oerators
nd
atrices
Volume 16, Number 4 (2022), 1139-1154 doi:10.7153/0am-2022-16-74

UNITARY, SELF-ADJOINT AND ¢ —SYMMETRIC WEIGHTED
COMPOSITION OPERATORS ON FOCK-SOBOLEV SPACES

REN-YU CHEN, ZI-CONG YANG* AND ZE-HUA ZHOU

(Communicated by E. Fricain)

Abstract. In this paper, we characterize the boundedness and compactness for weighted compo-
sition operators on the Fock-Sobolev space .77 (C"), 0 < p < . We prove that no nontrivial
unitary or self-adjoint weighted composition operators exist on .Z>"(C") when m > 1. As
an application, we also prove that there exist only trivial _# -symmetric weighted composition
operators on .Z>"(C") when m > 1.

1. Introduction

Let C" be the n-dimensional complex Euclidean space. For any two points
z=1(z1,--,2n) and w = (wy,---,w,) in C", the inner product of z,w is given by
(z,w) = X)_ z;w;. We also write |z = <z,z>%. Denote by H(C") the space of all
entire functions on C". Given a function y € H(C") and an entire map ¢ : C" — C",
the weighted composition operator Wy, o, is defined on H(C") by Wy of = w(fo@).
When the function  is identical to 1, Wy, , reduces to the composition operator Cy .

For 0 < p < e, we denote by .7 (C") the classical Fock space over C", which
consists of all functions f € H(C") such that

1
= [(£)" [ rore e a )] <o
where dV,, is the ordinary volume measure on C". Then for any non-negative integer
m, the Fock-Sobolev space F#P"(C") consists of all functions f € H(C") such that
Yaf<m 0% fllp < oo, where o = (01, -, 04) is a multi-index of non-negative integers
and we write [ot| = 0 + -+ 0, and 9% = 9" --- 9%, where (k= 1,2,...,n) de-
notes partial differentiation with respect to the k-th component. The space %7 (C")
was first studied by Cho and Zhu in [3] and they obtained an equivalent characteri-
zation, which showed that f € 7" (C") if and only if every function z%*f(z) with
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|| =m is in FP(C"), here z% =z ---z% . Then the “norm” on .#7"(C") can be
defined as follows:

171 = @(o.p.m) /C Qe av, o),

where

mp

p>‘2—+" (n—1)!
w = | = R A—
(n, p,m) (2 7 T(%2 +n)

is the normalized constant so that the constant function 1 has norm 1 in #P™(C").
According to [8, Proposition 2.1] or [3, Lemma 3], for any f € .%#7™(C") and z € C",

we have ,
22 \

FACIIRS 1+‘Z|m||fH17m (1.1)

Here, for convenience, we write U < V (or equivalently V = U) for two real valued
non-negative quantities U and V', whenever there is a constant ¢ > 0 independent of
the argument such that U < ¢V. We write U ~V ifboth U <V and V < U.

When p = 2, the space .#2"(C") is a Hilbert space w1th the followmg inner
product

(n—1)!

= Tt ) Jon ! P8 e@)me P av,(2), f, g€ F(Ch).

(f:8)m =

(1.1) tells us that the point evaluations are bounded linear functionals on .Z7"(C"). It
follows the Riesz representation theorem in Hilbert space theory that for each w € C”",
there exists a unique function K, in .#>™(C") such that

Jw) = Ko )m

forany f € .#2™(C"). By [3, Theorem 12] (see also [8]), we have

Knw(z) = z, we C".

(m+m—1)1'&  (n+k—1)1 (z,w)k
(n—1)! kgb(n—i-m—kk—l)! k!

(1.1), along with [8, Proposition 2.2], implies that

| Kol p.m = (1.2)

forany w € C".

The reasearch of (weighted) composition operators reflects deep relationship be-
tween operator theory and function theory. Recently, much progress was made in the
study of (weighted) composition operators on the Fock spaces. Le [11] obtained some
characterizations for the boundedness and compactness of Wy, on the classical Fock
space .F 2((C). And then, in [15], Tien and Khoi generalized Le’s results to Wy, o act-
ing between different Fock spaces. Later, following the same route, they extended their
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results to several variables in [17]. In [4], Choe, Izuchi and Koo showed that a linear
sum of two composition operators is bounded (compact, resp.) on .%2(C") if and only
if both composition operators in the sum are bounded (compact, resp.). And then, in
[16], Tien and Khoi studied the differences of weighted composition operators between
different Fock spaces. In [1], Cho, Choe and Koo solved the problem raised in [4].
They studied linear combination of composition operators acting on the Fock-Sobolev
space .Z 2™ (C"), and showed that such an operator is bounded only when all the com-
position operators in the combination are bounded individually. Mengetie [13] studied
the weighted composition operators from #P”(C") to F7™(C") via (p,q) Fock-
Carleson measures and obtained some characterizations for the boundedness and com-
pactness of Wy . For more information about Fock space and Fock-Sobolev space,
one can see [2], [8] and [22].

This paper is organized as follows. In section 2, inspired by [17], we investigate the
boundedness and compactness of Wy, , on .7 7"(C") by singular value decomposition
of an n x n matrix. In section 3, we study unitary weighted composition operators on
Z2M(C"), and prove that there are only trivial unitary weighted composition operators
on .Z2™(C") when m > 1. More precisely, we show that Wy, ¢ is unitary on .%2"(C")
when m > 1 if and only if ¢(z) = Az for some unitary n x n matrix A and y is a
constant function of unimodule. Self-adjoint and ¢ -symmetric weighted composition
operators on .Z>™(C") with m > 1 are described in section 4. We also show that
no nontrivial self-adjoint or _¢ -symmetric weighted composition operators exist on
F2m(C") when m > 1.

2. Boundedness and compactness

In this section we study the boundedness and compactness for weighted composi-
tion operators on .Z# 7" (C"). The idea derives from [17].
Firstly we need the following lemma.

LEMMA 2.1. Suppose m is a non-negative integer, then for any R > 0, there
exists a constant C = Cg > 0 such that

X
— —1 1+R™M+C 0
Y og(1+R")+Cg >

forall x > 0. Moreover, hm 15 =0.

Proof. Assume m > 1, without loss of generality. Fix R > 0, consider the function
f(x) =log(1+x") — 3% - Let xg be the maximum point of f. By a simple calculation,
we get xg <m(R+1). Set Cg = f(xg), then we have

log(1 4+ x1) — &
0< lim R _ im el +%)
R R R—es R
log{1 R+ 1)|™ R+1
< lim og{l+[m(R+1)] }Himm( +D _
R—eco R R—e R(R+1)
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The proof is complete. [
We will apply Lemma 2.1 to get the following proposition which is a modification
of [11, Proposition 2.1].

PROPOSITION 2.2. Let ¢ and y be entire functions on C with y(0) #0. m is
a non-negative integer. If there is a constant M > 0 such that

1+ |z

27
lw(2)] ERPYEIET
for all z€ C. Then ¢(z) = @(0) +az for some a € C with |a| < 1. If |a| =1, then

w(z) = y(0)e “*O=.
Furthermore, if

PP < by @.1)

2
lim [y ()P Je@R -1

— =0, (2.2)
Jz|—oo 1+ |o(z)[>"

then ¢(z) = ©(0) + az for some a € C with |a| < 1.

Proof. Taking logarithms on both sides of (2.1), we obtain
9(2)|* — |z* + 21og |y (2)| +log(1 + |z*") — log(1 + |@(2)|*") < logM
for all z € C. By Lemma 2.1, for any R > 0, there exists a constant Cg > 0 with

lim 1§ =0, such that

R—oco

9(2)* — 2> +2log | (2)| +log(1 + [z*") — Cr < logM

R+1

for all z € C. Taking z = Re’® and integrating with respect to 8 on [0,27], we obtain

6 2 i0 do 2m
—R°+2 lo Re')|— +1log(1+R —Cg < logM.
R l/ / g|lV( € )‘27,[ g( ) R g

Jensen’s inequality tells us that

0.,d6
[ toglw(re) 22 > gy o).

And we consider the power expansion ¢(z) = ¢(0) +az + X7, ajz/ for ze C. It
follows that

n i0 2d9 2 202 L % 2p2j
| 0@ DPS = 10O + PR+ 3, )R
j=2

Therefore, we get the following inequality,
K0P+ (faP 1 )R+ RS PR
R+1 R+1 R+147

+2log |w(0)| +log(1 4+ R*™) — Cg < logM.
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Then we have

limsup <
R—seo

P - DR+ Y Jaj PR <0,
J=2
which yields that a; =0 for j > 2 and |a] < 1. Thus ¢(z) = ¢(0) +az with |a| < 1

IfJa| = 1, then we have [¢(2) 2~ [¢ = |(0) >+ 2Re(ap(0)z) and. Jim %
7| —o0

= 1. The inequality (2.1) yields that
[y (2)e®O 2 < pre~leOF

for all z € C, which implies that y/(z)e?? #(0)2 is a constant function by Liouville’s theo-
rem. Then y(z) = y(0)e ~a9(0)2 Moreover, when la| =1, the limitin (2.2) as |z| — e
is |y(0)]%el?©F = 0. This contradiction shows that |a| < 1 if (2.2) holds. The proof
is complete. [

Assume f € H(C"), forany { € C", we denote by fr(u) = f(ul) (u € C). Then
f¢ is called the slice function of f at { which is an entire function on C. Given an
n x n matrix A, denote by ||A|| the operator norm of A. Now we are going to extend
Proposition 2.2 to several variables as follows.

PROPOSITION 2.3. Let y € H(C") with y(0) # 0 and ¢ be an entire map on
C". If there exists a constant M > 0 such that

1+ |Z‘2m
I+]o(z )|2’”
for every z € C", then @(z) = Az+ b for some nxn matrix A with ||A]| <1 and
beC". AndforueC, y¢(u)= v(0)e AP ywhenever |AC| = || for some { € C".
In particular, if A is unitary, then y(z) = y(0)e &A™ 7z € C,

Furthermore, ifll‘im \w(z)|2%e|"’(z)‘z‘|z‘z =0, then ¢(z) =Az+Db for some
Z|—oo

matrix A with ||A]| <1 and b € C".

21,2
(@) PO <M

Proof. The proof is a modification of [18, Lemma 6], so we omit the details. [

For simplicity, we will use the following notations.

L[z le@P-k?

m(y,p) = W/(Z)|W€

, zeC"

and
m(y,p) = sup{m;(y,¢) :z€ C"}.
Then we have the following necessary conditions for the boundedness of Wy, 4.

THEOREM 2.4. Let y € H(C") and ¢ be an entire map on C". If Wy is
bounded on FP™(C"), then y € FP™(C") and m(y, Q) < oo. In this case, ¢(z) =
Az+ Db for some n x n matrix A with ||A|| < 1 and b € C".
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Proof. Ttis clear that y(z) = Wy (1) € Z#P™(C"). Forany w € C", by (1.1), we
have

— W K (p(2))|

1 .
e? ‘ZIZ

HWW,QDKm,W”pm e ‘Wu/.,qum.,W(Zﬂ TP
e

In particular, with w = ¢(z), it follows from (1.2) that m(y, @) < |[Wy,e|| . In this case,
by proposition 2.3, we have ¢(z) = Az+b with ||A|| <1 and b C". O

REMARK 2.5. If A is a zero matrix, i.e. ¢(z) = b, then Wy, is an operator of
finite rank. In this case, Wy, is bounded on .7 (C") if and only if y € #P"(C").

REMARK 2.6. If A is invertible, the condition in Theorem 2.4 is also sufficient.

As in [17], when A is not a zero matrix and not invertible, the method we use
in this case is the so-called singular value decomposition of an n x n matrix (see [10,
Theorem 2.6.3]).

LEMMA 2.7. If A is an n x n matrix of rank r, then A can be written as A =
U\ AU,, where Uy and U, are n x n unitary matrices and A = diag{A, -+, n} is a
diagonal matrix with Ay 2 Ay =2 -+ 2 A > Ay =+ =4, =0. The Li(i=1,---,n)
are the non-negative square roots of the eigenvalues of AA*. Moreover, if we require
that they are listed in decreasing order, then A is uniquely determined from A.

We notice that if U is unitary, then the composition operator Cy ia an isometry
on the Fock-Sobolev spaces for any 0 < p < e with C;' = Cy+. Let w € H(C") and
¢©(z) =Az+b is an entire map of C" with ||A]| < 1. If A = U;AU; is the singular de-
composition of A, then Wy, » = Cy, Wy oCy, , where W(z) = y(U,z) and ®(z) = Az +
Ub. Thus, Wy, is bounded(compact) if and only if Wiy ¢ is bounded(compact). We
call (W,®) is the normalization of (y, @) respect to the decomposition A = U; AU, .

For each z = (z1,-+,2,) € C" and 0 < r < n, as in [17], we denote by z, =
(z1,--+,2) if r # 0 and otherwise z,) = 0, zir] = (2441, *,2n) if r # n and otherwise
Z/[r] = 0. For each n x n matrix A, we denote by Ay, the first r x r sub-matrix of A.

Forany w € H(C"™") and 0 < r < n, let

1

_P 2 P
Fyp(ay) = ( Lo WG )i+ L g e 5 dvn_r@;,]))

Then we can characterize the boundedness and compactness for the operator Wy, in
terms of the following quantities:

A2z 112
Fyp(zp) 1@yl

M = —_— 2
[Z[,]](W?(P) 1+‘¢(Z)|me ’

7y € (o4

and M(y, ¢) = sup{M,, (v, ) : 7, € C'}.
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LEMMA 2.8. Let 0 < p <o and 0 < r < n, then we have

L p
Frp(zp) S ek 111 p,m

forall f € H(C") and all z;,) € C".
Proof. By the proof of [8, Proposition 2.1], we get
iz |2 Py
|f(Z[r],Z/m)|P < e 21zl /‘W » |f(W[r]7Z/[r])|pe 5w v, (wyy).
2

It follows that
_Pp 2
e 2l F,;?,p(zlr])

P2
<SG dme 2l av, ()

Cn—r
P2
x £ g2 [Pe 2l av, (wy)
W =zp <t
< 7%‘1 7 ‘ !
~ e Yy an V(Z[r])
Ccn—r

P 2 7+
S O e (L g 14 7T) i)
RGIG

S [ 1F@P0+ e v, )
C’l
11

The proof is complete. []

THEOREM 2.9. Let 0 < p < oo, m is a non-negative integer, ¥ € FP"(C") and
0(z) = Az+b is an entire map of C", where A is an n x n matrix of rank r with
Al <1 and 0 < r < n. (VP,®) is the normalization of (W, @) with respect to the
singular value decomposition A = U1 AU,. Then

(i) Wy, is bounded on FP"(C") if and only if M(W,®) < co.

(ii) Wy, is compact on FP"(C") zfandonlyzf lim M (‘{’,d)):O.

Z[r I*)‘X’

Proof. If Wy is bounded, then so is Wy ¢. By Lemma 2.8, we have

2

||W\}l7q)Km7WH;17m P F‘ﬁK,,qu),p(Z[r])e Szl
for each w € C". Since K (®(z)) is only dependent on zj,), we have

By, 00.p(2)1) = [Knw(P(2)) R p(z))-
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In particular, taking w = ®(z) yields that

N2 |y 412
Fyp(zp) 1207 J

e < W ol < Wl
)" v

forall z,) € C".
Conversely, denote by b = U;b. Then for any f € ZP"(C"), we have

”W\P,(Dng,m
< [ H@PIFoa@P e H av, o

= [ 1101 R (e ol av, )

P

MO [ Ifo@@P (1 + 0 0 av, ()
~M(¥,®)"|detA, 1\2

—2((w 2 I;/ 2
/ PO BIP (L [, By [y re TP gy, )

Then it follows from Lemma 2.8 that |Wy o f||5n S M(W,@)P |detA Y21 £115 0, which

implies that Wy ¢ is bounded, then so is Wy, , . Furthermore, ||WWPH ~ MV, D).

Now we assume that Wy, ,, is compact, then sois Wy ¢ . Foreach w € C", consider
%Km’w(z), 7€ C". Then ||kmw| pm =~ 1 and converges to
e

zero as |w| — e uniformly on compact subsets of C". It follows that &, ,, converges

to zero weakly in .#P"(C"). Thus

the function ky,,(z) =

| Ml)|im | W @k, || pm = 0. (2.3)

By the proof of the necessity for the boundedness, we have
MZ[,] (\P7 (I)) 5 HW\I’7‘1>km~,W(q)(Z)) HPJ”'

This, together with (2.3), implies that limy, ... M, (¥,®)=0.

Conversely, let {f;} be an arbitrary bounded sequence in .% 7" (C"), which con-
verges to zero as k — oo uniformly on compact subsets of C”*. Then for any R > 0, we
have

Weofill S [, QP o@@I e 8 av, )
_D 2
< [ o @@IF (e b5 av (ap)

S +/ ®(2)|PFE (z)e 2P avi(z;,
(/ngR Z[,]>R> |fro®@(z)] \y,p(Z[ e (zp)
=11 (R) + LL(R),



_7 — SYMMETRIC WEIGHTED COMPOSITION OPERATORS 1147

where
Il(R):/‘ ‘ R‘fkOq)(z)|pF\IIZp(Z[r])e_%lz[r]‘der(Z[r])
LEISS ’

SIS, max |fiod(z)[P.
|z <R

And by the proof of the sufficiency for the boundedness, we have

L(R) = / |[fio®(2)|"Fy p(Z[r])e_glz[r] \der(Z[r])
|29 |>R '

P
< dem[:]“||fk,am< sup M., <w,q>>> .

|27 |>R

Letting R — oo and then k — oo yields that limy_... | Wy o fi|| = 0, which shows that
Wy ¢ is compact by [8, Lemma 3.2], then so is Wy, o . The proof is complete. [

3. Unitary weighted composition operators

In this section, we investigate unitary weighted composition operators on .7 2" (C").
When m = 0, it was studied by Zhao in [19], which showed that Wy, , is unitary on
Z2(C") if and only if there exist an unitary matrix A, a vector b € C" and a constant

2

o with |a| =1 such that ¢(z) =Az+Db and y(z) = aeleA =15 However, we will
show that no nontrivial unitary weighted composition operators exist on .%2"(C")
when m > 1, which corresponds with the result on the Dirichlet space over the unit
disk (see [12]).

Firstly, by modifying the proof of [ 18, Theorem 8], we can characterize the invert-
ible bounded weighted composition operators on . 2" (C"), and we omit the details of
the proof.

PROPOSITION 3.1. Let y € H(C") and ¢ be an entire map on C". Then the
operator Wy o is invertible on & 2m(C™) if and only if the following two conditions
holds:

(i) @(z) =Az+b, where A is an invertible n x n matrix with ||A|| = ||A~"|| =1 and
beCn.

(ii) there exist positive constants My and M, such that My < m (y, @) < M, for all
zeC".

For any b € C", let @,(z) = z— b. By Proposition 2.3 and Theorem 2.4, if Wy ¢,
is bounded on .Z %" (C"), then y(z) = w(0)e'>”) . In this case,

Wi 0 K (2) = W) Ko g, 0 (2) = w(0)el’ 3.1)

for every z € C". We will prove b = 0 if Wy, is unitary on .Z>"(C") when m > 1.
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LEMMA 3.2. Suppose m is a positive integer, then for any b € C",
/ 2 bPeF av,(z) > / 2?me” v, (2).
C’l C’l
Equality holds if and only if b = 0.

Proof. Without loss of generality, by taking a proper unitary transform if neces-
sary, we may assume that b = |ble;, where e; = (1,0,---,0). Then we have

Jénk-kbﬁme‘kﬁdwxz>=Léwﬂdz+WbF-%2Rdbkome—Vdexa
- /cc [ePeav, (2) + 1(b),
where

1(b) = 2 Ch Jer s / |Z|2kl |b|2k2(2|b|Rezl)k3ei‘Z|2an(Z>
k1#m cr
ki +ko+kz=m

and Ck1 o ks > 0.
We integrate in polar coordinates to get

[ 2P bR 2lblRez e v, 2

okt p[2haths /mr2n+2k1+k3—le—r2dr/ (Re£))5don(E).
0

n

Here, S, = {z € C": |z] = 1} and do, is the normalized area measureon S,. If n =1,
then we have

/Sl (REC)k3d0'1(C) = % /Ozncosk3 0do.

It is easy to verify that [ cos® 80 >0 when k3 is even and [;" cos*>0d6 = 0 when
k3 is odd. If n > 2, then by [22, Lemma 1.9], we have

[ (Rebi)odo(©) = (n=1) [ (1= |2y 2(Rez)dA ()
S D
=(n— 1)/02”cosk3 GdO/Ol A1 =) 2dr > 0.

Here, D denotes the unit disk of the complex plane C and dA denotes the normalized
area measure on C. Consequently, we get I(b) > 0 and equality holds if and only if
b=0. O

PROPOSITION 3.3. Let m be a positive integer and y € H(C"). Then Wy g, is
unitary on .F>"(C") if and only if b= 0 and  is a constant function of unimodule.
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Proof. The sufficiency is trivial. Now we assume Wy, ¢, is unitary on C", then we
have

Kinw(2) = Wy,0, Wy, g, Kinw(2) = W(@) W (W) K g, (w) (05(2))

forall z, w e C". Taking z=w =0, we get

(W (O) 2| K pl[5,n = [W(0) P Koo (b) = 1. (3.2)

Because every unitary operator is an isometry, we have HW[;@,)Km,hHZ,m = [|Knpll2,m-

This, together with (3.1) and (3.2), implies that \1//(0)|2e“’7‘2 = 1. Notice that y(z) =
v(0)el#?)  then by a change of variables, we obtain

m |2
Wy, f 130 = ©(n,2,m) /(cn F@P e+ b av, (2)

for every f € .Z2™(C"). In particular, taking f = 1, then Lemma 3.2 tells us that
b =0. And then v is a constant function of unimodule. []

THEOREM 3.4. Let m be a positive integer, Wy € H(C") and ¢ be an entire map
on C". Then Wy, o is unitary on F*™(C") if and only if ¢(z) = Az for some unitary
n X n matrix A and  is a constant function of unimodule.

Proof. If Wy, is unitary, then by Proposition 3.1, we have ¢(z) = Az+b for
some invertible n x n matrix with ||A|| = ||A~!|| =1 and b € C". Assume A = U;AU,
is the singular value decomposition of A, then A is invertible and ||A[| = |[A7!]| =1,
which shows that A must be an identity matrix. Denote by (¥,®) the normalization
of (v, ), where ¥(z) = y(U;z) and ®(z) = z+ U;b. It follows from Proposition 3.3
that U{b =0 and ¥ is a constant function of unimodule. Therefore, b =0 and v is
a constant function of unimodule. Furthermore, we have Wy oWy K (2) = K (2)
for all z, w € C". By taking w = z, we obtain |¢(z)| = |z| for every z € C", which
implies that A is a unitary matrix.

The sufficiency is trivial. We complete the proof. [J

4. Self-adjoint and _¢ -symmetry

A bounded operator T on a separate complex Hilbert space 77 is called complex
symmetric if there exists a conjugation %, such that T = €T*% . In this case, T is also
called & -symmetric. Here, a conjugation is a conjugate linear, isometric involution on
JC . Precisely, € is called a conjugation on 7 if it satisfies the following conditions:

() €CAf4+ug) =ACf+U€g forall f, ge # and A, u € C;
(i) (€f,€g)= (g f) forall f, g€,

(iii) €2 =1 is the identity map on .7 .
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For example, for any f € H(C") and z€ C", let (_7 f)(z) = f(Z), then ¢ is a conju-
gation on .% 2" (C"). In [6] and [7], Hai and Khoi studied complex symmetric weighted
composition operators on the classical Fock space. In [9], Hu, Yang and Zhou proved
that Wy, o is _# -symmetric on the Dirichlet space in the unit ball if and only if Wy,
is normal. In this section, we firstly characterize self-adjoint weighted composition op-
erators on .Z 2" (C") with m > 1 and as an application, we show that there exist no
nontrivial _# -symmetric weighted composition operators on .Z2"(C") with m > 1,

which corresponds with the result on the Dirichlet space in the unit ball.

For each w € C" and each multi-index o = (04, -+ -, ¢4,), we denote by K,%, the
reproducing kernel for the partial derivative of mixed order o at w, that is

O%F)(w) = (£, Kil)m: [ € FEM(CTH).

[ ] _ 8‘D{‘me (Z)
It can be shown that K W(Z) = m .

(z) = Az for

LEMMA 4.1. Let m be a nonnegative integer, Wy € H(C") and ¢
Zm(C"), then A is

some n x n matrix with ||Al| < 1. If Wy, is self-adjoint on F>
self-adjoint and W = c for some c € R.

Proof. If Wy ¢ is self-adjoint on .Z2"(C"), then we have

Y (W) Kinaw(2) = Wy o Kinw) (@) = Wy oKnw)(2) = (2)Knw(Az)  (4.1)
for any z,w € C". In particular, with w =0, we have y(z) = y(0). And then by taking
z=0, we get ¥(z) = y(0) € R. Therefore, according to (4.1), we have

K aw (Z) =K (AZ)

for any z,w € C. It follows that (z,Aw) = (Az,w) for any z,w € C". Thus A is self-
adjoint. The proof is complete. [

LEMMA 4.2. Let m be a nonnegative integer, ¥ € H(C"), ¢(z) = Az+b for
some nonzero matrix A with ||A|| <1 and b € C". Suppose Aj =0 for some j €
{1,2,...,n}, here A; denotes the j-th column of A. If Wy o is self-adjoint on F>™(C"),
then b =0 and A is self-adjoint.

Proof. Suppose Wy, is self-adjoint on .#>™(C"), then for any z,w € C", we
have

V(@)K (9(2)) = Wy pKinw)(2) = Wy oKnw) (@) = WW)Ky g (2)- - (4.2)

In particular, with w =0, we get

¥(2) = ¥(0)Kynp(0) (2)- 4.3)
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And the by taking z =0, we get y(0) € R. Therefore, according to (4.2) and (4.3), we
obtain

Ko (0) (2) Ko (9(2)) = Kinpw (0(0)) Ko g ) (2)-

Let w=w\) = (0,...,wj,...,0), w; #0, then @(w)) = @(0) = b. If b # 0, then

K, .0 (90) =K, i(¢())

for all z € C", which is impossible since A # 0. This contradiction shows that b = 0.
Then A is self-adjoint by Lemma 4.1. [

We note that under the condition of Lemma 4.2, we have b = 0 whenever A is not
invertible.

THEOREM 4.3. Let m be a positive integer, Wy € H(C") and ¢ be an entire map
on C". Then Wy o is self-adjoint on & 2m(C") if and only if there exist a self-adjoint
matrix A with ||A|| < 1 and a constant ¢ € R such that ¢(z) = Az and y =c.

Proof. We begin to prove the sufficiency. If ¢(z) = Az and y = c, where A is
self-adjoint and ¢ € R. Then we have

W Km w(w) = WKm,Aw(Z) = cKinw(Az) = Wu/,goKm,w(Z)

for any z,w € C". Since the space spanned by the reproducing kernel functions is dense
in F2M(C"), thus Wy, f = Wy f forany f € Z2"(C"), which shows that Wy ¢ is
self-adjoint.

Now we prove the necessity. By Theorem 2.4, we know that ¢(z) = Az+ b for
some matrix A with ||A|| <1 and b € C". Then by Lemma 4.1, it is enough to prove
b =0. Through a simple calculation, we have

WJ}JPKE;QV]'() (ajll/)( ) m,(w 2 /(pk m(j’( )(Z)

forall z, we C" and j=1,2,...,n. Here e; is the multi-index that has 1 in the jth
spot and O everywhere else and ¢y is the kth coordinate function of ¢. If Wy 4 is
self-adjoint, then

Y@K (0(2) = (0;9) 0K ,;1 0 WK (2)

forall zy we C" and j=1,2,...,n
In particular, by taking w = 0, we get

(@i = (a,w><>mw><>+w<o>ki(aj¢k><o>KLff$(o)<z>. (4.4)
=1
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Then according to (4.3) and (4.4), we have

n _ (@9iw)(0)
n+m§0j(1)— 0

RIOLSHNE)
K, (p(O)( )

. j=12,....n. (4.5)

n (d;o:)(0)
23

If there is some j € {1,2,...,n}, such that (a,-q)k(j)) (0)=0 forall k=1,2,...,n, then
b =0 by Lemma 4.2. So we assume that for any j € {1,2,...,n}, there is some k(j),
such that (9;(j))(0) # 0, and k(j) runsover 1,2,...,n when j runsover 1,2,...,n
Otherwise some row of A must be 0, which then implies » = 0 by Lemma 4.2. Taking
2=z =(0,... \Zk(j)»-+-»0) in (4.5), we obtain

K0 ok

o caoy . GO Koo @)
. +m(Pj(sz )= v 0) Ha’(p"(”)(o)Km,;m(k<~f’>)'

Since @; is linear with respect to z(;) and m > 1, we must have @ ;)(0) =0. There-
fore, b = 0. The proof is complete. [

THEOREM 4.4. Let m be a positive integer, W € H(C") and ¢ be an entire map
on C". Then Wy, o is ¢ -symmetric on & 2m(C") ifand only if there exist a symmetric
matrix A with ||A|| < 1 and a constant ¢ € C such that ¢(z) = Az and y =c.

Proof. The proof for the sufficiency is similar to Theorem 4.3. So we only need
to prove the necessity. If Wy, o is _# -symmetric, then

Wy 7 Knw(z) = I W,

and ] ]
Wy.o F Knw(z) = FW,, mjw( )

forall z, we C" and j=1,---,n. It follows that

V(@K (9(2) = WK, 55(2) (4.6)
and
VK (9(2).7) = (W) (WK, 55 (@) + W) X, (39 (WK ()
k=1
forall z, we C" and j=1,---,n. According to the argument of Theorem 4.3, we get

¢(z) = Az for some matrix A with [|A]| <1 and y = ¢ for some ¢ € C. Take these
into (4.6), we have (Az,w) = (z,Aw) for all z, w € C", which implies A is symmetric.
The proof is complete. [

LEMMA 4.5. If U is a unitary symmetric matrix, then ¢ Cy; if a conjugation on
ﬁZ,m (Cn) .
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Proof. If U is a symmetric unitary matrix, then by Theorem 3.4 and Theorem 4.4,
we have Cy, if unitary and _¢ -symmetric on .#2>"(C"). And the result follows from
a direct calculation. [

THEOREM 4.6. Let m be a positive integer, v € H(C") and ¢ be an entire map
on C". Suppose U is a symmetric unitary matrix. Then Wy, o is complex symmetric
with respect to the conjugation 7 Cy if and only if there exists a symmetric matrix
A with ||A]| < 1, which commutes with U such that ¢(z) = AUz and Wy = ¢ for some
ceC.

Proof. The sufficiency follows from a simple calculation. Now we assume Wy o
is 7 Cy-symmetric, then we have

I CoWyp =Wy .7 Cuz = (CuWy )" 7 -

By Theorem 4.4, we get @ oU(z) = Az for some symmetric matrix A with ||A| <1
and yoU = ¢ for some ¢ € C. It follows that ¢(z) =AUz and y=c. Let ¢ = @oU,
then Cj is 7 -symmetric, which implies AU is symmetric and then AU =UA. [

5. Further remarks

In [11], Le characterized normal weighted composition operators on the classical
Fock space . 2(C). Then Zhao, in [20], extends Le’s results to several variables. In
[12], the authors proved no nontrivial normal weighted composition operators exist on
the Dirichlet space on the unit disc. Therefore, we have the following conjecture:

Wy.o is normal on F*"(C") with m > 1 if and only if ¢(z) = Az for some
normal matrix A with ||A]] < 1 and y = ¢ for some ¢ € C.
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