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ON A CHARACTERIZATION OF JERIBI, RAKOCEVIC,
SCHECHTER, SCHMOEGER AND WOLF ESSENTIAL
SPECTRA OF A 3 x3 BLOCK OPERATOR MATRICES
WITH NON DIAGONAL DOMAIN AND APPLICATION

NEDRA MOALLA AND WAFA SELMI

(Communicated by I. M. Spitkovsky)

Abstract. In this paper, we investigate the stability of some essential spectra of a 3 x 3 block
operator matrices with unbounded entries and with non diagonal domain by using the resol-
vent of this kind of matrix operator. Furthermore, we give an application from Three-Group
transport theory to illustrate the validity of the main results in the Banach space L ([—a,a] x
[—1,1];dxdv), a> 0.

1. Introduction

In this work we are concerned with the essential spectra of operators defined by a
3 x 3 block operator matrices

ABC
o =|DEF (1.1)
GHL

where the entries of the matrix are in general unbounded operators. The operator (1.1)
is defined on a domain consist of vectors which satisfy certain relations between the
components that is:

f ¢1(f) = va(g) = ws(h)
@(W)={<g> € D(An) X D(En) X Z(Ln) suchthat ¢2(g) = wi(f) = Ve },
h ¢3(h) = wa(f) = ws(g)

for continuous linear operators ¢; and y;, i=1,2,3 and j € {1,2,3,4,5,6}.

Note that, the operator ./ need to be closed, so in view of the continuity assump-
tions on the ¢’s and y's the domain 2(<7) is closed in Z(Ay) X D(Em) X P (L)
with respect to the graph norm. Hence (<, (7)) is a closed operator in the product
of Banach spaces.
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We need some standard notation from Fredholm theory. Let X and Y be two
Banach spaces. By an operator 7 from X into Y, we mean a linear operator with
domain Z(T) C X andrange Im(T) C Y. By ¥(X,Y) we denote the set of all closed,
densely defined linear operators from X into ¥, by .Z(X,Y) the Banach space of all
bounded linear operators from X into Y. If X =Y, the sets .Z(X,Y) and €(X,Y) are
replaced respectively by .Z(X) and ¢(X).

If T € €(X) then p(T) denotes the resolvent set of T, ¢(T') the dimension of
the ker(7) and B(T) the codimension of Im(T) in Y. The classes of Fredholm, upper
semi-Fredholm and lower semi-Fredholm operators from X into Y are respectively
given by:

D(X,Y)={T € ¥ (X,Y) suchthat a(T) <o, B(T) < and Im(T) is closed in Y},

D, (X,Y)={T €% (X,Y) suchthat o(T) <eo and Im(T) isclosedin Y},

and
®_(X,Y)={T € ¥(X,Y) suchthat B(T) <o and Im(T) isclosedin Y}.

If X =Y, the sets ®(X,Y), & (X,Y) and ®_(X,Y) are respectively replaced by
D(X), P (X) and P_(X).

An operator F € L(X,Y) is called a Fredholm perturbation, upper semi-Fredholm
perturbation or lower semi-Fredholm perturbation, if 7T+F € ®(X,Y), T+F € ®,(X,Y)
orT+Fe®_(X,Y) whenever T€ ®(X,Y), T€e®(X,Y) or T €eD_(X,Y), respec-
tively. The sets of Fredholm, upper semi-Fredholm and lower semi-Fredholm perturba-
tions are denoted by .#(X,Y), .#,(X,Y) and .#_(X,Y), respectively. These classes
of operators were introduced and investigated by Gohberg et al [9].

An operator T € L(X,Y) is said to be weakly compact if 7(M) is relatively
weakly compactin Y for every bounded subset M C X . The family of weakly compact
operators from X into Y is denoted by W (X,Y) (see [10]).

An operator T € Z(X,Y) is said to be strictly singular if the restriction of T to
any infinite-dimensional subspace of X is not a homeomorphism. the set of strictly
singular operators from X to Y is denoted by . (X,Y) (see [22]).

If X =Y, thesets W(X,Y) and .(X,Y) are replaced respectively by W(X) and
Z(X). Let T € ¥(X), various notions of essential spectra have been defined in the
literature. In this work, we are concerned with the following spectrum and the essential
spectra:

o(T) :={Ae€C: T —Aisnotboundedly invertible},
T) ={AeC: T—-A1¢DX)},

) :=C\pes(T),

O-EGP(T) = (C\Peap(T)7

0.5(T) :=C\pes(T),

oy)(T) == () o(T+K)
KeV.(X)
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where #.(X) stands for each one of sets #(X) and .(X) and

Pes(T) = {AeC : T—Ae®(X,Y), i(T—A)=0},
Peap(T) :={A€C : T—A € ®(X,Y), i(T—L) <0},
Pes(T) :={A€C : T—A€D_(X,Y), i(T—A)>0}.

We call 0y, Ceup, Ou5, Ocs and G4 the Jeribi, RakoCevi¢, Schmoeger, Schechter and
Wolf essential spectra, respectively (see for instance[3, 12, 15, 13, 14, 18, 27, 29]).

During the last years, e.g. the papers [2, 7, 8, 30] were devoted to the study of
the essential spectra of operators defined by a 2 x 2 block operator matrix acts on the
product X x Y of Banach spaces. An account of the research and a wide panorama of
methods to investigate some essential spectra of block operator matrices are presented
by Tretter in [31].

Systems of linear evolution equations as well as linear initial value problems with
more than one set of initial data lead, in a natural way, to an abstract Cauchy problem
involving an operator matrix defined on a product of n Banach spaces. In the theory
of unbounded block operator matrices, The Frobenuis-Schur factorization is a basic
tool to study the some essential spectra and various spectral properties. In fact, the
characterization and the investigation of some essential spectra of 3 x 3 block oper-
ator matrices with diagonal domain case, have drawn the attention of several authors
involving the corresponding Schur complements. In [21, 32], A. Jeribi, N. Moalla, and
I. Walha treated a 3 x 3 block operator matrix (1.1) on a product of Banach spaces.
They supposed that the entries of the kind matrix are generally unbounded operators.
The operator (1.1) is defined on (Z(A)N2(D)NZ(G)) x (2(B)NZ(E)NZ(H)) x
(2(C)NZ(F)NZ(L)). Notice that this operator doesnt need to be closed. It was
shown that, under certain conditions, this block operator matrix defines a closable op-
erator and its essential spectra are determined. Recently in [4], Ben Amar, Jeribi and
Krichen and in [5], Ben Amar, Jeribi and Moalla have studied the spectral properties
of a 3 x 3 block operator matrices (1.1), with unbounded entries and the domain is
defined by additional relations of the form I'yx = I'yy = I'zz between the three com-
ponents of its elements. They focused on the description of the Jeribi, Rakocevié,
Schechter, Schmoeger and Wolf essential spectra of 7.

In the present paper we extend these results to 3 x 3 block operator matrix with
unbounded entries and with domain consisting of vectors which satisfy certain rela-
tions between their components in the product of Banach spaces (see the expression
(2.1)). Comparing with the papers [4, 21], we can determine the essential spectra of
the operator <7 using its resolvent. This was first recognized by Moalla et al [25] in
the case 2 x 2. For this, to achieve this goal, we determine the expression of the re-
solvent (o7 —24)~! for some convenable A. More precisely, the idea is to associate
to the pair («7,I) a pair (%,l), which is more easier to deal with and we prove
that O-ek(%) = Gek(AO) U Gek(EO) U O-ek(l@)» where Ag = Am|ker¢1 , Ep = Em|ker¢2’
Lo = Li|kerg; and ek € {J,e4,e5,eap,ed}.(For more details see Theorems 2.8 and
2.9).

An outline of the paper is as follows. The first section consists of two subsections:
On the one hand, we establish a decomposition of the operator matrices (1.1) (see
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Lemma 2.2) and we give its resolvent as product between two operators matrices one
diagonal operator and the other consider an intermediary that one needs to use in the
sequel of the second subsection which we will characterize some essential spectra of
the kind operator matrices (1.1).

In the last section, we use the notation of the first Section and we apply the main
results of Theorem 2.9 and 2.8 to describe the Wolf, Schechter, Rakocevié, Schmoeger
and Jeribi essential spectra of a three-group transport operator acting in the Banach
space X; x X| x X| where X| := L([—a,a] x [-1,1];dxdv), a > 0. (See [11, 16, 17]
for more details on transport equations.)

2. Mains results

2.1. The virtual operator matrix .7 and its resolvent

Let X, Y and Z be three Banach spaces. We consider the block operator matrix
(1.1) in the space X x Y x Z, that is the linear operator A acts in X, E in Y and L in
Z . Further we will consider the following assumptions:

Ay, E,y and L, are closed, densely defined operators with domains 2(A,,) in X,
PD(Ey) inY and (L) in Z respectively.

Let X1,Y; and Z; be three Banach spaces (called “spaces of boundary condi-
tions”). Endow Z(A,,), Z(E;) and 2(L,,) with the graph norm and define continuous
linear operators ¢, ¢, ¢3, and y;; i =1,2,3,4,5,6 as in the diagram:

X5 Z(Ay) L
V2
Y1
Y D 2(Ey) Y
o1
XD9An) ——=Xi
V3
Y4
Z29D(Ly) s Z
3
(07]
YD D(Ey) ——— 1,
Yo
Vs
25N Ln) ——5— 2
3

In addition, we always assume that ¢; , ¢, and ¢z are surjective.



ESSENTIAL SPECTRA OF A 3 X 3 BLOCK OPERATOR MATRICES 127

Under the above assumptions, let B from Z(Ey,) to X, C from Z(L,,) to X, etc.
Consider the operator matrix

f Anf+Bg+Ch f
g\ g|=|Df+Eug+Fh |, for | g | € 2().
h Gf+Hg+Lyh h

with domain Z(</) consisting of vectors which satisfy certain relations between their
components i.e:

f o1(f) = va(g) = w3 (h)
DA )= g | € 2(An) X Z(Em) X Z(Ly) suchthat ¢2(g) =wi(f) =we(h) . (2.1)
h d3(h) = wa(f) = ws(g)

DEFINITION 2.1. Consider the restrictions Ay, Eg and Ly of A,,, E,, L, to
ker¢;, ker¢, and ker¢s respectively. Then, o7 denotes the diagonal operator matrix
Ap 0 O
0 Ey 0 | withdomain (%)) := Z(Ao) X Z(Eo) x Z(Ly).
0 0 Ly

It is now our aim, on the Banach space X x Y x Z, to write a ’virtual’ operator
matrix, that is to establish the relation between &/ — A and @ — A .

LEMMA 2.2. [26, Definition 2.3, p.4]
(i) Let (Cy,2(Cy)) be a restriction of a closed operator (Cy, 2(Cp)) on some
Banach space. For every A € p(Cy), the following decomposition holds:

@(Cm) = @(C()) @ker(Cm — A,)
(ii) For A € p(Ao), A € p(Eo) and A € p(Lo), we have that the operators

D13 = Otlkeran-1)s 9224 = Dlker(En—2r) and G35 = G3lxer(,—1)-

are continuous bijections from ker(A,, — A) onto X, and from ker(E, — A) onto Y,
and from ker(L,, — A) onto Z respectively.

As a direct consequence of the above Lemma, for A € p(Ag)Np(Eo) Np(Ly), we
define the following operators

{LA L D(Ap) — D (En), {NA C D(A) — D(Ly),
fr— Ly (f) =65, o (f) fr— N (f) = 05, o wa(f)

{KA L D(Ew) — D(An), {PA : D(Ew) — D(Ly),
g — K (g) = 9,3 o wa(g) g Py(g) =05, ows(g)

{MA L (L) — D(An), {QA : D(Ln) — D(En),
I Mj (h) = ¢, o wa(h) h— 05.(h) = 63, o yis ().
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Then, forall f € Z(A,), g € Z(Ey) and h € Z(Ly,), the operators K, , Ly, M, , N, ,
P) and Q) are bounded and the following results are evident:

01(Kag) = v2(g), o1(Mph) = yi(h) (2.2)
0 (Lrf) = wi(f), ¢2(Qxh) = we(h) (2.3)
O3 (N1 f) = wa(f), 93(Prg) = ws(g)- (2.4)

REMARK 2.3. For A € p(Ag)Np(Eo)Np(Loy), we have {ImK; ,ImM, } C ker(A,
—A), {ImL;,ImQ;} C ker(E,, — ) and {ImN,,ImP; } C ker(L,,— 1).

LEMMA 2.4. Let A € p(Ag)Np(Eo)Np(Ly). Then, the 'virtual’ operator matrix
(o7 — A)is write by the decomposition as follows

(o —A)= (20— A)Q, on D(). (2.5)
where
Id —K;, +(Ag—A)"'B—M; +(Ag— A1)~ IC
Qui=| —Ly+(Eo—2)"'D Id —Oy+ (Eo—A)'F
~Ny+(Lo—2A2)7'G —P, +(Lo—A)"'H Id

Proof. We decompose Q; in the form

Q=B +C,
with
Id —K; —M,
B)L = —LA 1d _Ql
—N, —P, Id
and

0 (Ag—A)"'B (Ag—A)~!C
Cy:=| (Eb—A)"'D 0 (Eg—A)~'F
(Lo—A)7'G (Ly—A)"'H 0
which the both defines a bounded operators on Z(A,,) x Z(E;;) x Z(Ly,). Furthermore
2(Q;) = 2(An) X 2(Dp) x D(L).
Denote by ©; = (24— 1)Q, . So

2(0,) = { ( ) 2(Q,,) such that O, ( ) }
{ ( ¢1(f) — 91(Kag) — o1(Myh) = 8’}
0’

)EQ(I“»n)X@(Em)>< D(Lm) ;5 $2(g) — 02(Laf) — $2(Qrh)
<P3() O3(Nf) — §3(Prg)

=00~ 0o
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using ( 2.3) and (
f 01(f) = va(g) = s (h),
g Am) X D(Em) x D(Lm) such that ¢2(g) = w1 (f) = we(h),
h o3(h) = wa(f) = ws(g),
=9

We show that the expression (2.5) is verified. As a first step, for | ¢ | € 2(&), if
h

we take B=C =D =F =G = H =0, we get the following property by analogy with

the case of a 2 x 2 operator matrix (see [26, Lemma 2.6]), we introduce the following

result:
f f f
(H—A)By | g | =(F—A)| g | for | g | € 2(). (2.6)
h h h

Therefore, we can prove with this equalities

f f f
(0 —2)Qy (8) = (e —1)B) (g> + (- 1)Cy (g)
h h h

and according to the decomposition (2.6) and with a simple calculus, that

f f
(H-2)Q|g|=-A)|¢g] O
h h

In addition, the following lemma consists of showing what are the conditions that
we impose on the operators entries of .7 — A which make it to become invertible. For
this purpose, we need firstly to show the invertibility of the matrix operator Q; . So,
by analogy with the case of a 2 x 2 operator matrix (see [2, 31]), we start with the
following Frobenius Schur type factorization of Qj :

[61(A) = F2(A)G1(A))S1 1 (A), with 61(4) = =Py + (Lo—A)~'H.
G3(A) = $; ' (A)[62(4) — Fi(A)Ga()], with 62(4) = —Q + (Eg— A)'F.
=1d—F>(A)G2(A) — F3(1)S1(A)G3(4).

Id 0 0\ /Id 0 0 1d Gi(1) G2(A)
Qu=|FRQA) 1d 0 08 (A) 0 0 Id Gs(A) (2.7)
F(A) F3(A) Id 0 0 S(A) 0 0 1d
where
Fi(A) = —L + (Eo—2)"'D,
F(A) = Ny +(Lo—2)7'G,
Gi(A) = =Kz + (40— 2)"'B,
Gy(A) = —M; + (40— L) IC
Si(A) =1d—Fi(A)Gi(A),
F3(A) =
(1)
(4)
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Then, we can easily derive the following result:

LEMMA 2.5. Let A € p(Ag)Np(Eo) Np(Ly),

(i) Qy is invertible in L(2(Am) X D(En) X D(Zy)) if and only if S1(A) and
S2(A) are invertible respectively in £ (2 (Ey)) and £ (P (Ly)).

(ii) If (Id —S\(X)) € PA# (Z(En)) andif (Id — S2(A)) € PH (D (Ln)), then

Aep(ed)=0ep(Si(A)) and 0 € p(Sx(A)).

Proof. (i) follows from (2.7). In order to show (ii), for A € p(Ag) Np(Ep) N
p(Lo), usingitem (i) and if S;(4) and S>(A) are invertible respectively in .Z(Z(Ey,))
and .Z (2 (L)) then o/ — A is invertible in .2 (X x Y x Z).

Conversely, assume that <7 — A is invertible, then 7 — 4 is injective. Therefore,
decomposition (2.5) revels that S1(A) and Sy(A) are injective. Using Theorem (2.2)
in [19], under the assumption that (Id — S1(A)) € Z# (Z(E,)) and (Id —S(A)) €
P H (2 (L)), amounts that S; (A1) and S»(A) are invertible. [J

THEOREM 2.6. For A € p(Ag)Np(Ep) Np(Ly) suchthat 0 € p(S1(A)) and 0 €
P (S2(A)), the resolvent of <« is formally given by:

Ri Ry R3
By () = <R4 Rs R6)
R7 Rg Ro
where:
R = [[+Gi(A)ST AR (R) + [G1(A)Gs (A) — G (A)IST (W) (A)F(R) — B(A)]]
x %3 (Ao),
=[ ( ) () = [G1(X)G3(A) = G2(A)]S,  (A)F3(A)) %5, (Eo),
=[G 1) = Ga(1)]S; 1 (A) %5 (L),
=[5 ) 1(A) = G3(A)[S, ' (M) (AL (A)F3(A) = Fa(A))]| %4 (Ao),
=[Sy 17L)+G3(7L) H(A)F5(A)) %3 (Eo),
=—Gs<7t>851( )2 (Lo),
= [S3 (M) (F(A)F(A) = B2(4))| 25 (Ao),
= —85 (A)F3(1) % (Eo),
—Sz H(A) %5, (Lo).
REMARK 2.7. For A € p(Ag)Np(Ey)Np(Lo) such that 0 € p(S;(A)) and 0 €
p(S2(1)), we obtain
S HA) = 1+857 (AR ()G (A)
S 1 (A) = 1+ (A)[F2 () G2 ()
—[61(4) = B(A)G1(A))STH(A)[6:(4) — Fi(A)Ga(A)]]-
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2.2. Jeribi, Rakocevié¢, Schechter, Schmoeger and Wolf essential spectra of .o/
with non diagonal domain

Having obtained the resolvent %) (<) of the operator <7, in this subsection we
discuss its essential spectra. As a first step we prove the first result.

THEOREM 2.8. Suppose that 0 € p(S1(A))N € p(S2(A)) are satisfied. If for
A€ p(Ao)Np(Eo) Np(Ly), we have %3 () — %) () € F (X xY X Z), then the
following results are satisfied:

Oo4 () = Coy(Ag) U Ces(Eg) U Ges(Lo), (2.8)
O.5( ) C O,5(Ag) UOes(Eg) U0,s(Lo). (2.9)
Moreover, if the sets C\ 0,4(Ao) and C\ 0,4(Ey) are connected, then
Oes () = 0.5(A0) U 0,5 (Eo) U Oes (Lo).- (2.10)
In addition if X has no reflexive infinite dimensional subspaces, then we have
0;() = 01(A0) U0y (Eo) U 0;(Lo).- (2.11)
Proof. As a consequence of Remark 2.7, we can easily drive a same expression

of the resolvent of operator matrices .7 will play a prominent role. If 1 € p(Ag) N
p(Eo)Np(Ly), the resolvent of 7 is given by:

I () = %y () +M(4),

with
I Ry R3
MA)=| Rs I, Re
R Rg L1
where:

I = [Gi(A)S (AR (L) +[G1(A)G3(A) — Ga(A)]S, () [FL(A)F3(R) — Fa(A)]]
X%1.(Ao),

L = ST (A)F1(A)Gy(A) + G3(A)S5 ' (A)F3(4)) %5, (Eo).

L =[S (A)[F2(A)Ga(A) = [61(A) — Fa(A)G1(A)]ST (A)(62(A) — Fi(A)Ga(A))]
X% (Lo)-

Since M(A) is Fredholm perturbation. Hence, according to Theorem (3.2) (i) in [23],
one gets Op4(o/) = 0.4(). Which shows (2.8). The second result stems from

i( —A)=i(Ag—A) +i(Eo— A) +i(Lo— A). (2.12)
If i(of — A) # 0, then one of the terms in (2.12) is non-zero, hence

Ou5 () = Ous5( ) C Ous5(Ag) U Oes5(En) U Oes(Lo)-
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According to the second result (2.9), it is sufficient to verify the opposite inclusion.
Since C\ 0,4(Ao) is connected, by Theorem 2.1 in [1], G.4(Ag) = Ous5(Ag). Using the
same argument that C\ 6,4(Ey) is connected, then 0,4(Ep) = 0,5(Ep) and i(Eg—A) =
0 foreach A € C\ 6.4(Ep). If A € C\ 0,5(«7), then A € C\ 0.4(Ap), A € C\ 0.4(Ep)
and A € C\ 6.4(Ly). Further, i(«/ —A) =i(Lo—A), hence A € C\ 0,5(Lp) and (2.10)
is proved.

From Remark 7.2.1 in [13], the Jeribi essential spectrum always satisfying the
inclusion o;(Ag) C 0,5(A0), 07(Eo) C 0.5(Ep) and o(Ly) C 0,5(Lo), furthermore if
the Banach space X has no reflexive infinite dimensional subspaces and according to
Theorem 3.3 in [3] we have 0,.4(Ag) C 0;(Ag), then by Eq (2.10) we obtain

0es5(Ao) = 0e4(Ao) C 0y(Ag) C 0,5(A0)

Hence 0;(Ag) = 0,5(Ao).
In the same way we have o;(Ey) = 0,5(Ep) and oy(Ly) = 0.5(Lg) . So,

o;()=05(Ag)Ucy(Ep)Uoy(Ly). O

In the next result, we discuss the Rakocevi¢ and Schmoeger essential spectra of
unbounded operator matrix (1.1) with non diagonal domain.

THEOREM 2.9. Suppose that 0 € p(S1(1)) Np(S2(A)) are satisfied.
(i) Iffor 2 € p(Ao) Np(Eop) Np(Ly), we have M(A) € FL(X XY X Z), then

Oeap() S Oeap(A0) U Oeap(Eo) U Geap(Lo)-

Moreover, if the sets C\ 0.4(Ag), C\ 6.4(Ep), C\ 0p4(Lo) and C\ 0.4() are con-
nected, then
Geap(ﬂ) = Geap(AO) ) Geap(EO) ) Geap(L0)~

(ii) Iffor A € p(Ao) Np(Eo) Np(Lo), we have M(A) € F_(X xY X Z), then
0es() € 0u5(A0) U G5 (Eo) U 05 (Lo)-

Moreover, if the sets C\ 0.4(Ag), C\ 6.4(Ep), C\ 0.4(Lo) and C\ 0.4() are con-
nected, then
Oecs (%) = 0,5 (AO) U Ogs (EO) U Ogs (LO)

Proof. (i) We infer by Lemma 2.5 that A € p(</) Np(<%). This together with
the fact that M(A) € #,(X,Y,Z), leads from Theorem 3.3 (i) in [20] t0 Cpep(&/) =
Oean ).

As o is a diagonal operator matrices, and

i(o —A)=i(Ag—A) +i(Eo— L) +i(Lo—A), (2.13)

this shows that Geqp () = Geap(Ao) U Ceap(Eo) U Oeap(Lo) -

Since C\ 0.4(Ao), C\ 0u4(Ep), C\ 0.4(Lp) and C\ 0.4(7) are connected, the
result follows [7, Proposition 2.3] together with [25, Theorem 3.2].

A same reasoning allows us to reach the result of item (if). O
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3. Application to a three-group transport theory

The work presented in this section concerns the application of Theorem 2.8 and
Theorem 2.9 to a three-group transport operator in an L; -space. Let a > 0 and

X, :=Li((—a,a) x (—1,1);dxdv), X=Y=Z:=X.

We consider the operator matrix

T, K12 K13
o =T+ = | Ko Ty, Kn3
K31 K32 Ty
where .7 is defined by
f —ve —o1(v)f 0 0
Tleg]| = 0 —v% —on(v)g 0
h 0 0 —v3h — o3(v)h

Tw, 0 O f
= 0 T, O g
0 0 T, h

For each operator T, , i = 1,2,3, is called streaming operator in X7, defined by

o) = 22 (e) ~ (Ve (x.v), 9 € H4,

with 7/ is the partial Sobolev space #] := {¢@ € X; such that v%—‘f € X}, and K is
defined by

0 K2 Ki3
K =| Ky 0 Ky
K31 K3, O

where Kj;, i,j=1,2,3i# j, are bounded linear operators in X;, defined by

1
Kjju(x,v) = /71k,-j(x, v ) u(x,V)dv', ue Xy; (3.1)

the kernels &;; : (a,a) x (—1,1) x (—1,1) — R are assumed to be measurable.
We consider the boundary spaces
X = Li([-a,d] x [-1,1];dxdv),a > 0,
X{ = Li({—a} x [~1,0:[vlav) x Li({a} x [0, 1]; ldv).
Let 4] := fn{ 1]crj(v), Jj = 1,2,3. We define the non diagonal domain of ./ by
ve|—1,
f f 1 f o
D(A) = gl ey x# suchthat | g | =H| g
h h h
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AN AW
where | g and | g | representrespectively the outgoing and the incoming fluxes
h h
0 Hix Hiz
related by the boundary operator H = | Hy; 0 Ha;3
H3 H3yp 0

Furthermore, by the identification with the last section, we introduce the boundary
operators @1, ¢, and @3

¢1:X; — Xi b X, — Xi
fr— fil=Hpg=Hyzh ’ g+ g =Ho 1 f = Hph

and '
03 : X1 — X|
h+—— h' = Hs, f = H3g
andits y;, i =1,2,3,4,5,6 as allows
11/11X1—>X1i d W21X1—>X1i 1[131X1—>X1i
and,
[ Hy f° g Hig’, h— Hyzh®
l[/42X1—>Xli l[/52X1—>X{ and l//62X1—>X{
[ H31f, g+ H3g’ h —— Hay3h°.
Let T; i =1,2,3 be the closed operator defined by Z(T;) := {u € # such that u’ =0}
7. 0 0
and T; := Tm,-|ker¢,-~ Hence, we obtain the operator matrices <%= | 0 7> 0 on
00T

X x X; x X1 with diagonal domain (<) = Z(T1) x 2(T») x 2(T3).
In order to express the operators K , Ly , M) , Ny, P, and Q, , we will determine
the solution of the equation

(T; —A)@; =0, for¢g; € #,andi=1,2. (3.2)

LEMMA 3.1. Let A € p(Ty) Np(Tr) Np(T3), the solution of equation (3.2) is
given by

a—x| _ (Fr‘f:‘i(v)) la-+x| o
+Xj0,11(V)@i(—a,v)e , fori=1,2.

_ (t0i(v) |

@i(x,v) = x 10V @i(a,v)e T
Furthermore, the expression of the bounded operators K, Ly, M, N,, P,, Q) are:

Ky - — ker(T,, — 1)
_Gro)
g+ Kpg(x,v) = x(—10)(v)Hi2g(—a,v)e T

_ (roy ()
+ X0, (V) Hig(a,v)e TV bet-al

a—x|
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Ly :# — ker(T,,, — 1)
CES AT TN
f—Lif(x,v) = x10(VHaf(—a,v)e T
(k+02 )I ta ‘
+ X0, (v)Ha1f(a,v)e

M W — ker(T,, — 1)
_ (Ato1(v) la—x|
h— M?Lh(xv V) = X(,170)(V)H13h(—a, )e M

(l+61

+ oW Hish(a e o
Ny :# — ker(T, — 1)
ECSENU I
[ Npf(x,v) = x-10(V)H31f(—a,v)e T
(7L+<r3 |x+ ‘

+x0,1)(V)Hz1f(a,v)e

Py W — ker(Tu, — A)
_Orom)
g— Prg(x,v) = x(10)(v)Hsg(—a,v)e T
(7L+0'3 )I ta ‘
+ X0.1)(v)H328(a,v)e
and
0 : W — ker(T,, — )
LEEN TN
h— Q3 h(x,v) = x(-10)(V)Ha3h(—a,v)e 1
(7L+0'2 )l ta ‘
+ X(0,1)(v)Hazh(a,v)e

Proof. The proof of the above lemma is the same proof in case 2 x 2 in the article
[6] O

In the sequel, our object is to determine the essential spectra of the transport oper-
ator (&7 — A), it is enough to prove that the operator matrices obtain by the difference
between the resolvent as defined in Theorem 2.8 is weakly compact on X x X; x Xj.

Moreover, by an identification

JSTHA), with 6, (1) = P + (I3 — A1) 'Ks».
G3(A) = S;1(A)[62(A) — F1(A)Ga(A)], with 63(A) = —Q; + (Ta — A) 'K,
I—F(A)Ga(A) — F3(A)S1(1)G3(A).
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we obtain
I Ry R3
M(A)=| Rs I Re
R7 Rg I
where

Ry = [-G1(A)S; (1)~ [G1(A)Gs (l)—52(1)}551(1)@(1)]%(T2),

[G1(4)
R4=[—Sfl(l)fl(l)—53(1)[551(1)(5( ) 3(4) — B ()% (Th),
[ +G3()S; (M) F3 ()% (T2),

I =[S, (M) BRA)GA)  [61(2) = 2(A)G1(A)]S; (2)(02(A) = Fy(2)G2(2))]

So, to prove that the operator M) is weakly compact on X; x X; x X, it is suffix to
prove that the operators F;(1) and G;(A), i = 1,2,3 are weakly compact.

DEFINITION 3.2. [24] A collision operator K;; in the form (3.1), is said to be
regular if it satisfies the following conditions:

—the function Kj(.) is mesurable,

—there exists a compact subset ¢ C .Z(L;([—1,1],dv)) such that :
Kij(x) € € a.e on [—a,d],

—Kij(x) € #(Li([—1,1],dv)) a.e on [—a,d]

where % (L1 ([—1,1],dv)) is the set of compact operators on L;([—1,1],dv).

It follows from [25, Lemma 4.3] the following result:

LEMMA 3.3. Let A € p(Ty) Np(Tr) Np(T3).

(i) If K12, K13, Koy and K3; are regular operators, andszlz, Hi3, Hyy, H3 €
W (X1), then for any A € C satisfying ReA > —A[ the operators Gi(A), Gy(A), Fi(A)
and F>(1.), respectively, are weakly compact in X .

(ii) If K3p and Ky3 are regular operators, and if Hyz and H3y are in W (X,), then
forany A € C satisfying ReA > —A{ the operators 6 (L) and 52(&), respectively, are
weakly compact in X, . And therefore Fs(A) and G3()) are weakly compact in X;.
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Proof. (i) + (i) We deduce from H;; € # (X;) for i,j = 1,2,3 that the operator
K, (resp. Ly, My, Ny, Py, Q) is weakly compact on X; . Following Lemma 4.2 in
[25], one has that (7; — A)‘lKjk with i, j,k=1,2,3 and j # k is weakly compact on
Xi.

So, the fact that the set #(X;) is a closed two sided ideal of .Z (X ), allows us to
conclude the desired results. [l

REMARK 3.4. For the remainder, we observe that if Hj3 is weakly compact on
X, (resp. Hi3), K|» defines a regular operator (resp. Hi»), then (Id — F{ ()G (1)) €
W (X)) (resp. (Id — F>(2)Ga(1)) € #(X,)). Hence, one has [F{(1)G1(A)]? € # (X,)
(resp. [F2(A)G2(A)]? € #/ (X)), we deduce that F{(A)G(A) € P (X) (resp.
R(A)G:A) € A (X)).

Taking account from the last item and Theorem 2.2 in [19] we infer that the fol-
lowing properties are equivalent:

(1) L€ p(F(A)Gi(A)).

(2) Id — F{(A)G (L) is invertible.

(3) Id — F,(L)G(A) is injective.
and

@) 1€ p(R(A)Ga(R)).

(b) Id — F>(A)Ga(A) is invertible.

(¢) Id — F>5(1)G,(2) is injective.

The following proposition makes precise the injectivity properties.

PROPOSITION 3.5. Let A € p(Ty) Np(T2) Np(T3), then the operators
1d—Fy(\)Gy(A) and 1d—F>(A)Ga(A)

are injective.

Proof. Let A € p(Ty)Np(T>) Np(T3), and h € ker(Id — F{ (A)G1(A)). Then we
will solve the following equation:

(Id — Fy(A)G(A))h = 0.

The explicit expression of F1(A) and G;(A) and their properties yield that to solve the
equation
(T2 —A— kzl(Tl — A)ilklz)h =0.
Since 4 € p(T1)Np(T2) Np(T3) and the use of Remark 3.1 in [21] assert that A €
p(T)NP(L)NP(T3)NP (T —ka1 (T —A) " 'ki2) . Thatis To — A — ki (T1 — AMy) ki
is injective and so & = 0. Hence, this argument yields the injectivity of the desert
operator. L
A same reasoning allows us to reach the injectivity of I — F>(1)Ga(4). O
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REMARK 3.6. By Remark 3.4 and Proposition 3.5 we show that S;(1) and
S>(A) are invertible. Hence in addition with Lemma 2.5(ii), allows us to deduce that
the matrix operator pencil (<7 — A) is invertible with bounded inverse.

Now, we are in the position to establish the essential spectra of three-group trans-
port operators matrix with non diagonal domain.

THEOREM 3.7. For A € p(Ty) Np(T2) Np(T3), if Kij with i,j=1,2,3 and i # j
are non-negative regular operators on X\, and Hy, with v,k =1,2,3 and v # k strictly
singular operators on X1, then

0)() = Oea( ) = Oe5 () = Oeap() = O ()
= {A € C such that ReA < —min(A",A5,25)}.

Proof. According to the previous Lemma, the hypothesis My € # (X x X x X) is
verified. The results of Theorem can be applied for the operator o7 .

It is known (see. [25, Remark 4.3]), that the essential spectra of the operators
Ty, i=1,2,3,

Ce4(Tin;) = o5 (Tn;) = Oeap(T;) = Ops(Tin;) = {A € C such that ReA < —A;'}.
Applying Theorems 2.8 and 2.9 we get
Ot () = Opap(#/) = {A € C such that ReA < —min(A;,A5,A5)}.

The same reasoning implies the corresponding result for the essential spectra 0,5 (<)
and 0,5(<).
Using Theorem 7.2.1 in [13], it follows that

07(e/) = 0.5(e) = {A € C such that ReA < —min(A{,A;,,A3)}. O
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