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SPHERICAL SYMMETRY OF SOME UNITARY
INVARIANTS FOR COMMUTING TUPLES

SAMEER CHAVAN AND KAIS FEKI

(Communicated by G. Misra)

Abstract. We discuss spherical and Euclidean analogues of joint spectral radius, joint operator
norm and joint numerical radius associated with commuting d -tuples of Hilbert space operators.
In particular, we deduce their invariance under the action of the group % (d) of d x d unitary
matrices. Unlike spectral and numerical radii, the analogues of joint operator norm differ in
dimension d > 1. The joint hyponormality ensures that these analogues of joint operator norm
agree in all dimensions. However, the separate hyponormality fails to ensure so.

1. Introduction

Let N denote the set of nonnegative integers and C denote the complex plane. Let
A be a complex Hilbert space and () stand for the C*-Algebra of all bounded
linear operators on .7 with identity I, (or I if no confusion arises). For A,B €
PB(IH), the cross-commutatorof A and B is givenby [A, B] := AB—BA. Let B(.)\9)
denote the set of d-tuples T = (T7,...,T;) of operators in #(.7¢’). When the operators
Ti,...,T; are pairwise commuting, that is [7;,7;] = 0 forall i,j € {1,...,d}, we say
that T is a commuting d-tuple. A commuting d-tuple T is said to be doubly com-
muting if [T*,T;] =0 for all 1 <i# j<d. We say that a commuting d-tuple T =
(Th,...,Ty) € B(A)\Y is jointly hyponormal if the operator matrix ([T}, T])1<ij<d
is a positive operator on the d-fold inflation @El: |7 of F (see [2, Definition 1]). For
an account on various related notions of hyponormality in several variables, one may
refer to [11].

The Taylor spectrum and approximate point spectrum of a commuting d-tuple
T = (T},...,T;) € B(A#)D are denoted by or(T) and o5 (T), respectively ( the
reader is referred to [17, 8, 10] for the definitions and basic properties). Recall that
or(T) is a nonempty compact subset of C¢. The joint spectral radius of T is defined
by

r(T) = max{||A]]2, A = (A1,...,A44) € or(T)},
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where || - ||» denotes the Euclidean norm on C?. We invoke the following analogue
of the Gelfand-Beurling spectral radius formula for commuting tuples of Hilbert space
operators (see [5, Lemma 5], [15, Theorem 1] and [9, Theorem 1]):

T) = inf || M paal| % _ l'mH T*O‘T"‘ 11
r(T)= inf ME:n = hm 2 (L.1)
aeN? aeNd
Here for the multi-index o = (0, ..., 0y) € N, we used the notations |c| := 2?21 loj],

Li=T1¢, og! and T := [1{_, T, The spherical norm of T € B(#)\Y) is given
by

1
d 2
| T|| := sup (Z Tkx||2> sxe A, |x|| =1
k=1

Note that ||T|| = || 2 T TkH2 It may be now deduced from (1.1) that r(T) < ||T||.

We are also 1nterested in the Euclidean analogue of joint spectral radius and joint
norm of a d-tuple T (see [16, Page 26]):

re(T):= sup  r(MTi+...+ATy),
(A5-Aq) EBy

HT”e:: sup H?LIT1+...+7Lde||7
(A5 EBy

where B, denotes the open unit ball of C? with respect to the Euclidean norm || - ||,.
It turns out that | T|| and ||T||, are always equivalent on Z(. )@ (see [16, Theorem
1.18] and [ 13, Proposition 2.1]):

1
ﬁHTII <|Tle <), TeB(2) . (1.2)

Let T=(Ty,...,T;) € B() 4. Following [8], we define the joint (or spherical )
numerical radius 0f T as

l
o(T —sup{<Z|Tkxx ) ;XG%»HXZI}-

It was shown in [16, Proof of Theorem 1.19] that @(T) coincides with the Euclidean
numerical radius ,(T) given by

0. (T):=  sup oML +...+ATy).
(ll,...,ld)GEd

We mention that the usage of notations in [16] differs from this. For any commuting
d-tuple T=(Ty,...,T;) € B(HA) D we have

/(T) < max{ ||T,r<T>} <o(T) < |T]. < Tl (13)

1
2V/d
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(see [4, Theorem 2.4] and [3, Theorem 2.2]). We also mention that the second last
inequality above follows from the fact that @,(T) = @(T). The inequalities in (1.3)
(1) i be an operator on
C?. One can verify that #(T) =1, ||T|. = ||T|| = M and @(T) = 3. It is clear
that the invariants r(-),|| - ||, @(-) (spherlcal) and r.(-), H lle, @ (-) (Euclidean) are all
unitary invariants.

One of the main results of this note shows that all these invariants have spherical
symmetry, and except the joint norm, their spherical and Euclidean analogues coincide
(see Theorem 2.1). This disparity is addressed in the rest of this note. In particular,
it it shown that we have equality of spherical and Euclidean analogues of all the three
invariants for jointly hyponormal tuples (see Corollary 2.1). Finally, we characterize
all commuting d-tuples for which joint norm and joint spectral radius coincide (see
Theorem 2.2).

can simultaneously be strict even if d = 1. Indeed, let T =

2. Spherical symmetry

Let T=(T1,...,T;) € B()Y and let % (d) denote the group of complex d x d
unitary matrices. For U= (ujx)i<jr<a € % (d), the d-tuple Ty is given by

d
(Ty)j = D upTh, 1<j<d.

If T is commuting, then so is Ty for every U € % (d). The unitary group % (d) acts
faithfully on Z(.#)@) via the group action

(UT) =Ty, Ue%(d), TeBAH)D.

Following [7], we say that a commuting d-tuple T is spherical if the orbit {Ty : U €
% (d)} of T is single-ton up to the unitary equivalence. Interestingly some of the uni-
tary invariants, seen as a function on %Z(# )(d), are constant on the orbit of a possibly
non-spherical d-tuple.

THEOREM 2.1. Let T = (Ty,...,T;) € B(H) D be a commuting d-tuple. Then,
Sorevery U € % (d), the following hold

(i) r(Ty) =r(T) =re(T) = re(Ty).
(ii) (D(TU) = (D(T) = we(T) = we(TU)'
(iii) | Tyl = |T|[ and ||T|[e = | Tu].

REMARK 2.1. There are several remarks.

(1) Geometrically, 7% -invariance in (i) (resp. (ii)) says that although Taylor spec-
trum (resp. joint numerical range) need not be invariant under “rotation” by a
unitary, its supremum is unchanged under the same effect.
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(2) The equality r(T) = r.(T) and ©(T) = @, (T) was first observed in [3, Theorem
2.1] and [16, Proof of Theorem 1.19], respectively. It is worth mentioning that
(ii) holds even for non-commuting d -tuples.

(3) In general, ||T|| # ||T||., so there is a disparity in (iii) and (i)—(ii) (see Example
2.1 below for details).

Proof.
(i) We need the following elementary facts:

sup ‘ El,zj‘ =|lzll2, ze€C9. (2.1
(Ayeha)EBy | j=

For two nonempty sets A, B and a bounded function f: A x B — [0,),

sup sup f(a,b) = sup sup f(a,b). (2.2)
acA beB beB acA
We contend that
re(Ty)=r(T), Uew(d). (2.3)

For A = (A1,...,Aq) € C¢ and U € % (d), consider Sya = Zzzlkk(TU)k. By the
spectral mapping property of the Taylor spectrum (see [10, Corollary 3.7] and [17,
Lemma 3.1]), we have o7 (Ty) = Uor(T), and hence

d

r(Sus) =supor(Sys) = sup | 3 AUz,
zeor(T) ' j=1

A=(AL..., ) €C.

Taking supremum on both sides over unit ball, we may infer from (2.1) and (2.2) that

d
re(Ty) = sup sup ’Z/lj(Uz)j’
(AlsesAg)EBg zeOT(T) j=1
= sup [|Uz]]
zeor(T)
= sup |iz>
ZEO'T(T)
=r(T).

Thus the claim stands verified. Letting U to be the identity matrix in (2.3), we ob-
tain r.(T) = r(T), and hence applying this fact to the commuting d -tuple Ty, we get
re(Ty) = r(Ty). Another application of (2.3) completes the proof of (i).

(i) For U € % (d) and A = (A1,...,A4) € C%, note that

i ()= 3 (3 2 i

k=1 " j=1
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Since @, (S*) = w.(S) for any d-tuple S, by the spherical symmetry of By,

w,(Ty) = w.(Ty)
d J—
= sup o (Z <Z A ) )
(llwmﬂd)eﬁd k=1 " j=1
= sup a)< Z AT

LEB, k=1
=, (T),

\_/

where A denotes the d-tuple (A1,...,A4) in C?. Since ®(-) = w.(-) (see Remark
2.1), we obtain (ii).

(iii) As in the preceding paragraph, one may see that || Ty ||, = || T|| forany U €
%« (d). Indeed,

ITulle = [Tyl

Finally, the equality ||Ty|| = ||T|| is immediate from the identity

d
2.(Tp)(Ty)j =

j=1

(cf. [12, Equation (11)]). O

Tf*Th Ue %(d)

~.
1M*~

The following example illustrates that there is disparity in (iii) and (i)-(ii) of The-
orem 2.1.

EXAMPLE 2.1. For an arbitrary commuting d -tuple T, we need not have ||T||, =

|IT||. Indeed, ||T*|, = ||T|. is always true, while ||T*|| = ||T|| fails in general. To
see this, we consider the Drury-Arveson d-shift M_, that is, the d-tuple of operators
M., ,...,M;, of multiplication by the coordinate functions zi,...,z4 on the reproduc-

ing kernel Hilbert space associated with the positive definite kernel k given by

1
1—(z,w)’
By [, Remark 3.2], 4 =1 M, M’Zk < I. Further, it is not difficult to see that 2 M; M

> I, where equality holds if and only if d = 1. Putting all these facts together We may
conclude that ||[M}|| = ||[M.|| if and only if d = 1. Moreover, by [, Corollary, Page

K(z,w) 1= z,w € By
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192], M, is a hyponormal operator for every j = 1,...,d. By (1.1), the Taylor spec-

trum of M. is contained closed unit ball in C¢, and hence it may be deduced from [6,
Lemma 3.10] that M; is jointly hyponormal if and only if d = 1.

The last example together with Theorem 2.1 motivates us to the following ques-
tion.

QUESTION 2.1. What are all commuting d-tuples T for which ||Ty||. = || Tu||
Sforevery U e (d)?

In view of Theorem 2.1(iii), the question above is equivalent to characterizing
commuting tuples T for which ||T||, = || T||. One obvious necessary condition for this
is that ||T*|| = ||T||. This fails even for commuting d-tuples of hyponormal operators
(see Example 2.1). It turns out however that the answer to above question is affirmative
for jointly hyponormal tuples. Indeed, we have the following general fact.

PROPOSITION 2.1. Let T = (Tt,...,T;) € B(H)Y be a commuting d-tuple. If
r(T) = ||T||, then |Tu|. = ||Tu| for every U € % (d).

Proof. Assume that r(T) = ||T||. We already recorded that ||T||. < ||T| (see
(1.2)). We check that ||T||, > ||T||. For 2 = (Ai,...,44) € C¢, consider the opera-
tor Sy = 275:1 A Ty. Recall the fact that norm of bounded linear operator is at least its
spectral radius. Combining this with r(T) = ||T|| and Theorem 2.1(i), we obtain

ITlle = sup [[Sa]l = sup r(S2) = re(T) = r(T) = [IT|.
AEBy AEBy

We may now apply Theorem 2.1(iii). U

There exists a commuting d-tuple T for which ||T|| = ||T||. but (T) # ||T|.
Indeed, if A is a nonzero nilpotent operator and T = (A,...,A) is a commuting d -
tuple, then ||T|| = ||T||. = V/d||A|| # 0, but #(T) = v/d r(A) = 0. Moreover, the equality
r(T) = o(T) does not imply in general r(T) = ||T||., even if d = 1. Indeed, let

100
T=1002
000

One can verify that #(T) =1, ||T|| =2 and o(T) = 1. Thus, r(T) = o(T) however,
r(T) # T

The following result generalizes [13, Theorem 2.1] (in view of the fact that any
doubly commuting tuple of hyponormal operators is jointly hyponormal ) :

COROLLARY 2.1. Let T = (Ti,...,Ty) € B(H)D be a jointly hyponormal d -
tuple. Then, for every U € % (d),

IToll = IT]| = [IT(le = [Tyl
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Proof. By [6, Lemma 3.10], r(T) = || T||. Now apply Proposition 2.1. [

Proposition 2.1 raises the problem of characterizing all commuting tuples T for
which 7(T) = || T||. The following theorem answers this plus little more. In particular,
the assertion (i) below generalizes [ 14, Problem 218].

THEOREM 2.2. Let T = (Ti,...,Ty) € B(A) D be a commuting d-tuple. The
following statements are true:

(i) r(T) =Tl if and only if &(T) = |T]|.
(ii) r(T) =Tl if and only if &(T) = ||T|..

Proof. Assume that r(T) = || T||. Then, by (1.3), we obtain @(T) = ||T||. Con-
versely, assume that @(T) = ||T||. Since r(T) < ||T|| is always true, in order to get the
desired result, it suffices to prove that r(T) > ||T||. To see this, let JtW(T) denote the
bounded subset of C¢ given by

JIW(T) := {((T1x,x),...,(Tyx,x)); x € H, ||x]| = 1}.
Note that
I'T|| = o(T) = sup{[|A|l2; 2 € JtW(T)} =sup{[[A]2: A € JW(T)}.

Since JtW(T) is compact, there exist A = (A,...,A4) € JtW(T) and a sequence
{Xn}n>0 of unit vectors in 7# such that

A= T 9
Jao= lim (Tiwx), ke {1,...d} (- 24)

If R(z) denotes the real part of the complex number z, then

d d _
2 (Te— Al = 3 <||Tkx,,H2 P 2% (/lk<Tkxn,xn>> )

k=1

d f—
<ITIP+IAI3 -2 Y, R (AT, )
k=1

Nn— oo

0,
where we employed (2.4) in the last step. It follows that
lim |[(Tx — Ak)xal| =0, ke{l,...,d},

which in turn yields that A € 0;(T). Since 0z(T) C or(T) (see [10, Page 22]), we
must have ||T|| < 7(T). This yields (i).

The conclusion in (ii) may be obtained by imitating the argument of (i). However,
for the sake of completeness, we provide a direct argument. To see this, we notice first
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that by (1.3), #(T) = ||T||. implies ©(T) = ||T||.. Conversely, suppose that ®(T) =
|T|e. By (1.3), we have (T) < ||T||.. So, in order to get the desired result, it suffices
to prove that 7(T) > ||T||,. For A = (Ay,...,4;) € C¢, we let S := Y¢_, L Tx. By (i)
(the case of d = 1), we have

r(Sy) = IS2ll = o(S2) = 521, A eC. (2.5)

On the other hand, since ®(T) = w,(T) (see [16, Proof of Theorem 1.19]), by the
continuity of the numerical radius and the operator norm there exists (t € B, such that

o(Su) = o(T) = [Tl = [|Syll-

Since @(Sy) < [ISull;
ITlle = &(Su) = [ISyl- (2.6)

By (2.5), r(Su) = ||Sul| . So, by Theorem 2.1(i) and (2.6), we get
r(T) = re(T) = r(Su) = [ISull = [[T[l-
This completes the proof. [l
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