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ON MULTIPLICITIES OF EIGENVALUES OF
A SPECTRAL PROBLEM ON A PROLATE TREE
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(Communicated by J. Behrndt)

Abstract. It is known that there exists an ordered vector majorizing any ordered vector of pos-
sible multiplicities of eigenvalues of the star-patterned matrix. The same situation occurs in the
problem of small transverse vibrations of a star graph of Stieltjes strings. We show that for a
certain class of prolate trees of Stieltjes strings there exists an ordered vector majorizing any
ordered vectors of possible eigenvalue multiplicities of spectral problems on such trees.

1. Introduction

This paper is devoted to spectral problems associated with small transverse vibra-
tions of tree graphs, edges of which are Stieltjes strings [4, 9]. Such vibrations are
described by second-order difference equations. The same equations appear in various
fields of physics such as synthesis of electrical circuits [6, p. 129], and longitudinal
vibrations of point masses connected by springs [11]. Eliminating time dependence in
these equations, we arrive at a spectral problem for a tree patterned matrix (see [8]).
Such spectral problems can have multiple eigenvalues. The paper deals with estimating
multiplicities of these eigenvalues.

Massless elastic thread-bearing beads (point masses) are called Stieltjes string [4].
Small transverse vibrations of such a string are described by the equations

vi(t) —viq1 (1) i vi(t) —vi1(1)

+mp(t)=0 (k=1,2,---,n),
li lk—1

where vi(¢) is the transverse displacement of the kth bead of mass my and [ is the
distance between the beads of masses m;,_; and my, . We assume the number n of beads
to be finite.

Separating of variables v () = uze’* and z = A2 lead to

Uk — U1 4 U — Uk—1
Ik k-1

_kauk:() (k:1727"'7n>7 (1)
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where z is the spectral parameter. It is known (see e.g. [4, Supplement II] or [18, p.
55]) that the eigenvalues of the spectral problem which consists of (1) and the Dirichlet
boundary conditions

up =ty 1 =0 ()

are simple, and for any sequence of distinct positive numbers {z}}_, and any posi-
tive number / there exist sequences {m}7_,, {lx}]_, of positive numbers such that
Yi_ole=1and {z}}_, is the spectrum of problem (1)~(2). A problem (1), (2) on an
interval we call Dirichlet problem.

Equations (1) on the edges of metric trees were considered in [5, 8, 10, 12]. The
corresponding spectral problems may have multiple eigenvalues. The number of multi-
ple eigenvalues and their possible multiplicities depend on the form of the tree and the
number of beads on the edges.

If the form of a tree is given together with the numbers of the beads on the edges,
then it implies restrictions on possible multiplicities of the eigenvalues. For a star
graph, such restrictions are known [24]: if { pl.l}{: | is the vector of multiplicities in
decreasing order, and N; is the number of edges for which the number of masses is
> j(j=1,2,---,n1). Then the vector {N;,N,,---,N,, } Hardy-Littlewood majorizes

{ p%, p§7 ey p}} It should be mentioned that those restrictions on the multiplicities of
eigenvalues are similar to the ones obtained in [3, 16] for the so-called tree-patterned
matrices if the corresponding tree is a generalized star graph. The difference is that if
the beads in [24] are considered as the vertices of the corresponding generalized star
graph then we have to require a bead to be placed at the central vertex to have the same
situation as in [3, 16].

Unfortunately, there is no general answer about restrictions on eigenvalue multi-
plicities for a spectral problem on an arbitrary tree as well as for a spectral problem on
an arbitrary tree-patterned matrix despite many particular results (for generalized star
graphs, for double generalized stars) which have been established for tree-patterned
matrices (see [15, 16, 17].)

The objects of investigation in this paper are spectral problems on a particular case
of trees of Stieltjes strings (so-called prolate weighted trees). Since our tree is a metric
we measure lengths in meters while combinatorial length as usually means the number
of edges in a path. However, it is important to characterize a path by the number of
beads in it. So we consider trees of Stieltjes strings as weighted graphs meaning the
number of the beads on an edge to be the weight of the edge. We call this number
of beads the weight of the path. A prolate tree of Stieltjes strings T is rooted at the
beginning of the path P :=vy — v; — --- — v; of the maximal weight. If a subtree
T; is joined to P at a vertex v;, then the maximal weight of the paths in the subtree
T; does not exceed the weight of any of the edges v;—1v; and v;v;y (see Definition 3
below).

The organization of this paper is as follows. In Section 2 we start with auxiliary re-
sults on spectral problems on arbitrary trees. In Section 3, we consider prolate weighted
trees and we show that there exists an ordered vector majorizing the ordered vector of
multiplicities of eigenvalues of the spectral problem on such a tree and propose how to
find this majorizing vector.
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2. Auxiliary results

In this section, we state some auxiliary results which will be used subsequently.
Let T be a plane metric tree with g edges. We denote by v; the vertices, by d(v;)
their degrees, by e; the edges, and by /; their lengths. In this section, an arbitrary
pendant vertex vq is chosen to be the root. Local coordinates for edges identify the
edge e; with the interval [0,/;] so that the local coordinate increases as the distance
to the root increases. Each edge e; is divided into n; + 1 subintervals of the lengths
I§,1],--,Ii, by beads of masses m{,mj,---,my; with [] >0, m, >0 and [; =Yl
The beads and the subintervals are enumerated such that the upper index corresponds
to the index of the edge. Each pendant vertex, if it is not the root, is located at the end
of a subinterval of the length I;, ; Where j is the index of the edge. The root is at the
beginning of a subinterval of the lengths [ on the edges e, incident with vo. Each
interior vertex v; has one incoming edge e; ending with a subinterval of the length /;, i
while each outgoing edge e, starts with a subinterval of length [j. It is assumed that the
tree is stretched and the pendant vertices are fixed. The tree can vibrate in the direction
orthogonal to the equilibrium position of the strings. We denote by vi(t) the transverse
displacement of the bead of mass m; at time ¢. If an edge e; is incoming into an
interior vertex v;, then the displacement of the incoming end of the edge is denoted
by vflj +1(t), while if an edge e, is outgoing from the vertex v; then the displacement

of the outgoing end of the edge is denoted by v((7). In virtue of the above notations,
vibrations of such a graph can be described by the system of equations

J J J J 2.7
vi(t) = v () vpe) = v (1) 9V
; ot (1) =0, 3)

where k=1,2,---,n;;n;>1, j=1,2,---,q. For each interior vertex with an incoming
edge e; and outgoing edges e,, we impose the continuity conditions

V() =) 41 (1) @)

for all r corresponding to outgoing edges. Balance of forces at such a vertex implies

Vi) —v(e)  Vaer(0) =iy (D)

¥ A e : 5)
0

J
r ln J

where the sum in the left-hand side is taken over all the outgoing edges. We impose
Dirichlet boundary condition

v (1)=0 (6)

nj+1

at each edge ¢; incident with a pendant vertex (except for the root).
At the root we impose the Dirichlet condition

V() = 0. (7)
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J

et J () — o il
Substituting v/ (1) = u; e’

into (3)—~(7) and denoting z = A2, we obtain
J J J J

We = W1 | Ui — Uk
J J

l Ly

Lt mlzu] =0, (8)

where k =1,2,---,n; and j=1,2,---,q, for each interior vertex with an incoming
edge e; and outgoing edges e,, we infer

up =10, 1, ©)
J J
Z M{ — u6 _ un_ﬁ-l '_ un_,' (10)
r 16 l}’;j

for each edge e; incident with a pendant vertex (except for the root):

t, =0, (11)
and at the root:

=0, (12)

The problem (8)—(12) possesses a non-trivial solution for a discrete set of values of z
(see, e.g. [21], or Sec. 4.1. in [19]). These values v; are called eigenvalues. The
corresponding solutions are called eigenvectors.

Now we consider attaching edges to a tree. We attach an edge which we denote ¢
at a pendant vertex vy of the initial tree 7 and obtain a new tree T’ (see Fig. 1).

V1 2t

Figure 1: Trees T, T' and T".

LEMMA 1. Let v be an eigenvalue of multiplicity p of problem (8)—(12) on a
tree T. Among the eigenvectors corresponding to v let one of them be such that its
projection {u%,ué, e ,u},l} on the edge ey incident with vy is not identically zero.

1. If v is also an eigenvalue of the Dirichlet problem

0 0 0 0
u, —u u, —u
kK~ Yk S 00
0 0 —myzuy, k=1,2,--- no, (13)
k k-1

ug =1y . =0, (14)
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then v is an eigenvalue of problem (8)—(12) on T' of multiplicity p and the corre-
sponding eigenspace can be chosen such that all the linearly independent eigenvectors
attain zero value at the vertex vy and all the eigenvectors have nonzero components on
the edge eg.

2. If v is not an eigenvalue of problem (13)—(14), then v is an eigenvalue of
problem (8)—(12) on T' of multiplicity of p — 1.

Proof. Statement 1 was proved in [23, Lemma 2.1].

If v is not an eigenvalue of problem (13)—(14), then all the eigenvectors of problem
(8)—=(12) on T’ corresponding to v have identically zero component on e¢; and on eg.
The number of linearly independent eigenvectors of problem (8)—(12) on T’ with zero
component on e; and on ey equals the number of linearly independent eigenvectors of
(8)—(12) on T with zero component on e;. Since all the eigenvectors except for this
one can be continued by 0 onto e, the number of eigenvectors of problem (8)-(12) on
Tis p—1. O

REMARK 1. It follows from [4] that for any sequence of positive numbers 0 <
v{ <Vv§ <. <vp andany [ >0, there exist sequences {m{};*, and {[)};°, such

that 370 ZO =1 and {V° "0 coincides with the spectrum of problem (13)—(14).
k=0 "'k s Js=1

In what follows, we need the notion of vector majorization which goes back to
Muirhead [7] for the case of vectors of integers and was generalized to vectors of non-
negative numbers by Hardy, Littlewood, and Pélya [13] (also see [20]).

DEFINITION 1. Let x = {x;}}_; and y = {y;},_; be two vectors with nonnega-
tive entries ordered nonincreasingly,i.e., x; > x; 2> - 2x, 20, y1 >y, > --- 2y = 0.
If s =1, then x is said to majorize y, written x > y, if

t t T T
Z)Cj: zyj7 ij> Zyj (t=1,2,---,t—1).

If s # ¢, we fill up the shorter vector with zeros, i.e., we set ¥ := {xj}m‘lx{”} and

= {y,}m‘“{”} with x; =0 for j=s+1,---,max{s,7} and y; =0 for j =1+
1,- max{s t}. Then x is said to majorize y, x >y, if ¥ majorizes 7, X > §.

NOTATION 1. 1. Fora vector x = {x;}_; € R® we denote by xb = {xi} _€R
the vector with the same entries but ordered nomncreasmgly, ie.,
| [
1

2)%2"'23%, x‘:xnf(j)a j:1,2,"',5,

* J

for some permutation 7 of {1,2,---,s}.

For example, by Definition 1 and Notation | we infer that if x = {3,1,2,5,2,4}
then x' = {5,4,3,2,2,1}.
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Now we consider the tree T” consisting of the tree T with the edges E|,E,, -+, E;
attached at the vertex vy (see Fig. 1). The masses of the beads on the edge E; with

j=1,2,---,7 we denote by rh,i (k=1,2,---,ii;) and the lengths of the subintervals by

l}g (k=0,1,---,71;). We assume that 7i; <7i forall j where 7iy is the number of beads
on the edge eg of T'.

LEMMA 2. [23, Lemma 2.4] Let {pip%, e 7pi,} be the ordered vector of multi-
plicities of eigenvalues of (8)—(12) onthe tree T' =T Ueq and let v,f be an eigenvalue
of multiplicity pi forall k€ {1,2,---,r}. Let v) = v,ﬁ for k=1,2,---.ng, ng < v,
where {V;S}ZOZI is the spectrum of Dirichlet problem (13)—(14) on the edge ey.

Then there exists atree T" =T U}Zl E; such that the spectrum of problem (8)—(12)

on the tree T" consists of the eigenvalues {vll, vzl, e vf,} counted with multiplicities
(P, Prs--- o} where i = pt+max{Ny— 1,0}, and Ny :=#{j € {1,2,---,7} 171, >
k}. Here #{} means the number of elements in the set {}.

REMARK 2. From the proof of Lemma 2.5 and its proof in [23] it is clear that for
any of E; and any eigenvalue v,? of problem (8)—(12) on the tree T”, there is such an
eigenvector that its projection on E; is not identically zero. This eigenvector is among

the linearly independent eigenvectors corresponding to the eigenvalue v?.

REMARK 3. The condition ‘the spectrum of problem (8)—(12) on the tree T" con-
sists of the eigenvalues { vli, vzl, e vf,}’ in Lemma 2 implies that any of the numbers
of the beads on the edges E; do not exceed the number of beads on ey. This follows

from the proof of Lemma 2.4 in [23] and from Theorem in [22].

3. Multiplicities of eigenvalues for a prolate weighted tree

In this section, we prove that there exists an ordered vector majorizing any ordered
vectors of possible eigenvalue multiplicities of the spectral problem on a so-called pro-
late weighted tree and we show how to find this majorizing vector. For convenience,
we slightly change the enumeration of edges and introduce the notion of the height of
a tree in the following:

DEFINITION 2. Let T be a tree of Stieltjes strings. We call the height of the tree
the maximal weight of the paths in this tree. We choose one of the two pendant vertices
of the path of maximal weight (or one of them if it is not unique) as the root and denote
it by vo. We direct the edges away from the root.

DEFINITION 3. The simplest directed weighted tree is a path and we attribute this
tree to the class of prolate weighted trees. Let P =vy — v| — -+ — v, be the maximal
weight path of the tree T rooted at vo. Let T;; (j=3,4,---,d(v;)) be the subtrees
rooted at v; € P (i=1,2,---,v;,_1) such that PUUi=1727...7m_1(Uj:3747...7d(vj)T,-h,') =T
and Ti,jmTi,j’ = {V,‘} fOI'j;l'é j/, T;'JOTI-/J/ =0 for 175 i
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Let for each i the root v; of the subtrees 7; ; be the starting vertex of the path of
the maximal weightin 7; ;. Denote by L; ; the height of T; ;. If all T; ; are prolate and
the numbers of beads on each of the edges v;_;v; and v;v; ;| are not less than any of
Lij (j=3,4,---,d(v;)) then T is said to be prolate (an example of a prolate tree T
and its subtrees T; ; is given at Fig. 2 where the beads are denoted by bullets).

e
NV

V1 Ty, Ta Tos

Figure 2: Prolate tree T and its subtrees T; ;.

REMARK 4. In the case of a snowflake graph considered in [23], the condition of
‘massive core’ (n] < ng) guarantee that the snowflake graph is a prolate tree.

Using Definitions 2 and 3, we give the main result of this paper, we show that
there exists an ordered vector majorizing the ordered vectors of possible multiplicities
of eigenvalues of the spectral problem for an arbitrary prolate weighted tree.

THEOREM 1. Let T be a prolate weighted tree rooted at v the beginning of the
maximal weight path P with the side trees T; j (j =3,4,---,d(v;); i=1,2,---,m—1).
Let {M;"CM;'/, e 7M2i{j} be the majorizing vector for multiplicities of eigenvalues of
problem (8)-(12) on T; j and L; j be the height of T; j. Then

1. The ordered vector {My,M,---,M} majorizes {[ﬁm%7 . ,pr} which is any
possible ordered vector for multiplicities of eigenvalues of problem (8)—(12) on T'. Here

m— ldvl

1+ MY ifk< max L;;
;% ;S 0 TR e d O et T

, if max Lij<k<L
J=34nd(vi) =12, m— 1

0, ifk>L,
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and L is the weight of P.

2. There exists a distribution of masses such that the number r of distinct eigen-
values equals the height of the tree T and the corresponding ordered vector of multi-
plicities

{ﬁfﬁi,ﬁﬁ} = {M17M27"'7ML}'

3. In case of {ﬁiﬁ%,--n;ﬁ} = {M,M,,--- My}, for each eigenvalue there is
an eigenvector with the component on the edge incident with the root of T not zero
identically.

Proof. Let us start with the maximal weight path P = vovy,viva,- -+, Viy—1 V. De-
note by n; the number of beads on the edge v;_;v; and define the number J by the
equation ny = max;e(y....,,} % and choose any positive numbers vl(J)7 vz(J) T v,g) .
According to Remark 1, we may choose masses of the beads on the edge v;_;v; such
that the numbers vfj),v§1)7 .. -,v,g) are eigenvalues of the Dirichlet problem on the
edge vy_jvy. Also we may choose the masses of the beads and the lengths of the
subintervals on the edges v;_v; with i € {1,2,---,m}\{J} such that vl(i) = vfj),véi) =

vé”,---m,&? = V,S,.J) for all i = 1,2,---,m, where {v,ii)}zizl are eigenvalues of the

Dirichlet problem on the edge v;_v;.

Now let us fix positive numbers j and i and attach the maximal weight path P, ; :
v =: v(()”J ), v(lw) RN v,(,i;f,.) of the subtree T;; at the vertex v;. Denote by (b))
the number of beads on the edge vil;jl) /) Define the number J; ; by the equation
7 where m; ; is the number of edges in P; ;. Denote by

) SN

{VIE”J "‘)}Z; | the eigenvalues of the Dirichlet problem on the edge vslfl) p(d)

Since the path P; ; is bead-shorter than v;_;v; and v;v;; 1, in terms of Lemma 1 we
choose masses of the beads and the lengths of the subintervals on the edges of F; ; such

that vl(i"j ) — vl(J)7v2(i’j ) — v2(1)7---,v(i7j ) — v({) ) are eigenvalues of the Dirichlet
n

nxﬂj) $i~J
problem on the edge vslfl) v_gi’j ) .

Applying Lemma 2 to the tree which consists of the paths P and P, ;, we con-
clude that the ordered vector of multiplicities of eigenvalues of problem (8)—(12) can

be {2,2,---,2,1,1,---,1}. Since all the eigenvalues of Dirichlet problem of P, ; are
—— ——

_ (i,
ny; = maxxe{m?...’mi‘j} N

Li; L—L;;
distinct and the total number of eigenvalues of problem (8)—(12) on PUP; j is L+ L; ,
we conclude that {2,2,---,2,1,1,---,1} majorizes any ordered vector of multiplici-
—— —
Lij L—L;

ties of eigenvalues of problem (8)—(12) on PUPF; ;. If we attach all the paths P
(je{3,4,---,d(v))}; ie{1,2,---,m—1}) to P, then we obtain a caterpillar graph
(see [14] for the definition) P U U,-:1727...7m,1(Uj:3747...7d(vj)13,-7 /). Consequently, in the
same way as above we arrive at the following results:

1. The ordered vector {M;,M,,---,Mr} majorizes {p%,pﬁ,m,pf} that is any
possible ordered vector of multiplicities of eigenvalues of the problem (8)—(12) on PU
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Ui=12,0m—1 (Uj=3’4’,,,’d(,,/.)P,-7j> . Here r is the number of distinct eigenvalues of the
problem (8)—(12) on the above caterpillar tree and

m—1
1+ Ni (i), ifk< max n; j,
Z{ K T =34 ed(v) =1 2,1
M= 1, if max Lij<k<L,
=34 d(vi)i=12,-m~1
0, ifk> L.

2. There exists a distribution of masses such that the number r of distinct eigen-
values equals the height L of the tree PUUi=172,..;u—1(Uj=3.4.. a(v;)F:.j) and the corre-
sponding ordered vector of multiplicities of eigenvalues satisfies

(Py.Pys--- Pr} = {My,Ma,--- My} (15)

By the definition of [14], the graph of Fig. 3 obtained from the graph of Fig. 2 is a
caterpillar graph.

Figure 3: Prolate caterpillar subtree for T.

Now we apply the above procedure to the subtrees 7; ; and then to their subtrees
and so on. Finally we arrive at Statements 1 and 2 of our theorem. Statement 3 holds
clearly from construction of the tree 7 with {ﬁ%,ﬁ%, e ,ﬁi} ={M\,M,---,M.}. O

EXAMPLE 1. Itis prolate weighted graph in Fig. 2 because ny =ny, =nj3=5>
ni4 and ny >n3 =4 =ny3 =nr4 >ny 5 =3. Applying Theorem 1 to the tree of Fig.
2, we arrive at the following majorizing vector

{9a6a6a4a2a la la la la la la la la 1} > {phpﬁ??pi}

Here { pip%, e 7p£} is any possible ordered vector of multiplicities of eigenvalues of
the tree in Fig. 2 and r is the number of distinct eigenvalues of the problem on the tree.

REMARK 5. Since all n; > 0, it follows from Theorem 1 that M; = Ppen — 1,
where ppeq is the number of pendant vertices which agrees with the result in [2].

It was proved in [22] that the number of distinct eigenvalues is not less than the
length of the maximal weight path in the tree. From Statement 3 of Theorem 1, we
obtain the following remark:
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REMARK 6. According to Statement 2 of Theorem 1, there exists a distribution
of masses on the prolate weighted tree 7 such that the number of distinct eigenvalues
of problem (8)—(12) can be equal to the length L of maximal weight path (height) of
the tree T . If the tree of Stieltjes strings is not prolate then this statement is not true.
For example the height of the tree described on Fig. 4 is 2 but the minimal number
of distinct eigenvalues is 3. Similar situation is described in [1] for the case of acyclic
matrices.

Figure 4: Example of nonprolate tree.
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