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COMPLEX SYMMETRIC WEIGHTED
COMPOSITION-DIFFERENTIATION OPERATORS OF
ORDER n ON THE WEIGHTED BERGMAN SPACES

MAHBUBE MORADI, MAHSA FATEHI* AND CHRISTOPHER N. B. HAMMOND

(Communicated by G. Misra)

Abstract. We study the complex symmetry of weighted composition—differentiation operators
of order n on the weighted Bergman spaces A%,. Several concrete examples are provided.

1. Preliminaries

Let D denote the open disk in the complex plane C. For o > —1, the weighted
Bergman space A2, is the Hilbert space consisting of all analytic functions f(z) =
Y7 oajz’ on D such that I£]1> = 70 |aj|*B(j)? < oo, where

JIT (0 +2)

B =191=\ a1

for each non-negative integer j. The inner product of two functions in this space is
given by the rule

<2 ajz, Y ijj> = Ea,/b_jﬁ(j)z-
= =0 =0

It is well known that this space is a reproducing kernel Hilbert space; for any w in D

and any non-negative integer m, there is a kernel function K‘L,m] such that < £ Kv[:,"]> =

f(m) (w) for each f in A%(. To simplify notation, we write K, to denote KJS]. In

particular,

B 1 o W
Kl = e ~ 2 B0
and (a+2)...(a+m+1) !
m, (& (a+m " m!z"
Ky (2) = (1 —wg)ntot2 = B(m)2 (1 —wg)mtat2
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[m]

for m > 1 (note that from [2, p. 20], we can see that Ky, ' (z) = %, where K(z,w) =
K, (z) for each z,w € D and B(m)> = M’m) Moreover, for each non-

negative integer m, we have

mz e (WP
1% = 2 5 ((j—m)!>

J=m

(note that Kv[én] (2) = m mwj_mzj by [2, Theorem 2.16]). Recall that H*
is the Banach space consisting of all bounded analytic functions defined on D, with
supremum norm || f||. = sup,cp |f(z)|. Let Py denote the projection of L*(D,dAs)
onto A2 . Given a function & in L*(ID), the Toeplitz operator T, on A2, is defined by
the rule

Tw(f) = Po(hf)

for f in A%. If h belongs to H™, it is easy to see that T;(f) = - f. For an analytic
self-map ¢: D — D, the composition operator Cy is defined by the rule

Co(f)=fo0

for f in A% . All Toeplitz operators and all composition operators are bounded on A2 .
As a natural generalization of both of these classes, consider the operator Cy o that
takes f to y-(fo@), where ¢: D — D and y: D — C are both analytic on D). Such
an operator is called a weighted composition operator.

For a positive integer 1, we define the differentiation operator of order n on A2,
by D(")( NHN=r (") None of these operators is bounded on A2 . Nevertheless, for
many analytic self-maps ¢, the operator C(pD(”) is bounded on AZ. This class of
operators was initially considered by Hibschweiler and Portnoy [9] and by Ohno [11],
and has been studied further by other researchers (see [4], [5], and [12]). Ohno [11]
characterized the boundedness and compactness of C(,,D(l) on the Hardy space; Stevi¢
[12] obtained analogous results for C(pD(") on the weighted Bergman spaces. We will
write Dy, to denote C(,,D(”), particularly when such an operator is bounded on A2,
referring to it as a composition—differentiation operator of order n. For an analytic
function y: D — C, the weighted composition—differentiation operator of order n on
A2 is defined by the rule

Dy on(f)=v- (f(") o (P)-
Note that Dy ¢ , is actually the product of the Toeplitz operator Ty, and Dy, ,, , whenever
y belongs to H” and Dy, is bounded. To avoid trivial situations, we will assume
throughout this paper that ¢ is not constant and that y is not identically 0.

A bounded linear operator T is called complex symmetric on a complex Hilbert
space 77 if there exits a conjugation C (i.e., an antilinear isometric involution) such
that CT*C = T ; for a particular conjugation C, we say that T is C-symmetric. Garcia
and Putinar initiated the study of complex symmetric operators on Hilbert spaces of an-
alytic functions (see [7] and [8]). Complex symmetric weighted composition operators
have been considered in [3], [6], [10], and [13]. In this paper, we use the symbol J to

denote the specific conjugation (Jf)(z) = f(z).
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Any complex number z can be represented z = |z|e’®, where 0 < 6 < 27. We
write Arg(z) to denote this value of 0, taking Arg(0) =0.

2. Complex symmetric operators Dy ¢ ,

For an analytic ¢: D — D and o > —1, the generalized Nevanlinna counting
function Ny o2 is defined by the rule

Nooraw)= 3 (In(1/]z]))*",

o(z)=w

where w belongs to D\ {¢(0)}. The next proposition provides necessary and sufficient
conditions for Dy , to be bounded and compact.

PROPOSITION 2.1. [12, Theorem 9] Let ¢ be an analytic self-map of D, with n
in N and oo > —1.

a) Anoperator Dy p: A(zx — A(zx is bounded if and only if
+2+2n
Noar2(w) = 0 ((In(1/jw)) “**").
b) Anoperator Dy A2 — A2 is compact if and only if
No.asa(w) = o ((in(1/Iw) ), as jw] = 1

Since In(1/|w|) is comparable to 1 —|w| as |w| — 1~ the following characteri-
zation holds in the case where ¢ is univalent on D.

COROLLARY 2.2. Let ¢ be a univalent self-map of D, with n in N and o > —1.

a) An operator Dy, is bounded on A2, if and only if

1— a+2
p (LD

veb (1= Tp () )7

b) An operator Dy, is compact on A2, if and only if

(1= |w))*+2
=0.
it (1= [g(w)[)er2 728

Note that Corollary 2.2 shows thatif Dy, is bounded, then ¢ does not have finite
angular derivative at any pointon dID (see [2, Theorem 2.44]). Moreover, we infer from
Corollary 2.2 that an operator Dy , is bounded if |||l < 1 and so Dy ¢, is bounded
on A%( whenever y belongs to H™. We will employ the following lemma frequently.
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LEMMA 2.3. If an operator Dy ¢ n is bounded on A2 then

Diy oK) = WKL,

Proof. Observe that

(. Dy (Ki)) = (Dy oK) = ww) £ (@(w)) = (£, wONK,, )

for any f in A2,. Our result follows from the fact that the span of the kernel functions
K, isdensein A%2. O

Throughout this paper, we set 1 = (ot +2)(a+3)...(oc +n+ 1), which will be
appeared several times in this paper. We will now make a few observations about J -
symmetric operators Dy ¢, Which will be used in the proof of Theorem 2.7.

PROPOSITION 2.4. If an operator Dy o is J-symmetric on A%x, the following
conditions hold:

(i
(ii

(i

q/ ( )=0 foreach 0 <m<n;

wM(0) #0;

)
)
) () #0 for any w in D\ {0}
(iv) the map @ is univalent.

Proof. Suppose that Dy, ¢, is J-symmetric. Observe that
JDy pn(Ko) = 0. (2.1)

Lemma 2.3 shows that

Diy .l (Ko) = YOK .

Since Dy o, is J-symmetric, it follows from (2.1) and (2.2) that y(0) = 0. Assume
that y™ (0) =0 for m < n— 1. One can see that

(2.2)

IDy oK =0, 2.3)
On the other hand, for any f in A%“ we obtain
(DY g Ks" ) = (1D} g,K5" )
= (Dy.pnf K"
= (v (f" o))" (0)
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b i1 " "
+ ( )W(m+l J)(O)(f( )O(p)(,)(())
=tN
=y 0(0) 1" ((0))
— m [n]
= (£, (0)K ), 2.4)
SO . . -
Dyl;/7(p,nJK([)m+ I _ DT%(p’nK([)m-&- I _ W<m+l)(0)K([:(]0)' (2.5)

If Dy o is J-symmetric, then (2.3) and (2.5) imply that "+ (0) = 0. By the same
idea as in (2.4), we have

* [ _ pyx [l _ ) o) e
Dy pnlKy" =Dy guky" =y (0)K i), (2.6)
since y(™ (0) = 0 for any m < n. Because
IDy o K =t () 2.7)

and y is not identically 0, it follows from (2.6) and (2.7) that w((0) # 0. Now
suppose that y(w) = 0 for some w in . Lemma 2.3 shows that Dy, ,, ,J(Kw) = 0.
Moreover, o

w'J (y)

_ nto+2°
(1—wJ(p))"™

Since Dy, is J-symmetric and y is not identically zero, we observe that w = 0.

Now assume that Dy ,, is J-symmetric and that there exist distinct points w1 and
wy in D with @(w;) = @(w,). (If either w; or w; is zero, the open mapping theorem
allows us to find a pair of distinct nonzero points w3 and w4 in D with @(w3) = @(w4).
Hence we may assume that w; and w, are both nonzero.) One can easily see that the
kernel of Dy, o, consists of the set of all polynomials with degree less than n. Lemma
2.3 implies that

Dy, ) (W(w2) Koy — W(w1)Kigg) = Dy, (W(W2) Kooy — W(w1)Kiy)
=Yy K, — v wln)K,, = 0.

JDWNL(KW) =

Since Dy o, is J-symmetric, it follows that y(w2)Kyr — w(w1)Kys is a polynomial
of degree less than n. Therefore

> T(+2+a)(w)/z T +2+a)(w)iz/
"’<W2>J.§n (e +2) vim) X jT(a+2)

Thus y(wy)w™ = y(w;)wy™ for each m > n. We observe that
wwn)ws ™ = y(w)wi T = ylwa)wiwi = y(wi)wiwi,

so w; = w». Consequently ¢ must be univalent. [
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REMARK 2.5. We can follow the outline of the proof of Proposition 2.4 to see
that an analogue of Proposition 2.4 holds for any normal operator Dy, ., .

If
(2) = az+b
¢lo) = cz+d
is a nonconstant linear fractional self-map of D, then the map
o) = "¢
—bz+d

also takes D into itself (see [1, Lemma 1]). Recall that ||| < 1 whenever ||@|/. <1,
in which case both Dy, and Dg ), are bounded operators on Aa. Cowen [1] deter-
mined the adjoint of Cy, acting on the Hardy space H 2. Similarly, the second and third
authors investigated the adjoints of certain weighted composition—differentiation oper-
ators Dy o1 on H? (see [4, Theorem 1]). Our next result shows that an analogue of
[4, Theorem 1] holds in the context of the weighted Bergman spaces A2 . Recall that
t=(o+2)(a+3)...(a+n+1).

PROPOSITION 2.6. For the linear fractional self-maps ¢ and ¢ described above,
it follows that
D* = DK["]

[n] .
Ko(0): @1 p(0)%"

Proof. We know that

1] t7" tdnrot2n
K¢(0) (z) = A ntot2 d — ho)itot2
(1—(b/d)) (d—bz)
and +o+2
t7" td" d
Kcl:l(]O) (2) = ) 2= - 2
(14 (c/d)z)"tot2  (cz+d)rtot
We see that
wh
D (K@) =T ( )
Kgoyomn " Koo \ (1—wa(z))" "
AT e
 (—bz+d —waz +we)+o+2 (@8)
(note that D) (K,,) = dZZK,,W = %}M ). By Lemma 2.3, we obtain
1-wz
. B tdn+a+2wn In]
D oK) = o rmama oo @)
£2dqntot2ynn
- L (2.9

(@w+d— (@w+b))" "
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(21 , the result follows

Since the span of the reproducing kernel functions K,, is dense in A

from (2.8) and (2.9). O
Now we give an example for Proposition 2.6.

EXAMPLE 1. Suppose that ¢(z) = $z+ . We can see that 6(z) = 1;7:1 , 0(0)=
3
n! * _
By Deron =Dyt 5,
3

1/3, and o(0) = 0. Then by Proposition 2.6, we can see that
Some more examples for Proposition 2.6 will be seen in the proofs of Theorem
2.7 and Propositions 3.1 and 3.2.
Our next theorem completely describes the J-symmetric operators Dy ¢ -

THEOREM 2.7. A bounded operator Dy ¢, is J-symmetric on A2 if and only if

n

Gy 4
v = tn!KC @) n!(1—cz)rtot2
and
(@) =c+ bz
(P 7)=c¢ 1-CZ7

where a = y"(0) and b = ¢'(0) are both nonzero complex number and ¢ = ¢(0)

belongs to D.

Proof. Suppose that Dy ¢, is J-symmetric. By (2.6), (2.7), and Proposition 2.4,
w0 plnl  _ y0)
- )n+a+2 ’

_ y"(0) gl _
we conclude that J(y) = th!( )K(pn(O) and so y = ¥— e e

where y(")(0) # 0. By the general Leibniz rule, we can see that

_ M"il (n+ 1) (Zn)(n+l—k) ( = ¢(01)Z)n+a+2)(k).

yrH () = a2
Since (z”)(n+17k)(0) =0,when 0 <k<n+1and k # 1, we obtain
D (0) = (n+ 1) (n+ a4 2)p(0) y™(0). (2.10)
Observe that
IDy pn(K§™ ) (@) = 1(n+ D)+ n+2)0 () () () (2)
2.11)

_ i+ D(n+a+2)yn(0)
- (l B WZ) n+o+2 J((p) (Z)
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By the proof of (2.4), we can see that for any f € A%, we obtain

(D% o w0y = w0 (0) £ (9(0))

=y (0) £ (0(0) + (n+ 1)y (0)¢' (0) £ ((0)) (2.12)
(note that Proposition 2.4(i) implies that l[/(”“_j) (0) =0 foreach 2 < j<n+1).
Hence by (2.12), we have

Dy (K1) (2) = YO (00K (2) + (1+ Dy (009 (0K (2). (2.13)

Therefore by (2.10) and (2.13), we observe that

D*

v.o.n! (K([JHH]) (zx)=D Tumm (K([)nﬂ]) (z)

=y (0)K 1y, (2) + (1+ Dy (0)g (0)K i (2)

_t(n+ 1)(n+ 042)@(0)y(0)z"
- (1 _Wz)n-&-a-ﬂ
t(n+1)(n+ o +2)y(0)’ (0)z" !
(1 _Wz)nﬂxﬂ :

Because Dy ¢, is J-symmetric, it follows from (2.11) and (2.14) that

(2.14)

= 9'(0)z
Jo)e) =900+ 1T
and so ()
0’ (0)z
0 = 0(0)+ T o

with ¢’(0) # 0 because ¢ is nonconstant.
Conversely, take W and ¢ as in the statement of the theorem. For each f in A2,
we have

IDypn(H@) =W @I (0(2) =T (W) ()P (9).  (2.15)
On the other hand, by Proposition 2.6, we see that
a *

*
J=—D%, J=-—D
Vot = UK pa” T nlt Kl -0n
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Thus _
4 ]

Dyl (@) = KLy (0@ = I W@ (0E).  (2.16)
Therefore, by (2.15) and (2.16), the operator Dy, ¢ , is J-symmetric. [

We infer from the paragraph after Corollary 2.2, from [10, Lemma 4.8], and from
the proof of [10, Theorem 4.10] that an operator Dy, p , from Theorem 2.7 is bounded
on A% whenever 2|c+¢(b—c?)| < 1 —|b—c??.

By an idea similar to one stated in the proof of [3, Proposition 2.1] (see also [13,
Theorem 4.1]), we remark that Cy ¢ is unitary and J-symmetric on A2 if and only if
either

o+2
a(l—|p*) 2

v(z) = 1 —poe (2.17)
and —_—
¢(z) = IB) lp_l_fz, (2.18)

where p belongs to D\ {0} and |ot| =1, or y = and @(z) = Az, where |u| = |A| =
1. In the case that p # 0, we denote the linear functional transformations in (2.17) and
(2.18) by y,, and @, respectively. Invoking [3, Lemma 2.2], we observe that Cy .J and
Cy,.¢,J are conjugations. Next we will characterize the complex symmetric operators
Dy p.n with conjugations Cy.J and Cy, ¢,J .

THEOREM 2.8. Suppose that

and that
- az

V= e

where a and b belong to C\ {0} and c belongs to D. Assume that Dy g, is bounded
on A%

(1) For p #0, an operator Dy ¢, on A2 is complex symmetric with conjugation
Cy,.0,J ifand only if ¢ = po @, and y =y, (Yo @,) for some ¢ and .

(2) For |u|=|A| =1, an operator Dy ¢, on A2 is complex symmetric with conju-
gation Cy, 3.J if and only if y(z) = u(Az) and ¢(z) = ¢(Az) for some ¢ and
.

Proof. (1) Let p # 0 and suppose that Dy ¢, is Cy, ¢,/ -symmetric. As men-
tioned in the paragraph preceding the statement of Theorem 2.8, the operator Cﬁ/p,wp is
unitary and J-symmetric, so it is not difficult to see that Cl’;,’“% is Cy, ¢,J -symmetric.
Then [3, Proposition 2.3] implies that C;,P’%DW,,’" is J-symmetric. It follows from
Theorem 2.7 that there is a J -symmetric operator Dy ¢, 50 that Dy ¢ n = Cy, .0, Dy.¢.n-
Hence we observe that ¢ = @o @, and y =y, - (Jo@,).
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Conversely, suppose that ¢ = @ o ¢, and Yy = y, - (o ¢,) for some ¢ and
Y. Then Dy o n = Cy,.0,Dy.¢.n- Since the weighted composition operator Cy, ¢, is
unitary and J-symmetric and the operator Dy ¢, is J-symmetric (see Theorem 2.7),
the operator Dy, ¢ is Cy, ¢,J -symmetric by [3, Proposition 2.3].

(2) The result follows immediately from the technique demonstrated in the proof
of part (1). U

In the following example, we give some complex symmetric weighted composition—
differentiation operators.

EXAMPLE 2. a) Suppose that

1+2iz

1
=t —
0 4 445+ Q2i—-1)

and .
e y)"

s (-9

v(z) =

We can see that @ = ¢o @, and ¥ =y, - (Jo@,), where p =i/2, @,(z) = f;;Z/zz’

- i a+2 - n .
P(z) =3+ IZ/z54’ Vy(z) = %, and J(z) = n!(l—zj%' It is easy to see

that ||@||- < 1 and so Dy, is bounded on A2 . Invoking Theorem 2.7, the operator
Dy g, 18 J-symmetric and it satisfies the conditions of Proposition 2.4. Theorem 2.8
shows that Dy ¢ n is Cy, ¢,J -symmetric.
(i/10)+1/100 )iz oim/4m e
b) Suppose that ¢(z) = 1 + % nd y(z) = W We can
- _ ~ 10)+1/100)z

see that ¢(z) = ¢(Az) and y(z) = u¥(Az), where P(z) = £+ %, V(z) =
W, A =i,and p = ¢™/*. One can see that Dy g.n is bounded and by The-
orem 2.7, itis J-symmetric. Theorem 2.8 implies that Dy, ¢ » i C,ix/4 ;J -symmetric.

3. Some examples of complex symmetric operators

In this section, we will show that the complex symmetric operators Dy, e, We
have already identified include all the self-adjoint operators Dy, and some of the
normal operators Dy, o ,. The next proposition provides a characterization of self-
adjoint weighted composition—differentiation operators of order n on Aé .

PROPOSITION 3.1. A bounded operator Dy, is self-adjoint on A2, if and only
if

_ _ 4
vz = n!(1 —gcz)ntot+2 tn!KL (2)

and
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where a =y (0) and b= ¢'(0) are both nonzero real numbers and ¢ = ¢(0) belongs
to . Furthermore, for the self-adjoint operator Dy o n, one of the following holds:

(i) If c=0, then Dy g, is J-symmetric.

(it) If ¢ #0, then Dy g, is C,-2i0,J -symmetric, where 6 = Arg(c).

Proof. Suppose that Dy, is self-adjoint on A2? . By (2.4) and Remark 2.5, we

have D}, , , (g"] =y (O)Kg'(]o) . Moreover, we can see that Dl,,7<,,7nK(gn] (2) =Dy, (1"

=tn!y(z). Since Dy ¢, is self-adjoint, we conclude that

Yy (0) y(0)2"
= K z7) = .
tn! 90(0)( ) n!(l—(p(O)z)"+a+2

3.1)

Differentiating both sides of (3.1) n times with respect to z, we obtain
(n) 0) & (n . 1 ()
(n) v ( n\ (n—j)

R T,

n! g J ( ) (1 _ (P(())Z) +o+2

T na\ nl < 1 )(J)

— (3.2)
fr) ( )J' (1-(0)2)" "

(note that ()" = 252 for each ¢ with 0 < ¢ < n). It follows from (3.2) that

M

v (0) = w(0), and so y(0) is real. Moreover, note that y(")(0) # 0 since y
is not identically 0. On the other hand, differentiating both sides of (3.1) n+ 1 times
with respect to z yields

Y (0) = (14-1) (14 +2)@(0)y " (0). (3.3)
We can see that
Dy p.n (K["“]) (z2) = Dy.pn (t(n +o+ Z)Zn+1)

_ i+ D) (n+a+2)y™(0)
(1 - Wz)n+a+2

Furthermore, by the idea from (2.4) and the fact that y")(0) = 0 for each m < n (see
Remark 2.5), we have

Dy 00 (K5 ) (2) = WIHD(0)K i) () + (n+ DY (00 (0)K 5 ()
“I/(TI)(O)Z

¢(z). (34)

Y (0)¢ (0)t (n+ o +2)2"*! '

A (3.5)
(1 - (p(O)Z)n+OC+3
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Since Dy ., is self-adjoint, by combining (3.3), (3.4), and (3.5), we see that

¢(z) = ¢(0) + | fl% (3.6)

Differentiating both sides of (3.6) with respect to z and taking z = 0, we observe that
¢’(0) is real. In addition, because ¢ is not constant, we see that ¢’(0) # 0.

For the converse, take ¢ and y as in the statement of the proposition and suppose
that Dy ¢, is bounded on A2 Proposition 2.6 dictates that

a
Dyon="—"D"w =

a
n n o [n]
V.9, tn' KO.(O)7(P7” tn' Kq,(())vo-vn

=Dy,

Thus Dy ., is self-adjoint.

We infer from Theorem 2.7 that the operator Dy, ¢, is J- symmetric when ¢ =0.
ZmG 7

Now take ¢ # 0 and set J(z) = W and ¢(z) = c+ 2= —
the operator Dy g, is J-symmetric. By [3, Lemma 2.2] and [3, Proposition 2.3], we
observe that C,—2i0 Dy g n is C,2i0,J -symmetric. (As stated in the paragraph preceding
Theorem 2.8, the composition operator C,2i, is unitary and J-symmetric.) A direct
computation shows that C,—zie Dy,¢.n = Dy ¢, S0 the result follows. [J

. From Theorem 2.7,

Now we will characterize those operators Dy o, on AZ that are normal in the
case where ¢ (0) = 0.

PROPOSITION 3.2. Suppose that an operator Dy, ., is bounded on A% and that
©(0) =0. Then Dy ¢, is normal if and only if y(z) = az" and ¢(z) = bz, where
a belongs to C\ {0} and b belongs to D\ {0}. Moreover, in this case Dy, g, is
J-symmetric.

Proof. Assume that Dy, 4, is normal on AZ,. We can see that

e H (W)z‘” - (ﬁ@:)y 26 (%)2!‘#“’@?- (3.7)

On the other hand, by (2.4) and Remark 2.5, we observe that

[n] myren 2 (M g
[y g = V@RS =y 0P (55) e

Because Dy ¢, is normal, by Remark 2.5, (3.7), and (3.8), we conclude that

1y (0))2 (L;&))z = (;&Diﬁ (%)2“,0) o). (3.9)
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Remark 2.5 implies that y(")(0) # 0, so (3.9) shows that y(/)(0) = 0 for each j > n.
Since Remark 2.5 also shows that y(/) (0) =0 forany j < n, the map y must have the
form y(z) = az" for some a in C\ {0}. We have

2
Dy (K ) (2) = (%) v(2)(2) (3.10)

On the other hand, by using (2.4) and the fact that (™) (0) = 0 for each m # n, we see
that

D* (K(gnJrl]) (Z) _ (I’l + I)WK(QWA](Z)

Yo
:W(M)ZHI,

Bn+1)
=ag'(0)(n+ 1)1k} (), (3.11)
so K([)"H] is an eigenvalue for Dy, ,, corresponding to eigenvalue a¢’(0)(n+ 1)!.
Therefore
Dy ok = ag! (0)(n+ 1)1k (3.12)
Since Dy, is normal on A(zx, by (3.10) and (3.12), we see that
2
n+1 (}’l + 1)'
a(P/(O)(n + 1)![(([) ](Z) = (m az'o(2).

Thus ¢(z) = ¢’(0)z. Because ¢ is not identically 0, we conclude that ¢(z) = bz for
some b in D\ {0}.
For the converse, take y and ¢ as in the statement of the proposition and assume

that Dy ¢, is bounded on AZ . Proposition 2.6 implies that Dyn pon = Daon g, - After
some computation, we see that
Daz’hbanDZz",hz,n (N)z) = DaZ”,bz,nDaz’ﬁEz’n (N)2)
= Dy pon (@ ) (b2))
X /n\n! A, ;
—laP Y ( ) P pPiz D (R2)  (313)
=0 \J/ J:
for each f in A2; similarly,
t/n\ n! A, :
Divsnlusen )G =laP 3, (") BRSO (os). 214
j=0 )

Hence (3.13) and (3.14) show that Dy, ¢, is normal. Furthermore, Theorem 2.7 shows
that Dy, is J-symmetric. []

Next we describe the conditions under which the analytic functions ¢ and y from
Proposition 3.1 induce a normal operator Dy, ¢ -
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PROPOSITION 3.3. Suppose that Dy ¢ n is a bounded operator, with
— azn
v(z) = n!(1 —Ez)”+a+2

and

where a =y (0) and b= ¢'(0) are both nonzero complex numbers and ¢ = ¢(0)
belongs to D. The operator Dy ¢, is normal on A%x if and only if either b belongs to
R\ {0} or ¢ =0. Moreover, when Dy ¢, is normal, one of the following holds:

(i) If ¢ =0, then Dy g, is J-symmetric.
(it) If ¢ #0, then Dy g, is C,2i0,J-symmetric, where 6 = Arg(c).
Proof. If b belongs to R\ {0} or ¢ =0, Propositions 3.1 and 3.2 imply that

Dy ¢, is normal.
For the converse, suppose that b and ¢ belong to C\ R. We have

)= — Y& a ),

Dy.gn(K = K,
V.0, ( 2n(1 _ %¢(Z))n+a+2 Z”n!(l _ c/2)"+0‘+2 D1

1
2

where p; =c+ 2/2_2/2 . On the other hand, by Lemma 2.3, we see that

Dl () Q) = WG 10 = 3 rmaa b

where p, =c+ 1fé2/2 .

If Dy, p,n were normal, then

a
- Z”n'( c/z)n+a+2
- a
- Z”n'( 6/2 n+o¢+2

I ["]H

B0 (o)

1Dy.on (K1) ¥

would equal

a
Z"n!(l _ c/z)n+a+2
a
Z"n‘(l _ c/z)n+a+2

K

: 2
1D &35

(Ky)|* =

V.o

oo

Sl ()

Therefore |p;|*> = |p2|*. Thus
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P be N bc N |b|? P cb be N |b|?
2—c¢ 2-c¢ [2—c]? 2—c¢ 2-¢ [2—c?
c(b—b) ¢(b—D)
2—¢  2-¢
c  C
2—c¢ 2-¢C

Then b = b or ¢ = ¢, which is a contradiction. If Dy p,n were normal, with b be-
longing to C\ R and ¢ belonging to R\ {0}, a similar argument would show that
HDT%%”K%— || # ||Dl[/7(p7nK% ||, which is also a contradiction. The rest of the proof is ob-
tained by an argument similar to that of Proposition 3.1. [J

Now, we give examples for the results of this section.

EXAMPLE 3. Suppose that @;(z) = I + 1%54, ¢(z) =9+ —2_ yi(z) =
1—""7 z

37"

i n :
n!(lf%z) +o+2
|@2]| < 1 and s0 Dy, g,.» and Dy, ¢, » are bounded on A2. By Theorem 2.7, the
operator Dy, o, » is J-symmetric. Proposition 3.3 implies that Dy, ¢, » is not normal.
We observe that Dy, ¢, , is self-adjoint and C B2 J-symmetric by Proposition 3.1.

e Z

W’ and y»(z) = It is easy to see that ||@;]/ < 1 and
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