November 14, 2019) Abdul Nadim Khan

Department of Mathematics

Faculty of Science & Arts — Rabigh
King Abdulaziz University

Saudi Arabia

e-mail: abdulnadimkhan@gmail.com

Bilal Ahmad Wani

Department of Mathematics

Central University of Kashmir

J & K, India

e-mail: bilalwanikmr@gmail . com

Operators and Matrices
www.ele-math.com

oam@ele-math.com



