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CHARACTERIZATIONS OF ELEMENTARY OPERATORS

CHARALAMPOS MAGIATIS

(Communicated by B. Magajna)

Abstract. Let <7 be an ultraprime algebra and .# a closed ideal in 7 with left (resp. right)
approximate unit. We characterize elementary operators on 7 in terms of their images. We
show that if @ is an elementary operator on .o/, then the set ®(.<;) (where .27 is the unit ball
of o7') is a left (resp. right) uniformly approximable subset of .# if and only if for any minimal
length representation 2{-‘: 1 My, 4, of @ we have {q; kK C .7 (resp. {b,-}f.‘: LS.

i=1 =

1. Introduction

Let o/ be an algebraand a,b € o/ . The map M, : &/ — o/ givenby M, ;(x) =
axb is called a multiplication operator. A map ® : &/ — o is called elementary oper-
ator it ® =37 | M, , for a;,b; € o/ . The elements a;,b;, i =1,...,n are called the
symbols of ®. We denote by &£ (/) the space of all elementary operators on ./ and
by #(-) the minimal length of an elementary operator.

K. Vala in [13] proved that if X is a Banach space and Z(X) is the algebra of all
linear bounded maps on X, then the multiplication operator My g : #(X) — #(X) is
compact if and only if A and B are compact operators. Compact elementary operators
on C*-algebras have been studied by C. K. Fong and A. R. Sourour in [4], M. Mathieu
in [7] and R. M. Timoney in [12].

Another topic considered in the literature is the following: If <7 is an algebra and
& is anideal of .o, characterize the elementary operators on <7, that map .« into .# .

Let H be a Hilbert space, Z(H ) the algebra of all linear bounded maps on H and
¢ (H) the algebra of all compact linear maps on H. C. K. Fong and A. R. Sourour have
proved in [4] that if ® is an elementary operator on A(H), then ®(#(H)) C % (H)
if and only if there exist {A;}*_,,{B;}*_, C %(H) such that at least one of A; and B;
belongs to 7 (H) for i =1,....k and ® = 3% My ..

This result was generalized by M. Mathieu in the case where ./ is a normed
algebra and .# is an ultraprime ideal in .o/ [9].

In this paper we study the following question:
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k
QUESTION 1.1. Let &/ be anormed algebra, .9 anideal of &/ and ® = ¥, M, ,
i=1

an elementary operator on </ where k = {(®). Which conditions on the image of ®
vields the equivalence with any of the following ?

1. all ahbij,
2. all aj orall bj e 7,
3. a; or b; € Z foreach i.

We provide an answer to this question for elementary operators on ultraprime
normed algebras using the concept of uniformly approximable sets. The concept of
uniformly approximable sets was introduced in [6] to study elementary operators on
the algebra of the adjointable operators on a Hilbert module.

We also show that among the Banach algebras with approximate unit, the unital
ones are those for which the unit ball is uniformly approximable.

A normed algebra o7 is said to be ultraprime if there is a constant k. > 0 such
that ||[M, || > ko ||al|||b|| for all a,b € o7, see [9]. The class of ultraprime normed
algebras includes among others prime C*-algebras [8, Proposition 2.3], Z(X) where
X is any normed space and prime group algebras ¢!(G) where G is a discrete group
[14]. Moreover, ideals of ultraprime normed algebras are also ultraprime algebras [9,
Proposition 3.6].

2. Characterizations of elementary operators

Let </ be a normed algebra. By 7], we denote the closed unit ball of <. By
ideal we mean a closed ideal. A left (resp. right) approximate unit of <7 is a net
{uy }en of elements of <7 such that:

1. for some positive number r, |juy || <r forall A € A,
2. limuya=a (resp. limau) = a) for all a € o in the norm topology of <7 .

A net which is both a left and a right approximate unit of <7 is called simply an ap-
proximate unit of <7 .

The concept of uniformly approximable sets was introduced in [6] for subsets of
C* -algebras. We extend the definition for normed algebras with approximate unit.

DEFINITION 2.1. Let < be a normed algebra and . be a bounded subset of
o/ . The set .7 is called left (resp. right) uniformly approximable, if there is a left
(resp. right) approximate unit {u; },co of < such that for every € > 0 there exists
Ao € A such that [juys —s|| < & (resp. |lsuy —s|| <& ) forall A > A and for all
s € .. A bounded subset . of & is called uniformly approximable, if there is an
approximate unit {u; },cn of 7 such that for every € > 0 there exists Ag € A such
that |juysuy —s|| < € forall A > A and forall s € .7.



CHARACTERIZATIONS OF ELEMENTARY OPERATORS 1471

If . is a uniformly approximable set with respect to an approximate unit {u; }; ca
and {wy }uem is another approximate unit, then . is also a uniformly approximable
set with respect to wy, and the analogous result holds for left approximable and right
approximable sets. Hence, the definition of uniformly approximable sets does not de-
pend on the choice of the approximate unit. The proof is similar to the proof of Lemma
4in [6].

REMARK 2.2.

1. If o7 is a normed algebra with approximate unit and .# is a uniformly approx-
imable set, then . is left (resp. right) uniformly approximable set. This follows
from the proof of Lemma 16 of [6]. On the other hand, if .% is a left and right
uniformly approximable set, applying the triangle inequality we see that . is a
uniformly approximable set.

2. The following is an example of a set which is left uniformly approximable but
is not right uniformly approximable. Let H be a separable infinite dimensional
Hilbert space and % (H) be the algebra of compact linear operators on H. For
x,y € H we denote by x®y the rank-one operator on H defined by x® y(z) =
(z,y)x. If {e;}ien is an orthonormal sequence in H, then the subset

yZ{Q@@,‘ZiEN},
of J# (H) is left uniformly approximable, but not right uniformly approximable.

If o7 is a unital normed algebra, then its unit ball is uniformly approximable. The
following proposition shows that this property characterizes the unital Banach algebras
among the Banach algebras with approximate unit.

PROPOSITION 2.3. Let o7 be a Banach algebra with approximate unit. Then, the
closed unit ball of <7 is a uniformly approximable set if and only if <f is unital.

Proof. Let {u; })ca be an approximate unit of 7 and r = sup,_ ||uy||. We will
prove that the net {uy }, ¢, is norm-convergent.

A uniformly approximable set is both left and right uniformly approximable set.
Let £ >0. Thereis A" € A such that [juyx —x|| < & forall x € @/ and forall A >4'.
Let Ag > A'. Thereis A" > g such that [luyu;, —uy || < § and |luy uy —uy || < §
forall 1 > A". Then, for any Ay, Ay > A" with uy, —u, # 0 we have that:

€ Upy, —Up, Uz, — U,

£ > g, _

6r g, —up, || [luz, —ua, |
1

" uz, —up | H”M”M — Unglay, — Upy Uy
u v

Upg Uy, — U, T Uy, — Upolin, —uy, +uy,

WV

o
2r
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1
> o= (g, =, | = lrgtn, = 03| =z = iz, 1)
< 1 H | 2¢e
Z op \ 1M 3 )

and hence [[uy, —uy, || < €. Therefore the net {us }1ca has alimit in &/, which is a
unit for o7'. [

REMARK 2.4.

1. If o/ is a normed algebra with approximate unit and .# is a totally bounded
subset of o7, then .# is a uniformly approximable set. Moreover, if the algebra
o/ consists of compact elements, (an element a € &7 is called compact if the
operator x — axa is a compact operator on ¢/ ), then a uniformly approximable
set is totally bounded.

2. If .# is an ideal with a left approximate unit in a normed algebra .« and a € .#,
then the set a.o7] is a left uniformly approximable subset of .# .

We shall use the following result which follows from [3, Theorem 3.1] and [9,
Corollary 4.7] (see also [2, Theorem 10.1]). If .o is an algebra without unit, we denote
by 7! its unitization. If <7 is unital, /' = o7 .

THEOREM 2.5. Let < be an ultraprime normed algebra. If by, ...,b, € /', are
such that by does not lie in the linear span of by, ..., by, then there exists an elementary
operator ® € &L (/') such that ®(by) # 0 and ®(by) = ... = ®(b,) =0.

If . is an ideal of a normed algebra 7, we denote ||,/ : &/ — o/ /.F the
quotient map x + [x] /. If & is a C*-algebra, we denote . (/) the multiplier
algebra of o7 [10, 2.1]. Recall that if .# is an ideal of <7, then .# is an ideal of
M(A).

THEOREM 2.6. Let </ be a prime C*-algebra, .9 be an ideal in </ and ® €
EL(A). If D= 2{-‘:1 My, p; any minimal length representation of ® where {a,-}i-‘zl,
{bi}*_, C (), the following are equivalent:

1. The set ®()) is a left (resp. right) uniformly approximable subset of % .
2. {a,-}i-‘=1 C .7, (resp. {b,-}i-‘=1 C 7).

Moreover, the set ®(<)) is a uniformly approximable subset of % if and only
if {ai}i_y €7 and {b;}{_, C 7.

Proof. We show the implication 1 = 2. We assume that the set ® (<) is a left
uniformly approximable subset of .# . Let ® = Y% | M,, ;, be a minimal length repre-
sentation of @ such that a; ¢ .# . Since the representation is minimal, the elements of
the set {by,...,by} C .# (/) are linearly independent. It follows from Theorem 2.5,
that there exists ¥ = Y!_| M,, 5 € &L (4 (<)) such that ¥(b;) # 0 and P(b;) =0
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for i =2,...,k. We assume that ||¢;||,||di|]| < 1, for i=1,...,1. Let {uy};cp be an
approximate unit of .#. We consider the multiplication operator M”'x ¥ (b)) ON A,

where uy =1—uy € .4 (</). Since the algebra <7 is prime, it follows from [8, Propo-
sition 2.3] that

1My 0y o) | = N ar 1€ (B0 = Nllar).sry.o ¥ (B1)]| =7 >0,

forall A € A. Then, for A € A there exists y; € </ such that

1Mo, 0y (50 2) | > 7/2 > 0.

We observe that

! Ik
Z‘I)(ylc,-)d,- = Z Z ajycibjd; = Z Za,ylc ibjd,
i=1 i=1j=1 j=1li=1
k
= Zaj)% chb idi = Ea/y}tlp b )—aly;L‘P(bl),
Jj=1 i=1 j=1
and hence
ZMACD vaci)di Hulaly;L‘P (by) H >
i=1

forall A € A. The set ®(.«7]) is a left uniformly approximable subset of .# and hence

lim i)di = O,
A

which is a contradiction.

The proof is similar in the case where the set ®(.27]) is a right uniformly approx-
imable subset of .#. The implication 2 = 1 follows taking into account Remark 2.4,
2).

The final assertion of the theorem follows from the equivalence of (1) and (2) and
Remark 2.2 (1). O

REMARK 2.7.

1. Let < be a prime C*-algebra and J# (<) be the ideal of compact elements
of o7. In [7, Corollary 3.9], Mathieu proved that an elementary operator ® €
&L (/) is compact if and only if there are {a;}*_ |, {b;}¥_ | C # (<) such that
o= 2{;1 M,, ;.. Hence, it follows from Theorem 2.6 that if %/ is a prime C*-
algebra an elementary operator @ is compact if and only if the set ®(<7) is a
uniformly approximable subset of J# (7).



1474 C. MAGIATIS

2. Let o/ be a prime C*-algebra and ¢ (/) be the ideal of compact elements
of /. In [7, Theorem 3.7] Mathieu proves that an elementary operator ® €
&L (o) is weakly compact if and only if there exist {a;}* ,{bi}* |, C o
such that at least one of tuples {a;}* ; and {b;}*_ | lies in # (/) and ® =
fozl My, p, . It follows from Theorem 2.6 that if ./ is a prime C*-algebra a mul-
tiplication operator @ on <7 is weakly compact if and only if ® (<) is a left or
right uniformly approximable subset of ¢ (7).

3. If &/ isa C*-algebra and 2 is a Hilbert .« -module we denote by #(Z") the
C* -algebra of adjointable operators on 2~ and by J#(Z") the C*-subalgebra of
PB(X"), consisting of the generalized compact operators on 2. In [6, Theorem
17] we proved that if . is a prime unital C*-algebra, 2~ is a countably gener-
ated Hilbert <7 -module and ® is an elementary operator on (2" ), then the set
D(HA(X),) is a uniformly approximable subset of # (.Z") if and only if there
exist {a;}X_ | {b:i}_, € #(Z) such that ® =35 | M, ;. It follows from [1,
Proposition 3.4], [5, Theorem 2.4] and [8, Lemma 2.2] that if the C*-algebra o7
is prime, then the C*-algebra #(.2") is prime. Hence, it follows from the last
assertion of Theorem 2.6, that the conclusion of [6, Theorem 17] holds without
the assumption that <7 is unital or 2~ is countably generated.

The proof of the following theorem is similar to the proof of Theorem 2.6 and
is omitted. In contrast with our assumption in Theorem 2.6, the elementary operators
considered have symbols in o7 .

THEOREM 2.8. Let &/ be an ultraprime normed algebra, % an ideal in </ with
left (resp. right) approximate unit and ® € &£ (/). If ® = 2{-‘:1 My, p; is a minimal
length representation of ® where {a;}*_,{b:}*_, C o7, the following are equivalent:

1. The set () is a left (resp. right) uniformly approximable subset of % .
2. {a,-}i-‘=1 C .7, (resp. {b,-}i-‘=1 C 7).

Moreover, the set ®(<)) is a uniformly approximable subset of % if and only
if {aitfy © and {bi}f C 7.

A Banach algebra .« is called hypocompact if any nonzero quotient of .7 by a
closed ideal contains a nonzero compact element. A closed ideal .# of 7 is called
hypocompact if .# is hypocompact as a Banach algebra. Shulman and Turovskii have
proved that any Banach algebra .7 has a largest hypocompact ideal [11, Corollary
3.10]. We will denote by .7}, the largest hypocompact ideal of <7 .

In [2, Corollary 10.6], Bresar and Turovskii proved that if 7 is a semisimple ul-
traprime Banach algebra and @ is a compact elementary operator on <7, then there
exist compact elements {a;}¥_ |, {b;}*; C 7! such that ® = 3X | M,, ;,. In the fol-
lowing corollary of Theorem 2.8 we obtain an analogous result without the assumption
of semisimplicity, but assuming instead that .27, has an approximate unit.
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COROLLARY 2.9. Let </ be an ultraprime Banach algebra such that the hypo-

compact radical <), has an approximate unit and ® € &£ (/). If ® is a compact
elementary operator; then there exist {a;}*_,,{b;}*_| C o, suchthat ® =3¥* M, .

Proof. 1t follows from [2, Theorem 8.4] that the range of @ lies in .7,.. Since

@ is compact, the set @(<7]) is a uniformly approximable subset of <7,. (Remark
2.4 (1)). Hence, by Theorem 2.8 there exist {a;}% |, {b;}* | C o, such that ® =
zi'c=lMai~,bi' U
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