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NOTES ON MAJORIZATIONS FOR SINGULAR VALUES

JIANGUO ZHAO

(Communicated by F. Kittaneh)

Abstract. In this note, we mainly investigate the majorizations on the products and sums of ma-
trices. Firstly, we present the following result: Let A;, B; and X; € M,,(¢) (i=1,2,---,m)
with X; (i = 1,2,---,m) are invertible matrices, and let 2 be a nonnegative increasing con-
tinuous function on [0,4e0) with £(0) =0. If f, g are nonnegative continuous functions on
[0,420) with f(¢)g(t) =t for t € [0,+co), then

OCOSO;Aixi‘xirlh(‘xi‘)Bi) )

<wao{ (zAf (%) ) (ZB” COLIEIE

where o = (o, 00, ,0,), p, ¢, r and o (i =1,2,---,n) are positive real numbers with
% + é = 1. Then, some other weak majorizations are given. These obtained inequalities directly
generalize the results obtained by Huang [H. Huang, On majorizations and singular values, Lin-
ear Multilinear Algebra, (2020), https://doi.org/10.1080/03081087.2020.1836117].

1. Introduction

Throughout, let M,(%) denote the space of all n x n complex matrices. I,(€
M,(€)) is the identity matrix. For A € M,,(¢), let A;(A)(j = 1,2,---n), repeated
according to multiplicities, be the eigenvalues of A with |[A;(A)] > |[(A)| = -+ >
|A:(A)|. Moreover, let s;(A)(j =1,2,---n) be the singular values of A, i.e., the eigen-

values of the positive semidefinite matrix |A| = (A*A)%, where A* is the conjugate
transpose matrix of A. Let |4 (A)| = (|A1(A)],|A2(A)],---,|A.(A)|)T denote the vector
of the modulus of the eigenvalues of A and s(A) = (s1(A),s2(A),---,5,(A))T be the
vector of the singular values of A. For A = (a;j), B = (bij) € M,(€), the Schur prod-
uct of A and B, denoted by Ao B, is the matrix (a;;b;;). The same notation will be
applied to vectors.
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m
The direct sum of matrices A; € M,,(€¢')(i = 1,2,---,m), denoted by @ A;, is the
i=1

m x m block-diagonal matrix (on @ M, (%)) defined by
i=1

AL 0 --- 0
m 0 A --- 0
Pai= .
i=1 :

00 ---A,

2
When m =2, we write A @ A, instead of P A;.
i=1
Let us recall the definitions of majorizations. For a real vector x = (x1,x2,---,x,)7,
we rearrange its components as x[j) = X[z > X[, . Let x = (x1,x2,--,x,)7 and y =
(v1,y2,-+,ya)T be two real vectors. we call that x is weakly majorized by y, de-

k k
noted by x <, y, if ¥ xj < Xy for k=1,2,---,n. Moreover, we call that x is
i=1 i=1

majorized by y, denoted by x <y,if x<,yand > x;= > y;. fx; >0 and y; >0
i=1 i=1
k
(i=1,2,---,n) and Hx[,] H j for k=1,2,---,n, then we say that x is weakly

n
log-majorized by y, denoted by x <,,10¢ ¥. In addition, if X <10 ¥ and H Xi = H Vi,

we say that x is log-majorized by y, denoted by x <joe y. It is well known that the
weak log-majorization implies the weak majorization.

Recently, Huang [7, Theorem 2.5] obtained the following inequality: Let A;, B;
and X;, (i=1,2,---,k) be n x n matrices, and f;, g; (i =1,2,---,k) be nonnegative
continuous functions on [0, +eo) with f;(r)g;(¢r) =1t for ¢ € [0,+eo). Then

k
S< ZAiXi|Xi‘m_lBi>

<3 (B ) i (B s
< 3[R0 1) + A (g211™) | 0 ()

NI'— NI'—‘

where { is any vector which weakly majorizes the following vectors:

A(lﬁlA,-A?‘), A(lﬁlA;fA,-), A(lﬁlg,-g;r), A(ig;gi)

Inequality (1) is a generalization of the following inequality obtained by Bapat [2, The-
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orem 2]:

| k o oo
5[ (Z e \A,-)+?L(Z{Bi|X|B,”
ws(X)ol, 2)

where X, A;, B; (i=1,2,---,k) are n x n matrices and { is any vector which weakly
majorizes the following vectors:

x(éA,-A;‘), A(éA;‘Ai), /l(éBiB,’-‘>7 /l(éB,’-‘Bi)

In the same paper, Huang [7, Corollary 2.7] also obtained
1
s YY) < 3 [RQX P ) 20X+ Y], ©)

where X and Y are n x n matrices and m is a positive integer.
In this note, we mainly present some weak majorizations, which generalize in-
equalities (1), (2) and (3).

2. Main results

In this section, we mainly study some majorizations between the vectors of eigen-
values and singular values for the products and sums of matrices. To achieve our goal,
we need the following lemmas. The first lemma is Proposition 1.3.2 in [4] and Lemma
4 is Corollary 1.3.7.

LEMMA 1. Let A, B € M,(¢) with A and B are positive semidefinite matrices.
Then the block matrix [ )?* )Bf} >0 ifand only if X = AZWB? for some contraction
W, ie, si(W)<1 fori=1,2,--- n.

The second lemma was obtained by Horn [10, Theorem 4.6].

LEMMA 2. Let A, B€ M,(¥). Then
k k
[1s(aB) <]Tsi(A)s;(B)
j=1 j=1
fork=12--n

Based on Lemmas 1 and 2, we have the following lemma.
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LEMMA 3. Let A, B and X € M,(¢) with A and B are positive semidefinite

matrices. If the block matrix [ A >0, then

X
X* B
r | N S
oo s(|X]") <y oo (—s(a¥) + =s(BY)),
p q

where oo = (0,0, ,0), p, q, r and 0; (i=1,2,--- n) are positive real numbers
with 3+ 1 = 1.

Proof. Since the block matrix [ A > 0, then by Lemma 1, we get

X

X* B
1 1
X =A2WB?2

for some contraction W. Lemma 2 implies

which gives
HSJ (1x1") < [Ts(a2)s;(B2),
Jj=1
where k =1,2,---,n. By the Young inequality ab < al’ + = bq for positive real num-
bers a, b, p and g with 1 > + E =1, we obtain

k k
! L 1 r 1 r
[T oysj(a%)s;(B%) < Loy (s,a%)+ =s,(8%)).
j=1 j=1 p q
for positive real numbers ¢; (i =1,2,---,n). The above inequalities entail
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Since weak log-majorization implies weak majorization, by the above inequality, we
get

k k
, 1 o1 qr
Y oysi(IXI) < Y ij<—Sj(A 2)+—s;(B> )),
j=1 =1 P q
equivalently,
1 r 1 r
aaqmv)<wao(—qA%)+—qB%ﬁ7
p
where oo = (0,00, -+, 0).
We obtain the desired inequality. [J

*

LEMMA 4. If A € M, (€), then the block matrix [ 4]

N |A*|] in Mr(M,(€)) is a

positive semidefinite matrix.

The fifth lemma was given by Kittaneh [8].

LEMMA 5. Let A, B and X € M,(€) with A, B are positive semidefinite matri-

ces and BX = XA and f, g be two nonnegative continuous functions on [0, +eo) with
f(t)g(t) =1 for t € [0,+eo). If ax >0, then so is fa) x >0
) . X B = ’ X gz(B) > .

The next lemma was due to Bapat and Sunder [3].

LEMMA 6. If X >0 and A; e M,,(¥¢) (i=1,2,---,k), then
k
A(D AXAT) <wA(X)o G,

i=1
k k
where { is any vector which majorizes both A( Y, AiAY) and A( T AjA;).
i=1 i=1

The following lemma is a special case of the Weyl’s Majorant Theorem [5, Theo-
rem II 3.6].

LEMMA 7. Let A € M, (€). Then
[A(A)] <1og 5(A).

The Young inequality for singular values obtained by Ando [1] can be stated as
follows.

LEMMA 8. Let A, B€ M,(¥). Then
. 1 1
$i(AB") < si(— AP+~ |BJY),
p q

fori=1,2,---.n, where p and q are positive real numbers with %—!—é =1.



980 J. ZHAO
Kittaneh and Lin [9, Proposition 2.6] showed the following lemma.

LEMMA 9. Let A, B and X € M,(¢) with A and B are positive semidefinite

matrices. If the block matrix [ >0, then

A X
X* B
O] <o 2 (47 BY),

for any positive integer N.

Based on Lemmas 7, 8 and 9, we have:

LEMMA 10. Let A, B and X € M,(¢’) with A and B are positive semidefinite

matrices. If the block matrix [ )?* );] >0, then

1 » 1 ~
oo A (X)) <w(xos(—ATp+—BTq>,
p q
Sor any positive integer N and oo = (04,00, -+, 0, ), where p, g and 0o (i=1,2,---n)

are positive real numbers with 11—7 + Ll] =1.

Proof. By Lemmas 9, 7 and 8, we have |4 (X")| <10 s(%AI‘VZE + $B¥> , which

k k
implies [T o|A:(X™)| < 1 oz,-si<%A¥ + 53%> ,for k=1,2,---,n. Since weak log-
i=1 i=1

majorization implies weak majorization, we get the desired inequality. [

Next, we present the main results.

THEOREM 1. Let A, B and X € M, (%) with X is an invertible matrix, and let h
be a nonnegative increasing continuous function on [0,+e) with h(0) =0. If f, g are
nonnegative continuous functions on [0,4oe0) with f(t)g(t) =t for t € [0,+o0), then

oos(|AX|X|'n(1X|)B|")

<o (s (ALK DAY

pr
2

)+ s nxs) b)),

where oo = (0,0, ,0), p, q, r and 0; (i=1,2,--- n) are positive real numbers

1
ith L1
wzthp—f—q 1.

Proof. Let X = U|X| be the polar decomposition of X, then by Lemma 4,

o< [ X T _Tu ol x| x|] [ur o
SUx i) = Lo [Ixxl] [ o
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and
21Xj0] 1| I 1X| 1X] 1 L, I,
0 o \v2|I,—I, 1X| |X] L, I,
Thus
l X* X | _|UO 0 | I |X| 0
20 X* |X]| |01 V2 | I, —I, 00
A Uu* o0
X —_
V2 | 1, -1, 01|
Therefore

og%(% {Xﬂ X ] ) = [;E%;U)* l;z}E(XX))] '

Since A(|X|)(U*R(IX*])) = k(X )U*(UR(X|)U*) = h(|X|)(h(|X]|)U*), then Lemma 5
gives

LX) UR(X])

{ h(X|)U? g2<h<x>>} >0
Therefore

[ H F2(r(1X*)) Uh(X>] *0]

0B8* || h(X|)U* &*(h(IX]))| [ 0 B

{Aﬁ (JX*)A*  AUhK(|X|)B ] 0.
h(IX[)U*A* B*g*(h(|X|))B

“4)

By inequality (4) and Lemma 3, we get
o os(JAUR(|X|)B|")
1 2 * * ’)z_r 1 * 2 qzr
< 0O (;S((Af (R(1X*])A*) )+5s((B g (h(1X|))B) ))-
Since U = X|X|~!, then the desired result follows from the above inequality. This
completes the proof. [
For majorization on the products and sums of matrices, we have the following

theorem.

THEOREM 2. Let A;, Bi and X; e My,(€) (i=1,2,---,m) with X; (i=1,2,---,m)
are invertible matrices, and let h be a nonnegative increasing continuous function on
[0,+e0) with h(0) =0. If f, g are nonnegative continuous functions on [0,4oo) with
ft)g(t) =t fort € [0,+e0), then

aos(‘_mElA,-x,-x,-|lh(|x,-|)B,-
<WOCO{ <(2Af (1X7))A )"r)

+os((S ez *)}, )

=
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where o0 = (0,00, ,0), p, q, r and 0; (i=1,2,---,n) are positive real numbers
with L+ 1 =1,
Py
Proof. Let
Al A2 . Am Bl 0 0
00--0 B, 0 0
A= , B=| . , and X =EPX
: i=1
00 0 B, 0 0
Then

AXIX[ (X ))B =(21AX|X\ Uh(|Xi))B;) @0,

(DA (S AP 0 )4 ) 00

and
B'g*(h(|X|))B (ZB* ((|Xi))B:) &0,
we get the desired inequality by Theorem 1. [

REMARK 1. For positive integer &, taking /(x) = x* and noting that A; X;|X;|~'h(|X;])-
B =AXi|Xi[*"'Bi, Aif* (h(1X;1))A; = Aif*(1X;'|*)A} and B; > (h(|Xi]))Bi = B;¢*(1Xi[*)B:.
then by Theorem 2, we get

aos(’ZAX\X\k IB’ ) <Wao{ ((EAf (1x7[5)A *)"7)
(S mexbm) ) ).

i-
Since the class of invertible matrices is dense in the class of matrices, then by the contin-
uous argument, replacing X; by X;+¢l, (i=1,2,---,m,€ >0) and as € — 0, the above
inequality also holds for any matrix X; (i =1,2,---,m), where o = (01,00, ,0), p,
q,r, o (i=1,2,---,n) are positive real numbers with Il—?+$ =1. Setting p=qg=2
in the above inequality, we obtain

m
(XOS<‘
i=1

: r) < 0O %{s((ﬁ‘{Aiﬁqu*k)A;‘)r)
es((Smeinte))}

where o = (0,00,--+,0), r, o (i=1,2,--- n) are positive real numbers. Putting
o) =0p =--- =0y =r =1 in the above inequality, we have the first inequality in (1).
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REMARK 2. Taking /(x) = x and p = ¢ =2 in Theorem 2, we obtain
N " 1 S 2 * *\7
aos<’i§AiXBi’ ) <wao§{s<(;Alf (1X71)A7) )
< * r
+S<(zBig2(|XiDBi) )},

i=1
which implies

OCOS(

m
Y AiXB,
i=1

r) =y O[O %{s((i;zniAiXi*A;ﬂ)v
+s(<§B;‘Xi|Bf)’)}~

Since the class of invertible matrices is dense in the class of matrices, then by the
continuous argument, the above inequality also holds for any matrix X, where o =
(0,00, -,04), r, 0 (i=1,2,---,n) are positive real numbers. Putting oy = ox =
.-+ = 0, = r = 1 in the above inequality, we get inequality (2).

REMARK 3. Let X; and X, € M,,(¢") and r > 0. Putting Ay =A, =B =B, =1,
and p = g =2, inequality (5) gives

ocos( | x| A ) + ol h(IX2D)| )

< o3 {s(PHOKD) + 200X D)) +5(£00xi1) + %)) .

Since the class of invertible matrices is dense in the class of matrices, then by the con-
tinuous argument, the above inequality also holds for any matrix X; (i = 1,2). Setting
f(t) =g(t) =/t and h(x) = x* for some positive integer k in the above inequality, we
get

aos<)xl|xl\"*1+X2|X2|k*1‘ )
1 sk | yrik)” k K\
'<wa02 N |X1| +|X2| +s ‘X1| +|X2| .
When r=1 and e = (1,1,---,1), we obtain inequality (3).

In [7, Corollary 2.6], Huang also got that: Let X, A;, B; (i=1,2,---,k), then for
positive integer m, we have

k
s( A,-X|X|’“—IB,->
=1

y % MlﬁlAmmA;) +/1(lﬁ13,-x'“3?)]

< HIMICT) + A (K] oL

<w s(X|X[" )0 g,
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where { is any vector which majorizes the following vectors

A(gA,-A?), A(éA;‘A,-), A(éB,-B;F>, )L(éB;FBi)

Since  A(|X*[) = s(|X*]) = s(IX]) = A(IX[) and s(X|X|""!) = s(U|X]IX|""")
=s(U|X|™) = s(]X|™), then A(|X*|™) = A(|X|™) = s(|X|™) = s(X|X|"!), therefore,
the last weak majorization in [7, Corollary 2.6] should be equal to each other, where
X = U|X| is the polar decomposition of X .

In fact, we have the following result.

THEOREM 3. Let A;, B; (i=1,2,---,m) and X € M,(€) with X is an invertible
matrix, and let h be a nonnegative increasing continuous function on [0,+eo) with
h(0) =0. If f, g are nonnegative continuous functions on [0,+o0) with f(t)g(t) =1t
for t €[0,+e0), then

)

o(| S noxips
A5 (P(x ) o ¥ +$ﬁ<g2<h<|xm) or%,

S
S

where p, q and r are positive real numbers with 1% + é =landr> 2max{%, é}, and
¢ is any vector which majorizes the following vectors

A(EA,-AZ‘>, A(;A;‘Ai), A(;BiB,’-‘>7 A(ZIB,’-‘Bi)
Proof. By Lemma 6, we have
S(ZALBOCDAT) <0 A (P HOX D) 61 ©

m m

where §; majorizes both A (Y A;AY) and A(Y AfA;). Similarly, by Lemma 6, we
i=1 i=

have

(2B (X )B:) < 25 (H(IX]) 0o )

i
m m o

where {, majorizes both A( ¥ BiB}) and A( ¥, BfB;). Since the functions x7 and
=1 =1

x7 are increasing convex functions on [0, +o<), then by Theorem 3.21 in [10], inequal-
ities (6) and (7) give

s (EAf (X°D)A7) = 2% (PROX)) 0 4 ®)
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and

s (S B (X1)B) <2 ¥ (X)) 02 ©)

i=1

m
where {; majorizes both A ( Z A;AT) and A( Y, A7A;) and { majorizes both A ( 2 B;Bj)
i=1 i=1 i=1

and A(ZB* i), respectively. Here, & = (&[,,8l,,---,¢1,) if &1 = (Ci1, 812, Cin)-

On the other hand, since { is any vector which majorizes the following vectors

A3 AAD), A(S A, A(SBB). A(SBB).
i=1 i=1 =1 i=1

By inequalities (8) and (9), we have

sz(zAf (X )A7) <w 2F (X)) 0 £, (10)
and ,
%(2 n(X1)B:) <w 2% ((r(X)) 0 ¢ % (1)
Inequalities (5) (v = (1,1,---,1)), (10) and (11) entail

s<)§AiX\X\—1h(|X|)B

i=1

r)
i
qr

AT (£ (h(X7)) 0L +$M(g2<h<\xw>>>oc

qr
< 2

<=

This completes the proof. [l

REMARK 4. Putting p = g = 2, then by Theorem 3, we have

(|2 AxIxI h(XDB] ) < 3 [ (P GOK D) + 2 (X )] 0 ¢

i=1

for r > 1. Moreover, taking f(¢) = g(t) = /7 and h(x) = x* for some positive integer
k in the above inequality, we obtain

(| Zaxixt ) < 3l 0P (8o

Since s(]X*|) = s(|X|) = s(X), the above inequality implies

(3

Since the class of invertible matrices is dense in the class of matrix, then by the contin-
uous argument, the above inequality also holds for any matrix X . Therefore, the above
inequality implies inequality (2) by setting r =k = 1.

| ) =wst 0ot
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Utilizing Lemma 10, we have the following majorizations.
THEOREM 4. Let A, B and X € M, (%) with X is an invertible matrix, and let h

be a nonnegative increasing continuous function on [0,4) with h(0) =0. If f, g are
nonnegative continuous functions on [0,4ce) with f(t)g(t) =t for t € [0,+o0), then

* ((AXIXI*‘h(IXI)B)NN
< oos(S AL DAY T + 2 (B L0X)B) ¥,

oo

Sor any positive integer N, where oo = (04,00, ,0,), &, p and q are positive real
numbers with % + é =1.

Proof. By inequality (4), we have

AP(R(X*)A* AUR(X))B
[wa) ‘A B@(h(IX])B FO’

then by Lemma 10, we get inequality
N
A((AUh(|x|)B) )‘
1 Npo ] Ng
w o _ A 2 h * A* 2 * 2 .
<woos((APGIXCNAY) T + (B2 0(XD)B) 7 )

o o

Replacing U by X |X|~!, we obtain the desired inequality. This completes the proof. [

Similar to Theorem 2, based on Theorem 4, we also have:
THEOREM 5. Let A;, Bi and X; e M,,(¢) (i=1,2,---.m) with X; (i=1,2,---,m)
are invertible matrices, and let h be a nonnegative increasing continuous function on

[0,+e0) with h(0) =0. If f, g are nonnegative continuous functions on [0,4oo) with
f(2)g(t) =1 fort € [0,4-c), then

7L((iA,-X,-\Xi|‘1h(\Xi|)B,->N>’
-<Waos< (EAlf (1X7])A (23*2 (X)) )Nq>, (12)

[0 4¢e)

Sor any positive integer N, where oo = (04,00, ,0,), &, p and q are positive real
numbers with % + Ll] =1.

REMARK 5. Putting N =1, p=¢ =2 and h(x) = x in Theorem 5, we get

S 1 < * * < *
0 x(gA,-X,-B,)’ < 0o Es(gAifz(\Xi DA; + ;Big2(|X,-\)Bi>.
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Taking f(t) = g(t) = v/t in the above inequality, we have

m l m m
A ( ZAiXiBl) ) <y 00 Es( Y AilX;|A7 + ZB;‘|X,-|B,-).
i=1 i=1 i=1

Since |A(X)| <w s(X) and s(X +Y) <, s(X)+s(Y) for X, Y € M, (%), then the
inequality

s(iAiXB,) < %[ <2A IX|A? >+7L<ZB*|X*|B>}

i=1 =1 i=1

is not uniformly better than

m l m m
2 (A8 )| < 35( DA 147 + 3 B XilB).
i=1 i=1 i=1

Thus, inequality (12) is another type of majorizations.
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