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BIDIAGONAL DECOMPOSITIONS AND TOTAL
POSITIVITY OF SOME SPECIAL MATRICES

PRIYANKA GROVER AND VEER SINGH PANWAR

(Communicated by F. Kittaneh)

Abstract. The matrix § = |1 +x;y_/]ﬁj:1 ,0<x <o <Xy, 0<y; <--+ <yy, has gained
importance lately due to its role in powers preserving total nonnegativity. We give an explicit
decomposition of S in terms of elementary bidiagonal matrices, which is analogous to the Neville
decomposition. We give a bidiagonal decomposition of §7" = [(1 +x;y;)™| for positive integers
1 <m < n—1. We also explore the total positivity of Hadamard powers of another important
class of matrices called mean matrices.

1. Introduction

A matrix is called totally nonnegative (respectively totally positive) if all its mi-
nors are nonnegative (respectively positive) (see [8]). Totally nonnegative (respectively
totally positive) matrices have also been called totally positive (respectively strictly to-
tally positive), as canbe seenin [12,21,27]. Let A be an n X n matrix with nonnegative
entries. The matrix A7 denotes the transpose of A. We assume 1 < i,j < n, unless
otherwise stated. The (i, j)th entry of A is denoted by A;;. Let 1 < k < n. A matrix
is called TN (respectively TP ) if all its minors upto order k are nonnegative (respec-
tively positive). If 7 > 0, then the rth Hadamard power of A is given by A”" = [A]].
The matrix A is said to be infinitely divisible if A°" is positive semidefinite for every
r > 0. We refer the reader to [2, 4, 14, 26] for many examples and results on infinitely
divisible matrices.

It was shown in [11] that if A is positive semidefinite, then for r > n—2, A°"
is also positive semidefinite. The sharpness of the lower bound n —2 was given by
considering the positive semidefinite matrix A = [1 + €ij], where € > 0. It was shown
that if » < n—2 is any positive non integer, then Ag" fails to be positive semidefinite
for sufficiently small € > 0.

A Lebesgue measurable function f: R — R is called TNy if given any increasing
sequences {Xy }m>1 and {y,}m>1 of real numbers, the matrix [f(x; —y;)] is TN. Let
W : R — R be defined as

cosx ifxe(—m/2,m/2),

W) = .
0 otherwise.
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Schoenberg [30] showed that if » > 0 and k is an integer greater than or equal to 2,
then W (x)" is TNy if and only if r > k — 2. (See also [23, Remark 6.2].)

A function f: R — R is called a Pélya frequency function if f is Lebesgue in-
tegrable on R, does not vanish at at least two points, and for n € N and real numbers
xp <o <Xp,y1 <--- <y, the matrix [f(x; —y;)] is totally nonnegative. Consider the
Pélya frequency function Q : R — R defined as

Q) = xe ™ ifx> 97
0 otherwise.

Karlin [21] proved that for any integer k£ > 2 and any real number r > 0, the function
Q(x)" is TNy if r is a non negative integer or r > k —2, see also [22, p. 211]. Recently,
Khare [23] showed its converse by proving that for any integer k > 2 and r € (0,k —
2)\Z, Q(x)" is not TN

The characterizations of total nonnegativity of Hadamard powers of a matrix have
also recently appeared in [7, 9]. Let xy,...,x, be distinct positive real numbers. Let
X =[14xx j]. Jain [17, Theorem 1.1] proved that the matrix X°" is positive semidef-
inite if and only if r is a nonnegative integer or r > n — 2. So the matrix X serves as
a stronger example than the matrix Ag for proving the sharpness of the lower bound
n— 2, in the sense that it works for every positive non integer » < n—2. She also
proved that if 0 < x; < --- < x,, then the matrix X°” is totally positive for r > n—2
(see [17, Theorem 2.4]). For any real numbers x; < --- < x, and y; < --- <y, such
that 1+x;y; >0, let

S=[1+xy;].

Recently, Khare [23, Theorem C] showed that the matrix S°” is totally positive if r >
n — 2, and totally nonnegative if and only if » =0,1,...,n—2. Jain [18, Corollary
5] showed that for r =0,1,...,n — 2, rank(§°") = r+ 1, and therefore, S°" is not
totally positive. Thus S°” is totally positive if and only if » > n —2 and S° is totally
nonnegative if and only if either r >n—2 or r=0,1,...,n—2. The matrix S was used
to prove the converse of Karlin’s result, see [23, Theorem 1.7].

A matrix A is called lower (respectively upper) bidiagonal if A;; = 0 for i—
Jj # 0,1 (respectively for i — j # 0,—1). For any real number s and positive integer
2 <i<n,let Li(s) (respectively U;(s)) be the matrix whose diagonal entries are one,
(i,i— 1) th (respectively (i— 1,7)th) entry is s and the remaining entries are zero. These
particular bidiagonal matrices are called elementary bidiagonal matrices. Cryer [5]
showed that any n x n totally nonnegative matrix A can be written as

A=TIL®T]u", (1)
k 14

where L&) and U®) are, respectively, lower and upper elementary bidiagonal matri-
ces (see also [6]). Careful analyses of the relationships between totally nonnegative
matrices and bidiagonal decompositions have been done in [10, 12]. For more results
on bidiagonal decompositions of matrices, see [I, 15, 16, 19]. In particular, in the
case of invertible totally nonnegative matrices, the unicity of the bidiagonal decompo-
sition under certain conditions was assured in [12]. Finding explicit decompositions
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like (1) is a non trivial task as there may not be obvious patterns to guess the factors.
One of the main aims of this paper is to give the decomposition (1) for the matrix S,
which is similar to what appears in the successive elementary bidiagonal decomposi-
tion (also called Neville decomposition) for invertible totally nonnegative matrices, see
[8, Theorem 2.2.2]. However, the matrix S is not invertible for n > 3. To find this de-
composition, we also give an LU decomposition of S. We also give another interesting
decomposition for S in terms of bidiagonal matrices. The difference with the earlier
one is that here the lower and upper bidiagonal matrices appear in a mixed pattern;
however, a major advantage is that this decomposition can be generalized to Hadamard
integer powers of S.

Another important class of matrices is that of the mean matrices. For a discus-

sion on infinite divisibility of these matrices, see [4]. Some important examples of

. . . a+b .
means on positive real numbers are the arithmetic mean </ (a,b) = > the harmonic

2ab Vbl—V 1—vbv
%, the Heinz mean ,(a,b) = ab ta b for0< vl
a

mean H(a,b) = 7

a% +b”

1/a
and the binomial mean %y (a,b) = < ) for —eo < o < oo, where it is un-
derstood that %y (a,b) = Vab, B(a,b) = max(a,b) and B_..(a,b) = min(a,b). Let

.. 1
0< Ay <---<A,. In[4], itis shown that [W] [H(Ai, Aj)], [% i }

1
—————— | (¢ > 0) are infinitely divisible. Since the Cauchy matrix C =
) @2 Y ’ {

an

7“:*%‘]
is totally positive (see [27]), so are [ Ok )} [H(Ai,7j)] and [%(L,l )] (v # %)

In particular, they are TP3. By [20, Theorem 4.2] (or [9, Theorem 5.2]), we have that
for r > 1, their rth Hadamard powers are also TP3. We give a simple proof to show
that the Hadamard powers of these matrices are in fact totally positive.

In Section 2, we state and prove our results for the decompositions of S. In Section
3, we give the results for mean matrices.

2. Bidiagonal decompositions for S = [1 +x;y;| and its Hadamard powers
We begin by giving an LU decomposition for S.

PROPOSITION 2.1. Let 0 <x; <:-- <X, and 0 <y; < --- <yy. Then the matrix
S =[1+4x;y;] can be written as LU, where L and U are the lower and upper triangular
matrices, respectively, given by

1+ y1x;

—— fj=1,
V1I+x1y1

Lij = (xi —x1)Vy2 =1 ifj=2
VX2 —x1v/ 1T +x11

0 otherwise
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and

1+x1yj
V1+xy1
U,'J': (yj_yl)\/x2_x1 ifi=2
VY2 —yiv/1+xiyn ’

0 otherwise.

ifi=1,

Proof. This can be proved by checking the (i, j)th entry of LU :

2
(LU)ij = Y, LuUsj
k=1

B (\/1 1try§;1> (\} 1++x)1€?;1) ’
( (xi —x1)Vy2 = y1 ) ( (yj—yl)\/H)

Va2 —xiv14+xiyr ) \vy2 —=yiv 1 +xy
1
= —— (L +yxi) (L +x1y;) + (i —x1) (yj —
Ty Ly () + G =x) (=)
=1l+xy;. O
Let diag[d;] denote the diagonal matrix with diagonal entries dj,...,d,. Now, we

give the decomposition (1) for S.

THEOREM 2.2. Let n > 2. Let 0 <x1 < --- <xp, and 0 <y; <--- <yy,. For

1 i 1 ;
Ly o ﬂ.ForC%gjgn,let

2<Lin, let o= and o, =
ST "Iy ol Xy

(xj —xj-1)(1 +y1xj-2)

Pi= (xj—1—xj—2)(L+y1xj-1)
and

B~ W=y~ +xyja)

T = yim2) (LX)
Let ) )
1 +x1y1 0 0---0
0 (%2 —x1)(y2 —y1) 0.0

1+x1y1

D= 0 0 0---0
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Then
S = (Ln(0n) -+ La(02)) (La(Br) L3 (B3)) D (Us(By) -+ Un(B,) )
(va(02)-- Uner) @
Proof. Let the lower triangular matrices M = [M,-j},M, = [M{j},N = [N,-j],N/ =
[N;j},Yl =[(Y1)ij] and Y» = [(Y2);;] be defined as follows:

Lo eis
M;; = I+ yix;

0 otherwise,

1+x1y; iti> ],
Mz// _ ) 1+xy;

0 otherwise,

1 ifi=j=1,
i —xi—1)(1 i .
N (xi —xi—1)(1+y1x-1) itis >0,
i (j —xj—1) (L +y1xi-1)
0 otherwise,
1 ifi=j=1,
i—vie1)(1 i .
N = (i —yi-1)( +x1y;) 1) ifisj>2,
ij (vj = yj-D) (1 +x1yi-1)
0 otherwise,
1 .
SN ey,
1+y1x1
M)ij=q 228 Gpis >0,
Xj—Xj-1
0 otherwise
and
1 .
I g,
1+x1y1
()= 22070 i >0,
Yi—Yj-1
0 otherwise.

Let P, = Li(4), P, = Li(¢),Q; = Li(B;) and Q; = L;(B;) for 2 < i< n and
3 < j < n. To prove the theorem, we show the following:
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!

() PPy---Py=Mand PP, ,---P,=M
() 0uQu1--Q3 =N and 0,0, |+ Q5 =N
() MN=Y, and MN =Y.

(d) S=1DY/.

We shall give a proof for the first part of each of (a), (b) and (c). The proofs of
their second parts are analogous. So we omit them.

Note that for i > 2, multiplying any matrix by L;(s) on the left is equivalent to
changing its ith row to the one obtained by adding s times the (i —1)th row to it. Let
o; ;=1 for i= j, and O otherwise. To prove (a), we show that for 2 <k <n,

Mi; ifi <k,

3
5,‘]' ifi > k. )

(Pe--- Py)ij = {

Let I be the identity matrix of order n. Then for i # 2,
(P2)ij = (PaI)ij = ;.

Note that M;; = ;. We also have

1 if j =2,
0 otherwise
=M;.
Hence (3) holds for k = 2. Let it hold for k = m, where 2 <m <n—1. Then

Mi' ifi<m7
PP =
(B Pa)yj {6,-- ifi > m.

So for i < m, (Pm+1 "'P2)ij = (Pm-“Pz)ij ZMij. Fori>m+41,

(Pus1Po)ij = (P~ P2)ij = &ij.
Also,

1+ y1Xmt1
(Pus1 P)me1j = (P P2)my1,j+ (7’”

Pm P mj
L+ y1xom ( 2) !
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L +Y1Xms1
~awar+ (St o

= Mm+1,j-
Hence
M;; ifi<m+1,
5,‘]' ifi>m+1.

(Pry1 -+ Pa)ij = {

Thus (3) holds for k =m+ 1. Hence (3) is true for every 2 < k < n. Putting k=n
proves the first part of (a). To prove (b), we show that for 3 < k < n,

Ny ifi <k,
e O3)) = 4
(Qk--- 03)ij {51” ik (4)

We prove this in a similar manner as above. Since Q3 = Q3/, (03);; = (Q3])ij =
o;j for i # 3. Note that for i =1 and i =2, N;; = §;;. Now

L (x3 —x2) (1 4+ y1x1) .
(Q3)3j = hj+ ((,Q —x1)(1 +y1X2)> b

s [ Gamx)(Ttyixa) Y o
Al ((xz—m)(l +y1X2)> %

= N3,

Suppose (4) holds for k = m, where 3 <m <n—1. Then

N;j ifi<m,
Q- Qa)yy = {6,-- if i > m.

So for i < m,

(Om+1°+-03)ij = (Qm -+ Q3)ij = Nij-
Fori>m+1,

(Omt1--03)ij = (Qm--- 03);; = 6ij.
Also,

(Oms1--03)mt1,j = (Om--O03)mr1,j
(X1 = Xm) (1 +y1%m-1) .
+< (xm_xmfl)(l'f'ylxm) )(Qm"'QB)mJ

(xm-H _xm)(l +y1xm—l)>
— 6m 4 N, :
T ( (X — Xm—1) (1 +y12m) "

= Nm+1,j-
Therefore
N;; ifi<m+1,
(Sij ifi>m-+1.

(Qm+1"'Q3)ij={
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So (4) is true for every 3 < k < n. Putting k = n proves the first part of (b). Now for
each i,

I +y1x;
MN)j =MyNj1 = ——— | = M)i1-
0 =dais = (125) = (1)

For i< j,
(MN)ij =0=(Y1)ij.

For 1 < j<i,

(MN)ij = 3, My
k=1

_ Z <1+y1xi) ((xk—xkl)(l+y1xj_1)>

i My ) \ (= xj-1) (1 +yixe-1)
(1 +yxi) (T +y1xj-1) { 1 B 1 ]
yilej=xj-1) 2 L0 +ynen)  (T+yix)

_ (1+y1x,-)(l+y1xj,1) |: 1 - 1 ]
yi(xj = xj-1) (I+yixja)  (T4yix)
Xi —Xj—1

Xj—Xj—1
= (N)ij-

This proves the first part of (c).

Let /D = diag[\/D;]. Let L and U be the lower and upper triangular matrices,
respectively, in Proposition 2.1. To prove (d), we note that ¥;+/D =L and v/DY,] =U.
Since LU = S, we have Y| DY) = (Y;v/D)(v/DY] ) = S. This completes our proof. [

In particular, if x; = y; =i for 1 <i < n, then we have the following corollary.

COROLLARY 2.3. We have

X =[1+4ij]=2zDZ", (5)
where
2= [ (5 ) e (25) 2 (5) | [« (57 2 (55) -2 )
and
200 ...0
. 0%'0 .0
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In the next theorem, we give a bidiagonal decomposition of the mth Hadamard
powers of S for m € {1,2,...,n—1}. For distinct real numbers xi,...,x, and 1 <k <
n— 1, let the lower bidiagonal matrices LX*) and upper bidiagonal matrices U**) be

defined as

1 ifi=j,
1 ifi=j+1,i=n—k+1,
X0V = kntic2 i — oy
( )lj Xi—Xji—1—¢ lfl:]+l,l>n—k+l7
t=0 Xi—1 —Xj—2—¢
0 otherwise,
and
1 ifi=j,i<n—k,
Xi — Xp—k ifi=ji>n—k,
x(k)y.. ) X1 ifi=j—1,i=n—k,
0 kned xi — iy :
Nprivt T — 2 ifi=j—1,i>n—k
t=1 Xi+1 = Xi+1—¢
0 otherwise.

THEOREM 2.4. Let n > 2. Let m € {1,...,n—1}. Let x1,...,x, and yi,...,yn
be distinct real numbers. Let

1
(1)
(2)

()

1

On—m—l ]

where (’l”) denotes the binomial coefficient and 0,_,,_ is the zero matrix of order

n—m—1. Then

gom (Lxm L x=Dgx(n=1) | ..Ux<1>> D, (Ly(w L YDy Uy(l))

Proof. Let Vi be the Vandermonde matrix given by

V—{xm]_ Lxy o257
x — |X = . .
lxn..._xz—l
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and let Vy be defined analogously. We note that

Il
M=

(VxDmVyT)ij (Vx)ik (DmVyT)kj

()
()45

+x,~yj)m.

T
L

[
M=
3N

w-
Il
-

Il
M=

I
—_
—

o

Thus
S = VoD Vy . (6)

Further, by [25, Theorem 3.1], the Vandermonde matrices Vy and Vy can be factorized
as follows:
Ve = XN x@ L pxn=Dgx(e=Dgx(n=2) | yx(1) (7

and
Vy = YDy pye=Dgyn=1)yn=2)  y(1) 8)

Substituting (7) and (8) in (6), we get the desired result. [l

3. Mean matrices

1
We first note the below easy proposition about the Cauchy matrix C = [m} ,
i J
where 0 < A} < --- < A, are positive real numbers. The matrix C is known to be
infinitely divisible (see [2]).

PROPOSITION 3.1. For r >0, C° is totally positive.

Proof. Let r > 0. Every minor of C°” is of the form det ( [ , where

)
1 1

(pi+a) Pl (1+(a;/p))

O<pr<---<ppand 0 < q; <--- <g,. We have

1
(1+(qj/p1)
Therefore, det < [

Since is nonsingular (see [18, Corollary 5]), so is [

7r]> # 0 for every r > 0 and for every 0 < p; < -+ <
(pi+4q;)
1 .
Pn,0<q1 <--- <gqn. Themap (pi1,...,Pn,q1,---,qn,T) — det([ir}> isa
(pi+aqj)
continuous function of its variables. So by the intermediate value theorem, it retains its
sign for all choicesof 0 < p; <--- < p,,0<q; <:---<gpand r>0. Forr=1,p;=1i
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1 1
and g; = j, we have, det([ ]) >0 (see[27, p. 92]). Thus det ( [7]> >
i+j (pi+q;)
0. So C°" is totally positive. [

We remark that the total positivity of Hadamard powers of Pascal matrices is
shown in [13, Remark 2.2].

The main theorem of this section is as below. The proof is similar to [4], where
their infinite divisibility is discussed.

THEOREM 3.2. Let r > 0. The matrices [m] s [H(Ai, 2)7], {m}
1 1
v#LY) and [ } (0 < o < o) are totally positive. The matrices
( 2) ( ,,lj) jf%(l,-,lj)’

Ai
and are totally nonnegative.
@O Alal AHA )

Proof. Since [ is a Cauchy matrix, the total positivity of its Hadamard

A (A, A )}

powers follows from Proposition 3.1. The total positivity and total nonnegativity of a
matrix are preserved under multiplication by a diagonal matrix with positive diagonal
entries. Note that

[H(2,,)] = diag [ V24 [ }dlag [V2A)

Ai+Aj

and

1 o 1o 1
{%(m.»} = ding 2/ (A,-“M}")l/“] '

1
Thus by Proposition 3.1, [H(A;,A4;)"] is totally positive and so is [7] for
Ba (JL,-,JLJ-)’

0 < a < . Similarly, since we have

b gia 2?2 i
%(Az‘,lj) 1ag )Lv Ai1—2v+ljl—2v 1ag )Lv ’

1
we get that [ ] is totally positive for 0 < v < 3 Since 77, is symmetric

1
(i Aj)T
1
about v = 7 the Hadamard powers of

v < 1. Also,

1
are also totally positive for 3 <

1
'%pv(livxj)

[%@(lli»%)’] N [%’o(lli»%)’] — e [(\/171-)’} Fdiag [(\/171-)’] ’
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where F is the flat matrix with all its entries equal to 1. Thus it is totally nonnegative.

The matrix
1 B 1 (1L
Bl k)]~ | max(A7 20 | | T\ A |

1
So the (i,j)th entry of [m] is the (n+1—i,n+1— j)th entry of
1 1
[min (—, —)] . In view of Proposition 1.3 of [27], it is enough to show
Al A
n+1—i n+1—j

that if 0 < p; < --- < ,, then [min(u;, ;)] is totally nonnegative. To see this, let

!

L= [L;;] and U = [U;j} be defined as
My iti>j=1,
Lij=q Wj—pj-1) ifizj=2,
0 otherwise
and

/ 1 ifi<,
0 otherwise.
Then L' and U’ are totally nonnegative lower and upper triangular matrices, respec-
tively, and

[min (i, 7)) = LU

(For p; =i, this decomposition is given in [2].) Thus, [min(u;, i;)] is totally nonnega-
tive. U

4. Remarks

b
1. Note that for 0 < a < oo, B_gy(a,b) = P Thus [B—o(Aiy A;)7] is to-
PBala,b) ‘
tally positive for 0 < o < oo, Also, [#_o(Ai,A;)] = [min(A],A})] is totally

07
nonnegative.

2. In Theorem 2.2, the decomposition holds for all real numbers xi,...,x, and
Yis---,¥n such that 1+ x1y;, 1+ x;y; are nonzero for 1 <i,j <n, and x; —
Xi—1,Yi —Yi—1 are nonzero for 2 < i < n. In particular, it holds for all distinct
positive real numbers.
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