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SOME PROPERTIES OF THE p-SPECTRAL RADIUS ON TENSORS
FOR GENERAL HYPERGRAPHS AND THEIR APPLICATIONS

JUNHAO ZHANG AND ZHONGXUN ZHU *

(Communicated by S. Fallat)

Abstract. Let H = (V,E) be a general hypergraph with rank m and co-rank m. and Ay be its

adjacency tensor, the p-spectral radius p(?) (H) of H is defined as p») (H) = max -1 xTAgx,
b

where S’;’l ={xeR"||| x| p,=1}. For m=mc and p > m, we know that there is a unique pos-

itive eigenvector x € S;’l belonging to p?)(H) and p)(H) can be computed by o -normal
labeling method. In this paper, we generalize these properties to the case for m # m,. and some
other properties are obtained. At the same time, some applications are also given on the proper-
ties attained in this paper.

1. Introduction

Let H= (V(H),E(H)) be a general hypergraph with vertex set V(H) and edge
set E(H) C 2V where 2V") is the power set of V(H) = [n] = {1,2,...,n}. De-
note r(H) = max,cgy) le| = m (respectively cr(H) = min,cg x) le| = m.) be the rank
(respectively the co-rank) of H. If r(H) = cr(H) = m, H is called an m-uniform
hypergraph.

For an edge ¢ = {l,l»,...,I;} € E(H), where m, < s < m, an ordered sequence
n = (i1,42,...,in) is called an m-expanded edge from e if its set of the distinct entries
is the same as e, denote this by e < 7. Let

E(H), = {ell €ec E(H)}:
S(e) = {nle<n}; S(H) =Uecm)S(e);

S(e)h = {n € S(e)m = (llvi2v"'7im)}v S(H)ll = UeeE(H), S(e)ll'

1

Then we have

m!

@I =lellStnl= > =y

ky+ky - ks=m
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and the adjacency tensor Ay = (a;,i,...;,,) of H can be defined as in [1]:

|s|(el)\ =a., e=(i1,i2,...,in) and e € E(H),
i =
il = otherwise.

Thatis, Vn € S(e), a. = ay . Further,

n

d(iy) = |[E(H);| = ‘ N Giiseins

where d(iy) is degree of iy in H. For x = (x1,X2,...,%,)7 € R" and an m-expanded
edge N = (iy,i2,...,in), denote X" = x; x;, - - x;, . According to the definition of prod-
ucts of tensors given by Shao [9],

(Aax)iy = Y ijipinXiy * Xiy = D, e 2 Xiy ** Xiyy

IS e€EH)i;  n=(i1.i2,.,im)ES(e)i
n
Py(x) = xTApx = Z Qiyiy...ipXiy iy ** Xiyy = Z de Z x"
150250 esim=1 ecE(H) mneS(e)
Kk ks >1

m‘ ki k k

— Y, 9 V% R, <}

- 2 de 2 k1'k2 k yxll xlz xl_r
ecE(H)  ky+ky+-+ks=m

-3 3 a 2 XXX,

i1=le€E(H);;  n=(i1,i2,....iIm)ES(e)

For any real number p>1and x = (x,x2,...,%,)7 €R", let || x ||,= (Jx1|7 +
bal? -t falP)P L Si = {x e R | x [lp= 1} i ={reRL| | x|p=1} and
S7,7+1+ ={xeRri, || «x Hp— 1}, where R = {xER”|xl >0,i€(n]} and R, ={x €
R"|x; > 0,i € [n]}, respectively. The p-spectral radius pP)(H) of H is defined as [4]

pP)(H) = max Py(x) (1.1)

n—1
XES)

if xe S?,’l is a vector satisfing Py(x) = p(P)(H), x is called an eigenvector belonging
to p(P)(H). Obviously, if H is an m-uniform hypergraph, we have

T
Py(x) =x"Agx=m Z Xy Xy * Xty
e={uy,uy,....um }€E(H)

and p(P)(H) is the same as A(P)(H) introduced in [8] by V. Nikiforov.
By Lagrange’s method, let

L(x,A) = Py (x) = A(|x1|? + [x2]? + - -+ |xa|” = 1).
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Let x be the optimal solution of (1.1), then

EA) — 2D — 3 P2 =, i € nl;

I (L(x,A
HLCAD =y [P+ PP 4+ [xa|? — 1 =0,

Further, we have

w9 (Pu(x))
Ap = kpZ\le’ Z{x,lpxl\xlwz i:zixiT:mpH(x):mP(p)(H)7
d (Py(x))
8)6,‘

= mpP) (H)x;|x;|"2.

If x e R and i € [n], we have

19 (Pulx))

oy = P = (A (1.2)

The following is a list of inequalities which will be used to prove our main results.

LEMMA 1.1. (Generalized Cauchy-Schwarz Inequality [3, 8]) Ler x\/) = (xgj )7

x5 e R for j € K], then Sy Ty <[ xM [l -+ |20 ||, equality
holds lf and only lf all vectors are collinear to one of them.

LEMMA 1.2. (Power Mean Inequality [3, 8]) Let xj be a nonnegative real num-
ber for j€ k], if 0 < p < gq, then (XIHZZ e )P < (XIHZ;: - ‘)
andonly if xy =x, = -+ = xy.

i equality holds if

LEMMA 1.3. (Hoélder Inequality [3, 8]) Let l + l =1 for p,q > 1, and x =

1
(x17x27"'7xn)T7y = (y17y27"'7yn) GR{:-) then Zk 1xkyk (Zk lxk) (2%:1)’2)",
equality holds if and only if one of x and y is 0, or there exist ¢ and ¢y such that

c1xy = exyi for k € [n].

In the following sections, we will focus to study on properties of p-spectral ra-
dius and its eigenvector for general hypergraphs. We find that the uniform property of
hypergraphs is not essential for the applications of tensors related to hypergraphs. For
general hypergraphs, some classical results in hypergraph theory can also hold.

2. Some properties from the p-spectral radius and its eigenvector
of general hypergraphs

Pt
(letl, Jx2l,..., )T Further if x € $771 satisfing Py (x) = p?)(H), we also have

Pu(|x|) = p'P)(H), that is, there is always a nonnegative vector x satisfing || x ||,= 1
and pP)(H) = Py(x).

It is easy to see that if x = (x;,x2,...,x,)7 € 27", then [x| € S, where |x| =
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LEMMA 2.1. Let p > 1, if H is a general hypergraph with rank m and x € R",
then

Pu(x) <p? (H) || x .

Proof. By (1.1), we have

1
(P)(H) = max P <L>>P ( X ):—P x).
prI(H) xeRn x| " 1x 1l [ (17 o

In the study of the largest eigenvalue of m-uniform connected hypergraphs, a
Perron-Frobenius-type theory of nonnegative tensors is very useful tool. For the ad-
jacency tensor of an m-uniform connected hypergraph H, the authors in [2] obtained
that there is unique positive eigenvector x € S”mji belonging to p ") (H) and Nikiforov

[8] showed that there is unique positive eigenvector x € S;l,ll belonging to p'?)(H) for
p = m. Itis natural that we can ask the following problem:

PROBLEM 2.2. Can we generalize the Perron-Frobenius-type theory on uniform
hypergraphs to general hypergraphs?

Using the idea of Lemma 3.3 in [2] and Theorem 5.2 in [8] with more detailed
techniques, we can also obtain the following result.

THEOREM 2.3. Let H be a general connected hypergraph with rank m and p >

m. If x = (x1,%2,...,%,)7 € Sg;l satisfies the equations
10(P _
19(Pu(x) = pPH)T, i=1,...n. 2.1)
m 8)6,‘

Then x is the unique positive vector satisfying equations (2.1).

Proof. By (2.1), we have

then x is an eigenvector belonging to p(?)(H).

Claim 1. x is a positive vector.

Otherwise, assume that Hy is the hypergraph induced by the verices with zero
entries in x, it is easy to see that Hy # 0. There must exist an edge e satisfying
S=eNV(Hy) #0 and T = ¢\V(Hp) # 0 since H is connected. Let t € T and €
be a sufficiently small positive real number such that

8(e) = x — {/x —|Sler.
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Now we can define a new vector y € S;ﬁl as follows.

€, ifies,
vi=4x—6(g), ifi=t,
Xi, ifi ¢ SU{r}.
1 1
Let |S|? f(e) = [%] r g, where k is a positive integer. Note that
1—(1—¢gP)k

dfr(e)  per![1—(1—en)f (1 —er4 2er !
de 11— (1—en)fP2

>0,

thatis, f(€) is an increasing function on €. Further from the sufficiently small property
of €, we can set

. 1 1.
Ivrg;l{xv} > |S|7 f(e), 6(e) < EIV%I?{XV}' (2.2)

From x; > min,er{x,}, we can obtain

k
1—(1—®) < gP. (2.3)
Xt
Let
Kk, kp>1

!
n koka L xkn

b= )y ar ol X

{tuz,...up}=fEE(H),f#e,fNS=0  k+kp+--+kp=m

By (2.2), we have x; — §(¢) > % and x, > ¢ for v € T'. Further by a direct calculation,
we have

Py (y) — Pu(x)

= Y ap Yy, OT—x")+ Y ap Y, (M—x")+

JEE(H) fCVHN(SUAtY)  neS(f) FEE(H).f#e.fNS#0  neS(f)
)y ap ¥, (0" =a"+ae Y 1 -x")
FEE(H)1ef f#e,fnS=0  neS(f) nes(e)
= Y oap X+ 2 as Z T2 +a. y
FEE(H) f#e.f0S£0  neS(f) FEE(H)tef f#e.fnS=0  neS(f nes
= 2 as 2 y1—=x") +a, 2 !
{tuy.y}=fEE(H) f#e.f0S=0  neS(f) nes(e)
kky..ook>1 !

= z ar
{tuy,..qup}=f€E(H),f#e,fNS=0  k+ko+-+kp=m

+ae Z yn

nes(e)

[0 = () —xibu -

klko!- - kp!
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koo kpy =1 ' k
_ 5 o ¥ m! 8@,
Kl - ! X

{tuz,..up}=fEE(H),f#e,fNS=0  k+kp+--+kp=m
k. ko k, n
xxtx],jz---xuﬁ—kae 2 y

)

nes(e)
>a, Y y1-De” (by(2.3)
nes(e)
S |S |x: em=1 _peb > <|S|xt _Dgp—m+l> em-1
= 2 N

From p—m+ 1 > 0 and by taking ¢ sufficiently small, we have Py(y) — Py(x) >0, a
contradiction.

Claim 2. x is a unique positive eigenvector.
Let w= (wi,wa,...,w,)T € S;’,jrl . be another positive eigenvector belonging to
pP)(H). Then

P _
p(p)(H)xil - Qe Z 'xil‘xiz ”"xim’
e€E(H)iy  n=(i1.i2,-...im)ES(e);|
p(P) (H)W{?l = Qe Z Wil Wi2 T wim i
e€E(H)iy  n=(i1.i2,-...im)ES(e)i;

. T n—1 pwl (L .
for iy € [n]. Denote g = (q1,92,---,qn)" €S, ., where g; = (=) for i € [n].

Now we have

PP
X: +ws
p(p)(H)qf1 — p(p)(H)%
_ z a, z Xiy Xip " Xiiy "‘2Wi1Wi2 —Win
e€E(H)iy  n=(i1,i2,.-im)ES(e)i
For vectors (x;,,wi, )T, (x;,,wi,)T , by Lemmas 1.1 and 1.2, we have
n 1 l
Xiy Xy« Xiyy, + Wiy Wiy -~ Wi, N ARAN
g A
2 i\ 2
m x§7/_+wg % m
< 5] = [1a; 2.4)
Jj=1 Jj=1
Then
p P H) < Y, a Y B>~ i

EEE(H),'I n=(i17i27...,i,,,)eS(e),-l
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Further we have

n

= > p(H)q]

=1

n
<Y Y a Y qidir iy

it=lecE(H)i;  n=(i1,i2,.-sim)ES(e);)
= Pu(q) <p"(H).

Hence the equalities hold in (2.4). By the condition for equality in Lemma 1.1 and the
connectivity of H, we have j—’l = ¢ for i € [n]. Further from x,w € S;l,ll |, we have
c=1,thatis, x=w. O

3. The o -normal labeling method for general hypergraphs

To compute the spectral radius p ") (H) of m-uniform hypergraph H = (V,E), Lu
and Man [7] introduced a very useful weighted incidence matrix M|y |,z = (M(v,e)),
where M(v,e) > 0 if v € e, M(v,e) = 0 otherwise, and proposed a highly skilled
method, named o -normal labeling method. In [5], Liu and Lu extended this method to
the p-spectral radii of uniform hypergraphs for p # m. For general hypergraphs, W.
Zhang et al in [10] gave the definition of weighted incidence matrix and corresponding
a-normal labeling method for p = m as follows.

DEFINITION 1. [10] The matrix M = (M(v,e)) v m)|x|su)| is called a weighted
incidence matrix of a general hypergraph H, if the element M(v,e) > 0 if v € ¢ and
e € S(H), and M(v,e) =0 otherwise.

DEFINITION 2. [10] A general hypergraph H with rank(H) = m is called o-
normal if there exists a weighted incidence matrix M satisfying

(). Xeesn), asM(v,e') =1, forany v e V(H).
(2). H;”le(vm, "Y=a,forany ¢ = {v,,vp,,...,vp,} € S(H).
(3). M(v,e}) =M(v,e,) when €| equals to ¢} except the order.

Moreover, the incidence matrix M is called consistent if for any cycle vpeiviez---v;
(vi =vo) and any ¢! extending from e;,

=1. (3.1

In this case, we call H consistently o -normal.

LEMMA 3.1. [10] Let H be a general connected hypergraph with rank(H) = m.
Then the spectral radius is p if and only if H is consistently o -normal with o =p~"

Naturally, we have the following problem.
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PROBLEM 3.2. Can we generalize the o -normal labeling method to general hy-
pergraphs for p £=m?

Now we consider this problem.

DEFINITION 3. For a general hypergraph H with rank m, if there exists a weighted
incidence matrix M and weights {@(e)} satisfying the following conditions.

(i) Seestn 22 = 1;
(i) Yees(n), @ M(v,e) =1 forany ve V(H);
(iii) a)(e)l’*ml'[veeM(v,e) =o forany e € S(H);
(iv) M(v,e1) =M(v,ez) and w(e;) = w(ey) for e; equals to ey up to rewriting,

then H is called o-weighted normal. Furthermore, if w((ve)) = Af;’((fg) for any v €

V(H),ej,ej € E(H), and é; € S(e;),é; € S(ej), then M and {w(e)} are called consis-
tent.

According to the process of the proof of Lemma 4.4 in [10], the following result
holds.

LEMMA 3.3. Let M be a weighted incidence matrix of a general hypergraph
H with rank m, which satisfies conditions (ii) and (iv) in Definition 3, for any x =
(x1,x2,...,x,)7 € S;',erl, it has

2 Eae M(v,e)xl =m 2 xb.

ecS(H)vee veV(H)

Proof. 1t is easy to see that

Z Zae v,e)xt =m Z Z a.M P =m Z [ Z aeM(v,e)|xb

ecS(H) vee veV (H)eeS(H VeV (H) e€S(H),

=m Y xb.

veV (H)

Note that the proof given here is only for the sake of completeness, in fact, it is
included in the process of proof for Lemma 4.4 in [10] (On page 113, line -5).

THEOREM 3.4. Let H be a general hypergraph with rank m and p > m. Then

the p-spectral radius of H is p( (H) if and only if H is consistently o-weighted
. . mpP—m
normal with o = G

Proof. Assume that H is consistently o-normal with weighted incidence matrix
M and weights {@(e)}. For any x = (x1,x2,...,%,)" € S:’,;l,

Pu(x)= Y ar Y, x"= Y aldlex

fEEH)  meS(f) e€S(H)

p—m p—m
m P a,m(e o 1
=— D (e—()) al Mye, (M(v,e)) P x,.

or  eeS(H) m
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By the Holder Inequality, we have

pfn

p—m
m P a.m(e AN
Py(x) < — ( 2 ( >> ( 2 ae vee(M(v,e))mxi")? =Ly (3.2)
or \eesm) ™M eeS(H
By the condition (i) in Definition 3, we have
p m m
r 1z b
L T ( Y aelle( ve))mx,5”>
or ecS(H
Further by the AM-GM inequality,
[) m %
P
L T ( D aez ) =1L,. (3.3)
or ecS(H) vee

From Lemma 3.3, we have

p—m n p—m p—m
m r m r m p
Ly = ( > x’J) = | x1lp= :

I I
veV (H) or or

By the Holder Inequality, the equality holds in (3.2) if for any e € S(H), there is a
constant ¢ such that

a,m(e)
e
mn_ - (©) - =c (34)
acTlyeo(M(vye))mxy — mIlyee(M(v,e)xy)m

Equality holds in (3.3) if for any e = {iy,i2,...,in} € S(H),

M(il,e)xf1 :M(ig,e)xg=~~~=M(im,e)x§n. (3.5)

Select xj; = ( A“;((V)e) )7, for any v € e, from the consistent condition, we know that x;,
is independent of the choice of e € S(H),. We can see that (3.4) and (3.5) hold. By

Lemma 3.3, we have

n 3 0= 3 S =Y Y29 Y s

veV(H eeS(H) vEe eeSHyvEe ™M eesH)

Further by the condition (i) in Definition 3, we have

Y wr= Y a9y

veV(H) ecS(H)

Then we have p(P) (H)=
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By Theorem 2.3, we can set x = (x1,x2,...,%,)] € SZ;ﬂ be an eigenvector to
pP)(H). Define a weighted incidence matrix M and weights {@(e)} as following:

Myecexy : .
if vee;
M(V,e) = {p(p)(H)x{" ’

0, otherwise.
mll,eex,

w(e) = 7/)(17)(1_1) .

Obviously, (iv) and the condition of consistent (that is, Aj’((vee)) =mx} fore€ E(H),)in
Definition 3 hold. Note that by (1.2), we have

P(p)(H) - 2 aeHu&:xua
ecS(H)

pPHE = Y aTlueox.
ecS(H)y

Then by direct calculation, we have the following results.

k)

2 aew(e) _ Z (ae mHueexu)_zeeS(H)aeHMGexu

eesy M ces) \ M ' p (P (H) p (P (H)
Iycexy IT,cexy
aeM(V7€) == Ae—————5 — Ao————— = l;
s%n S%i) PP (H)x/ s%ﬂ p(P) (H)xY
- mITcex, \ 7" ITycexy mpP—"
i mHV M(v, = vEe - = .
(D(e) S (V e) ( p(P)(H) ) € p(P)(H)x“? (p(P)(H))P o

That is, all of the conditions in Definition 3 hold. [

DEFINITION 4. For a general hypergraph H with rank m, if there exists a weighted
incidence matrix M and weights {®(e)} satisfying the following conditions.

@ Teesm) 229 <1;
(i) Yees), aeM(v,e) <1 forany v e V(H);
(iil) o(e)? ",eeM(v,e) > o forany e € S(H);
(iv) M(v,e1) =M(v,ez) and w(e1) = w(ey) for e; equals to ey up to rewriting,
then H is called o -weighted subnormal. H is called strictly o -weighted subnormal if
it is o -weighted subnormal but not o -weighted normal.

THEOREM 3.5. Let H be a general hypergraph with rank m. If H is o -weighted

1
subnormal, then the p-spectral radius p'?)(H) of H satisfies p'P)(H) < "~
oP
_ T n—1
Proof. Forany x = (x1,x2,...,%,)" € Shs

p—m

p=m p—m

m r a,w(e P 1

PH(X) = Z aellyeex, < T Z (e_()) al ITeMP (V7e)xv =1L.
ecS(H) or  eeS(H) "
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By the AM-GM inequality,

mr M(v,e)xh \ "
) A4
L (3 Moty

eeS(H) vee M

From Lemma 3.3 and (ii) in Definition 4, we have

p=m b p—m p=m
m r m pr m p
L = ( IREDY aeM(v,e)}XC> < Ixlp=—1""

1
oP  \veV(H) ecS(H),

This completes the proof. [

DEFINITION 5. For a general hypergraph H with rank m, if there exists a weighted
incidence matrix M and weights {®(e)} satisfying the following conditions.

@ Tees) 22 > 1;
(1) Xees), aeM(v,e) > 1;
(iil) o(e)?",eM(v,e) < o, forany e € S(H);
(iv) M(v,e1) =M(v,ez) and w(e1) = w(ey) for e; equals to ey up to rewriting,

then H is called o -weighted supernormal. H is called strictly o -weighted supernor-
mal if it is oc-weighted supernormal but not o -weighted normal.

THEOREM 3.6. Let H be a general hypergraph with rank m. If H is consistently
o -weighted supernormal, then the p-spectral radius p'P)(H) of H satisfies p'P)(H) >

_m
ml P

oP
Proof. By the condition (iii) in definition 5, we have m > 1. Define
avector x = (x1,X2,...,%,)" €Sy 2!, where x} = mAa/’I((i_)e) ,vEecS(H),. The consistent

condition guarantees that x, is independent of choice of e. Then

PH(X) = Z aellycex,
ecS(H)
1

B (w(e)pml_([xveeM(V,e)) . (w(e)Pml‘?veeM(v’e)) > ae veeXy

ecS(H

==

—m

p=m
5 aew(e P 1
— Z ( - ) Myce(aeM(vye)) P x, = L.
o7 ecS(H) m

\\/
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aew(e) I’;W 1 : A?fm o
Let A, = <‘T> , Be =Iyee (aeM(v, €))7 x,, it has “<5— = 1. By the condition
B
of equality holding for the Holder Inequality, it has
p— ( ) [);ITI ) %
m P a.w(e Iy
Ly = — ( Z e—) ( Z aeﬂvee(M(v,e))mx3’>
or \eesm) ™ e€S(H)
m’%n 1z %
= T 2 aeHVEe(M(Vae))ﬁx\in
or ecS(H)
p—m n
mr aeM(v,e)x‘g) g
= T 2 2
or (eeS(H) vee m
p=m p=m
m P o m?
> 1 ” X Hp = 1
or or

This completes the proof. [

REMARK. Let H be an m-uniform hypergraph and C, = voe1vieavs - - Vi_1€xVi
(=vp) beacyclein H. If there is a weighted incidence matrix M and weights {®(e)}
such that H is consistently o -weighted normal, we have

1 _w(e
g wol) v T s

eesy M ecE(H) m ecE(H)
1
Y aM(vie) = (m—1)! Y —M(v.e) = Y, M(ve).
e€S(H), ecE(H), (m—1)! ecE(H)y

Note that vy € ej Neg and v; € e;Ne;y; for i € [k— 1], by the condition of consistent
of H, we have

o(er) _ o(er) o(ey) _ o(e))
mM (vo,e1)  mM(vg,er)” mM(vi,en) mM(vi,er)’
oles) ol 0 ola) o)
mM(vy,e3)  mM(vy,en)’ T mM(vi_y,er)  mM(vi_y,ei1)’
then
M(vo,ex) _ o(er) M(vy,er) _ w(er)
M(Vo,el) 60(61)’ M(Vl,ez) CO(EQ),
M(va,e2) _ o(ea)  Miiec)  @(er1)
M(V2,€3) 60(63)’ ’ M(kal,ek) Cl)(ek) ’

Hence we have
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From these we can see that the definitions of consistent and ¢ -normal labeling
method in [5, 10] (that is Definition 2) are a special case of Definition 3 as given in this

paper.

4. Some applications of the ¢ -labeling method for the p-spectral radius

In this section we will give some applications of the «-labeling method for the
p-spectral radius.

THEOREM 4.1. Let H|,H>, ... ,H; be the components of a general hypergraph H
with rank m and order n. If H has no isolated vertex, then

() If 1 <p <m, p")(H) = max; << pP) (H;).
(i) 1f p > m, pP(H) = (5, (pP(H)) )7

Proof. (i) Let p?)(H;) = Py,(y") with y() € RIX(H")‘ ,and x € R, which satisfies

- y&i), if veV(H,);
h 0, otherwise.

Itis easy to see that p(P)(H) > Py (x) = Py,(v) = pP) (H;). This implies pP)(H) >

max;<i<x o) (H;).
Let p(P)(H) = Py (u) with u € Sh ! By Lemma 2.1 and 1 < p < m, we have

< maXP Z el ey 11

N

max p'” f)ZHuIV lp= max p'”) (H,).
i=1

1<i<k 1<i<k

(ii) Let H; be consistently o;-normal with weighted incidence matrix M;
(Mi(v,€)) v (my)x|sr;)| and {@j;(e)} (that is, the weight of e € E(H;)), where o; =

(p(’:})’ﬁ forie [k] 5 that is

uew,(e) — 1

zees (H;)
Yees(H), aeM( e)=1 forany v € V(H;),
;i ()P " c.M;(v,e) = o; forany e € S(H;),
Mi(v,e1) = M;(v,er) for e; equalsto e, up to rewriting.
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Let C =Yk, =1 (Z;‘:l(p (P) (H,))Pi_)m> . Now we construct a weighted

p—m
O

incidence matrix M = (M(v,e))y ()| x|s(r)| @nd {@(e)} for H as follows:

M(v,e) = M;(v,e) forif v'E V(H;), ec S(H;),
0 otherwise,
oe) = % if e S(H,).
Co/™

For any v € V(H), assume that v € V(H;), then
Y aM(ve)= Y, acMi(ve)=1.

eeS(H), e€S(H;)y

For any e € S(H), assume that ¢ € S(H;), then

p—m
w;(e L
o MeMine) = (2L | e = o
Ca/™
k
a,;
2 Z 2 e z; EZ
ecS(H) =leeStH) Cmoy™ - ’7
0] w;(e
M((e)) — (e) —— for vEec S(H),.
v M;(v,e)Co,"™

Therefore H is consistently o -weighted normal with o = C~(?~") by Theorem 3.4,
we obtain our desired result. [

THEOREM 4.2. Let H be a general hypergraph H with rank m and d, be the

p—m

degree of vertex u. If p > m, then p(P)(H) < (mEeeS ) Myeed (1) 77 m) v

Proof. Let C = ¥,es(r) Hueced (u)ﬂ%m . Define a weighted incidence matrix M =
(M(u,e)) v () x|y and {@(e)} for H as follows.

1 .
Mue) = 4 A0 for if u.EeES(H),
0 otherwise,

1

1
—Iced(u)pm.
Mced ()7

o(e) =

Forany u € V(H),

Y, aM(ue)= ) aem:l

ecS(H)y ecS(H)y
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For any e € S(H),

“m 1 1
(D(e)p HueeM(u7e) = Cwnuegd(u)nueem
_ 1
= G

1
Z a,w(e) 2 aellyced(u)p—m

eeS(H) Cm

- aell,c.d(u)r=m
- 1
ecS(H (2665 Hueed( )P*m>m
1
maXeGS(H)ae Hueed() -

1
" e€S(H (Zees HuEEd( )’H">

_ maxeeS(H) de <1
m

N

Hence H is
sult. [

C,, = -weighted subnormal, by Theorem 3.5, we obtain our desired re-
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