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GAPS BETWEEN SOME SPECTRAL CHARACTERISTICS
OF DIRECT SUM OF HILBERT SPACE OPERATORS

ZAMEDDIN 1. ISMAILOV* AND RUKIYE OZTURK MERT

(Communicated by F. Kittaneh)

Abstract. In the present study, we investigate how the gaps between some spectral characteristics
(operator norm, upper and lower bounds of spectrum and numerical range) of finite direct sum of
Hilbert space operators are related to the same spectral characteristics of the coordinate operators.

1. Introduction

As is known in the mathematical literature one of the fundamental questions of
the spectral theory of linear operators is to obtain its spectrum and numerical range and
calculate spectral and numerical radii of the given operator. In many cases, serious the-
oretical and technical difficulties are encountered in finding the spectrum and numerical
range of non-selfadjoint linear bounded operators. Note that there is one formula for
the calculation of the spectral radius r(A) of the linear bounded operator in any Banach
space

() = lim [|4"]|

n—oo

[9]. On the other hand, it is also known that
r(A) <w(A) <A

and |
Sl < wia) < Ja]

for Ac L(H).
In addition, for a linear bounded operator A in Hilbert space we have the following
relations
r(A) <w(A) <[]

It is beneficial to recall that for the spectrum o (A) and numerical range W (A) of
any linear bounded operator A the following inclusion holds

o(A) CW(A)
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(See [7, 9] for more information).

In [11] some spectral radius inequalities for 2 x 2 block operator matrix, sum,
product, and commutators of two linear bounded Hilbert space operators have been
examined. In [1] some estimates for numerical and spectral radii of the Frobenius
companion matrix have been obtained.

Some upper and lower bounds for the numerical indices in Hilbert space operators
have been obtained in [2].

In [3] some estimates for spectral and numerical radii have been obtained for the
product, sum, commutator, anticommutator of two Hilbert spaces operators.

In [6] several numerical radius inequalities for n x n block operator matrices in
the direct sum of Hilbert spaces have been proved. Some numerical radius inequalities
for n x n accretive matrices have been obtained in [5].

Several new norms and numerical radius inequalities for 2 x 2 block operator
matrices have been researched in [4].

Recently, several new A -numerical radius inequalities for many type n x n block
operator matrices have been offered in [4] in the direct sum of Hilbert spaces.

Subadditivity of the spectral radius of commutative two operators in Banach spaces
has been investigated in [15]. By the same author the subadditivity and submultiplica-
tivity properties of local spectral radius of bounded positive operators have been re-
searched in Banach spaces [18]. The same properties of local spectral radius in par-
tially ordered Banach spaces have been established in [16]. In Banach space ordered
by a normal and generating core, several inequalities for the spectral radius of a posi-
tive commutator of positive operators have been surveyed in [18]. The numerical range
and numerical of some Volterra integral operator in Hilbert Lebesgue spaces at finite
intervals has been considered [8, 10].

This paper is organized as follows: We present a necessary auxiliary theorem in
Section 2. In the last section we prove our main results.

2. Some auxiliary important results

In this section, we will prove certain auxiliary results which will be used later.

THEOREM 1. Let n € N. For the numbers ay,ay,...,a, € R and by,b,,...,b, €

R
min (&, —by) < max a, — max b, < max (a,—bp);
1<m<n 1<m<n 1<m<n 1<m<n
max (a, —by) < max a, — min by,
1<m<n 1<m<n 1<m<n
n n
< max (am—bw)+ Y, lak—am|+ Y, bk — bul;
1<m<n - _
k.m=1 k.m=1
k<m k<m

min (a, —b,,) < min a, — min b, < max (a,—bp);
1<m<n 1<m<n 1<m<n 1<m<n

are true.
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Proof. For all cases, we prove by mathematical induction.
For n = 2, it is clear that

max{ay,ay} — max{by,by} = %[(al +ay+lay — az|) = (b1 + by + [b1 — ba])]
= %[((al—bl)+(32—b2))+(|al—a2|_ b1 — ba)]
= %[((al—b1)+(az—b2))—(|b1—b2|— lai — aa|)]
> %[((al —b1)+ (a2 —b2)) = |[b1 = ba| — a1 — a2]]
> %[((al —b1)+ (a2 —b2)) — [(b1 — b2) — (a1 — a2)]
= %[((al—b1)+(az—b2))— (a1 =b1) = (a2 = b2)]
=min{a; —by,a; — by }.
Now assume that
B P 2 ()

forany ne N, n> 2.
Then one can easily see that

max{al,...,an}—max{bl,...,bn}:max{lgl’}}gilam,an}—max{lglgnlg;(ilbm,bn}
>min{ max a,— max by,a,—by}
1<m<n—1 1<m<n—1

> mi . B B
/mm{lgrr}llgn;_l(am bm),an — by}

= min (an — bm).
1<m<n

From this and by mathematical induction, for any n € N

min (a, —b,) < max a, — max by,.
1<m<n 1<m<n 1<m<n

holds.

Similarly, for n = 2 by simple calculations we again have that

max{al,az} —max{bl,bg} = [(a1 “+ax+ |a1 —a2|) — (b1 + by + |b1 —b2|)]

[((a1 =b1) + (a2 — b2)) + (la1 — az| — |by — ba)]

N == N ==

[((a1 = b1) + (a2 — b2)) — (la1 — az| — |by — ba)]

N

[((a1 —b1) + (a2 — b)) — ||la1 — az| — [b1 — ba|]
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[((a1 —b1) + (a2 —b2)) — (a1 — b1) — (a2 — b1)|]

N —

= max{a1 — bl,az — bz}.
Now assume that forn € N, n > 2

max a,— max b, < max (a,—by).
1<m<n—1 1<m<n—1 1<m<n—1

From this assumption one obtains that

max a, — max by, —max{ max  dp,dp}— max{ max bm,bn}
1 —1

1<m<n 1<m<n 1<m<n—
<max{ max a,— max bm,an — by}
1<m<n—1 1<m<n—1

< _ _
< max{lgglgz_l(am bm),an — by}

= max (am — bm).
1<m<n

Consequently, by mathematical induction we obtain that,

max da, — max b, < max (a,—by)
1<m<n 1<m<n 1<m<n

holds for any n € N.
Now we prove the second part of the theorem.

For n =2 it is clear that

2max{ay,ay} —2min{by,by} = (a1 +ax+|ar—az|) — (b1 + by — |by — by|)
= ((a1 = b1) + (a2 — b2)) + (la1 — aa| + by — b2])
> ((a1 = b1) + (a2 = b2)) + |(a1 — az) — (b1 — b2)|
= ((a1 =b1) + (a2 —b2)) + (a1 —b1) — (a2 — b2)|

max{(m —by), (a2 —b2)}.

Then we have
max{a; — by,ay — by} < max{aj,ay} —min{by,by}.
On the other hand we have that

2max{a;,az} —2min{by, b} = (a; + ar+ |a) — az]) — (b1 + b2 — |b1 — b2|)
= ((a1 —b1) + (a2 — b2)) + (a1 — b1) — (a2 — b2)|
+[lar — az| + [by = ba| = |(a1 = b1) — (a2 — b2) ]
< [(a1 =b1) + (a2 —b2) + (a1 — b1) — (a2 — bo)]
+llar — az| + [by = ba| = |(a1 = b1) — (a2 — b2 |
= [(a1 —b1) + (a2 — b2) +|(a1 — b1) — (a2 — b2)|]
+[llar — az| + b1 — ba|| — [(a1 — b1) — (a2 — by
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<[(a1=b1)+ (a2 —b2) + (a1 — b1) — (a2 — b))]
+lar — aa| + by — ba| — (a1 — b1) — (a2 — b2))|

= [(a1 —b1) + (a2 —b2) +[(a1 — b1) — (a2 — b2)|]
+[(la1 — az| + (a1 — @2)) + (|b1 — ba| — (b1 — b))

= [(a1 —b1) + (a2 —b2) +[(a1 — b1) — (a2 — b2)|]
+2lay — az| + 2|by — by|.

Then, for n =2, we have
max{aj,a, } —min{by,b,} < max{a; —by,a, — by} +|a; — az| + |by — ba|.

Now assume that the mentioned inequalities hold for k =n — 1. Then for k =n,
it is clear that

max dm,— min b, =max{ max day,d,} — mm{ m1n bm,b}
1<m<n 1<m<n 1<m<n—1 m<n—

<max{ max a;— mm bm,an bn}
1<m<n—1 1<m<n

+| max am—an|+| IIllIl b — by
1<m<n—1 m<n—1

n—1
<max{ max (am—bm)+ Y, lax—am|+ Y, |bx—bul|,|an—bu|}

1<m<n—1 k=1 k=1
k<m k<m
+| max au—ay|+| min b, — b,
1<m<n—1 1<m<n—1

< max{ _max 1(am —bw),|an —by|}

1<m<n

n—1 n—1

+ 2 |ak—am|+ 2 |bk—bm|
k,m=1 k,m=1
k<m k<m

n—1 n—1
+ 2 |ak—an|+ 2 |bk—bn|
k=1 k=1

n n
= max (am—bm)+ ay — am| + br — by
lémén( m m) km2;1| k m| k.m2;1| k m|
k<m k<m

On the other hand we have that

max a,, — min bm—max{ _max am,an} —min{ min by, b,}

1<m<n 1<m<n 1<m<n—1 1<m<n—1
>max{ max an— min by, a, — by}
1<m<n—1 1<m<n—1

Zmax{KI’Llil;( 1( m_bm)aan_bn}

= max (dm —bp)-
1<m<n
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Now we prove the third part of the theorem.
For n =2, we have
2min{ayj,az} —2min{by,by} = (a) +az — |ay — az|) — (b1 + by — |b1 — ba|)
(a1 —b1) + (a2 — b2)) + (|b1 — ba| — |a1 — aa|)
+ (a2 — b2)) + ||b1 — ba| — |a1 — ay||
(a2 —b2)) + (b1 — b2) — (a1 — @2)|
(a2 —b2)) + (a1 —b1) — (a2 — ba)|
max{a1 —by,ap—by}.

(
((a1 = b1)
(( —bi)+
(a1 =b1) +
2

On the other hand we have that

2min{a;,ar} —2min{by,b,} = (a1 +ay—|ay —az|) = (b1 +by— |b1 — by|)

= ((a1 = b1) + (a2 — b2)) — (la1 — aa| — b1 — ba|)
> ((a1 = b1) + (a2 — b2)) — |la1 — az| — |b1 — ba|
> ((a1 =b1) + (a2 = b)) — (a1 — a2) — (b1 — b2
= ((a1 —b1) + (a2 — b2)) — (a1 — b1) — (a2 — b))
2 I

1n{a1 bl,az — b2
By the above,it is clear that

min @, — min b, =min{ min ap,a,}— mm{ min by, b, }

1<m<n 1<m<n 1<m<n—1 1<m<n—1
<max{ min a,— min by,a,—by}
1<m<n—1 1<m<n—1

< max{lglr}}g;&_l(am —bm),an —bn}

= max (am—bm)
1<m<n

holds for any n € N. Similarly, we also have that

min @, — min b, =min{ min ap,a,}— mm{ m<1n bm,bn}

1<m<n 1<m<n 1<m<n—1 1<m<n
>min{ min a,— min by,a,—b,}
1<m<n—1 1<m<n—1

>m1n{ min (@, —bp),an — ba}

1<m<n—1

= min (ay—bp).
1<m<n

This completes the proof. [l

3. Some spectral characteristics numbers of finite direct sum of operators

Let o(A) and W(A) be spectrum and numerical range sets of the linear bounded
operator A in any Hilbert space respectively [7, 9]. And also assume that

gap(A;w,r) = w(A) —r(A),
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gap(Asw,c) = w(A) —c(A),

gap(A;r,c) =r(A) —c(A),

gap(A;r, ) = r(A) — 7(A),
(

gap(A;7,c) = 1(A) —c(A),
where
w(A) =sup|A|: A € W(A),
r(A) =sup|A|: A € 6(A),
T(A) =inf|A]: A € 0(A),
c(A) =inf|A|: A € W(A)
(the number c¢(A) sometimes is called the Crawford number of A).
It is well known that o(A) C W(A) for any A € L( ) (see [7]).
Let H,, be a Hilbert space, A, € L(H,,), for 1 < n<oo,and H= EB Hy,

n
A= P A

m=1
Note that the relations between the numbers 6(A),W(A),w(A),r(A),7(A),c(A)
of the direct sum Hilbert space operators with the same sets and numbers of coordinate
operators have been investigated in [13, 14]. For example, in [14] the following has
been proved:
¢(A) < min c(Ay).

1<m<n

In general, the above inequality is not an equality. For instance, taking the two operators

Ay =il, A;:C—C,
Ay=—il, A:C—C

we have
(A1) =c(Ay) = 1.
But
c(A1®A2) =0 < min{c(A1),c(A2)}.
In the case

A]iZiI, Ali(:—ﬁ(L
Ay=1, Ay:C—C

it is clear that
(A1) =c(Ay) =1,

but
c(A1 DAY = ? <min{c(A}),c(A2)}.

Using Theorem 1 one can prove the following.
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n n
THEOREM 2. Let H= @ H,, and A= @ A,,.Then the following hold
m=1

m=1

lg}ggngap(Am;Wmarm) < gap(A;w,r) < max gap(Am;Wm7rm);

1<m<n
1r<rlr3§ngap(Am; m, Tm) < 8ap(A;1,T) < lglnggngap(Am; T Tm)

n n
+ D Ire—rml+ Y, 15— Tl

kym=1 k.m=1
k<m k<m

If c(A) = inf c(A,), then we have

1<m<n

max gap(Am;Wm,cm) < gap(A;w,c)
1<m<n

n n
< max gap(Am;Wm,cm) + 2 [Wi — win| + 2 lck — cml;

lsmsn k,m=1 k,m=1
k<m k<m
max gap(Am;rm,cm) < gap(A;r,c)
1<m<n
Y Y
< max gap(Am;rmacm)"" ‘rk_rm“i‘ ‘Ck—cm;
1<m<n k=1 ket
k<m k<m
lglniléngap(Am;Tmacm) <gap(A;T,c) < max gap(Am; Tns Cm),
where
Wm = W(Am)a
rm =r1(An),
Tn = T(Am),
cm=c(Apm), 1<m<n

REMARK 1. Note that similar relations can be obtained for the following gaps

As [[Allw) = [[A]] = w(A),
A [[A[lr) == (Al = r(A),
A [[All o) = Al = 7(A),
A [[Alle) = Al = e(A).

8ap
sap
sap
gap

~ T~~~

EXAMPLE 1. Let
Al=a, ceR, >0A;:C—C,

Arf(x) = xf(t)dt, fel?(—1,1), Ay:L*(—1,1)—L*(—1,1)



GAPS BETWEEN SOME SPECTRAL CHARACTERISTICS OF DIRECT SUM 345

and A=A DA : CHL*(—1,1) - CaL?*(—1,1).
In this case, HA]H =0, W(Al) = V(Al) = C(A]) = T(A]) = o, G(A]) = {(X},
W(Ay) ={a},

gap(Ai;wi,r) =0,

gap(Ay;r1, 1) =0,
gap(As; ||A1][,w1) =0,

and [|Az]| = %, 6(A2) = {0}, W(A2) =D(0,2), w(Az) = 2, r(A2) = T(A2) = c(A2) =
0 [10],

2

A 5 ) =

gap(Az;wa,r2) -
gap(Az;r, 1) =0,

2
gap(Az;||Azll,wa) = pt
4
gap(Az; || Azl r2) = p
4
gap(Az;||Az||, 1) = p
4
gap(Az;||Azl],c2) = pt
Then, by Theorem 2, we have
2
— Sgap(Aiwr) < —+ 20,
0< gap(A;r,7) <20

and

4

0 < gap(A:[IAllr) < —.

4 4

— A;llAll, T — 420,

— <gap(A: Al D) < —+

4 4

— A;l|A —+|——0a|t+ o
— <gap(AsflAl.0) < —+|——al+

On the other hand, from the equality

4= (50)* (0 )
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and from the relation (see [7])

we have
W(A)=a+D (O, —)
Then
W=a->
cA)=oa——.
T
If o = %, then we have
(A) il 2
¢(A) = min — 5.
¥
For o0 = %, Theorem 2 yields that
2 2 2 8
- < A; ) < - - o = )
p gap(A;w,c) 7'c+7'c+ p
8
0< gap(A;r,c) <200 = p
8
0< gap(A;t,c) <20 = -
hold.
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