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A CLASS OF INTEGRO-MULTIPLICATION OPERATORS

GREGORY T. ADAMS, NATHAN S. FELDMAN AND PAUL J. MCGUIRE*

(Communicated by R. Curto)

Abstract. This paper introduces a class of Integro-multiplication operators on Hilbert spaces of
analytic functions with reproducing kernels of the form

oo

Ko (z,w) = ;)f(z) (w) with  f(z) = (n+ 1"+ ()",

where @ € H” (D). Hyponormality and subnormality of the operators is explored in some
special cases, particularly the case where @(z) = 1. Additionally the idea of M -dominating
matrices is introduced as a means of establishing the norms of these operators.

1. Introduction and preliminaries

The primary focus of this paper is the study of multiplication operators defined
on some special types of reproducing kernel Hilbert spaces of analytic functions. The
reproducing kernels are of the form

oo

Kp(zw) =Y f()f(w) with f(z) = (n+ )"+ (z)"",
n=0

where @ € H*(D). The appeal of these multiplication operators is that they can be
realized as the perturbation by a nice integral operator of a multiplication operator on
the Hardy space. This allows for an elegant Integro-Multiplicative realization of the
functional calculus.

A special focus is placed on the space where ¢(z) = 1. In this case multiplication
by z is a hyponormal operator which, while not subnormal, is so close to being sub-
normal that a subtle proof of non-subnormality is required that makes use of Lambert’s
requirement. The operator is shown to have unit norm, spectrum the closed unit disk,
and an infinite rank self-commutator. In addition to the interesting behavior described
above, the appeal of this particular operator, as well as the general class of operators,
is that they all arise quite naturally on function spaces, they do not appear to have been
looked at previously, and they have a rich functional calculus.
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The remainder of this section will be devoted to some general preliminaries re-
garding reproducing kernel Hilbert spaces. The next section will focus on the kernel
Ky where ¢ € H”(D). Some specific properties of the associated reproducing ker-
nel Hilbert space H(K,) together with it’s multiplication operators will be explored.
Section 3 focuses on the case where ¢(z) = 1, in which case H(Kj) is an analytic
tridiagonal reproducing kernel Hilbert space. Section 4 establishes the hyponormality
of the operator M, of multiplication by z. Section 5 introduces M -dominating matri-
ces and establishes a method of estimating the norm of such matrices. This is used to
show that the operator M, has norm equal to it’s spectral radius. Section 6 is devoted
to a subtle proof that the operator M, is not subnormal. The final section addresses
how our techniques would extend to a broader class of spaces as well as some open
questions.

The function K(z,w) is positive definite (denoted K = 0) on the set E x E if for
any finite collection zy,z2,---,z, in E and any complex numbers oy,0, -, 0, the
sum

n
D, 0K (zi,2j) = 0
ij=1
with strict inequality unless all the ¢;’s are zero. It is well known that if K > 0 on E,
then the set of functions in z given by

n
{ZajK(Z7Wj) 10, 0 ECowy, Wy EE}
j=1

has dense span in a Hilbert space H(K) of functions on E with

2 no
= 2 00K (wi,w)).
=

n
Y oK (z,w))
=1

A fundamental property of H(K) is the Reproducing Property which states that
forevery w in E and f in H(K), f(w) = (f(z),K(z,w)). Thus evaluation at w is a
bounded linear functional for each w in E.

Conversely, it is well known that if F' is a Hilbert space of functions defined on
E such that evaluation at w is a bounded linear functional for each w in E, then there
is a unique K defined on E x E such that F = H(K). It follows from the reproducing
property that K(z,w) = K(w,z). Hence if K is analytic in the first variable, then K is
coanalytic in the second variable. In this case K is an analytic kernel. In later sections
of this paper, E will always be the unit disk D and K will be an analytic kernel.

It is also well known, see N. Aronszajn [3], that if {f,(z)} is an orthonormal basis

for a reproducing kernel Hilbert space of functions on E, then K(z,w) = Y, fu(2) fu(w)
n=0

forall z,w in E. Moreover if the largest common domain E’ of the functions { f,(z)} is
larger than E, then the largest natural domain of H(K) is given by Dom(K) ={z € E":

> | (z)|> < eo}. When K is analytic and E contains the open unit disk, K(z,w) =
n=0
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2 a,-h,'z’.wj has a Taylor series expansion about (0,0) with coefficient matrix A =
i,j=0

[aij]. The matrix A is positive and if A = BB* is any factorization of A, then H(K)
is naturally isomorphic to the range space R(B) = {Bx: X € li} via the map which
identifies BX with the analytic function f whose Taylor coefficients are the components
of BX. Thus, when B has no kernel, the columns of B correspond to an orthonormal
basis for H(K). It should be noted that the matrices are not necessarily bounded, but
this is not a problem for the general theory. The interested reader is referred to Adams,
McGuire, and Paulsen [2] for more details.

An analytic kernel is tridiagonal if there exists an orthonormal basis of polynomi-
als for H(K) of the form {f,(z) = (an + b,2)z" : n > 0} and diagonal if b, = 0 for all
n. In this case the coefficient matrix A has bandwidth 3, hence the name tridiagonal,
and A can be factored as LL* where

a 0 0 -
bya; 0 .
0 byay’
Dolby

L=

The natural domain Dom(K) of a tridiagonal kernel is either an open or closed
disk about the origin together with at most one point not in the disk. This was shown
in Adams, McGuire [ 1] in which the properties of M, were considered. In particular, it
was shown that if M, the operator of multiplication by z, is bounded, then H(K) must
contain the polynomials. For a, > 0, this is equivalent to the sequence

{ 1 bn bnbn+1 bnbn+1bn+2 }
) ) ) 9
Ap+1 Ap+10p4+2 Ap410p42050+3

being absolutely square summable for each n.

2. The space H(K,)

For 9 =37 @' €H” and n >0, let f,(z) = (n+1)2"+ @ (z)2""'. With Ky (z,w) =
Yoo fu(2) fu(w), the set of functions {f,} forms an orthonormal basis for H(K,) and

10 0 0 -

@2 0 0
L=|¢or g 3 0

® 01 @ 4

Since ¢ is bounded, it is straightforward to determine that the natural domain Dom(Ky)
is the unit disk. Let H(ID) denote the space of holomorphic functions on D and Hy(D)
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the subset of H(DD) consisting of the functions which vanish at the origin. Consider
the linear map U : Hy(D) — H(D) defined by U(f) = @f + f’. First, note that U is
injective since U(f) = @f + f' =0 implies that /' = —¢f with £(0) =0. This equa-
tion has the unique solution f =ce™ Jo ©(w) @ \yhere the constant ¢ must satisfy ¢ =0.
The map U is also onto, for if g € H(ID), then we can uniquely solve the differential
equation g =U(f) = @f + f with f(0) =0 to obtain f(z) = mfoz y(w)g(w) dw

where y(z) = /0 90") @ Thus U is invertible with inverse given by

_ 1 z
U79)@) =160 = 5 | wongm aw

If ¢(z) =1, then K, is a tridiagonal kernel. This special case will be thoroughly
explored in the next section. If ¢ is a polynomial of degree m, then K, is a kernel of
bandwidth 2m+ 3.

THEOREM 1. Let H? denote the usual Hardy space on the unit disk, Hg the
subspace spanned by {" :n > 1}, and H(Ky) the space with reproducing kernel

Ko (z,w) = 350 fu(2) fu(w) where fu(z) = (n+1)2" + @(2)2" .
1. U: Hg — H(Kyp) givenby U(f) =@ f+ f is an isomorphism. In this case

* — _ 1 <
Ug=U"g= oo [ wmgnaw

where y(z) = [5 ¢ (w) dw
H(Ky) consists of the functions {ﬁf’ (z): fE€HZ};

N

H(Ky) contains the polynomials;
M, : H(Ky) — H(Ky) is a bounded linear operator where M.(f) =zf;

the spectrum of 1\71Z is the closed unit disk;

A NS

M. : H(Ky) — H(Kyp) is unitarily equivalent to T : H} — HE where
THE =205 [ i

7. the multiplier algebra of H(Ky) is a subalgebra of H” which includes all func-
tions analytic in a neighborhood of the closed unit disk .

8. If ¢ is a bounded multiplier of H(Ky) and Ty : H} — H} by Ty = U*I\//I\d,U
where 1\/[1, is multiplication by ¢ on H(Ky), then
(Tyh)(z / o(w (W) + ' (w))dw

or

(Toh)(2) = (h(z) ~ ﬁ [ vong'onnonan.
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Proof. Since U(7"*!) = f,(z) for n >0, U sends an orthonormal basis to an or-
thonormal basis. Hence the restriction of U to HZ is an isomorphism onto H (Ky)-
Consequently U* = U~! is given by (U*g)(z) = f(z) = ﬁ Jsw(w)g(w) dw as be-
fore. Also, Hj is functionally equal to the set of functions {ﬁ (z) : f € H3Y} as
both ﬁ and y(z) are bounded invertible functions on dD. Since U (W f2) =

%f(z) - %f(z) + ﬁf’(z) = ﬁf’(z), it follows that H(K,) is a renorming of

the functions {mf’(z) : f€HZY}.
Let M, denote multiplication by z on Hg and ]@Z multiplication by z on H(Ky).
Applying integration by parts we see that

_ 1 / _LZ wLw/w W:L _szw

is in H3 whenever f is in H3 since M, is bounded on HZ and the antiderivative of a
functionin H? is in H3. Thus H(K,) is invariant under multiplication by z and hence
1\71Z is bounded on H(Kj) by the Closed Graph Theorem. To see that the polynomials
are in H(K,), note that U~!(1) = ﬁfoz w(w) dw isin H3. Hence 1 is in H(Ky).
Since M, is bounded, M (1) =z" isin H(Ky) for all n>1.

Since U(M,f) = ¢(2)zf(2)+ f(z )-l—zf’( )=MU(f(z))+f(z ) andM is bounded,
fisin H(K,) and we can write f =UU'f. Hence UM.—UYf=MUf Wthh
implies M. on H (Kp) is unitarily equivalentto T =M, —U~! on HZ. Recall U~
defined on all holomorphic functions on ID and hence is a well defined operator on Hg .
Note that if f isin Hg, then

THE =30 =5 [ i

It remains to show that the spectrum of ]l71Z is the closed unit disk and the multi-
pliers of H(K) are in H”. A standard argument shows

(.= ADF(2), Ky (2.2) ) = (2= M) F(2) K (2.2)) =0

foreach A € D and f € H(Ky); thus every point in the open unit disk is in the point
spectrum of ]\715k . Hence the spectrum contains the closed unit disk.

Notice that if ¢ is analytic on an open set containing the closed unit disk, then
¢ is a uniform limit of polynomials on a neighborhood of the closed unit disk and so
the continuity of the Reisz functional calculus implies that ¢ is a multiplier. Thus,
in particular ¢*, e~%, and other such (entire) functions are multipliers of H(Kyp). In
particular, if A ¢ D, then . _1 is a multiplier and hence o(M;) C D. The fact that the
multiplier algebra is a subalgebra of H” is a well known result regarding multipliers
in functional Hilbert spaces going back to unpublished work of A. L. Shields, L. J.
Wallen, and H.S. Shapiro in 1960 (see Lemma 2 and the subsequent remarks in Shields
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and Wallen [7]). The proof is short and is included for completeness. Simply note that
if ¢ is a multiplier, then My is bounded by the Closed Graph Theorem and hence

190K ww)| = | (MK (), K (o) )| < Mg K () > = | | K ). O

PROPOSITION 1. Let U : H} — H(Ky) be given by U(h) = @h+H', then the
following hold.

1. U(ﬁf) = ﬁf’,forevery feH:.

2. Forevery f,g € Hg,

(5 5 D (5157 w50, = ot

3. Forevery f € Hg,

' 11 1
v(z)

2

Hg _/B]D)

2
dm.

f

v v i

4. H* CH(K,).

Proof. The first three items are all consequences of the proof of the above theorem.
To see that H> C H(Ky), let f € H*>. Then h(z) = ﬁfoz v(w)f(w)dw is in H}
since multiplication by either ﬁ or y(z) leaves H? invariant as both are in H*
and the antiderivative of an H? function is also in H? (consider its power series).

Thus the function 4 defined above is in Hg. Now a simple computation shows that
f=oh+h=U)cH(Ky). O

COROLLARY 1. The operator 1\7;
vz

on H(Ky) is unitarily equivalent to the op-

erator T% on Hg given by
vz

1
T / W)dw = / Wdw+ ——h
o () olw olw v(2)

Proof. 1f h € HF, then

v v / U* 1 /
UMsz)U(h):UMq/Ez)((ph—f—h): W(Z)((ph+h)
1 < 1
= 5@ b v S (00w 4 ()
1 z
)
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PROPOSITION 2. Assuming that \ is one-to-one on the closed unit disk, then the

operator M. on H(Kyp) is subnormal if and only zfﬁz on H(Ky) is subnormall.
vz

Proof. If M, is subnormal on H(Ky), then M | is an analytic function of M,
v(z)
and thus will also be subnormal. Conversely, assume that M ; is subnormal. Since
v(z)
m is analytic on the closed unit disk and one-to-one on the closed unit disk, it is a

weak* generator for H*. Thus M, is an analytic function of M | and as such M,

v(z)
must be subnormal. [

Consider the space Hazd of all analytic functions on the unit disk whose antideriva-
tives belong to H>. The norm on H2, is Hf||§12d = || J5 f(w)dwl|3, . So,

oo

o anz
H?, = {f(z) :Zf)anzn ) (n—|—|1)2 < oo}.

n=0

The astute reader will note that the reproducing kernel and associated matrix L for the
space Hfd are given by

100 0 -
020 0°

Kad(z,w):i(n+1)2(Wz)" and Lyz=|[00 3 0°
" 000 4°

So L,q consists of the diagonal entries of the matrix L for H(Ky). It is also worth
noting that M, on Hfd is the unilateral shift with matrix representation given by

0000
1000
0% 00°
00 30

Among other things, the next proposition shows that Hfd = P?(u) for an appropriate
measure U on the open unit disk. The following propositions and results illustrate that
various multiplication, integral operators, and combinations are subnormal on P?(u).
Our goal in introducing this space is to make an additional connection to the space
H(K,y) and establish the plausibility that some choices of ¢ can lead to 1\71Z being a
subnormal operator. Even when this is not the case, it will be seen that 1\71Z is “close” to
being a subnormal operator.
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PROPOSITION 3. If h € H(D), then

/aD /Ozh(w)dw ’

where diL = —4rln(r)dr% = —21n|z|d7A. Thus, the map V : L2(D, i) — H3 given by
V(h) = [§h(w)dw is an onto isometry and V=1 (f) = f'.

dm — / Ih2du
D

Proof. First note that integration by parts shows that [, ' P2 (—4rin(r))dr = ey +1)

for all n > 0. Thus, || || = [|Z"|?du = e ) for all n > 0. Also one easily

checks that the functions {z" };’;’:0 are orthogonal in L*(u).
So, if h(z) =5 _yanz" isin H(D), then

/h Jdw=3 1,
n0n+l

Using the orthogonality of the functions {Z"}7_, we get

/aD /Ozh(w)dw

2

- |a

5 = Z |an\2||zn\\]%2(u)
n=0

2

= / |h)2du. O
T
COROLLARY 2. (a) The operator of multiplication by a bounded analytic function

¢(z) on H2, is subnormal.
(b) If ¢ € H* (D), then the operator Ry : Hg — Hg given by

(Roh) (2 / o(w
is subnormal.

(c)If ¢ € H(DD), then the operator, Qy : L2(D,u) — L2(D,u) given by

(Qoh)(2) = $(2h(2)+6'(2) [ hwdw
is subnormal.

Proof. (a) Notice that the identity map H2, — L2(ID, i) is an onto isometry. Since
My on L2(D,u) is subnormal, then My on HZd is also subnormal, since the identity
map intertwines the two operators.

Now let V : L2(D, ) — HZ be the operator given in Proposition 3, thatis, V (i) =
Jg h(w)dw. For (b) notice that Ry = VM,V ~! holds where M, acts on L2(DD, 1) and
for (c), notice that Q = V_IMZV holds where M, acts on Hg. U
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PROPOSITION 4. If f € H(Ky), then

1w = [,

Proof. Let f € H(K,) and let h = U~!(f) where U is the unitary U : H§ —
H(Ky) givenby U(h) = h+h'. Recall that U~ is given by

% [ wos)soman

2

! dm(z) .

v(z

SO

ey = 10700 = |15 / i

| wnrnaw

PROPOSITION 5. For n >0, let f,(z) = (n+ 1)2"+ ¢(2)2" !, let Ky(z,w) =
Yoo Su(2) fu(w) and let du = —4r1n(r)dr%. Then the following hold:

H2
0

~ Jop

1. As sets of functions, H(Ky) = L2(D, 11).

2. The identity map from L2(D, ) to H(Ky) is a bounded invertible linear opera-
tor.

3. M, on H(Ky) is similar to the subnormal operator M, on L2(D,u). Since
{ f,,} "o is an orthonormal basis for H(Ky), then U is a unitary map from
12(D,11) onto H(Kq).

4. If ]T/I\Z is multiplication by z on H(Ky), then ]T/I\Z is unitarily equivalent to the
operator T on L2(D,u) given by

(1)) = of(@) + % [ ( I f(t)dt> dw

via the unitary map U : L2(D, ) — H(Ky) given by

UNE = 1@+ [ fiw

Proof. Define U : Hol(D) — Hol(D) by (Uf)(z) = f(2) + ¢(z) J§ f(w)dw. No-
tice that {(n+1)z"}:>_, is an orthonormal basis for L2(D, i) and, forall n > 0,

U((n+1)2") = (n+ 1"+ 0(2)2"" = fu(2)-
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Thus U : L2(D, 1) — H(K,) is an onto unitary map, since it maps an orthonormal basis
for one space onto an orthonormal basis for the other space. So,

U(L;(D,p)) = H(K,). 0)

We will now show that U (L2(ID,ut)) = L2(ID, 1) and thus we will have that L2(ID, u) =
H(K,) as spaces of functions.
One can check that U : Hol (D) — Hol(ID) is a bijection, in fact its inverse is given
by
_ o(z) [
079)0) = 8~ 2 [ ygman
w(z) Jo
To see this write f(z) = (U'g)(z) andnote (Uf)(z) = f(z) + ¢(z) [5 f(w) dw=g(z).
Letting h(z) = [y f(w) dw gives I’ (z) = f(z) and hence /' (z) + ¢(z)h(z) = g(z). Solv-
ing the differential equation we obtain h(z) = % Jo w(w)g(w) dw. Differentiating

1

) =— M we obtain the desired formula
y(z)

with the product rule and recalling that ( v

7 = = —@ ) w) dw
(07'9)@) = 1) = 8)~ s [ wlalg)

Notice that if f(z) = X,_jas2", then

oo

2 ‘an‘z ..
12 = Z CFNIE (i)

Thus feL2(D du) if and only if 377 g ¢ lan ‘)
v, and 1 v are H” functions can then be used to show that if g € L2(ID, i), then U(g) €
Li(D, ) and U~ (g) € Lg(D, ). Hence U(L5(D, ) C L5(D, ) and U~ (L5, 1))
C L2(D, i), which implies that U (L2(D,u)) = L2(D, ). This together with (i) gives
that L2(D,u) = H(Kp). Thus (1) holds. Item (2) follows from the closed graph
theorem, and (3) follows from (2).

To verify (4) requires computing

< oo. Equation (ii) and the fact that ¢,

U 'M.Uf(z)
B 9@ [f "
=210 +29(0) [ 100)w— 25 o) w0+ wo0) [ 0|
=20 +20(2) [ Fw)aw % [ vt sonan

_% /0 “wwweo(w) ( OW f(t)dt) dw

The integral ,
[ wonwoo ( | wf(z)azt) dw
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is equal to

zw@[{?@ﬂr:[www&ﬂwﬂw—[fwwo(Awﬂww)dw

One can see this by either interchanging the order of integration or using integration
by parts with u=w( [’ f(t)dt) and dv = y(w)@(w)dw. Replacing this integral in the
above and cancelling like terms results in

0-'WL0 = 2f(2) + % /O “ww) ( /O " f(t)dt) dw. O

3. The space H(K,) with ¢(z) =1
We now consider the case when ¢(z) = 1. In this case, y(z) = €%, and, for n >0,

fu(z) = (n+ 1)z" + 7"+, Tt is clear from the introductory section that {f,} forms an
orthonormal basis for the tridiagonal reproducing kernel Hilbert space H(K) with

10 0 O -
120 0°
L=[01 3 0"
00 1 4°

It is also easy to determine that the natural domain Dom(K) is the unit disk and that K
has the closed form expression of

l+wz 1 Wz
T T T

K@wziﬁ@ﬂﬂz

We now interpret Theorem | and our previous results in this special case.
First note the linear map U : Hy(D) — H(D) defined by U(f) = f + f” has inverse
given by

(U 'e)(2) = fl2) = e_Z/OZ eg(w) dw.

THEOREM 2. With H? denote the usual Hardy space on the unit disk, Hg the sub-
space spanned by {7" :n > 1}, and H(K) the space with reproducing kernel K (z,w) =
K(z) = 35 o fu(2) fu(w) where f,(z) = (n+1)7" + 2", we have the following re-
sults:.

1. U:H} — H(K) givenby U(f) = f+f is an isomorphism. In this case

Z
U*gzU_lg:e_Z/ e"g(w)dw;
0
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H(K) consists of the functions {e *f'(z) : f € HJ};
H(K) contains the polynomials;
M. : H(K) — H(K) is a bounded operator where M.(f) = zf ;

the spectrum of MZ is the closed unit disk;

S e

M. : H(K) — H(K) is unitarily equivalent to T HZ — HS where
Z
(THE) =A@ = [ e flw) dw

7. the multiplier algebra of H(K) is a subalgebra of H” which includes all func-
tions analytic in a neighborhood of the closed unit disk D.

8. If ¢ is a bounded multiplier of H(K) and Ty : H} — H§ by Ty = U*I\//EpU where
A//I;) is multiplication by ¢ on H(K), then

(Toh)(z) = e~ /¢ w) +H (w))dw
or .
(Toh)(2) = p(h() =€ < [/ (wie(w)aw
Proof. Interpret Theorem 1 with ¢(z) =1. O

COROLLARY 3. With U : H} — H(K) given by U(h) =h~+1, then the following
hold:

1. For every f,gEHg,
€ F e g = (e ) = [ feleam.
2. Forevery f EHg,
e F gy = e I3 = [ 17PlePaim

3. H*CH(K)

The above formula for 7 is amenable to calculating T(z") for n > 1 and hence a
matrix representation for 7' on Hg. A short calculation shows that for n > 1,

ez+z k+lz‘|

ka L a1 n S %
E:( —m)Z +(—l) n! Z (—l) —.

T(Zn) _ Zr1+1 +( n,

= (-1 Y (1)
k=n+1
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Thus, for n > 1
Ir@E= (-4 $ (=)
SEUTw) T e k)

The matrix form for 7 relative to the basis {z};* | or M relative to the basis { f,(z)};_,
is now seen to be

0 0 0 0O 0O 0 0O00O
10 0 0 0 0 00O
1! 2
i 5 0 0 0 0 000
1! 2! 3
-5 3% 2 0 0 0 000
1! 20 3! 4
- -5 % &+ 0 0 000
M, = 2 345 5 00 0
& & 6 6 6
1! 20 3! 4! 5! 6
noTnonm o camono o7 000
1! 2! 31 4! 5! 6! 7
—5 & ~§ s —gog g 00
L2t 3t _ 4 51678
9! 9! 9! 9! 9! 9! 9! 9

Note that the subdiagonal entries of this matrix form of ]\71Z are the shift elements of the
subnormal unilateral shift of multiplication by z on the space L*(ID,u) where du =
—4rln(r)dr% .

Also, we can see that for n > 0,

Z
U*(Z")zefz/ ew" dw
0
which gives
* +1 - S 5 S +k+1Zk
U“(")=(—=1D)"""n! |e Z—E(—l) a —=n! z (—1)" o
Thus )
* 2 — h n!
U @ =nie~P@) = Y, (5)

k=n+1

where P,(z) is the nth Taylor polynomial of ¢~% expanded about the origin. It is now
easy to calculate the Grammian matrix as, for n > m,

<Zn7zm>H(K) _ <U*(Zn)7 U*(Zm»Hg

| < n+k+1 z ' < mAk+1 &
! g

k=n+1
)n+m

= n'm! Z

k=n-+1
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From this formula, we can easily express
_,m!
<Zn7zm> — (_l)n mF<Zn’Zn>
2
in terms of the diagonal elements (z",z") = X7, .| % as indicated in the following
matrix form of the Grammian:

(L1 Pz PP %(z%f}
Pzz) () FEP) 5,7
G=| %22 () (.2) FFE.2)

4. MZ is hyponormal

First we compute the matrix (m.ka);k:() of the self-commutator
A 1) = M — VLA
The diagonal entries m, , will be denoted by d,. By virtue of being self adjoint, we

only compute the entries m;; where j <k.
To begin, let B denote the matrix

0 0 0 -
3 00"
B=| g 53 O
120 34

|
|
W
|

and let S denote the matrix of the usual unilateral shift. Then M.=S (I —B). Showing
M. is hyponormal is equivalent to showing that Q(¥) = ||M,¥||* — ||M;¥|| is positive
definite. Notice that

O) = |I%||* — ||S*%1|> + [|BX||* — |B*S %[> — 2(BX, %) +2(B"S*%,5%)
Since all entries of the matrix B are real valued, we can limit consideration to vectors
X where all entries are real valued as well. With that assumption,

e
—%xo + %xl '
Bi— +qxo — X1 + 3

il i i 41
—§x0 + ﬁXl — §x2 + §X3
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and
! 11
%xl - %|x2 + ,)C3 g;x4 +--
32 — 43Ux3 + §|x4
B*S*X = s - 5|x4 +--
4
51X4 —
Thus
L <o () G+ DI k4 1)
BX, BX) = ( ) x +2 YR L i
< ) Zg)gl (s+2)! 12;,,{%“2;{ (s+2)12 1%

* ko ¥ ok o & . j+/< (S!)z
<BSx,BSx>zZZ((j+ _)x+zz Y z S ERYRAT

Jj=ls=1 j=lk=j+1s=
s v UtD s & F U+ D!
(BX,X) = - X5+ (1) XXk
Zg)(ﬁ—z)! J ZO,C:JZH (k+2)1™7
and
S*—» S*—' _ j+k .
2 2 (k+l) it

Hence Q(¥ Zdjx +22 Z m; xxjX; Where

j=0 Jj=0k=j+1
e 1 & (k+ 1)
do=Y, 5 and mog = (~D( - )
0 S;sﬂ and mog = (=1) (k+2)!+_§k (s+2)2

for k> 0.
If j >0 and k> j, then

A= k42—1 _ki2+§’ (E]:;;:Y_é <(ki!1>’>2

=k

and

Jt+k

i1 i+ S G+Dk+1) s12
miy = (—1) J _(]+)+Z(]+)(+)_§]+l

(k+1)! (k+2)! = ((s+2)1)?

Let p(x,h) denote the rising Pochhammer symbol if / is positive and the falling
Pochhammer symbol if /4 is negative. Thus p(x,h) =x(x+1)---(x+h—1) if h is
positive and p(x,h) =x(x—1)--- (x+h+1) if & is negative. Making use of this symbol
allows for a more convenient rewriting of dj and m;; which we summarize below in
the following proposition.
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PROPOSITION 6. With

n=Z(te) - o5 Gornn)

k—j+1
b= — T g
TG D kr2) PR

~

the diagonal entries dy of | A;ZMZ} can be expressed as
1
GrDkET2)
and, for 0 < j <k, the lower triangular entries mj are given by

1
plk+1,—h)

and

dy =

mjr = (—1)h bjxwhere h=k— j.

Proof. Simply compare to the formulas in the proposition to the formulas imme-
diately before the proposition. [

The following proposition provides the framework for the proof that 1\71Z is hy-
ponormal.

PROPOSITION 7. Let A = (aj.,k);jkzo be a self adjoint matrix with positive diag-
onal entries di = apy and let Ay = (aj ),y bethe (N+1)x (N +1) cutdown of
A. Let d, denote the n by 1 column vector with first entry ag, and last entry a,_ .
If. for some N € 7",

L inf g <ANf7f> > dyy1, and

2. dy—||dn|| = dpy1 forall n2N+1,
then A > 0.
Proof. Tt suffices to show that inf <ANf,f> > dyy1 for all n>N. This will

I17]1=1
be established by induction. The base case is the hypothesis, so assume that A, | =

inf <An,1f7f> >d,.Let f €C" andlet a € C with ||f]|*+|c|?> = 1. Then

I1fl1=1
(e (G)-(0) = () (0)-(2)
"\a ) \a a, dy, o)’ \ o
- <An_1f,f>+dn\a\2+2Re (a <Zin,f>>
> D1 ||F117 + dul > = 2] ] ||f]] []n]|
> min(A,—1,dy) — |dy||

= dy —||dn]|
>dn+1- U
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We will argue that ]l71Z is positive definite by showing that the proposition above
applies to the matrix (m;;) where my, = d,. Due to the complexity of the formulas,
brute force will be applied to bounding ||d@,|| for small n. For larger values of n, the
derived bounds will suffice. For some arguments, we appeal to simple computations on
ugly rational functions which can easily be verified using a symbolic algebra system
such as Mathematica on a computer. Perhaps a more elegant approach suffices, but we
have not found it. We will first prove a small lemma, followed by the main result of this
section.

LEMMA 1. If j,k > 2 then

1
k122 T k122137

< <
PE= T2y -1

1 1
<qj < + = -
U2 (4D

(J+1)2-1
Proof. The inequalities for p; follow easily from the series definition. The left

2
hand inequality for g; follows from the fact that 3.7 ; (ﬁ) < ﬁ as long as
J = 2. The right hand inequality for g; follows by induction on j. The base case
follows from ¢q; = % < % To accomplish the induction step, note that g; satisfies the

order preserving recursion: g, = . Applying the recursion to both sides of the

1+
) i ) (J+2)
induction hypothesis completes the lemma. [

THEOREM 3. The operator M. on H(K) is hyponormal where
w) = an(z)fn(w) s fu(2) = ((n+1)+2)".
n=0

Proof. By Proposition 7, the theorem requires that d, — d,+ exceeds
1/2
2> |

+ (Pn = Pu+1) = (@n — Gn+1)

n—1
llanll = X Imjn
Jj=0

Notice, by Proposition 6,

2
(n+1)(n+2) (n+2) (n+

dn - dn+l =

1 1
- (n+1)(n+2 n+3 <n+2 n+2)2(n+3)2_(n+3)2—1)

1
_<(n—|—1) +(n+1)n (1 2) _1>
_ 4 —r(n)
(n+1)(n+2)(n+3)




598 G. T. ApAMS, N. S. FELDMAN AND P. J. MCGUIRE
where r(n) is a rational function in n which decreases for positive n. Specifically

144 + 420n + 484n% + 359n° + 186n* + 53n° + 61°

r(n) = B+ )(n+2)(n+3)(n+4)

and r(n) decreases for n > 1 as the derivative of r = r(n) is negative for n > 1. Also
r(n) — 0 as n — oo,
1
pk+1,—h)
1 < j < k and use this positivity to bound b;; from above. First note that py,q; > 0
forall j,k > 0 Since k > j,

By Proposition 6, |m;

|bj«|. First we show that b;; > 0 for

1 1
bip — — .
Ty e R
< 1 1 40 1 1
(1) j+3 G+1)?2 (j+1j
1 1 1 1

TUHD 3 G2 DR

Evaluating this last expression at j = 3+ results in a ratio of polynomials in ¢, all of
whose coefficients are positive. Using g; = 1/4 and g» = 1/9+ 1/36 and the lower
bound for py, it is a simple matter to verify the inequality for j = 1,2 as well.

Having established the positivity of b; , notice that, for 1 < j <k,

1 1 1 1
Pik < TE) Tk T rar—1 G-
1 1 1 1
< Jj+1 k+2+(k+2)2 (j+1)2
j k+ 1

TR0 (k22
For j =n—1 and k = n, this leads to

| < 2n?—4
m,__ —_ .
S i ) (n+2)?
For j =n—2 =k, this leads to

3(n®> —n-3)
(n—1)2n(n+1)(n+2)%

My 20| <

For j <n-2, the cruder approximation b, < 77 leads to lmj | < . Addition-

n+1)

ally, |mo,| < n+2)
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Thus,

n—3
1d@l* = lmoal?+ 3 Imjal® + 2.0
=1

CESOL +2 P E (n—l)2n2(n+l)(n+2)2 2
< (o ) () + (=t i)

Note that if n > 3,

g ( n+1 )2 B (n+1)c2]:z;zn—1)2

(n—12)2 + (n—2)%n—3)3
(n+1)2n2(n—1)2

B n® —9n? +28n —29

 (n+ 122 (n—1)2(n—2)%(n—3)%"

Thus,

P < 1 2+ n® —9n” +28n — 29
" (n+2)! (n+1)2n2(n—1)2(n—2)*(n—3)3

3(n*—n—-3) 2 m?—4 2
+ ((n— D2n(n + 1)(n+2)2> + <n2(n+ 1)(n+2)2>
% ri(n)
— + 1
((n+2)!> (n+1)2(n+2)*(n+3)2

where r{(n) is the obvious rational function of n obtained on factoring (n -+ 1)%(n +
2)?(n+3)? out of the denominator in the last three terms. Note that a quick inspection
of these last three terms and their relationship to ri(n) shows that rj(n) — 4 as n —
oo, Additionally, a tedious computation (or use of a computer algebra system) will

show that rj(n+4) = — gg:; where ¢; and ¢, are polynomials in n with all positive
coefficients. Hence ri(n) is decreasing for n > 4, a fact that also can be verified by
plotting the function.

We claim that, for all n >3

H‘_inH2 < (dn _dn+l)2~

For 3 < n < 4, direct computation using p, > 1/(n+ 2)2 and the exact values of ¢;
verifies the inequality. In light of the upper estimate for ||d,|| and the lower estimate
for d, — d,. 1, it suffices to show that

1 2 r1(n) 4—r(n) 2
((n+2)!> T T2k 3 S ((n+l)(n+2)(n+3))
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forall n>5. As lim r{(n) = 4 and (4 —r(n))? increases to 16 as n — oo, it is apparent
Nn—oo

that ||dy|| < dy — dy+1 for large n. Since ri(n) is decreasing for n > 4 and it is easily
(n41)(n+2)(n+3)

(n+2)!
enough to verify

seen that is decreasing with n, to finish the proof of the claim, it is

((n—|— D2(n+2)*(n+3
(n+2)!

for n =5 which is easily done. To finish the proof that 7. is hyponormal, it suffices to
prove that

2\’
) +ri(n) < (4— r(n))2

inf (Aof,f)>ds
[|fl]=1

Approximating A, and d3 to 6 decimal places gives

inf (A2f,f ) ~.086 > .070 ~ dj
1Fl=1

where we use the fact that for a positive n by n matrix A, inf (Af, f) equals the
lI711=1
smallest eigenvalue. [J

5. A norm estimate for M-dominated matrices and ||M.]| = 1

In general it is very difficult to calculate the norm of a matrix or operator. In this
section we develop an effective, but somewhat cumbersome, method for estimating the
norm of an operator. As will be seen, it is particularly effective for lower triangular
matrices alike in matrix form to our operator 1\7IZ. We begin with some terms and
notation followed by a simple 3 x 3 lower triangular matrix example. Following that
we state and prove a norm-estimation theorem which we then use to calculate the norm
of M.

DEFINITION 1. If ¥ = (x1,xp, - -,xy) is ain vector C" or l%r , then the support of
X is defined by supp(¥) = {k:x; #0}.

DEFINITION 2. Let T = [t,x] and D = [d,] be N x N matrices such that for
each n and k, either d,,x =1, or d,; = 0. Let T, cf;l be the nth row-vectors of T,
D respectively and set v, = 1, — d, If = (x1,Xx2, -+ ,xn) € C", then express X as
X =X,0+X,1+X,2 where, for j=0,1,2,

o the coordinates of X, ; are either the same as the coordinates of X or are zero,

° supp(czq) = supp(¥,2) and

o supp(Vy) = supp(¥1)-

Note that k € supp(X,0) if and only if 7, = 0.
For M > 0, the matrix D is said to be M-dominating for 7 if there exist non-
negative sequences {&,} and {0,} satisfying:
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1. for each row 7, of Ty,

0 X2 < €l Fn [ + (M2 = 8,) |72 1>

b
and

2. foreach i between 1 and N,

Y& <Y b
ned; neB;
where .
ofi={n:icsupp(,)} and LB ={n:icsupp(d,)}.

If T and D are bounded infinite matrices, then D is M -dominating for T if, for each
N e N, the N XN cutdown D,, of D is M -dominating for the N x N cut down T;, of
T.

REMARK 1. It is worth noting that if we let A, > ||[¥,/|2, B, = ||Val|||d,||, and
C, > ||d,||?. then condition 1 of Definition 2 can be established by finding non-negative
sequences {¢&,} and {0,} for which the quadratic inequality

(An— &)1 E0l|> 4+ 2Bul| %1 1% 2]l + (Co — M + 8,) [ B2]I* <O
holds since

2 o2 S 2= 12 A - 720 |12
[t %17 <Vl I 1%, 1117 A+ 21l i 1o 1 1% 2] + [l [ X 2|
<

AnlFa 17+ 2Bul| T 1o 2+ Call a2

The quadratic inequality can be expressed in dot product form as

< (An —Sn) By, an1|| —”)_6"71 > <0.
B, (Cn _M2+5n) an2” ’ L |)_C'n,2 A

The two conditions (4, — &,) < 0 and

(An_gn) Bn 1
det({ By (C-M+5)|) 7"

are sufficient for the quadratic inequality to be non-positive.

200
EXAMPLE 1. Let T= 120 ],s07 =(2,0,0), ;2 = (1,2,0), ;5 = (0,1,2).
012
200
We will show that T is 3-dominated by D= [ 020 | . Note that d; = (2,0,0),
002

dr = (0,2,0), d3 = (0,0,2) while ¥; = (0,0,0), % = (1,0,0), ¥ = (0,1,0).
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If X = (x1,x2,x3), then

)_510 = (O,x27)C3) )_C'll = (07070) )—612 = (X],0,0)
X20 = (0,0,x3) Xo1 = (x1,0,0) X220 = (0,x2,0)
X30 = (x1,0,0) ¥31 = (0,x2,0) X35 = (0,0,x3)

while o) = {2}, B = {1}, oh = {3}, %, ={2}, o5 =0,and B3 = {3}. Letting
A= H\_;]HZ, B :H\_;]HHJ,,H =0, :|\J,,\|2:2=4,andO<£1,weseethatA1—£1 =
—& <0 and

dezq(AlB_lgl) (Cl_ﬁ[12+51)]> :d“q_(fl (4—MO2+51)D
= —e(4—M>+6) >0

provided that M2 >446. Proceeding, we take A, =1, C; =4, By = 2, and the
conditions imply (1 —&) <0 and (1 —g&)(4—M?+ &) > 4. Similarly, with A3 =1,
C3 =4, and B3 =2, we have (1 —&) <0 and (1 —&)(4 —M?+ &) > 4. Since
Yneo € < Xnes On, Wesee 1 < & < 0p, 1 <& < 6y, while 63 can be any positive
number. Letting & = & = 1 +¢& where € >0 and 6, = 6, = 1 + 6 where § >0, we
are led to M? > ;—‘ + €45+ 6 which is minimized by letting § — 0 and € = 2. This
results in M?> =9 or M = 3. The next result shows that this provides an estimate of
[|T]| < 3. The actual value can be numerically computed to be about 2.76.

THEOREM 4. Let H be a separable complex Hilbert space with orthonormal ba-
sis B ={x1,x2,x3, -}, assume that T = D+V, where T, D, and V are continuous
linear operators on H, and for each n = 1,2,3,..., the row vectors Jn and v, of D
and V respectively have disjoint support. If, for each N € N, Ty is M -dominated by
Dy, then

1. with t, denoting the nth row of Ty, for each X € CV,
N
T = Y, - 317 < M2 5]
n=1

2. ||7)| < M.

Proof. Let Py denote the projection onto %, = {x;,xz,---,xy}. Since Ty =
PyT Py converges in the strong operator topology to 7, (2) will hold if ||Ty|| < M
forall N € N. To that end we observe that, for each X € CV,

N
1 Tv3|* = Y, (671
n=1

By assumption Dy M -dominates Ty, which implies the existence of non-negative
sequences {&,} and {&,} such that:
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1. for each row 7, of Ty,

- o N 2= o 2= 112
|tn- X" < 0] + 2{[Vn | dnl[ 1%, 1 [[ 1% 21 =+ [ln|*[| % 2]
<

enll Tt |I? + (M? = 8,) |3

and

2. foreach i between 1 and N,

Y& <Y b

ned; neRB;
where B
o ={n:icsupp(,)} and LB ={n:icsupp(d,)}.
Hence,

N N
ITE2 = 3 1t < Y (@allot |2+ (M - 8,)1%22)
n=1

(L3, 2] <arier

i€ UB;
Hence |Ty|| <M. O

PROPOSITION 8. If M, denotes multiplication by z on H(K) where K(z,w) =
Ky(2) = S5 fu(@) fu(w) with fu(2) = (n+1)2"+2", then ||M.]| = 1.

Proof. Previously it was shown that the spectrum of 1\71Z was the closed unit disk,
o) |\1\7IZ\| > 1. Additionally a matrix form for M. was determined in section 2. For
convenience we make all of the entries of the matrix form of ]l71Z positive and use
Theorem 4 to show that this matrix has norm at most 1, thereby establishing the result.
Note that making the entries all positive will not change our norm estimate since the
choices of A,, B, and G, in the M -dominating scheme only rely on the norms of the
rows of D and V.

Let T = [t,4] be the lower triangular matrix with diagonal entries 7, , = 7 and
thm = T +1) forn>2 and m=1,2,...,n—1. Let D be the diagonal matrix with
diagonal entries {77}, and forn=1,...,N, let d, = T7€n Where €, is the canonical
basis row-vector. Let V| = 0 and ¥, V, = Z nfl) ek for n > 2. Hence X, = x,€,,

Xn1 = Zkz | Xk€k > and X, 0 = Zk:n 41 X1k . We shall show below that 7 is M -dominated
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by D with M = 1. Since ¢(T) = D, invoking the previous theorem will then show that
T is a contraction.
WMnn—lﬁ}ﬂLﬂai?—l.MM@Ay—OCI 4,Bl__o,le.
=0,and § =3, wehave A| — £ =0<0,C; —M*+8 =5 —1+3=0<0,and
the matrix below is negative semidefinite as it is the zero matrlx

A1—81 B] - 00
By (Ci—M?*+6)| |00

When n=2, d, = ezwdv:%llxm@Az—% C=3.B=4§, M=1,

&= 22,and52—2,WehaveA2—£2 —5 <0 and
A2—82 Bz —% %
- —0>0
By (G—M?*+6) 5 g-1+1

Note that for n > 3,

P = o 1 n—112 1
W2_gﬁﬂjﬁg<kwm4mh@)m+nﬂgﬁ'

- _ 1 _ 2 _ 1 _ _ 1 1 .
WlthA,,——4,Cn—(n+l) B, —n(nH),M—l,s—n—z,and5,,—};,1tlsrout1neto

check that for n > 3, A, s—n—4—}7<0,and

(A — &) B, B (,%4—,%2) (n1+1)
Bo (G-M+8)| 7| by (a1 D)
_n4—2n3—2n2+n—|—1 0
nd(n+1)32 -

It remains to show that for each i between 1 and N,
Y& <Y b
ned; neRB;

where -
gy=A{n:ic€supp(v,)} and B, ={n:icsupp(dy,)}.

First note that %; = {n: n=1i} is a singleton set and that <7 = {n:i+1<n<N—1}.

Wheni=1,
28"<2k2 6 26 =6 =
ned; nes;

Fori>?2,
| 1 1
2£”< z \/ i On=0;=~.
e, kz+1k2 Pox neB; !

Thus T is 1-dominated by D and || 7'|| < 1. Thus |M.| < 1. Since the spectral radius
of M.is 1, |M.|=1. O
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6. Subnormality and ]l71Z

We now return to the question of the subnormality of ]l7lz. Thus far it has been
established that MZ is a hyponormal operator whose norm is equal to its spectral radius.
These are both necessary conditions for A?Z to be a subnormal operator. Additionally,
it has been shown that M. is similar to the subnormal operator M. on L2(DD, 1) and
that for all multipliers ¢ of H(K), 1\7I¢ is a perturbation by an integral operator of
the Toeplitz operator My on L2(ID, ). In fact the operator M. is sufficiently “close”
to being a subnormal operator that it passes most of the simpler tests for subnormal-
ity. In this section we show that 1\71Z is not a subnormal operator by making use of a
modification of an old result of Alan Lambert [5].

We begin by looking at the formula

= (n\? 1 1 1
k:nZH <F> St T2 T s 21223

for the diagonal elements of the Grammian computed at the end of Section 3, we can
see that the function

I = P G G2 T G PG e

is a limit of the sequence of completely monotone functions

& 1
g‘ x+1)2 (x+ k)2

Since the set of completely monotone functions is closed with respect to pointwise con-

vergence (see page 5 of Schilling, Song, and Vondracek), f is a completely monotone

function. The function f is also known as the hypergeometric function ARt 24 2:0)

(1)
and it is easily seen to satisfy the relation
1
-— i D).
fn) = G [+

Since f is completely monotonic, it is the Laplace transform of a unique positive mea-
sure i on [0,e) (see Widder [9]). That unique measure is determined in the next
proposition.

PROPOSITION 9. The function

f(n) = (1?2 + (n+1)2(n+2)2 + (n+1)2(n+2)2(n+3)?2 *

is the Laplace transform of the measure h(t)dt where

ot In(2)Ko(2e7 ) — Ko(2)Ip(2e7)
11(2)Ko(2) +10(2)Ko(2) '

h(t) =

where Ky denotes the BesselK function and Iy the BesselO function.
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Proof. Recall the Laplace transform of a function g is defined by £ (g(¢))(n) =
Jo e g(t) dr. Assume that f(n) =_Z(h(t)) for some unknown % > 0 and note that

elementary properties of the Laplace transform imply £ (e "h(t)) = f(n+1) as well
as ZL(te™!) = (n+11)2 .

Since f(n) = (n+11)2 1+ f(n+1)],

L (f(n) =2 (ﬁ) 4 (ﬁf(n—k 1)) .

Since the transform of the convolution of two functions is the product of the transforms,
h(t) =te " + ¢(r) where

0(t) = (te) % (e Th(t)) = /0 = D)e "D Th(1) dr = o /0 " D)) dr.

Hence A(r) is equal to

t t t 1
te”—i—te*’/ h(t) dr—e*’/ th(t) dT =te™’ (H—/ h(7) dr) —e*’/ Th(T) dT.
0 0 0 0

Multiplying by ¢ yields

éht)=t <1+/(:h(r) dr) —/(:rh(r) dr.

Evaluating at = 0 shows that 4(0) = 0. Differentiating with respect to ¢ yields

¢ (K (1) +h(t)) = (1 + /Oth(r) dr) 1 h(t)—1h(r) = 1+ /Oth(r) .
Evaluating again at ¢ = 0 shows that #'(0) = 1. A final differentiation yields
¢ (h”(z) YR (1) + h(t)) = h(1)
from which we obtain the following second order linear equation with initial conditions
B'(t)+ 20 (t)+ (1 —e ")h(t) =0 h(0)=0, H(0)=1.

This equation can now be solved by the series method or by a computer algebra solution
such as Mathematica or Maple to obtain the solution

_ o[ 0(2)Ko(2¢7) — Ko(2)lo(2¢7)
h(t) =e ( 11(2)Ko(2) +1o(2)Ko(2) ) -

Note that it is now a routine change of variables to draw the measure h(f)dt on
[0,0) back to the measure g(z)dt on [0, 1] resulting in
o) = 21 Ip(2)Ko(2V1%) — Ko(2)Ip(2V/1?)
11(2)Ko(2) +10(2)Ko(2)

) and f(n) = (",7") = /Oltznq(t)dt.

The next proposition is a slight reformulation of a characterization of subnormality due
to Alan Lambert [5].
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PROPOSITION 10. Let S be an operator on a Hilbert space . with ker(S) ={0}
and ||S|| = 1. The operator S is subnormal if and only if {||S" f||?||}:_, is a completely

monotone sequence for each f € €.

Proof. Lambert’s [5] result asserts that S is a subnormal operator if and only if

IS .
f €. Note thatif {f,(z) = \/a,z"} is an orthonormal basis for a reproducing kernel
Hilbert space with kernel K(z,w) =Y _ja,(wz)", then the operator M, of multiplica-

n+1 A A . . .
{ N } 0 is the weight sequence of a subnormal weighted shift for each nonzero
e

tion by z is a weighted shift with weight sequence . Moreover, Shield’s [0]

it +1
shows that all weighted shifts arise in this fashion. It is well known that a weighted shift
is subnormal if and only if {Z—g} is a moment sequence (see Conway [4],page 57) if and

only if {@} is a completely monotonic sequence (see Widder [9]). Setting a,, = W
we see that Lambert’s condition is equivalent to the assertion that {HSH j{\||‘2 Ly "o isa
LIS 1211

completely monotonic sequence for each nonzero f € 7. Since { T b isa

completely monotonic sequence if and only if {||S"f||?||}:>_, is a completely mono-
tone sequence the result is established. [J

PROPOSITION 11. The operator 1\71Z of multiplication by z on H(K) is not a sub-
normal operator when f,(z) = ((n+1)+2)2" and K(z,w) =Yoo fu(2) fa(W).

Proof. Tt has been established that the spectrum of MZ is the closed unit disk
and the norm is equal to its spectral radius. Also, it is clear that the kernel of M, is
trivial. Hence the conditions of Proposition 10 result hold and we need only produce
a function fy such that {||Mfo|[?||}=_, is not a completely monotonic sequence. To
that end consider fy(z) = 75 +z and note that

~ 2
gln) = M2 fol2 = || 752+ %]
1 2
_ m@n Zn>+E<ZH,ZH+1>+<ZH+17ZH+1>

1

— 1o+ 1= 5 | Fn )

since (2",2"71) = ("1, 2") = =L ("1 2"F1)  Here f(n) = (2",2") is the completely
monotone sequence from Proposition 9 above. If g(n) is completely monotonic, then
it is the Laplace transform of a unique positive measure on [0,e0). Hence the inverse
transform of g(n) must be a positive function on [0, ). Note that by Proposition 9 and

elementary properties of the Lapace transform we see

270 =27 (1g5f 0+ |1- 3y | £ D)

1 —t L. —t
mh(t) +e "h(t)— g(e ) (e”"h(1))
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where * denotes convolution. Since

()% (e (1)) = /0 " e Th(1) dr = o Oth(r) ar,

we have
g(r)= L‘l(g) = (ﬁ +e") h(r) — %e‘t /Oth(r) dr.

Since €' is always positive, we can consider instead the positivity of

44(r) = (%Oe’ + 1) h() — é/oth(r) ar.

A numerical computation shows that ¢%28(6.2) ~ —.114402 with all digits significant,
hence g is not completely monotone and M, is not subnormal. [

7. Open questions and concluding remarks

A distinctive aspect of the operators looked at in this paper is that they are per-
turbations of multiplication operators by integral operators. While this presents the
usual computational challenges of anti-differentiation, it also opens a new door to ex-
amples of near subnormal operators with a rich functional calculus. Many concepts
of near subnormal operators have been introduced over the years such as polynomially
hyponormal, n-hyponormal, weakly subnormal, ... It would be interesting to see how
our operator ]l71Z relates to these other concepts of nearly subnormal.

In general it is difficult to compute and work with the matrix form of MZ on H(Ky)
unless ¢(z) has a particularly simple form such as ¢(z) = 1. A natural question is what
occurs if ¢(z) = a for |a| < 1. In this case, for n > 1,

and

) 1N & (N
@R =(1- )+ 3 () e,

k=n+2

The matrix form for T relative to the basis {2}, or M, relative to the basis {f,(z)}=_,
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is given by

[0 0 0 0 0 0 0 00 -]

i >0 0 0 0 0 00O

a2 0 0 0 0 000

~a*% e 3 0 0 0 000

_ Ay —d’% el 1 0 0 0 00

M= —a4g a3% —az% a% % 0O 0 0O

as% —a4% a3% —az% a% g 0 0 0

—a6% aS% —a4% a3§'—§ —az% ag—i % 00

As in the case of ¢(z) = 1, the subdiagonal entries of this matrix form of Mz are the
shift elements of the subnormal unilateral shift of multiplication by z on the space
L*(D,u) where du = —4r1n(r)dr%. The effect of the constant « is that the pertur-
bation from this unilateral shift is even smaller than before. This has no effect on the
hyponormality of the operator. Although it is unlikely that the operator is subnormal for
any value a, the inherent difficulty in checking monotonicity as well as inverse Laplace
transforms leaves an open question as to whether there exists a value of a for which M,
is subnormal.

In the cases ¢(z) = %_Z and @(z) = ija it is fairly routine to determine the
form of T(Z") and hence a matrix representation of M. While an interesting exercise,
neither of these cases result in ]l71Z being even a hyponormal operator.

The spaces H(K,) and operators introduced in this paper are but a first step in
the direction of Integro-Multiplication operators on analytic reproducing kernel Hilbert
spaces. One can generalize the mapping U (f) = ¢f + f' from H3 — H(K) in many
ways. For example U(f) =@ f +@f +f", U(f) = f+f +f", or many other
combinations of derivatives. The spaces are naturally associated with differential and
integral equations and the properties of the multiplication operators are wide open for
exploration.
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