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DILATIONS OF LINEAR MAPS ON VECTOR SPACES

K. MAHESH KRISHNA AND P. SAM JOHNSON *

(Communicated by D. Han)

Abstract. Dilation of linear maps on vector spaces has been recently introduced by Bhat, De,
and Rakshit. This notion is a variant of vector space dilation introduced by Han, Larson, Liu,
and Liu. We derive vector space versions of Wold decomposition, Halmos dilation, N-dilation,
inter-twining lifting theorem and a variant of Ando dilation. It is noted further that unlike a kind
of uniqueness of Halmos dilation of strict contractions on Hilbert spaces, vector space version of
Halmos dilation cannot be characterized.

1. Introduction

Using functional calculus and Weierstrass polynomial approximation theorem,
Halmos in 1950 proved an interesting result that every contraction on a Hilbert space
can be lifted to unitary.

THEOREM 1.1. [9] (Halmos dilation) Let ‘H be a Hilbert space and T : H — 'H
be a contraction. Then the operator

U T  JI-TT~
—“\VI-T°T -T*

is unitary on H® H. In other words,
T = PyU|p,
where Py : H@&H — H®H is the orthogonal projection onto H.

Three years later, Sz. Nagy extended the result of Halmos which reads as follows.

THEOREM 1.2. [24] (Sz. Nagy dilation) Let H be a Hilbert space and T :
H — H be a contraction. Then there exists a Hilbert space IKC which contains H
isometrically and a unitary U : KC — KC such that

T":PHUn|H, Vn:1,2,...,

where Py K — K is the orthogonal projection onto H.

Mathematics subject classification (2020): 47A20, 15A03, 15A04.
Keywords and phrases: Dilation, vector space, linear map.
* Corresponding author.

© depay, Zagreb 465
Paper OaM-16-36


http://dx.doi.org/10.7153/oam-2022-16-36

466 K. M. KRISHNA AND P. S. JOHNSON

Following the Theorem 1.2, extension of contractions on Hilbert spaces became
an active area of research, known as dilation theory. Some standard references for this
theory are [26, 17,2,22]. This study of contractions boosted the study of other classes of
operators not only on Hilbert spaces, but also on Banach spaces. In a recent paper [3],
Bhat, De, and Rakshit abstracted the key ingradients in Halmos and Sz. Nagy dilation
theorem and set up a set theoretic version of dilation theory.

DEFINITION 1.3. [3] Let A be a (non empty) set and #: A — A be a map. An
injective power dilation of /4 is a quadruple (B,i,v,p), where B is a set, i: A — B,
v: B — B are injective maps, p : B — B is an idempotent map such that p(B) = i(A)
and

i(h"(a)) = p(v*(i(a))), VYa€ANVneZ..
A dilation (B,i,v,p) of h is said to be minimal if
B= Uz o (i(A)).

It is a simple observation that for Hilbert spaces, every operator cannot be dilated
to unitary operator. However, the following is a surprising result for sets derived in [3].

THEOREM 1.4. [3] Every map h:A — A admits a minimal injective power
dilation.

Bhat, De, and Rakshit suceeded in obtaining fundamental theorems of dilations
such as Wold decomposition, Halmos dilation, Sz. Nagy dilation, inter-twining lifting
theorem, Sarason’s lemma, Ando dilation and BCL (Berger, Coburn and Lebow) theo-
rem. Definition 1.3 allowed the authors of [3] to introduce the dilation of linear maps
on vector spaces and showed that every linear map admits a minimal injective power
dilation (see Section 2 for definition).

In this paper, we give the abstract study of dilation initiated by Bhat, De, and
Rakshit for vector spaces. We follow a similar development as done in [3]. We first
derive Wold decomposition, followed by Halmos dilation. After that we derive an N-
dilation result which is motivated from the construction of Egervary. Followed by this,
we derive inter-twining lifting theorem. At present exact analogoue of Ando dilation is
not known but a variant of that is given. Before ending the introduction, we note that
there is another vector space approach of dilation theory by Han, Larson, Liu, and Liu
[13] which is motivated from the Naimark dilation theorem [7, 19, 20], dilation theory
of frames [16,10,11,12,6,15,14] and Stinespring dilation theorem [23]. Dilation results
presented by Han, Larson, Liu, and Liu in [13] try to dilate a unital linear map from an
algebra to the algebra of operators on a vector space to a unital homomorphism from the
same algebra to the algebra of operators on a bigger vector space. The dilation presented
in this paper is completely different than of dilation given in [13] for the following
reasons. First, we are dilating a linear map from vector space (and not a unital linear
map from an algebra) to injective or bijective linear operators (not a homomorphism
from an algebra). Second, there is no power dilation derived in [13] but we derive
power dilation. Third, there are no inter-twining lifting and commuting dilation derived
in [13] but we consider them.
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2. Dilations of linear maps

Let H be a Hilbert space. We recall that an operator T : H — H is called a shift
if Ny T"(H) ={0}. Classical Wold decomposition is the following.

THEOREM 2.1. [26] (Wold decomposition) Let T be an isometry on a Hilbert
space H. Then H decomposes uniquely as H = H, ® Hy, where H, and H; are
T -reducing subspaces of H, T\, : Hy — Hy is a unitary and Ty, - Hy — Hs is a
shift.

We note that the definition of shift of an operator does not use the Hilbert space
structure. Thus it can be formulated for vector spaces without modifications.

DEFINITION 2.2. Let V, W be vector spaces and T : V — )V be a linear map on
V. The map T is said to be a shift if N>, 7"(V) = {0}.

We now have the vector space version of Wold decomposition.

THEOREM 2.3. (Wold decomposition for vector spaces) Let T be an injective
linear map on a vector space V. Then V decomposes as V =V, &V, where V, is a
T -invariant subspace of V, Ty, 1V}, — Vy is a bijection and Ty, : Vs — V is a shift.

Proof. Define V}, :="_,T"(V) and let Vy be a vector space complement of V),
in V. We clearly have V =V, @ Vy. Now T'(V,) =T (N_ T"(V)) SO0 _oT"(V) = V.
Thus V, is a T -invariant subspace of V. We now try to show that T'|y, is a bijection.
Since T is already injective, it suffices to show that Ty, is surjective. Let y € V.
Then there exists a sequence {x,}>_; in V such that y = Tx; = T?xy = T3x3 = - -.
Since T is injective, we then have x; = Tx, = T2x, = ---. Therefore y=Tx; and
x1 € V. Thus Ty, is surjective. We are now left with proving that T'|y, is a shift. Let
yENT o(Tv,)"(Vs) C (N2 T"(V))NVy =V, N V. Hence y =0 which completes
the proof. [

Since vector space complements are not unique, note that, we do not have unique-
ness in Wold decomposition for vector spaces. We now derive Halmos dilation for
linear maps on vector spaces.

THEOREM 2.4. (Halmos dilation for vector spaces) Let V be a vector space and
T :V —V be alinear map. Then the operator

T1I
U (l 0)
is invertible on V @® V. In other words,
T =PU|y,

where Py : V&YV — V&V is the first coordinate projection onto V.
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Proof. 1t suffices to produce inverse map for U. A direct calculation says that
0 I
-(01)

In the sequel, any invertible operator of the form

T B

cD)’
where B,C,D : V — V are linear operators, will be called as a Halmos dilation of 7.
Now we observe that Halmos dilation is not unique. Using the theory of block matrices

[18] we can produce a variety of Halmos dilations for a given operator. Following are
some classes of Halmos dilations.

is the inverse of U. [

(1) If T : YV — V is an invertible linear map and the linear operators B,C,D : V — V
are such that D — CT !B is invertible, then the operator

U= (g g) is a Halmos dilation of 7 on V &V whose inverse is
T-'+7'B(D-CT7'B)~' —T7'B(D—-CT~'B)~!
-D-'c(D—-cT~'B)7! (D—-CcT'B)~! :

(i) If D:V — V is an invertible linear map and the linear operators B,C:) — ) are
such that T — BD~!C is invertible, then the operator

(g g) is a Halmos dilation of T on V & V whose inverse is

(T —BD~'C)~! —(T—-BD~'C)"'BD!
-D'c(r-BD 'C)"' D '+D'c(r-BD'C)"'BD! )"

(iii) If B:V — V is an invertible linear map and the linear operators C,D : }V — ) are
such that C — DB™!T is invertible, then the operator

(g g) is a Halmos dilation of 7 on V &V whose inverse is

—(C—-DB'T)"'DB! (C—-DB~'T)™!
B '+B'T(Cc-DB'T)"'DB~! —B~'T(C-DB~'T)" ! )"
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(iv) If C:V —V is an invertible linear map and the linear operators B,D : ) — ) are
such that B— TC~D is invertible, then the operator

(Z‘ g) is a Halmos dilation of 7 on V &V whose inverse is

—-Cc'pD(B-TC"'D)"'  Cc'+Cc'DB-TC'D)'TC!
(B—1C 'D)7! —(B—T1C'D)"'TC!

Recently, Bhat and Mukherjee [4] proved that there is certain kind of uniqueness of
Halmos dilation for strict contractions in Hilbert spaces. Result reads as follows.

THEOREM 2.5. [4] Let 'H be a finite dimensional Hilbert space and T : H — H
be a strict contraction. Then Halmos dilation of T on H & 'H is unitarily equivalent to

— *
(ﬂfﬁ “’Tfﬂ) o Jorsomemiany aperator W T T

We next derive a negative result to Theorem 2.5 for Halmos dilation in vector
spaces.

THEOREM 2.6. Let V be a finite dimensional vector space and T :V — V be a
trace non-zero linear operator. Then there are Halmos dilations of T which are not
similar.

Proof. Note that

T T-1
T+1 T

is an invertible operator and hence is a Halmos dilation of 7. It is now enough to show

that the matrices
T T-1 d T1
T+I T an 10

are not similar. Since V is finite dimensional, we can use the property of trace map to
conclude that these matrices are not similar. [

It was Egervary [8] who observed that Halmos dilation of contraction can be ex-
tended finitely so that power of dilation will be dilation of power of contraction. This
can be formally stated as follows.
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THEOREM 2.7. [8] (N-dilation) Let H be a Hilbert space and T : H — H be
a contraction. Let N be a natural number. Then the operator

T  00---0VI-TT"
VI-T*T00---0 —T*

0 100 0
U= 0 070 0

0 00---0 0
0 00---1

o

(N+1)x(N+1)
is unitary on EBQ’I#H and
T% = PpU*|y, Vk=1,...,N,
where Py : @g:llH — EBQ’: f'H is the orthogonal projection onto 'H.

We now derive vector space version of Theorem 2.7.

THEOREM 2.8. (N-dilation for vector spaces) Let V be a vector space and T :
YV —V be alinear map. Let N be a natural number. Then the operator

T00---01
100---00
070---00

U—1001--00

000---00

000---170 (N+1)x (N+1)
is invertible on @kNLlV and
T = PyUYy, Vk=1,...,N, (1)

where Py : @kNLlV — EB;{V;TV is the first coordinate projection onto V.

Proof. A direct calculation of power of U gives Equation (1). To complete the
proof, now we need show that U is invertible. Define

07 00--00
007000
000700

ve—|0 00000
000007
I-T00---00

(N+1)x (N+1)
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Then UV =VU =1. Thus V is the inverseof U. [

Note that the Equation (1) holds only upto N and not for N 41 and higher natural
numbers. Therefore we seek a result which is valid for all natural numbers. In the
introduction we saw Sz. Nagy dilation theorem which holds for all natural numbers.
Original proof given by Sz. Nagy uses deep complex analysis. It was Schaffer [21]
who gave a proof of Sz. Nagy dilation theorem using infinite matrices. We now obtain
a similar result for vector spaces. In the following theorem, &;,___V is the vector
space defined by

BV = {{xn ) ey Xn € V,¥n € Z,x,, # 0 only for finitely many n's}
with respect to natural operations.
THEOREM 2.9. Let V be a vector space and T :V — V be a linear map. Let

U = (Upm)—cocnm<eo be the operator defined on &;,__.V given by the infinite matrix
defined as follows:

upo =T, uppr1 =1, Yn€Z, up,:=0 otherwise,

ie.,

.01 000---
e00700---
U=1|---00T10---
...00007 ---
00000 ---

coxo0
where T is in the (0,0) position (which is underlined), is invertible on &;,___V and
T"=PyU"y, VneN, (2)
where Py : @,__ .V — @,V is the first coordinate projection onto V.
Proof. We get Equation (2) by calculation of powers of U. The matrix V :=
(Vm) —oocnm< defined by
voo: =0, vi_1:==T, vyp_1:=1, Vn€Z, vy,m:=0 otherwise,

ie.,
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where 0 is in the (0,0) position (which is underlined), satisfies UV = VU = I and
hence U is invertible which completes the proof. [

An important observation associated with Theorems 2.8 and 2.9 is that the dilation
is not optimal, i.e., even if the given operator is invertible, then also U is not same as
T . To overcome this, next we move on with the definition of dilation given by Bhat,
De, and Rakshit [3].

DEFINITION 2.10. [3] Let V be a vector space and 7 : )V — V be a linear map.
A linear injective dilation of T is a quadruple (W, I,U,P), where W is a vector space,
and /:V — W is an injective linear map, U : YW — W is an injective linear map,
P:W — W is an idempotent linear map such that P(WW) =I(WV) and

(Dilation equation) IT"x=PU"Ix, Vn€Z,. NxeV.
A dilation (W,I,U,P) of T is said to be minimal if
W =span{U"Ix:n€ Z,,x € V}.
An easier way to remember the dilation equation is the following commutative

diagram.

w-Yw Py

N

v Ly
In [3] vector space analogous of Sz. Nagy dilation result was proved.

THEOREM 2.11. [3] Every linear map T :V — V admits minimal injective lin-
ear dilation.

Proof. We reproduce the proof given by Bhat, De, and Rakshit [3] for the sake of
future use. Define

W = {(xn)s_g : Xn € V,Vn € Z,x, # 0 only for finitely many n's}.
Clearly W is a vector space w.r.t. natural operations. Now define
[:V>3x— (x,0,...) €W,
U: W53 (xp);—p— (0,x0,...) €W,
P: W53 (xp)po— i IT"x, € W.
n=0
Then W, I,U,P) is a minimal injective linear dilation of 7. [

We call the dilation (W,I,U,P) constructed in Theorem 2.11 as standard dilation
of T'. We next consider inter-twining lifting theorem. For contractions acting on Hilbert
spaces this says that any operator which intertwines contractions can be lifted so that
the lifted operator intertwines dilation operator.
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THEOREM 2.12. [25] (inter-twining lifting theorem) Let T\ :H; — Hi, T»:
‘Ho — Hy be contractions, where Hy, Ho are Hilbert spaces. Let Vi : K1 — Ky, Vo :
Ky — Ky be minimal isometric dilations of T\, T, respectively. Assume that S : Hy, —
‘H1 is a bounded linear operator such that T\S = ST,. Then there exists a bounded
linear operator R : KCy — K| such that ViR = RV, PHIRHZL =0, Py Ry, =S and

IR|| = |IS||. Conversely if R: Ky — Ky is a bounded linear operator such that ViR =
RV, and PHlRHZL =0, then S := Py Ry, satisfies TS = ST>.

THEOREM 2.13. (inter-twining lifting theorem for vector spaces) Let Vi, V;
be vector spaces, Ty : Vi — Vi, T : Vo, — V), be linear maps. Let (Wy,1,U;,P)),
Wh, L, U, Py) be standard dilations of Ty, T», respectively. If S :V, — Vi is a linear
map such that T\S = ST, then there exists a linear map R : W, — W, such that

UiR=RU,, RP,=PR, RL=IS. 3)

Conversely if R : Wh, — W) is a linear map such that UiR = RU,,RP, = P\R, then
there exists a linear map S : V>, — V such that

RL =1, T.S=SD. 4)

Proof. Define R: Wh 3 (x,)5_o — (Sxn)5_y € Wi . We now verify three equalities
in Equation (3). Let (x,);_, € W>. Then

U\R(xn ) = U1 (Sxn)p—o = (0,Sx0, Sx1,...),
RUz(xn);o:() ZR(O,)C(),)Q,...) = (O,SXQ,le,...),

RPy(xn); o =R (Z 12T2”xn> =Y RLT;'x,
n=0 n=0

R(Tznxn,o,o, .. .) = 2 (STznxn,0,0, .. .),
n=0

=
Bagh

PIR(xn)j—g = P (Sxa)jo = D, i T{'Sx,

n=0
= Y ISTyx, = Y, (ST3'x,0,0,...),
n=0 n=0

RhLx =R(x,0,0,...) = (5x,0,0,...), I;Sx=(Sx,0,0,...).

We now consider the converse part. For this, first we have to define linear map S. Let
y€V,. Now RP(y,0,...) = PiR(y,0,...) € (V1) and I; is injective implies that there
exists a unique x € V, such that RP(y,0,...) = PiR(,0,...) = I, (x). We now define
Sy :=x. Then § is well-defined and linear. Let y € V, and x € V, be such that Sy = x.
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Then I;Sy = RP>(y,0,...) = RLy. Thus we verified first equality in (4). We are left
with verification of second equality. We now calculate

RPQUQ(X,O, .. ) = RPQ(O,)C,O, .. ) = R12T2x (5)

and
P1U1R(x,0, .. ) = PlRUz(x,O, .. ) = PIR(O,x,O. . ) (6)
= RP2(07)C,O. . ) =RLThx, VxeV;. 7

Given conditions produce
RP,U, = PIRU, = PLU|R. (8)

Equation (8) says that (5) and (6) are equal which completes the proof. []

Sz. Nagy’s dilation theorem brings us to the question of dilating more than one
operators which are commuting. After a decade of work of Sz. Nagy, Ando derived the
following result.

THEOREM 2.14. [1] (Ando dilation theorem) Let H be a Hilbert space and
T,,T, : H — 'H be commuting contractions. Then there exist a Hilbert space IC which
contains H isometrically and a pair of commuting unitaries Uy,U, : K — K such that

n'n' = PHUFU2|r:17 Ya,m=1,2,...,
where Py : K — K is the orthogonal projection onto H.

It is known that Ando dilation theorem cannot be extended for more than two
commuting contractions [5]. However, it is a surprising result obtained by Bhat, De,
and Rakshit [3] that for set theoretic consideration, Ando dilation holds for arbitary
number functions. We do not know Ando dilation for linear maps on vector spaces but
have a variant of it which is given in the following theorem. On the other hand, we note
that any number of doubly commuting contractions on a Hilbert space can be dilated to
commuting unitaries [22].

THEOREM 2.15. Let V be a vector space and T,S :V — V be commuting linear
maps. Then there are dilations (W,I1,U1,P) and (W,I1,U,,P) of T,S respectively,

such that
0,
00-(7)

and
IT"S"x = PU"V"Ix, VYnm€Z, Nx€eV,

where 0. denotes the infinite column matrix of zero vectors and 0, denotes the infinite
row matrix of zero vectors.
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Proof. We extend the construction in the proof of Theorem 2.11. Define

X0,0 X0,1 X0,2 ***
{ X1,0 X1,1 X1,2 ***

W= X20 X201 X2 - CXpm €V, V,m € Ly Xy 70

oo X 00

only for finitely many (n, m)’s}.

Then W becomes a vector space with respect to natural operations. We now define the
following four linear maps:

000 ---
I:V>x—|p00...| €W

X0,0 X0,1 X0,2 ** 0 0 0
X1,0 X1,1 X12 *+ X0,0 X0,1 X0,2 **
U:W> X20 X210 X202 - | 7 | xoxigxip - | € w
X0,0 X0,1 X02 0 x0,0 x0,1 -
X10X1,1 X12 -+ 0x10x1,0 -
V:W>s x2.0%2.1 X220 -+ | 7 [ 0 xa xay -+ ew
X0,0 X0,1 X0,2 ***
X1,0 X1,1 X12 *+- » »
P:W> X200 X2l Xo0 - | 2 ZITnSmxn,mEW~
) '7 ’ m=0n=0
We then have
00 0 O
0 x0,0 X0,1 X0,2 "+ 0
0.U)= | Oxtoxtp x| = ().
( ¢ ) \%

0x20x2,1 X22 *+
0
Now PU"Ix =IT"x, PV"Ix =IS"x, Vx € V, Vn,m € Z, . Hence (W,I,U;,P) and

(W, I,U,, P) are dilations of TS, respectively. A calculation now shows that IT"S"x =
PUV"IxNnme Z,  NxeV. O

We end by presenting a generalization of Theorem 2.15.
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THEOREM 2.16. Let n € N and T,...,T,: V — V be commuting linear maps.
Then there are dilations (W, 1, U, P),...,(W,I,Uy,P) of Ti,...,T,, respectively, such
that

IT) - Tjrx=PU" - Ul Ix, Yji,...,jn €21 ,¥x €V )

and Uy,...,U, commute.

Proof. Define

W = @ V(i17~-~7in)7 V(i17~-~7irz) =V, V(il, A ,ln) S Zi

(i1omsin) EZ.
Now define the maps as follows.
[:V>3x(x,0,...,0) e W,
Ue: W s (O e b 1) = (e ) ) €W,
V1 <k<n,
PWs (e ) = S o U () e W

Then each U; commutes with Uy for 1 < j,k <n, (W,I,U;,P) is a dilation of 7; for
1 < j < n and Equation (9) holds. [
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