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KOTANI THEORY FOR ERGODIC BLOCK JACOBI OPERATORS

FABRICIO VIEIRA OLIVEIRA* AND SILAS L. CARVALHO

(Communicated by G. Teschl)

Abstract. We extend the so-called Kotani Theory for a particular class of ergodic block Ja-
cobi operators defined in /?(Z;C!) by the law [Hyu), := D*(T" ' 0)u,_; +D(T"®)u, 1 +
V(T"o)u,, where T : Q — Q is an ergodic automorphism in the measure space (L, V), the
map D : Q — GL(I,R) is bounded, and for each @ € Q, D(w) is symmetric and D~!(w) is
bounded. Namely, it is shown that for each r € {1,...,I}, the essential closure of % := {x€R |
exactly 2r Lyapunov exponents of A, are zero } coincides with G,¢2,(Hyg ), the absolutely con-
tinuous spectrum of multiplicity 2r, where A, is a Schrodinger-like cocycle induced by Hy, .
Moreover, if k€ {1,...,2l} is odd, then G4 x(Hw) =0 for v-a.e. ® € Q. We also provide a
Thouless formula for such class of operators.

1. Introduction

In the context of the spectral theory of discrete one-dimensional Schrédinger op-
erators, defined in ZZ(Z;(C) by the action

(Hu)y = tpr1 + tp—1 + volty, (1.1)

where (v,)qez is a bilateral sequence of real numbers, there are some classical results
on the characterization of their spectral components.

One of these results refers to the case when (v,) is dinamically defined by an
ergodic automorphism, that is, given an invertible ergodic transformation 7 : Q — Q
defined in a measure space (€2,v) and a function v : Q — R, one sets, for each ® € Q,
v? ;= v(T"w); the resulting operator, Hy, is said to be ergodic. Kunz and Souillard
have proven in this setting [11] that there exist sets X,.,Zs and Z,, such that, for
v-almost every @ € Q2,

Gac(Hw) = Zac,

GSC(HCO) = Zsc»

Opp(Ho) = Zpp,

where 0y4c(Ho), Osc(Ho) and op,,(Hy) are, respectively, the absolutely continuous,
singular continuous and purely point spectral components of the operator Hy, . Thus,

Mathematics subject classification (2020): 47B36, 34L05, 81Q10.
Keywords and phrases: Matrix-like Jacobi operators, Kotani theory, Thouless formula.
* Corresponding author.

© MV, Zagreb 827
Paper OaM-16-58


http://dx.doi.org/10.7153/oam-2022-16-58

828 F. VIEIRA OLIVEIRA AND S. L. CARVALHO

one may say that the spectral components of the family of operators (Hy)peq are
almost constant.

One may define, in connection with such class of operators, for each fixed z €
C, the skew-linear product (cocycle) 6, : Q@ x C* — Q x C? by the law 6.(w,u) :=
(T(w),A;(@)u), where A, : Q — SL(2,C) is given by

Aw) = [Z_;(“’) _01}. (1.2)

The orbits of the cocycle 6, are associated with the solutions to the eigenvalue
equation (Hyu), = zu,. Namely, by considering the transfer matrices

A(T" H@))A(T" (@) ... AT (0)A(w), ifn>1,
Ap(z,0) = q T, ifn=0, (1.3)

AN T ). A7H T2 (w)A; N (T Hw), ifn<—1,

z

the sequence (u,),cz is a solution to the eigenvalue equation (Hyu), = zu, at z € C

iff
Up+1 uj
=A .
[ tn ] "(Z’w)[%]
One of the central results in the theory refers to the characterization of the abso-

lutely continuous spectrum in terms of the Lyapunov exponent y(z) of the cocycle 0,
defined as

.1 1
1(z) := lim -~ [ log||Ax(z, )| dV(@) = lim ~log||Ax(z, @)l (1.4)

with the second identity valid for v-a.e w € Q (as a consequence of the ergodicity
of (Q,T,v)), obtained by Kotani in [9] for continuous operators, and then by Simon
in [18] for the family H, defined as above. The result establishes that, for v-a.e.
we,

Lie={zeR|¥(2) = O}CSS7
where S ;= {E € R | k(SN (E —&,E +¢)) > 0, for every & > 0} is the essential
closure of S C R with respect to the Lebesgue measure k.
This result was extended by Kotani and Simon [10] to matrix-valued Schrodinger
operators defined in [?(Z;C!), for each w € Q, by the law

[H3u, :=u, | +u, 1+ V(T"0)u,, (1.5)

where V : Q — M(I,R) is a map with range in the set of self-adjoint matrices and,
again, T : Q — Q is an ergodic automorphism in the measure space (Q,V).

Our main goal in this work is to go a step further, extending such characterization
of the absolutely continuous spectrum (including multiplicity) to a family of operators
of the form

[Heul, := D (T" ' @)u,_; + D(T"0)u,, | +V(T"0)u,, (1.6)
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where D : Q — GL(I,R) is a symmetric and invertible / x [ matrix with real entries.
This is a particular case of the so-called matrix-valued Jacobi operators, defined in
[12]. Such operators arise naturally in the study of some quasi-crystals which satisfy
the Aubry-André duality (see [12] for details and main motivations), and can be seen
as the matrix-valued version of the one-dimensional Jacobi operators.

For each z € C and each @ € Q, if one considers the eigenvalue equation

D (T" 'o)u,_ | +D(T"0)u, | +V(T"0)u, = zu, (1.7)
associated with the operator Hg, one may (like in [12]) write this equation in the form

P R P A |

with A, : Q — GL(21,C) (as in (1.2)) given by the law

D! (@)~ V(@) ~D" (@)
Ax(w) = : 4o
D*(w) 0

note that for each ® € Q, A,(®) is a symplectic complex matrix of size 2/ x 21, that
is, (A;(0))'JA,(w) = J, where
01
e [50]

One may define the transfer matrices A,(z, @) as in (1.3).

If one also assumes that for each z € C the cocycle (T,A;) is such that log™ ||A,(+)]|
€ Ll(v), then it follows from Oseledec Theorem [13] (see also [16]) that for each
j=1,...,2l, the so-called j-th Lyapunov exponent of the cocycle is well defined by
the law

1
Yj(z,0) = lim —log (s;[A,(z, w)]), (1.9)

n—oo N

where 5;(A,) stands for the j-th singular value of A, (they are ordered so that s;(A,) >
Sj+1(An)), if the limit exists. The ergodicity of T guarantees that, for z € C fixed,
¥j(z, ®) is constant for v-a.e. ® € Q.

Namely, we prove, like in [10], the following result.

THEOREM 1.1. Let (Hy)e be afamily of ergodic matrix-valued Jacobi operators
of the form (1.6) such that the map D : Q — GL(I,R) is bounded and for each ® € Q,
D(®) is a symmetric and invertible | x | matrix. Suppose also that the map A;, given
by the law (1.8), is such that log" ||A;(@)|| € L' (V). Then, for each r € {1,...,1}, the
essential closure of

2 = {x e R| exactly 2r exponents y;(x) are zero} (1.10)

coincides with Gyc2r(Hw), the absolutely continuous spectrum of multiplicity 2r. More-
over, if k€ {1,...,2l} is odd, then Ouc;(Hp) =0 for v-a.e. @ € Q.



830 F. VIEIRA OLIVEIRA AND S. L. CARVALHO

The inclusion ?}m C Ouer(He) is known in the literature as Kotani Theorem (this
is Theorem 4.9); the inclusion G, (Hyp) C 7" is the so-called Ishii-Pastur Theorem
(Theorem 5.2).

REMARK 1.2. We note that the additional hypotheses required for the map D are
needed to guarantee some desirable properties for the operator Hy,. Specifically, for
each w € Q, the hypothesis of D(®) being invertible is necessary in (1.8), the hypoth-
esis of D(w) being symmetric is sufficient, for instance, to establish Green formula
(2.1), and the hypothesis of D being a bounded map implies (2.4), a sufficient condi-
tion for the operator H, to be symmetric.

In order to prove Kotani Theorem, one must show that the orthogonal derivative,
with respect to z, of the sum of the Lyapounov exponents (at +-eo) up to ¥;j(x), for
each j € {1,...,1}, exists and is finite for x-a.e. x € R. For that, one might use
the strategy presented in the proof of the so-called Thouless formula (we prove the
following version of this formula in Theorem 3.5):

I
%W(Z)Z/Rloglz—xdk(x)—/glogdet(D(w))dv(w), (L11)

where £ is the integrated density of states (see Definition 3.2) (note that log|det(D(-))| €
L'(v), since D is bounded and for each @ € Q, D(w) is invertible). Then, given that
the sum of the Lyapunov exponents is, as a function of z, the Borel transform of a
measure (see the proof of Corollary 3.6), it has the desired regularity.

Thouless formula was first established in [21] for one-dimensional Schrodinger
operators. We note that there is a proof of Thouless formula for operators of the form
(1.5) in [10]; we have used this proof as a guide for the proof of our result. We also
note that there is, in [5], an alternative proof of the formula for operators of the form
(1.6) when the map D : Q — M(I,R) is constant.

The organization of this paper is as follows. In Section 2 we obtain, among other
results, Green formula for (Hy) , we present a sufficient condition for (Hg)e to be in
the limit-point case, and then we present a characterization of the absolutely continuous
spectrum of multiplicity j € {1,...,I} of H, with respect to the equivalent spectra
for HY and HY ™, the restrictions of Hy, to [2(Z4;C!) and (2(Z.;C!), respectively,
satisfying Dirichlet boundary condition at n = 0.

In Section 3 we represent the Lyapounov exponents in terms of the so-called Jost
solutions and then prove Thouless formula. In Section 4 we present several auxiliary re-
sults that are used in the proof of Kotani Theorem, which we also prove there. Finally, in
Section 5 we prove Ishii-Pastur Theorem, and then complete the proof of Theorem 1.1.

2. The resolvent operator

2.1. Green formula and self-adjoint extensions of (Hy)

Let (Hy)e be a family of dynamically defined operators of the form (1.6) such
that 7 : Q — Q is an ergodic automorphism and, for each @ € Q and each n € Z,
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Ve :=V(T"®) and D? := D(T"w) are invertible and symmetric real matrices. Then,
for each u,v € ((CI)Z, each n,m € 7Z such that n > m, and each ® € Q, one has the
so-called Green formula for Hy,:

M=

(How), Vi)er = (Ho V)i, k) ot = Wiy (n+1) = Wy (m), 2.1

u,v|
k

m

where
Wiy () := (D W, Vi 1) o — (D Vs Wnt )
is the so-called Wronskian of u and v at n € Z.
When one represents u,, v, as column-vectors, the Wronskianof u and vatneZ

may be written as
Wiy (1) = w,D0 V1 = v, Dy
Finally, if (A,), (B,) are sequences of matrices of size [ x [ one obtains, by apply-
ing Hy, to each of their columns, a generalization of Green formula:

kg (AtHo (B)k — Ho(A)iBr) = Wi g (n+1) = W p(m), 22)
with
‘/V[XB] (m) = Afn—ngn)lem - Aanwlem—l .

m

LEMMA 2.1. (Constancy of the Wronskian) If u,v € (C')Z are solutions to the
eigenvalue equation (1.7) at z € C, then the Wronskian W ) (n) is constant.

Proof. This result is a direct consequence of Green formula. Namely, for each
integers n > m, one has

n n

Z <(Hu)k7‘7>(cl - <(Hv)k»ﬁk>(cl = Z <Zuk»‘7k>(cl — <ZVk,ﬁk>(cl =0,

k=m k=m

from which follows that

Wiuv (n+1)— Wi (m)=0. O

LEMMA 2.2, Let z=x+iy € C. If u,v,r,s € (C)Y2 are such that Hu = zu,
Hr =zr, Hv = xv and Hs = xs, then

n

Wiy i—g) (14 1) = Wiy gy (m) = iy Y (2w, ri) o — (i 8x) cr — rsTa) ) -

k=m
Proof. One has, for each k € Z, the identity
(H@—=v))i, (r =)ot — ((H(r — 8))i, (W= V)i) 1
— <lek — XV, — Sk>([jl - <Efk —xs_k,ﬁk - ‘7k>(Cl
= (QWg, T o — (@, Sk) ot + (Vi k) o0 — (Vi Th)
+ (20, Vi)t — (Zk, W)t + (XS k, We) ot — (XSk, Vi) o -
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Now, by summing both members in the previous identity from m up to n, it fol-
lows that

M=

((H (u =), (r = 8))cr = (H(F = 8))i, (W= Vi)

T
e

n n
2yi(we, ) e — X, vi(wesehor — D Vi (Vi ) o -

k=m k=m

I
M=

T
e

The result now is a consequence of Green formula. [

In what follows, it will be necessary to guarantee that the operator H, is in the
limit point case at +oo; we proceed as in [10].

The so-called boundary form of the restriction of the operator Hy, to Z. is defined
as

M

To(u,v) := ) ((HoWi, Vi)ct — (Ho V)i, Ux) ¢t

w-
Il

1
im (<Vn7D£zO“n+1><Cl - <Vn+1aD;(1uun><Cl)

—s o0

— ((vo,Dgay) et — (vi,Dgag) i) -

—

=

Since D is a bounded map, it follows that for every u,v € [>(N;C/),

Y}EI(}O(<V"’D§’un+1>CI - <Vn+17D:10u">(Cl) =0. (2.3)
This condition, along with the fact that the inverse of D is also bounded, implies
that the deficiency indices of the restriction of the operator to Z_ are equal to /, a
property known in the literature as the limit point case (see [1, 3, 20]).
In this case, the self-adjoint extensions of H,, are associated with the domains &
for which the boundary form is trivial (see Proposition 7.1.3 in [3]), that is, for which

<V0,D8’l11>(c1 — <V1,D8’UQ>C1 = O, (2.4)

for every u,v € . We are particularly interested in the extension that satisfies the
initial condition uy = 0, which is denoted by Hg and called Dirichlet operator. We
also consider the extension with the initial condition u; = 0, denoted by Hg, and called
Neumann operator.

Associated with Dirichlet and Neumann operators, one defines sequences of ma-
tricial solutions to the eigenvalue equation (1.7), y(z,®),$(z,®), called respectively
Neumann and Dirichlet solutions; these are sequences of matrices of size [ x [ such

that
V/O(Z7w> :]L (Z)()(Z,CO) :O7 (25)
Vi (Z,(D) =0, 1 (va) =1

and whose columns satisfy (1.7).



KOTANI THEORY FOR ERGODIC BLOCK JACOBI OPERATORS 833

2.2. Integral kernel of the resolvent operator

As usual, one may obtain the spectral properties of the operator Hg by analysing
the asymptotic behavior of the resolvent operator for z =x+iy € C as y | 0.

The idea is to write, for each z € p(Hg) (the resolvent set of Hg ), the resolvent
operator in its integral form through the matrix-valued Green Function, which is, by its
turn, parametrized by the solutions to the eigenvalue equation at z.

If ze C\R and if HZ’, is in the limit point case (2.3), then the set

n=1

Iz, 0) = {u e (CHZ | Hyu = zu, i Ju, | < w}

is a subspace of dimension /. In this case, there exists only one sequence (F,(z, ®)), of
matrices of size [ x [, whose columns satisfy simultaneously (1.7), the initial condition
Fy(z,w) = I, and

anFn(z,m)H2 < oo, (2.6)

Each sequence of columns of F,(z, ®) is a solution to the eigenvalue equation with
a canonical vector of C' as its initial condition; namely, if Fl (z,w) denotes the j-th
column of Fy(z,®), then (F(z,®)),, with FJ(z,@) = e/ (where ¢/ stands for the j-
th element of the canonical basis of C!), is a solution to the eigenvalue equation (1.7).
These [ solutions are the so-called Jost solutions.

The Jost solutions can be parametrized by the matrix-valued Weyl-Titchmarsh
function associated with Hg, Mm? (z, ), which is given by

M?(z,0) := —Fi(z,0)(D$) " (2.7)

One can also write the Jost solutions in terms of Neumann and Dirichlet solutions
as
Fu(z,0) = Ya(2,0) = 9u(z, @)M? (2, 0) DF’; (2.8)

this is a consequence of the fact that both members of (2.8) are solutions to the eigen-
value equation that coincide at n € {0, 1} (given the unicity of solutions to such equa-
tions).

In what follows, we establish a relation between the matrix-valued Weyl-Titchmarsh
function and the Jost solutions, as it was done in [10] (see Proposition 2.3 there).

PROPOSITION 2.3. Let, for each z € C\R and each o € Q, (F,(z,®)), be the
matrices given by the Jost solutions to the eigenvalue equation (1.7), and let M?(z, ®)
be the corresponding matrix-valued Weyl-Titchmarsh function. Then,

(a) (M®(z,0)) =M°(z, 0);

M s

(b) DoS[M?(z,)|Do =3[2] Y Fi(z,0)* Fi(z, ®).

k=1
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Proof. We omit z and @ in the notation throughout the proof.
(a) By letting A, = B, = F,, in Green formula (2.2), it follows that there exists a

constant C such that, forevery n € Z ,

Wirp) () = (F_ 1Dy 1Fy — FyDy 1 F, 1) = C;

one has from relation (2.6) that

lim W[F,F] (n) = 0,

n—o00

and then, C = 0. It follows, in particular, that
(DoFy)'Fi — (DoFy)' Fy = 0.

Since Fy =1 and Dy = D)), it follows that DoF; = DoM? Dy is symmetric, and so M?..
(b) Let Ay =F,, B,=F, and m =1 in (2.2); then, take the limit n — . It
follows from (2.3), (2.7) and item (a) that

F'F. O

M

k=1

D()S[M¢ (Z7 (D)}Do = (D()F())[Fl - (Dofl)[F() = S[Z]

LEMMA 2.4. For each z € C and each ® € Q, let y(z,0) and ¢(z, ) be the
Neumann and Dirichlet solutions to the eigenvalue equation (1.7) at z, respectively.

Then, for each n € Z., one has

(@) Ya(z,0)(DF) ™" )z, @) — du(z, @) (DY) ™' W (z, @) = 0;
-1 (2.9)

k)

() ¥(z, @)(DF) " 941 (2, 0) — 9u(z,0)(DF) ' ¥, (2, 0) = (DY)
() Vi1 (2, @) (D)~ 61(2, @) — 9us1 (2, ) (DY)~ (2, 0)

Proof. Again, we omit z and @ in the notation throughout the proof. If one

applies equation (2.2) to the pairs (v, y),(y,9),(¢,y) and (¢,¢), one obtains from
the constancy of the Wronskian (Lemma 2.1), for each n € Z , the system

ViDnWni1 — Wiy Dy =0,
ViDn®nt1 — Yy 1 Dndn = Do,
GnDnWnt1 — O} DnWn = —Do,
0y Dn®ni1— @y 1 Dndn =0,

which can be written in the form

V/Z Wi’ D, 0 Vo On - Dy O
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Since J~! = —J and
-1 _
Dy 0 _ D,' 0
0 Do 0 D'’

—1
by multiplying to the left both members of identity (2.10) by J~! [DO 0 ] , it fol-

0 D'
lows that

Vn  On Dal 0 -J V’fau/rrz-&-l =7 D;l 0
Vst $ur | | O D[ [ 0f 9L, 0 D'}’

where it has been used the fact that

' 0 Ty [ ][22 0] (o]
n ¥n d
|: 0 D01:|J ¢r[l rt1+1_ 0 Dy I oan Vn+1 ¢n+l

commute. Such identity can be written in the form
vaDy ' ¢}, — 9uD5 'y, = 0,
vy 0 — oDy Wi =Dy
Y1 Dy 9 — 9ui Dy 'y = =Dy

wn+1D61¢£l+l - ¢’n+1D61VIl{l+l =0.

From these relations, one can obtain the Green Function of the Dirichlet operator
HY.

PROPOSITION 2.5. Set, for each p,q € Z and each z € C\ R,

~0p(z,0) (DY) ' Fy(z,0), p < g,

Goo(p,a;2) 1= N
_FP(Z7(D)(DO) ¢’q(sz)v p>Q7

where F and ¢ are, respectively, the Jost solutions at +oo and the Dirichlet solution
to the eigenvalue equation (1.7) at z. Then, for each u € I>(Z,,C!),

Y G (p.q:2)ug = (HH —2)"'u),. @.11)
q

Proof. Since foreachn€ Z, , F, € lz(Z+;(Cl), it follows that

q

(ZGﬁ,(p,q;z)uq> el*(Z.;Ch.
PELy
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One needs to prove that
(HY —2) (E Gfa(p,q;Z)uq> = (up)pez, -
9 PEL4

It follows from the definition of Gg)( P,q;z) that (we omit the dependence of z and
 in G4 (p,q:2)),

(H? —2z) <EG"’(p7q)uq> = (EDpG"’(pr l,q)uq>
d PELy PELy

q

+ (ZDFle)(p— l,q)uq>
PELy

q

+ (Z(Vp —2)G* (p,q)uq> :
PEZL4

q

For a fixed p € Z, , one needs to consider the following cases.
Case g<p—1:

Dqu) (p+1,9)u,+ Dp_le) (p—Lqug+(V,— 2)G? (P.q)uy
= —DpFp 1Dy $hug — Dy 1Fp 1Dy Ofug — (V, — 2)F, Dy 9l
= —[DpFpi1+Dp1Fp_1+ (V, — 2)Fp] Dy ' dfuy = — 0] D ' ¢lu, = 0.
Case g=p—1:
D,,Gd’ (p+1,9)u, +Dp_1G¢ (p—1,q)u,+ (v, — 2)G? (p.q)uy
= —DyFy 1Dy $fug — D19, 1Dy Fyug — (V, — 2)F,Dy ' ol
= —DyFy Dy $fug — Dy 1Fp 1Dy lug — (V, — 2)F, Dy 0l
= —[DpFpi1+ Dy 1Fp_1+ (V, —2)Fp) Dy ' dfug = — [0] D 'y, = 0,

where one has applied (2.9)- (a) to the second identity.
Case g = p: applying (2.9)-(c), one has

DyG?(q+1,9)uy+ Dy 1G* (g — 1,q)ug + (V4 — 2)G® (g, 9)uy = uy.
Case g=p+1:
D,G? (p+1,q)uy+Dp1G? (p— 1,9)uy + (V, = 2)G? (p,q)uy =0. O
2.3. Spectral supports

We note that, for each @ € Q, the Green Function Gﬁ,(l, 1;):Cy — M(1,C) is
a matrix-valued Herglotz function (that is, Gﬁ)(l, 1;-) is analytic and SG%(I, 1;z) >0,
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for each z € C, given that G is the integral kernel of (Hg —z)~! and S(HS—2)"! >
0), from which follows that, for k-a.e. x € R,

imS3GH (1, 1;x £ iy) < oo
y10
(see [4]). By the Spectral Theorem one has, for each u € ZZ(Z+; (Cl),

<(HZ’, —z)‘lu,u> - /x%zduu(xL 2.12)

where L, is a finite Borel measure.
Consider the I canonical vectors (ej ¢ )x—1,..; in (CHZ+, where (€1.6)n,; = 01,10 k-
These vectors form a spectral basis for the operator Hg, in the sense that

span{U,_ {(HS)"(e14) | n € Z,}} = 1*(Z4:C');

therefore, in order to obtain the spectral properties of the operator Hg, it is enough to
study the properties of the matrix-valued spectral measure ( [Jel)hel‘j)lg i<l

The next step consists in obtaining a characterization of the absolutely continu-
ous spectrum (including multiplicity) by establishing minimal supports for the spectral
measures. One says that a Borel subset S C R is a minimal support of a positive and
finite Borel measure p if:

(i) u(R\S)=0;
(ii) for each Sy C S such that u(Sp) =0, x(Sp) =0,

where «k(-) stands for the Lebesgue measure on R.
Let, for each z € C\ supp[Q],

06) = [ a0

be the matrix-valued Herglotz function associated with the finite matrix-valued Borel
measure Q. It follows from Theorem 6.1 in [4] that the sets

Sacyr = {x € R |limyjo Q(x+iy) < oo, rank[limy|o 3[Q(x + iy)]| = r},
Sac 1= Uiﬂ:lsac,ra (2.13)
S5 := {x € R|limy o S[Tr[Q(x + iy)]] = oo},

are minimal supports for the absolutely continuous component of multiplicity r, abso-
lutely continuous and singular components of the measure Q, respectively.
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PROPOSITION 2.6. For each z € C\R and each ® € Q, let M?(z,®) be the
Weyl-Titchmarsh matrix of the operator Hg, defined by (2.7). Then, for each j =
1,...,1, the set

ac,j *

00— {xeR| lig)lM"’ (x+iy,0) < oo,rank[liﬁ)lS[Md’ (x+iy,0)]] = j}
y y

is a minimal support for the absolutely continuous component of multiplicity j, and the
set

ac,j

!
o=
j=1
is a minimal support for the absolutely continuous component of the spectral measure
of the operator Hg. Finally, the set
= {xcR| liIgS[Tr[M¢ (x4 iy, 0)]] = o}
y

is a minimal support for the singular component of the spectral measure of the operator
HY.

Proof. By definition,
Go(1,1;2) = =91 Dy 'Fi = Dy ' Diy(M?) = MO (2, w). (2.14)

It follows from identities (2.11) and (2.12) that

1
G?O(m;z):/—dg,
X—2

where Q = (uelixl’j)lgih/gl; thus, since Gg(l, 1;z) is a matrix-valued Herglotz func-
tion, the result follows from (2.13) and (2.14). O

Finally, the next result relates the absolutely continuous spectral components (of
all multiplicities) of operators which differ by a finite rank operator.

PROPOSITION 2.7. Let (Hg)e be the Jacobi operator defined in 1*(Z;C') by
the law (1.6), and let (Hg;i)w be the correspondent Dirichlet operators defined in
1>(Z+;C"). Then, for each ® € Q and each j € {1,...,21},

e ) = 0 (1 5.

Proof. Let {e;,e12,...,€;;,€_11,€_12,...,e_1;} be the canonical spectral ba-
sis for both H and (Hf @Hf) .Foreach ke {l1,...,l} andeach me {—1,1},let H,,;

and (Hf @H?)
m,

the subspace spanned by €, » respectively.

. be the operators given by the restrictions of H and (Hf & Hf) to
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Kato-Rosenblum’s Theorem (see [15]) establishes that if the difference between
two bounded self-adjoint operators, say S and 7', is a finite rank operator, then 0, (S) =
04c(T).

Since (Hf &) H?) is a finite rank perturbation of H,, s, it follows that oyc(H,x)

m.k

= Guc ((Hf ®H?>m,k) . O

3. Lyapunov exponents and Thouless formula

As discussed in Introduction, if the cocycle (T,A;), with A, : Q — SL(I,C) given
by (1.8), is such that log" ||A.(®)| : @ — R € L'(v), then it follows from Oseledec
Theorem that its Lyapunov exponents are well defined.

One may characterize such exponents in terms of the singular values of the transfer
matrices A,(z, @) by relation (1.9). We emphazise again that, by the ergocity of T, they
do not depend on w € Q.

If one also assumes that the mapping D : Q — M([,R) is bounded, the operator
(Hg)w is (as discussed in Section 2) in the limit point case at 4. Hence, one can de-
fine the sequence of matrices (F,1(+)(z, ®))nez, € 1*(Z+;M(1,C)) (the Jost solutions),
which span the subspace ¢, (z,®) and satisfies

Fn(j-_f(zvm) M+(va)
= Az, 0) . 3.1)
D(T"0)F " (2, 0) D(w)

One can also define, in the same manner, the sequence (FS) (z,0))nez, €13(Z-;M(1,C)),
which spans the subspace #_(z,®) and satisfies

FU (o) M_(z,0)
—Au(z,0) ; (3.2)
D(T"w)F") (z, 0) D(w)

here, the matrices A_,(z, ) are defined as in (1.3).

Note that these subspaces satisfy dim(_#, (z,w)) = dim(_#_(z,w)) = [ and their
union spans the space of the solutions to the eigenvalue equation (1.7).

Since, foreach n € Z and each z € C, A,(z) € sp(21) (thatis, (A,(z))' JAn(z) =),
it follows from relation (1.9) that the Lyapunov exponents are pairs of symmetric num-
bers. Moreover, since the sequences (F,,(i)),,ez . are related with the transfer matrices
by equations (3.1) and (3.2), one has (by assuming that the matrices D(®) are uni-
formly bounded), for each j € {1,2,...,/} and each z€ C\ R,

1 . 1 (o)
Jim log (5542, 0)]) = lim - log (5[ (<, 0)])
and foreach je {I+1,1+2,...,21},
1 1
lim — log (s[4 (z, ®)]) = lim — log (;,»[F,ﬁ”(z,w)]) .

n—oo N n—oo n
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Let, for each j € {1,2,...,l} and each z € C\R, y,i(z) be the Lyapunov expo-

nents of F,\¥) (z, w). Gathering these results for the cocycle (T,A;), one establishes the

following proposition.

PROPOSITION 3.1. Let (Hy)w be as above and let z € C\R. Then, the cocycle
(T,A;) has (not necessarily distict) 21 Lyapunov exponents which satisfy

Y@ =7 (), =121
Vi@ =Y (@), J=1+1,1+2,...,20

Moreover, for each j € {1,...,1} and for v-a.e. ® € Q, one has*

Yf(z)—l—yj(z)—k...—kyf( )—hm—logHAJ (Z w))'

n—eo N

K @+% @+ +7 () = lim l1ogHAJ Yz0)

n—oon

and if z € C, then for each j=1,...,1, vj(z) = —=yu—j+1(z) = 0.

Set, foreach z € C,
i
Z (3.3)

it follows from Proposition 3.1 that for z € C\ R,

i i
=D @=-27©
j=1 j=1
One also concludes from Proposition 3.1 that for each z € C\ R,

NGR=..2% @ 21@202y =2y, >...27 (2),

where, for each j € {1,...,1}, J/f(z) =-7; (2).

Our next step consists in establishing Thouless formula in our setting (Theorem
3.5). In order to prove this result, we adapt the proofs presented in [2] and [10]; thus,
one needs to define the so-called integrated density of states.

DEFINITION 3.2. (Integrated density of states) Let (Hg)e be as before. One de-
fines the integrated density of states related with this family of operators by the law

[
k() := /(; (Z <<@w(r)el,j7el,j>> dv(w),

j=1
where T' € .o/ (.o stands for the Borel o -algebra of R) and %, : o/ — B(I*>(Z;C"))
is the resolution of the identity associated with the Dirichlet operator Hg .

“For the precise definition of A/, j € {1,...,I}, see page 179 in [1] and page 43 in [6].
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Before we proceed let, for each N € N and each o € Q, H{;’ be the restriction of
HY, to the space 12({0,1,...,N—1,N};C!). Letalso kY : R — Z, be given by the law

1
K (x) = ¥ |{eigenvalues of HY least or equal to x}|, (3.4)
where |A| stands for the cardinality of the set A.
In what follows, we show that the sequence of measures (dkY)yen converges
weakly to the density of states dk.
PROPOSITION 3.3. Let k be as in Definition 3.2, let f: R — R be a measurable

and bounded function, and let (kY)yen be the sequence given by (3.4). Then, there
exists a v-measurable set Qy, with v(Qy) =1, such that, for each @ € Qy,

lim/f ViKY (x /f Vdk(x

N—soo
Proof. Let N € N; it follows from the definition of trace of an operator that
1 . 1
[ F@aKy ) = 5 dimRagGuy Zo (1) = 1 T Zo( 1l G5)

Since (e, ) is an orthonormal basis of 1?(Z;C'), one has

1 —1 1
NTI'[@LO 2 2< en k;en k> (36)

On the other hand, since the operator H. d’n » 18 a translation of Hg, it follows that
foreachne€ Z,

(Po(f)eni-ni) = {(Pro(f)erreix)- 3.7

So, if one defines, for each ® € Q,
l
2 < fe, o €1 k>
then one gets from relations (3.5) to (3.7) that

1 N—1
[ rasw = 3 7o)

By Birkhoff Ergodic Theorem, there exists a measurable set Q¢ with v(Qf) =1
such that, for every o € Q¢,

hm—EfT" =E[f].

Neooo N
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By the definition of &, one has

!

E[f]=E lz <<@w(f)el7k7el7k>‘| = /f(x)dk(x).

k=1

By combining the last three identities, it follows that for every @ € Q¢
Jim [ f(x) / F)dk(x). O

PROPOSITION 3.4. Let (Hy)w, k and (KY)yen be as in Proposition 3.3. Then,
(de)NeN converges weakly to the measure dk for v-a.e. ® € Q.

Proof. Let Cy denote the space of continuous functions with compact support
in R, endowed with the topology of the uniform convergence. Let (g,), be a dense
sequence in Cy of real measurable bounded functions. Define

Qo= () Qg
neN

with Q,, given by Proposition 3.3; then, v(Qo) =1.
Now, given f € Cy and @ € Q, it follows from Proposition 3.3 that

lim [ a0 = [ fodkto. O

We are finally able to prove Thouless formula.

THEOREM 3.5. (Thouless formula) Let (Hgy)w be as above, let y(z) be given by
(3.3) and let k be the integrated density of states (Definition 3.2). Then, for each z € C,

/log\z x| d(x) /log|det 0))|dv(o).

Proof. Firstly, consider the case z € C\R. Foreach o € Q, let F*)(z, ®) be the
Jost solutions (2.6) to the eigenvalue equation (1.7) associated with the operators Hgi .
One has from Proposition 3.1 that for v-a.e. w € Q,

1 _

lim = log |det (Fn( (2, w))) — lim L 1og HA’ (z,w))H = 1(2).

n—eo n—oo n

Given that z € p(Hy,), the space of solutions to the eigenvalue equation is spanned

by the Jost solutions (being, therefore, 2/-dimensional). If one considers the Dirichlet

solution (¢, (®,z)),, each sequence of columns of (¢, (®,z)), can be written as a linear

combination of the sequences of the columns of (Fn(Jr) (z,)), and (Fn(f) (z,0)),. More
precisely, there exist matrices B,C such that, foreach n € Z ,

ou(z,0) = F ) (z,0)B+F ) (z,0)C. (3.8)
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Suppose that B is not invertible. Then, there exists v 0 such that Bv = 0, and
consequently, ¢(z, ®)v = F*) (z, ®)Cv € I>(N;C'); hence, z is an eigenvalue of HY,
which is an absurd. This proves that B is invertible. On the other hand, since, for each
z€e C\RandeachneZ,, F,,(_)(z, o) is invertible, one can rewrite (3.8) as

~1
Ou(z,0) = I+ F 7 (z,0)CB™ <F,,(_)(z, m)) } F 7 (z0)B.
It follows now from Proposition 3.1 that

1 1 _
lim - log|det (92, @))| = lim Zlog'det (F,,( )(z,w))‘ —1). (3.9
The Dirichlet solution ¢ satisfies, for each n € Z. , the recurrence relation

Dn¢n+l = (Z - Vn)(Pn - Dn71¢n71~

The entries of the matrices D, ¢, are monic polynomials in z of degree at most n.
Then, det(D,¢,+1) is a polynomial of degree nl (see [2], page 185, for a proof of this
argument).

Note that if v # 0 is such that ¢y 1(z,@)v = 0, then there exists a solution to the
eigenvalue equation in z which is a linear combination of the columns of (D, ¢, (z, ®)),
that vanishes at the entries 0 and N+ 1. In this case, z is an eigenvalue of H, é}' . Hence,
if Dy is invertible, then det(Dy@n-1(z, ®)) = 0 iff z is an eigenvalue HY .

One concludes that det(Dy@y-+1(z,®)) is a polynomial in z whose roots are

eigenvalues of H, ; if one denotes them by (A;)|<i<n:, one has
NI
det (Dn¢n+1(z, @) =[] (z— M) (3.10)
k=1

Let, for each N € N and each o € Q, [3&1\)’ be the measure defined in the Borel
o -algebra of R by the law

BY(A) = |{x € A | xis an eigenvalue of HY }|;

then, it follows from (3.10) that
log|det (Dy(©))| + log det (w1 (z,0)) | = | loglz —x|dBY ().
Consequently, by the definition of £ and by Proposition 3.4 one has, for v-a.e. ® €Q,
Jim - (logdet (9 1 (2,0))| + ogldet (Dx(@))]) = Jim [ 108z~ x|k ()
= /log |z —x|dk(x). (3.11)

Since D,(®) = D(T" ) for every w € Q, it follows from Birkhoff Ergodic The-
orem that for v-a.e. w € Q,

1
lim — (log|det (Dy(@ / log [det (D())| dv(®). (3.12)
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By combining the identities (3.9), (3.11) and (3.12), one gets

/1og\z x| dk(x) /log|det o)l dv(w). (3.13)

In order to prove Thouless formula for x € R, we proceed as in the proof of The-
orem 9.20 in [2]; namely, given r > 0 and x € R, if one takes the mean value of y(z)
in the disk D(x;r), it follows from (3.13) that

1
— Y(p+qi)dx(p)dk(q
77 Do praier ( )dx(p)dx(q)
/log|det )| dv(w) (3.14)
+— /1og\ (p + qi) — s|dk(s)dic(p)dic(q).
[x—(p+qi)|<r /R

Now, it follows from the lemma presented in the proof of Theorem 9.20 in [2] that the
function f : C — CU{—eo}, given by the law

/log|det ))|dv(o +/10g|z—s|dk( ),

is subharmonic and so, for every zg € C, one has

f(z0) = lim l/lzzl<rf(z)dz. (3.15)

r—0 T2

Thus, by letting r | 0 in both members of (3.14), it follows from (3.15) that
¥(x /log\det ®))|dv(o +/10g|x—s\dk() 0

In what follows, we prove using Thouless formula that y(x) has, for k-a.e. x € R,
a finite ortogonal derivative at x. This result is used in the proof of Kotani Theorem 4.9,
as discussed in Section 4.

COROLLARY 3.6. Let Y(z) be as in Theorem 3.5. Then, for x-a.e. x € R, the
normal derivative ) )
Wt iy) ¥yt i)
= lim—-—
dy v10 y
exists and is finite.

Proof. Tt follows from Theorem 3.5 that

— ; 1 iv—s|—1 —
M) Hrth) [ gl iv sl gl
: R

limyl()

1
= [ i——dk(s
] (5)

Now, since the Borel transform of the measure k exists for k-a.e. x € R, the results
follows. [
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4. Kotani Theorem

In this section we prove, in our setting, a version of Kotani Theorem, which relates
the Lyapunov exponents of the cocycle to the mean value of the singular values of the
matrix-valued spectral measure. Specifically, we prove that if some Lyapunov exponent
is zero, then the mean value of the correspondent singular value of the matrix-valued
spectral measure is strictly positive and finite.

Our starting point is the existence of the normal derivative of y(z) (Corollary 3.6).
The idea, again, is to adapt the steps of the proof of Kotani Theorem in [10] (more
precisely, we adapt the proof of Theorem 7.2 in [10]). The main obstacle in our case is
the presence of the matrices D,, in the recurrence relations. The solution that we present
to circunvet this problem is to include these matrices in the term that is dynamically
estimated, and then to relate such term to the matrix-valued spectral measure using the
Sylvester Law of Inertia (see [17]).

PROPOSITION 4.1. (Sylvester law of inertia) Let B be an hermitian matrix and

let
7(B) = number of strictly positives eigenvalues of B;

V(B) = number of strictly negatives eigenvalues of B;
0(B) = number of null eigenvalues of B.

Then, for every non-singular matrix X,

n(B) = n(X*BX),
v(B) = V(X*BX),
0(B) = 6(X*BX).

In the case of dynamically defined operators, one may generalize the Weyl-Titch-
marsh function M? by the sequence

M{ (z,0) = —Fyi1(z,0)F, '(z,0)D, (o), (4.1)

where z€ Cy, ® € Q, n€ZY and Fy(z,0) := Fn(+)(z7 ®) (we omit the index (+)
in order to simplify the notation throughout the rest of the text), with Mg (z,0) =
M®(z,). It follows from relation (4.1) that for each z € C;, each @ € Q and each
ne?zl,

Mm®

n+l(Zv (D) = th) (Zv T(D)

LEMMA 4.2. Let (Hyp)gpeq be as before, let (F,(z,0))uen be the Jost solutions
to the eigenvalue equation (1.7) at z € C and let (Mf (z, w))nezﬁ be the sequence of

Weyl-Titchmarsh functions defined by (4.1). Then, for each m,n € 7.9,
(a) Fn (Z7 me)Fm(Za (D) = Fn+m(Z7 (D) y
(b) M. (2, T"@)Dy(®) = Fyuy1 (2, 0)Fyy ' (2, 0);

m

(c) —(M) "Mz, T" ' @) — Du(@)M{ (2, T"0) D,y (@) + V(@) = 2.
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Proof. We omit the dependence in z throughout the proof.

(a) Let a € C'. The sequence u = (u,),, with u, = F,(®)a, is the solution to
the eigenvalue equation (1.7) that satisfies uyp = a; moreover, u € /+(a)). Then, v, =
F,(T™w)a corresponds to the solution v & ¢, (T™w) to the eigenvalue equation (1.7)
that satisfies the initial condition vp = a.

On other hand, w, = F,;,,(w)a corresponds to the solution u € ¢ (@) which
satisfies w,, = a.

One concludes that each column of F,,(T™w)F,,(®) coincides with the correspon-
dent column of F,,,(w), since both are solutions, in ¢, (T"w), to the eigenvalue
equation (1.7) that satisfy the same initial condition.

(b) 1t follows from (a) that for each m € Z. and each ® € Q,

FiI(T"0)Fy(®) = Fp (o).
Since Fo(T"w) =1 and D, (@) = D(T"®), it follows from relation (4.1) that
M (T"w) = —F\(T" w)D,,' (0);
by combining both relations, one gets
MG (T"0) = ~Fyi1 (0)F, (@)D, (@).
(¢) The eigenvalue equation (1.7), for each n € Z , reads
Do (@) Fo 1 (0)F; (@) + D) B ()~ (0) + Vi) =

it follows from (b) that

_(M(?)_I(Tn_lw) - Dn(m)M(q))(Tn(U)Dn((D) +V(w)=2. 0O

Before we present Kotani Theorem in its full generality, we present a partial
version of it; namely, we proceed to prove, for v-a.e. ® € Q, the set inclusion
v ANY

77" C 0,400 (HY), with 2 given by (1.10).

LEMMA 4.3. Let, foreach z € C, (M} (z,®)), be as in Lemma 4.2, and let (z)
be given by (3.3). Then, for each n € Z,

3z -
“ <H+ Dy(@)3[M) (z,w>]Dn(w)> H =21(@). 4.2)

Proof. Let w € Q and n € Z ; if one takes the imaginary part of both members
of the identity of Lemma 4.2- (¢), one gets

E

log

—D,3[M?|D, —3[(M?_ )~ =3 [L (4.3)
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Then,

3[7]

D,SM{ID, ((M)7) S [My (M)~ (DS ME]Da)

I+

from which follows that

det (H + i) '
D,3[M?|D,

=-E [log’det((Mffl)*)

E |log

} +E {logdet (S [qu])}

E [log )det (Mjf_l) H —2E[log|det(D,)|] — E [1ogdet (S [M}f})] .

Since
E {logdet (S [Mffl}” =E [logdet (3[M?])]
and, by Proposition 2.3,
)

E [tog|det (M7, )| =& [log |det (4],

one concludes that

S
D,S3 M, |D,

On other hand, for each n € Z., MY = —F,, 1\, D1, by definition (4.1). So,
for each @ € Q, one has

E |logdet =-2E [log‘det (Mfﬁl>‘+log|det(Dn)q. (4.4)

log |det (M (®))| = log|det (—F,+1(@))| +log |det (F, ' (®)) | +log|det (D;, ' (w))].

It follows from Birkhoff Ergodic Theorem that for v-a.e. ® € Q,

b

E [log |det (M?)|] = Jim %Lillog |det (M7 (w))
— L =0

and consequently, that for v-a.e. ® € Q,

1

E [1og ‘det (M,?) H — limy ... - (log|det (FL (@) | — log |det (Fy(@))])

+1limz oo % (XL} log|det (D, ' (w))]).

Now, we compute each term of the right-hand side of this identity separately. Nat-
urally,

.1
Llﬂzlog|det(Fo(a)))| =0.
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By Proposition 3.1, one has

Jim 7 (log det (Fi(@)]) = ~1(2)

and again by Birkhoff Ergodic Theorem, one has for v-a.e @ € Q,

L-1
Lli_IEo%rgalOg’det (D, (@))| = —E [log|det (D,)]]-
Finally,
E [log|det (Mf)|] = —7(z) — E[log|det(D,)]]. 4.5)

and the result is now a consequence of relations (4.4) and (4.5). U

PROPOSITION 4.4. Let, foreach z€ C, (MJ (z,®)) and y(z) be as in Lemma 4.3.
Then, for each n € Z.,

~—

1
E <219,

T [DnS[M,?]Dn + %} [z

Proof. Given a square matrix A, it is known that"
det () = ™),
Now, if B is such that [+ B = ¢ #, then
det(I+ B) = "loe+B),

that is,
logdet (I+ B) = Tr[log(I+ B)].

Thus, relation (4.2) can be written as

3z]
E lTr l]og (]H— DinS[Mff]D,)

which can be expressed in terms of singular the values, L, of DS [Mg Do as

E Lé (log (1 + %))] —2() 4.6)

(namely, given a positive semi-definite matrix A of size [ x [, if f: R, — Ry is an
increasing function, one has, for each k € {1,...,1}, s¢[f(A)] = f(sk[A]); see Theorem
6.7 in [6]).

=2¥(2),

fSee, for instance, page 25 in [19].
#The matricial logarithm is defined for every matrix with positive eigenvalues; see page 269 in [7].
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It is also known that for each x > 0,
4.7)

log(1+x) > .
g(1+x) 41

Hence,

and then,

k=1 Hi +
Finally, since the arithmetic mean of a finite set of non-negative numbers is greater than

its harmonic mean, it follows that

1 4 Y(2)
E <2=—=. 0O
[2 v ) <750

Tr [DHS[M,Z’]DH n %}

It follows from Corollary 3.6 that the normal derivative ay%;”‘) (x) exists for K-
a.e. x € R. So, for each x € R such that this derivative exists and such that y(x) =0,
one has 5 ) . .
YEAD) () gy YEED =V FEH D)
dy ¥10 y yloo oy

It follows from Fatou Lemma and Proposition 4.4 that, for x-a.e. x € R

E [nminfy 10 <Tr [D,,S (MY (x+ iy)|D, + %] ) 1]

1
< limsup, (E (Tr [DnS[M,? (x+iy)|Dy + %}) 1 < oo,

Then, for k-a.e. x € R such that y(x) =0 and for v-a.e. w € Q,

liml%)nfTr [D,S[M (x + iy, w)]Dy] > 0.
y
On other hand, since for each n € Z, , M? (z) is a Herglotz function (by (2.14))

one has for k-a.e. x € R andeach w € Q,
nﬁ)lTr [D,S[MY (x+ iy, 0)]|Dy] < eo.
y

=0 and for v-a.e. w € Q,

Hence, for k-a.e. x € R such that y(x)
(4.8)

0< liI{)ITr [D,3 [M? (x + iy, ©)|D,] < o.
y
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Finally, it follows from Proposition 4.1 and relation (4.8) that for k-a.e. x € R

such that y(x) =0 and for v-a.e. ® € Q,
0< lyig)lTr [SIML (x+ iy, ®)]] < eo;
the set inclusion ?;” C Ouey (HZ’,) is now a consequence of Proposition 2.6.

In fact, as in [10], one can go even further and obtain from Proposition 4.4 a strati-
fied charaterization (in terms of the multiplicity) of the absolutely continuous spectrum
with respect to the sets (1.10).

The idea is to relate the greatest singular values of the Weyl-Titchmarsh matrix-
valued function M? with the greatest Lyapunov exponents, generalizing, therefore,
relation (4.6).

PROPOSITION 4.5. Let z € C, M?(z,®) and y(z) be as in Lemma 4.3. Let
(@) = wp(®) > ... > w(w) be the singular values of DoS[M?(w)|Dy. Then, for
each je{1,...,1},

J g
Y E [log (1 + ﬂ)} L2(M41-j(2) + ... +7(2)).
k=1 Mk
Proof. Tt follows from (4.3) that, for each n € Z.,
—D,S[MJ1D, = S[JT— (My_)") 'S (MY J(M7 )"

Now, by multiplying both members of this identity to the left by F,* and to the right by
F; , one gets

—F;D,3[ME|DFy = FS[2)Fy — FF (M0 ) ) 'SMP_J(M? ).
Since, by definition (4.1),

Fy (M2 )"

_Fn*_anfh
(M?_)"'F, = —Dy1Fpy,
the last identity can be written as
—F;D,SMP 1D, F, = S[ZF; Fy = B Dy 13[MY 1Dy 1 Fy

note that this is a relation between two positive semi-definite matrices. By setting P, :=

DnS[M,‘f |DyF,, one has
Py (Pi1 =S[2F, Fy+ P, Py,

from which follows the recurrence relation

P: P, =P ]I+37[Z} P,. 4.9)
D,3[M; 1D,
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Now, we apply the operators A* to both members of (4.9). For each j € {0, ...,
I —1}, one gets

AT (PE Py y) = AT ( P H+73[Zl) P,
D,3[M|D,

= A <<H+ &> PP*)
D,S[M, }

and then,

HAZ i(Pr_ P, 1)H (4.10)

Since

-
D,3 My, |D,

it follows from (4.10) that

lo HAI j P, 1 H < lo <1 7) +lo HAZ J P;Pn )
g —14n— kz,l 4 ’ l_k(an) g ( )

and so, foreach n € Z .,

, ol 3] .
lo HAZ—J PiP H< o <1+7.)+10 HAI_J Pp).
g || AT (Py Po) FZUE,I e\ ) g A (PR

If one multiplies both sides of the last inequality by % and let n — oo, one gets by
Birkhoff Ergodic Theorem that, for v-a.e. € Q,

é [log( Sl )]—Fhm 1ogHA’ itpep,)|. 4.11)

M1k n—en
Nevertheless, by definition, F and P satisfies foreach n € Z ,
P;P, =F,D,S[M, ]D E,;

thus, for each j € {0,...,/1— 1},

AT (PR = Al I(FDS[M"’} F)

— Al (DnS[M,?]DnFnFn*) ,
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from which follows that

1 . 1 , 1 )
—1ogHAl—f(P;Pn) <—1ogHAl—f(DnS[M;f}Dn) +—1ogHA’—f(Fn*Fn) .
n n n

Now, it follows from Proposition 3.1 that for v-a.e. @ € Q,

Qo 0) = lim log [N (R (w,2)

and since log ”Al_j(DoS [Mg}Do)(a))H < oo, one has

1 .
lim —logHAl_f(P,;‘Pn)

n—oeo Q.

<2n@)+...+7-j(2))- (4.12)
By combining relations (4.11) and (4.12), one gets

=]
EE{log <l+ﬁ>} >2(n(z)+...+v-j(). (4.13)
k=1

Hit1—k

Finally, by Lemma 4.3 and relation (4.13), it follows that

$ofis (120 = (1o )]

Hi I—j+1 Hiv1—k
< 2(Mi41-j(2) + ...+ n(2). O

Before we present the proof of Kotani Theorem, some final preparation is required.

Suppose now that for a given x € R, there exists a solution to the eigenvalue
equation (1.7) for the operator H, which is square-sumable. Given y > 0, since x+iy €
p(Hw), the correspondent solution for x + iy also exists. Then, by Green formula, one
can compare the norms of these solutions in /2(N;C').

LEMMA 4.6. Let @ € Q, k€ {1,....k}, n€ N, and let f (x+ iy, ) be the k-th
column of the matrix F,(x+ iy, ®). If f¥ (x, ) € (N;C"), then

e, < Z |

2
c’

Proof. We omit the dependence in @ throughout the proof. Let z =x+iy. By
applying Lemma 2.2 to f*)(z) and £*)(x), one gets

2
Sl (2 [9@ = (#9890 ) — (19 ()10 (z)>> —0;
namely, given that these solutions are square-sumable at +oo, one has

lim W

2T W60 (2) 0 () #9 (2) -0 ()] (n+1)=0,
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and since f f(k =0, one also has

Wit (01 (89 ()10 g (D) = O

Hence,

@ -t = @]+ oo
—{19(2),10(x)) - (19(x), 19 (2))

- || - @]

ol oo >o.

)

and consequently,

COROLLARY 4.7. Let z€ C, (Hg)e and M?(z,®) be as in Lemma 4.3. Sup-
pose that there exist x € R and j€{1,...,1} suchthat yj(x) > 0. Then, for each y >0,

¥i(x) < ¥ (et iy).

Proof. If yj(x) > 0 then, for v-a.e. ® € Q, there exists a solution to eigenvalue
equation at x, say f(x, @), which decays exponentially fast. By Lemma 4.6, it follows
that for v-a.e. @, the correspondent solution f(x+ iy, ) decays at least with the same
exponential rate. Hence, y;(x) < yj(x+iy). O

PROPOSITION 4.8. Let (Hp)w,M?®(®),y and (1)._, be as in Proposition 4.5.
Let xeR, je{l,...,l}, and suppose that there exists, for each k=1,2,...,1 — j, the
limit
Y (x) = limy (x + iy).
y10

J
(2 Yi+1—k X+W>

+§< )Y (n+1_k<x+iy>—%+1—k<X>>>~

k=j+1

Then, for each y > 0,

J
(S i)

‘<IN

Proof. 1t follows from Proposition 4.5 that

kilE [log (1 + i)} 21—+ i) + o+ px+iy)).
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Now, by employing the same arguments presented in the proof of Proposition 4.4, one
gets

E ﬁ 1 2 i (x+ i) 4.14
— 5 | <= 2 Vi—kx+iy). (4.14)
k=1.uk(x+ly)+% V= -

=1
On the other hand, it follows from Corollary 4.7 that

l

Y, (i) = y14(x) =0,
k=j+1

and since y > 0, one has

)
0<= Y M1k +iy) = Yy1-k(x)). (4.15)
k=j+1

The result now follows from relations (4.14) and (4.15). [

THEOREM 4.9. (Kotani Theorem) Let (Hy)e be the family of ergodic matrix-
valued Jacobi operators of the form (1.6) such that the mapping D : Q — GL(IL,R)
is bounded, and for each ® € Q, D(®) is a symmetric and invertible | X | matrix.
Suppose also that the mapping A, given by the law (1.8), is such that log™ ||A,(®)]|| €
LY(v). Let also, for each j € {1,...,1}, Z; be the set given by (1.10). Then, for v -a.e.
€ Q, the restriction of the absolutely continuous spectrum of Hy to the set Z; has
multiplicity at least 2j.

Proof. Define the sets

01 == {x € R | Ilimy o y(x+iy)},

0y := {x € R | Ilimyjo L (x+iy)},

03 := {x € 01 N0 | limy o [ LI — (1 jy)| — 0},

Q4 := {x e R[limy o3 [M(x+iy,m)] < oo, for v-a.e. w € Q}.

It follows from Corollary 3.6 that for v-a.e. @ € Q, k(R\ Q3) =0. One has,
from the definitions of 3’} and Qs, that for each xy € 3’} N Q3, there exists the limit

l

1[4 1
lim & ) o ~lim L o .
;ﬁ)l 3 Ll Y (X0 +iy) + k:Z,HI(Yk(Xo +1iy) Yk(xo))] vll%l 3 [y(x0 +iy) — y(x0)]

Hence, it follows from Proposition 4.8 and Fatou Lemma that, for each xo € Z;N
Q3 andeach k € {1,...,j},

1 1
E {liminfi_y} <limsupE [74 < oo,
v0 te(xo+iy) + 3 310 Wi(xo +iy) + %
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and so
liminf py (xo + iy, @) > 0.
»10

On the other hand, given that M? is a Herglotz function (by (2.14)), it follows that
K(R\ Q4) =0. Summing up, if xo € ZjN Q3N Q4, then for v-a.e. ® € Q and each
ke{l,...,j}, one has

0 < lim g (xo + iy, @) < oo.
v[0
Therefore, one concludes from these results that
rank [Do(@)3[M (xo, @)]Do(@)] = j.
Now, it follows from Proposition 4.1 that
rank3[M (xg, @)] = rank [Do(@)3 [M (x0, ®)] Do ()] = j.

By analogous arguments, one can prove the same results for the family (Hg_)w

defined in />(Z_;C") and then, by Proposition 2.7, one can extend, with multiplicity
2, the result to the family of operators (Hg ) defined in 12(Z;C!). O

5. Ishii-Pastur Theorem
Now, we discuss the Ishii-Pastur Theorem (proved for scalar Schrodinger opera-

tors in [8] and [14]), the reciprocal of Kotani Theorem. In the context of matrix-valued
Schrodinger operators, the result is presented in [10].

PROPOSITION 5.1. Let M?(z,®) be the Weyl-Titchmarsh function for the oper-
ator H¢ andletf(k be as in Lemma 4.6. Let ® € Q, x € R, ke {1,...,l}, and
suppose that f)(x) € lz(N C"). Then,

1%1@03 [M® (x+ iy, )] Do) = 0.
y

Proof. 1t follows from Proposition 2.3-(b) and Lemma 4.6 that, for each y > 0,

oo

e, < 5 i

(DoS[M (x+ iy, ®)| D) kk—yz (F,Fy) kk—yz

Therefore,

i (PS[M(x + iy,
»10 y

i

from which follows that limy|o(Do3[M(x +iy,®)]|Do) =0. O
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THEOREM 5.2. (Ishii-Pastur Theorem) Let (Hy)e be the family of ergodic matrix-
valued Jacobi operators of the form (1.6) such that the mapping D : Q — GL(I,R) is
bounded, and for each ® € Q, D(®) is a symmetric and invertible | x | matrix. Sup-
pose also that the mapping A, given by the law (1.8), is such that log™ |A.(®)| €
LY(v). Let also, for each j € {1,...,1}, Z; be the set given by (1.10). Then, for v-a.e.
€ Q, the restriction of the absolutely continuous spectrum of Hy, to the set Z; has
multiplicity at most 2j.

Proof. Let x € 3’} It follows from Oseledets Theorem that, for v-a.e. w € Q,
there exist [ — j+ 1 linearly independent solutions to the eigenvalue equation (1.7)
(namely, £*) (x)) that decay exponentially fast at oo.

So, it follows from Proposition 5.1 that for v-a.e. ® € Q and for [ — j+ 1 values
of k,

lim(DoS[M® (x+ iy) Do) = 0,

and then, by Proposition 4.1, that

lim(S (MO (x+iy)] ) = 0.

Thus, for v-a.e. ® € Q, one has

rank[lim 3 [M? (x +iy)]] < J.
vl0

Now, as in the proof of Theorem 4.9, the same conclusion is valid for the family
(Hg_)w of operators defined in />(Z_;C'), and again by Proposition 2.7, one can

extend the result, with multiplicity 2, to the family of operators (Hy ), defined in
»(7;C). O
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