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NUMERICAL RADII OF WEIGHTED SHIFT
OPERATORS USING DETERMINANTAL POLYNOMIALS

BIKSHAN CHAKRABORTY, SARITA OJHA* AND RIDDHICK BIRBONSHI

(Communicated by E. Poon)

Abstract. In this paper, we introduce the expression of the determinantal polynomials for the
weighted shift operators with weights

(Wi,...,wan—1,b,a,b,a,b,...) and (wi,...,wa,a,b,a,b,...)

and using these we can find the numerical radii of the above operators. The purpose of this paper
is to generalize the results of [14] and [4].

1. Introduction

Let s be a complex, separable Hilbert space with inner product (-,-) and norm
||-1| and B(5#) denotes the set of all bounded linear operators on .5 . For T € B(.5¢),
the numerical range of T is the subset of the complex plane C defined as

W(T) = {(Tx7x> xe A, x| = 1},
and the numerical radius of T is defined as
w(T) =sup{lz| :z€ W(T)}.

It is known that W(T') is a nonempty, bounded and convex subset of C (see [9, 8]).
Throughout the paper, Re(T) = ”TT* denotes the real part of the operator 7T .

Let T be a weighted shift matrix with nonnegative weights (wy,...,w,_1) repre-
sented as follows,

W10

T:T(W17...,Wn,1): WQO

Wn—1 0
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The characteristic polynomial of Re(7) denoted as
pu(t) = det (Iln —Re(T (wy,wa,... 7Wn—l)))

has the recurrence
1,
P(t) =tpn_1(t) — an—lpn—2(t)~

From Lemma 1 of [13], we have

1\ B
pul(t) =1"+ 2 <T> Sk(Wiy oo wp)t" 2k,

1<k<n/2

where the circularly symmetric function is

Sc(Wi,wo, .o wyq) = Zw%lw%z---w%k,

the sum being taken over
I1<ii<ip<---<pp<n—1, h—i1 22, 3—ip>22,...,0k— i1 = 2.

To avoid any confusion, the circularly symmetric function Sy(wy,ws,...,w,—1) is de-
noted by S,E"il) :

Let T be a weighted shift operator with bounded weights (wy,w,,...) on the
Hilbert space ¢%(N) represented by the infinite matrix as follows,

0
W10

Weighted shift operators are special tridiagonal operators. Periodic tridiagonal opera-
tors and their generalization are studied in [2, 3].

Since a weighted shift operator 7 is unitarily equivalent to ¢!®T for any real 6, its
numerical range is always open or closed circular disc centered at the origin (see [13]).
In particular, W (T(l, 1,.. )) is an open unit disc centered at the origin (see [10]).

Define a unitary operator

U = diag(uy,ujuy,ujupus,...),

where {u, : n=1,2,3,...} is a sequence of complex numbers with |u,| =1, n =
1,2,3,.... Then the operator UTU* is a weighted shift operator with weights

(ugwl,u3w2,u4W3,... ,un+1wn,...),
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by choosing u; =1, uy1 =Wy /|wy| if w, #0, and u,; =1 if w, =0. Then
UTU* =|T|,

where |T'| is the entrywise absolute value (|a;;|) of the operator T = (;;). So one can
always assume that the weights of a weighted shift operator are nonnegative.

In 1976, Ridge [12] has given a description of numerical radius for a weighted
shift operator 7 of period p. He has shown that, for a weighted shift operator 7" with
weights of periodic sequence a,b, the numerical radius is # The computations of
numerical radii of weighted shift operators with various weights such as (wy,1,1,...),
(Lwy, 1,1,...), (wi,wo, L, 1,...) and (wy,ws,a,b,a,b,...) have donein [1, 5, 15, 4].

In 1983, Stout [13] has provided an algorithm to get the numerical radius of a
weighted shift operator T'(wy,wy,...) with square summable weights by introducing
the analytic function

Fr(z) = det (I — zRe(T (wy,w2,...)))
=/ 1\k "
:1+k§1<7> CkZ
where
2.2 2
Ck:zwilwiz”'wik’
the sum being taken over
I<i<ip< - <ip<oo, h—i1 22, i3—iph=22,...,0— i1 22,

and the radius w(T (wy,w,...)) = 1/A, where A is the minimal positive root of Fr(z) =
0.

In 2015, Undrakh et al. [14] have determined the numerical radius of a weighted
shiftoperator T =T (wy,...,wy, 1,1,...) in terms of the weighted shift matrix T (wy,...,
wy). They have shown that if w(T') > 1, then w(T) — y/w(T)? — 1 is the minimal pos-
itive root of the determinantal polynomial F,(z) defined by

Fa(2) = On-1(2) = w2’ On2(2),
where the determinantal polynomial
0i(z) = det ((z* + 1141 — 2zRe(T (wy ..., wy))),

[ =1,2,... with initials Qy(z) = z>+1, Q_1(z) = 1. Recently, Chien et al. [6] have
calculated the numerical radius of a weighted shift operator T (wy,ws,...) by intro-
ducing a g-analog expression of the determinantal polynomials Q,(z) and F,(z) of a
weighted shift operator T = T (wy,wy,...) with weights (w,) satisfying

lim wy, = 1,

n—00

[T wn =B for some 0 < B < oo,
n=1
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and ~
Y w2 — 1] < oo,
n=1

In this paper, we compute the expression of the determinantal polynomials for the
weighted shift operators with weights (wy,...,wa,—1,b,a,b,a,b,...) and (wy,...,wa,,
a,b,a,b,...). Further using these polynomials, we can find the numerical radii of the
above operators. Thus we generalize the results given in [14, 4].

2. Weighted shift operators
In this section, we consider the weighted shift operators
T =T(wi,wa,...,wau_1,b,a,b,a,b,...) and T} = Ty (w1, w2,...,won,a,b,a,b,...)
with positive weights
(Wi,wa,...,wou_1,b,a,b,a,b,...) and (wy,wa,...,wo,,a,b,a,b,...),

respectively acting on a complex separable Hilbert space ¢?(N) identified with the
Hardy space H>. Then T =S+K and Ty = S+ K, where S = S(a,b,a,b,...) and
K, K| are compact operators. Hence, W,(T) = W,(S) = W.(T1), where the essential
numerical range W,(T) of an operator T € B(J¢) is defined as

We(T) =({W(T +K) : K compact on J#}.
Properties of essential numerical range can be found in [7, 11].

PROPOSITION 2.1. Let T be a weighted shift operator with positive weights (wy,
Wo,...) satisfying the conditions

lim wo, 1 = a and lim wy, = b where a,b > 0.
Nn—oco

n—oo

Then w(T) > “2ib if and only if Re(T) has an eigenvalue greater than #

Proof. If w(T) > “2ib then from Lemma 2.1 of [4] we can prove that w(T') is an
eigenvalue of Re(T). Conversely, if o is an eigenvalue of Re(7T) greater than “2ib

_ +b
then w(T) =w(Re(T)) > 52. O
LEMMA 2.2. Let T be a weighted shift operator with weights (Wi, wa, ... ,wa,_1,

b,a,b,a,b,...) where wy,wy,... ,wa,_1,a,b > 0. Ifthere exists a non zero f € H? such
that Re(T) f = af then

f1(0)==—r(0) (1)

fork=2,....2n—1 2)
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f(2n) (O) B 2_06‘]0(2"71)(0) Won_1 f(2n72)(0)

= — 3
ol b i)l b (-2 )
f(2k71) (O) f(2k+1) (O) f(2k) (O)
=2 for k = L... 4
P Ty Y Ty erk =t L @
f(2k) (O) f(2k+2)(0) B f(2k+1)(0) B
a 20! +b k<) =2x k1) fork=nn+1,... 5)
Here we denote 10 = £(0) #0.
Proof. The weighted shift operator T on the Hardy space H? satisfies
(2n—2) (2n—1)
_ / 2. f (0) 2n—1 f (0) 2n
Tf(z) =f(0)wiz+ f/(0)waz™+ -+ an—ay + RErEy bz
f(2n)(0) 2n+1
+ Waz + -
1/ 2n—1) (2n)
* ol f (0) f( (0) 2n—2 f (0) 2n—1
and T* f(z) =f (0)w; + T waz+ +7(2n_1)! Won—12 7+ ! bz
(2n+1)
f (O) aZ2n
(2n+1)!

where f(z) = f(0)+ f/(0)z+ fl;#zz +--- € H?. Let Re(T)f = auf holds for some
non-zero f € H>. Then we have

, el () w1 SP0)) o,
(f(o>W1z+f<0>wzz2+---+mwzn—1Z2 GRSy bz
f(z")(O) ) / £(0) f(2n—1)(0) .
+ (2n>! azz +1+,..> + <f (O)w1+ o wzz—l—-.._,_sznflzz 2
f(2n) (0) 2n—1 f(2n+l)(0) 2n —
+ (21’1)' bz +m01 +~~~>—20€f(2)- (6)

Compare coordinates-wise Eq. (6) we get the required result. [

LEMMA 2.3. Let T be a weighted shift operator with weights (wi,wa, ..., Wau_1,

b,a,b,a,b,...) where wy,wy,... ,wa,_1,a,b > 0. Ifthere exists a non zero f € H? such
that Re(T) f = of then
o SEED0) 5 fPN0) 5y
b1(0) Ei(wz’*l “){ @21 Tt
n—1 (2i-1) (2i)
S70) i S1(0) o
_ b)) Jo T\ o
iZZI(Wz ){ Qi—int @i ¢

(3 (2- 2e)r0+ (D) @-vrea. @
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Proof. Let there exists nonzero f such that Re(T)f = o.f. Then from Eq. (6) of
Lemma 2.2 we have
1"(0) "(0) 4

20f(z) = (af(0)z+bf'(0)2* +a 5 24b T +e)

+(af’(0) Jrbfﬁz(!o)eran;(!O)z2 +bfl;('0)z3 +--)

(2n-3)
+{n = @O+ (w2~ B O 4+ (w2~ b) JE - 3(;)!> a2

(2n-2) "
Fora -~ T {0 © om0 D0

R
S2(0) 5,5 SE0) 5,
¢ Qn—1)1° }

(2n—2)!

+-+ (Wou—2—b) + (Wop—1 —a)

For z = 0 the Eq. (7) holds trivially. Now for z # 0 the above equation implies

2af() = (57) fra+ B+ (52 {aria - A1)

(2n-3)
H{0n =@ () + (w2 =B )2 + -+ (w32 D) JE - 3(;)!> 02

(2n-2) "
Fora— T {0 © o0 D0

2n—2)°
2(0) 2n—2}.

(2n—2) 0
4+ 4 (W2n72 — b)f(‘zni_2()!)2271—:3 + (W2n71 - Cl) (21’1 — 1)' Z

After simplifying the above equation we get our required result. [J

LEMMA 2.4. Let T be a weighted shift operator with weights (wi,wa, ..., wa,_1,
b,a,b,a,b,...) where wy,wy,...,wa,_1,a,b > 0. Ifthere exists a non zero f € H? such

that Re(T) f = af then

n f(2i—1) (0) i f(2i—2) (O) ;
(ab+20bz + b*2?) £(0) — ;(Wziq —a) {bmzz '+a (2i —2)! 3
FEED0) 5 fPED0) 4y SP20) 5y SPP00) s
aicC Taim e P tPaant

S {af<2f><o>zzl-+ PO it FOO) it FOO0) i

+20

_;(Wz"_b) 20)! Gicnc T 20)!

FPIO0) aia . SPI0) His
Qic C it t

= (abz* + (a* +b* — 4a*) +ab) f(2). ®)

+20
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Proof. If we put —z in place of z in Eq. (7) of Lemma 2.3 then we have

n (2i-2) i) .
bf(0)— ;(Wzi_l _a){f(2i— 2(;)') 2o f(zi_ l(;)!)zzl1}

n—1 (2i) 0) .. (2i-1) 0) .
-5 {fm(! L2 00) ZM}

—(32) (F+ e 1) -0+ (57) @ - st

After solving (7) and above equation simultaneously we get,

(£ 5

2 a+b
c SE0) 5 fEV0) oy

KNP0 = i = a) | Ty gy ¢

o FEV0) piy | fP(0) 5
_il(wy—b)((zl._l)!ZzH—i— 20! zz>}

a n (2i-2) o 2i-1) ,
_< 2b>(22—1){bf(0)—21(W2i1—a)<f(2i_2(;)!)zzl—f(2i_1()0!)12’_1>
S FP0) 5 fPV(0) 5
_Z;(Wz"_b)< Gt (21'—1)!22“)}

= (abz“ +(d+ b —40?)? + ab)f (2)-

After simplification we get the required result. [J

Now, we define the L.H.S of (8) by

Hoy1(2)
= (ab+2abz+ b*2*) £(0) — iil(wzi_ | —a) {b%zﬂl + a%zzi
— }:2;(%- —b) {af ((221)(?) e+ b%zﬁ“ +2a %2’“
b%z%” - Za%zziﬂ - a% 203 } 9)

and let, WiWa e W
F2n71(Z) = WHZ’HI(Z). (10)
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Ced—b

a+h Wehaveﬁ:4T>l.

For o >

Since g= /B —/B% — 1 is aroot of abz*+ (a® +b* —4a?)z* +ab =0, therefore
from the relation of the sequence il !( ) in Eq. (1) and Eq. (2) for k=1,2,...,2n—1,
we have

(k)
R A (T <2a>’<—2sik*” + ot )

k!
=10 (ot + ¥ (~1) ) s
1<i< |4
(p 4 Z Vg 2lS(k 1))) (11)
1<i<| k)

where p = 20q = \/abg*+ (a® + b%)g? + ab. From [14], we have

det(xl, 1 — 2yRe(T (wi,...,wn))) = D, (—l)lSl(">x”+1‘2’y2l,

o<i<| 55

Here if we put x = \/abz* + (a2 + b?)z> +ab and y = z we have

On(z) = det (\/abz4 + (a® + b?)22 + abl, 1 — 2zRe(T (Wi ..., wy)))

— 3 (1S (abZt + (@@ D)+ ab) T
0<I<| 25|

forn=1,2,... and Qy(z \/abz4+ (@2 +b2)2+ab, Q_1(z) =1.
Now from Eq. (11), for k=1,2,...,2n—1 we have

(k)
f(0) 4

a4 = 1(0)Qk1(a). (12)

LEMMA 2.5. Let g=+/B — /B2 — 1 and define Tom:3(p,q) as follows

Tom+3(p,q) = (Wi wamy3) (b + (@ —wi)g?)
— (w2 wams3) (b+aq”) { (w1 —a) + (w2 —b)g’}
2) Qomi2(q)
p

~Wami3(b+aq —wamr3{ (Woms2 — b) — aq®} Qam+1(q)

{(wai = b) + (Wais1 — @)g” } (Wai1 -+ Wams3) Q2i—1(q)

'blfls

I
—_

02i(q) '

(b+aq ){(W2i+1 —a)+ (waiy2 — b)qz} (Wait2 -~ Woms3)

M§

I
—_

Then forall m > 1, Toyy3(p,q) =0 under the relation p = \/abq* + (a® + b?)q* + ab.
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Proof. We will prove the above result by using induction on m under the rela-
tion p = \/abq*+ (> +b?)q> +ab. For m =1 it is easy to check that T5(p,q) = 0.
Suppose Trp+3(p,q) =0. Now,

Dom+5(p,q)
= (W2 Womy3Wamrawamss) (p° — wig® —wag?(aq” + b))
Oon+4
- (aq2 + b)W2m+5 L@
—Wanis{ (Wamra — b) — ag* } Qomi3(q)

m+1
— ¥ {(wai = b) + (waip1 — a)q*  (Wais1 -+ WamsaWomss) Q2i1(q)
i=1

(o 2 2 02i(q)
— Y (b+ag”){(wair1 —a) + (Wait2 — b)g" } (Wais2 - WomsaWames)
i=1

Qom+2(g
= WomtaWomts m13 (D, q) + Womt3Wom+aWom+s (aq2 +b) L()

Q2m+4 (

q
—(aq” +b)Womys ) + {(Wamr2 — b) — ag® }wams3wam+4W2m+5Qom+1(q)

— { (Womta —b) — aqz}wszrS O2m+3(q)
W2t 3W 2+ 4Wamt5 L (Woms2 — b) + (Wams3 — a)q* } Qamr1(q)
- (an +D)Wom i aWamys { (Wam+3 — @) + (Wamia — b)‘lz} Qz%z(q)

Q2m+2 (Q) 2

Qom+2(g
= p2W2m+4W2m+5 T — W2m+4W2m+5 (aqz + b)qu()

p

Q2m+4 (q)

—(aq” +b)Womys —{(Wamsa —b) — aq* }wami50om+3(q)

2 2
~ W 3W2m+4W2m459" Qom+1(q).-
Thus, we get,

)q2 Q2m+2 (q)

Tomys (P, 6]) = PWom+-4W2m+5 Q2m+2 (q) - w%m+4w2m+5 (aq2 +b »

—W2m+5 (042 + b) (Qz%‘l(q) — Qomy3 (4)> — Wt aWomn 5 Qom3 (Q)

W3 AWt AW 54 Oamr1(q)- (13)
Also, we know that S§2m+4) — S§2m+3) = w%m+4Sl(E"f+2) for 1 <I<m+2 (see [13]).
Therefore,
Qanyalq - 2m+4 2m+3
+4(q) —Omslg) = Y (—1)! pPm 2zq21(Sl( m+- )_Sl( m+ ))

1<i<m+2

_ 1 2m+4—21 21 2 (2m+2)
= Z (=1)'p q W2m+4S1_1
1<i<m+2
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_ 2 141, 2m—2142 2142 o(2m+2)
= Womt4 2 (_ 1 ) p q S i
o<I<m+1

2 2Qms2(q)
= ~Wom449 mT

From Eq. (13) we have

Tomts(P,q) = Wamiawamss(PQom+2(q) — Qom+3(q))

_W%m.t,_3W21n+4w2m+5q2Q2m+1 (q) (14)

Now we have pQo(q) — Q1(q) = ¢*w?Q_1(q) and for m > 2,

POmala)= ¥ (<1 p s,

0<Ii<m—1

So,

PQom-2(q) — Qam-1(q)
_ z (_l)lq2lp2m—2l (Sl(2m72) _ Sl(2m71)) + (_1)m+1q2mS£n2mfl)

1<i<m—1
012 o(2m—3 2m—1
_ W%m—l 2 (_1)1q21+2p2m 21 251( m )+(_1)m+1q2m&(nm )
0<I<m—2
—21-2 o(2m—3 1 2m—2o(2m=3
—wd 2 (= 1)l p2m=2 2Sl( m )_(_l)m el 25'(1::1 ))
o<i<m—1

+(_1)1n+1q2msr(nzm—l)
2m—1 2m—3
= W%m71q2Q2m73(q) + (_1)m+lq2m (Sr(nm ) - W%mflsr(ninl ))
= W%m—lq2Q2m*3 (6])

Thus for m > 1 we have

PO2m—2(q) = Qam—1(q) = W3p_14*Qom—3(q)- (15)

Now from Eq. (14) and replacing m by m+2 in Eq. (15), we have Try45(p,q) =0.
Hence by induction on m we get our result. [l

THEOREM 2.6. Letn>1and T =T (wy,wy,...,won—1,b,a,b,a,b,...) be aweigh-
ted shift operator where wi,wa,...,wa,_1,a,b > 0. Let f(z) be a nonzero formal
power series:

1@ = 1@+ £+ E0 2 L

wzn+...

2_b2

Suppose o > # and B = 40‘2# then the following holds:
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1. If o is an eigenvalue of Re(T), then the value g = \/B —\/B%*—1 is a zero of
the polynomial Gy,—1(z) where

Q2n72(Z) )

2
Gan-1() = (a° + ab) Vabz* + (a? +b*)2 +ab Wan-17 Qo3 2).

2. If the coefficients of f(z) satisfy the conditions (1)=(5) and g = /B —/B*—1
is a zero of the polynomial Ga,_1(z), then f € H* and hence o is an eigenvalue

of Re(T).
Proof. Since g =\/B —+/B2—1 is a root of z* —2Bz*>+1 =0, then with the
help of Eq. (8) and Eq. (10), it follows that F5,_1(g) = Ha,—1(q) = 0.

1. For n =1, the weighted shift operator T(w;,b,a,b,a,b,...), Re(T)f = of
where f € H? implies

bf(0) — (w1 —a)f'(0)z— (wi —a) £(0)*
() e ()@ e

Put (—z) in Eq. (16) we get
bf(0)+ (w1 —a)f'(0)z— (w1 —a)f(0)2’
= (422) (2+ 2210+ (D) @-nr0. o

Simplifying Eq. (16) and (17) we get

(abz* + (a* +b* — 40?)* +ab) f(z)
= (ab+20bz+ b*2) f(0) — (w1 —a)(af'(0)2> + bf(0)* +bf (0)z
+af(0)22 +20.f'(0)2> +20.£(0)2).

Putting z = g, we get

(wi —a)(af' (0)g® +bf(0)g* +bf'(0)g+af(0)g* 4+ 20f (0)g* 4+ 20f(0)g?)
—(ab+20bg + b*¢?) £(0) = 0.

Simplifying the above equation by using Eq. (1) and applying p = 2aq, we have
(p+a+bq*)(ab+ dq* —wig*) = 0.
Since p +a+ bg* # 0, therefore, g is a root of

Qo(z) 2.2
Gi(z) =ab+d’?? — w32 = (*F +ab —wiz"0-1(2).
1(2) ! ( )\/abz4+(a2+b2)zz+ab 120-1(2)
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Now consider the case of n = 2. Putting z = ¢ in Eq. (9) and after some simpli-
fications by using Eq. (12) we get

0= (p+a+bg) {W1W2W3 (b+ (a—w1)g?)
—w3((w2 = b)+ (w3 —a)g®) (P = ¢*w?)
—(b-+ag®)(ws = a)(p = (W} +w3)) + waws (w1 —a) + (w2 = b)) }
= (p+a+ba){ (g +ab) (0 — 2w} +wd) —wie* (P — P }.
Since p+a+ bg* # 0, therefore
(@*q” +ab)(p* = ¢*(wi +w3)) = w3 (p* — g*wi) = 0.
So, g is aroot of

Gs(2) = (¢*7 +ab)(abz4 +(@®+b°)2 +ab— 2 (wi +w3))
—w3z?(abz* + (a* + b)) +ab — 2w?)

2.2 a(2) 22
= (a"z"+ab —w3z°01(2)-
( )\/abz4+(a2+b2)zz+ab 1(2)
Now our aim is to compute the polynomial for n > 2.
From Eq. (9) we have
Hy,—1(z)
= (ab+20bz+b°2*) f(0) — (w1 — a) (bz* + 202’ +az?) £(0)

£er1(0)

2n+1 2n 2n—1
—(wap—1 —a)(az™™™ + 20z + bz ) B!

Z{ (wai — b) (b + 20z 4 az?) 22 + (waiy —a)(az2+2az+b)z2i_l}

f(Zz—l) (0) n—1

X m — Z{ {(W2i+l — a)(bz2 4+ 20z + a)z2i+2
N £(2i)
+(woi — D) (b22 +20z+ a)zzl} f(2i)(?) )
Hence we get,
Hyp—1(z)
nl . _ (2i-1)
= 20‘{“’“‘ (a—w1)2’)£(0)— 2{(W2i71—a)Zzl+(W2i—b)Z2l+2}f7. 0)
i=1 (2i—1)!
(2n l) ol ) 2o
~(wan1—a) Jzzi lzi {(wai =) (wai1 — a)zz’ﬁ}fi(zi)(! ) }
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—|—{ab—|— b2 +a —awl)z +bla—w)zZ }f Z{b Woi_1 —a)z 2’ !

(0)

+(aW2i71+bwzi—a2—b2)z2"+1+a( 21+3}f21_ 5

(2n=1) (0 n—1 .
—(bzzn_l +azzn+1)(W2n_1 — a)]22n7—1()') — Z {a(WZi - b)Zzl
: i=1

Hawaipt +bwai — @ = b2 4 b(wairy — @)}

£29(0)
@ (18)

Putting z = g in the above equation and by using Eq. (10) and Eq. (12) we get,
0= (wi-wa1)(b+ (@a—w1)g*)p+ (Wi wap_1)

x{ab+ (a*+b* — aw)q* + bla—wi)g*}
—(Wan1 —a)pQan-2(q) — (b+aq*) (w1 — a)Qan2(q)

n—1

— ¥ {wai1—a)+(wa—b)g* } (wai -+ wan—1)pQai-2 2 {b(wri—1—a
i=1

+(awai1 +bwai — a® — b*)g* + a(wai— b)g* } (wai -+ - wa,— 1)Q2i 2(q)
n—1

— 3 {wai=b)+(wair1—a) g} (Waig1 - Wan—1)p Qi1 2 {a(wyi—
i=1

+(awaip1 +bwa — @ — b q* +b(wais1 —a)g* } (wais1 - wan—1)Q2i-1(q)
02n2(q)

p
—{b(wy —a) + (awi + bwy — a* — b*)q* + a(wy — b)g*} (ws - - -wzn 1)

n—1
-y {(WZi_b)+(W2i+l_a)q2}(w2i+l Woan—1)Q2i-1( 2 {b(writ1—a)
i—1

0i(q)
2p }

= {01 wa )bt (@ —w)?) — (bt ag?) (et — a)

+(awaip1 +bwaito — @ — bH)g* +a(wisn — b)q4} (W2ir2 -+ wap—1)

+(w1 ~W2n,1){ab+(a2+b2—aw1)q2+b(a—w1)q4}
wan—1 = a)pQan-2(q)

n—1
{(w2im1=@)+(w2i=b)q”} (w2 -+ w21 pQ2i2 Z{a wai—
i=1
+(awaip1 +bwa— @ =) g +b(wais1 —a)g* } (waiv1 - wan—1)Q2i-1(q)
= p{Om-wwm) b+<a—wl>q2>—<b+aq2><m1—a>Q2"TM

—(wz--~W2n71)(b+aq2){(W1—a + (w2 —b 2} 2{W2l
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n—2
+(Wais1 — )G} (Waip1 - wan1)Qa2i-1(q) — X, (b +ag”){ (wais1 — a)

i=1
+(Waiy2 — b)qz}(W2i+2 e Wan—1) Qz;)(q }

~—

a+bq*)(wi---wa1)(b+(@—w1)q’)
02,-2(q)
P
—(a+bg*) (wy - wan—1)(b+ag*){ (w1 —a) + (w2 — b)q*}

—(a+bq*)(b+aq?)(wa-1 —a)

(
(
(
(

3
|
—

—(a+bq?)

M

{(wai = b) + (Wais1 — @) } (Wais1 - wan—1)Q2i-1(q)

3
b

—(a+bq*) Y, (b+aq*){(wair1 —a)+ (war2—b)q*}

i
Oy
X (Waig2 - Wap—1) ;(q) )

I
—_

0= (p+a+be){ (i wau1)(b+ (@ —wi)g?)

~(b+aq?) (wan-1 — a)anfﬂq)
—(w2 - w2-1)(b+ag?){ (w1 —a) + (w2 = b)g’}
_'ij {(w2i =)+ (wai1 = @)g* F(waist -+ wan1) Qi1 () = i(b +aq?)
+{(Wais1 — @) (Wait2 — D)} (Waiga -+ Wan_1) Q%(q) }
Since p+a+bg? # 0, therefore, we have
0= (wi-wa1)(b+(a—wi)g*) = (b+aq) (a1 _a)Q2"T2(q)

n—1
— (w2 wau1)(b+ag®) { (w1 —a) + (w2 = b)g*} — Y { (w2 — b)
i=1

n—2

(w21 — a)qz} (Wait1---wan1)02i-1(q) — X, (b+ aqz){(wziH —a)
i=1
+(Waig2 — b)q2}(wzi+2 o Wano1) Q2;'?(CI) '
Now from above equation we have,
a*q? +ab -
< qp >Q2"*2(q) _W2n1(b+aq2)Q272(q)

(Wi wa 1) (b+ (a—wi1)g?)
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—(wp-wan—1)(b+ aq2){(w1 —a)+ (wy— b)qz}
W1 { (Wan—2 — b) + (Wan—1 — @)q* } O2n—3(q)

n—2
— > {(wai = b) + (wair1 — a)g” } (Waig1 -+ wan—1)Q2i-1(q)
i=1

n—2

Di(q) _ 0.

(b+aq?) { (W2ir1 —a) + (Waip2 — b)qz} (Waig2 - Wap—1)

i=1
ie.,

2.2
{ (~ 11:L ab) 022(q) — W%n1q2Q2n—3(q)} + (i wan1) (0+ (a—w)g?)

e )0+ Oy ) (02 DR} w0+ ') 220
~wan—1{(Wan—2 — b) —aq*} 02n-3(q)

n—2
— 2 {(wai —b) + (Waig1 — a)qz} (Waig1 -+ Wan—1)02i-1(q)
i-1

n? 2 2 Q2i(CI)
— Y (b+aq”){(waiy1 —a)+ (wais2—b)g* } (waira -+ W2n—l)—p =0.
-1
ie.,
a*q*+ab
(qT> 020-2(q) — W3, 16°Q20-3(q) + Ton—1(p,q) = 0.

From Lemma 2.5 we have T5,_1(p,q) = 0 for n > 2. Hence ¢ is a root of

02,-2(2) 2

Go—1(2) = a*z* +ab —w _zan, 2).
2-1(2) = )\/abz4+(a2+b2)zz+ab 17 Qn-3(2)

. Let G2,—1(q) = 0. Then we have

2.2 b
(M) Q21-2(q) = W3, 16*Q2n—3(q) = 0.

i.e.,

(abcf' + (a® + b*)g* + ab — abg* — b*¢*

p ) 021-2(q) = W3, 14°Q2u—3(q) = 0.

i.e.,

abg* + b*q?

(PQan—2(q) — w3, 14*Q2n-3(q)) — ( )

)Q22(q)=0. (19)
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Using Eq. (12) and (15) in the above equation we have

abq* + b q*
0 = 20:g02-2(q) — W3, 14" Q2n-3(q) — (%)an—z(@

WL Wang zn{Zaf(Z"_l)(O) f(2n—2)(0)}

f(O) Cn—1) "V 2n o)
b 4 b2 2
4%)%_2@
_bwl.“w2"*1 2nf(2n)(0) _ T Wap— 1<abq +b2>f(2n D ( ) 2n+1
= ) p ) n—1?
B q2n f(2n)(0) aq2+b (2n l
_bwl"'wz”*lf(O){ (2n)! _( P )" 2n— v}
So we have
£C(0) —VBZ=1) + by £ ©0)
(2n)! _< 20 ) (2n—1)! =0 20)
Now from Eq. (4) we have
f(2n71)(0) f(2n+1)(0) 2n l)(o)
P T ), VD0 oy Y
i.e.,
(2n+1) 2n 1
f+7(0 A /ﬂ2 O) =0. (21)

(2n+1)!
Also using Eq. (4) and (5) we have

f(2n—l+2r+4) (O) f(2n—1+2r+2)(0) f(2n—l+2r) (O)

-2 =0 22
(2n—142r+4)! ﬁ(Zn—1+2r+2)! (2n—1+42r)! ’ (22)
for r=0,1,2,.... So the characteristic equation of the difference equation (22)
is
st*—2Bs?+1=0.
Thus,
(2n—1+2r) 0
ﬁ (B+VB?>—1)"+w(B—+/B*>—1), for r=0,1,2,...

where U, lp are constants. Now from Eq. (21), we get 1y = 0. Therefore,

f(2n—l+2r) (0)

2r
P for r=0,1,2,....
Qn—1t2n)  H24Tor =0



NUMERICAL RADII OF WEIGHTED SHIFT OPERATORS 1171

Now from Eq. (4) we have

fE0) (b+aq’)q
(2n+2r)! 2\/abq4+(a2+b2)q2+ab

g, for r=0,1,2,....

Here the function f is analytic on the open disc {z € C: |z| < q—lz} Now from
the last two equations we have f € H>. [

REMARK 2.7. In Theorem 2.6 if we put wo,, | = a in the following operator
T = T(Wl,- . 'aW2n7w2n+17b7a7b7a7b7' . )

then we have T = T} = Ty (wy,...,wa,a,b,a,b,...). So, in this case, Gyu11(z) =
G2, (2), where

02,(2)

22
—a*7*Qon-1(2).
\abz* + (a2 + b2 +ab Q21 (3)

Gan(z) = (a*2* +ab)

Now if we put z = ¢ in above equation then we have, G2,+1(q) = G2,(q) = 0. There-
fore,

n— (2n) n— 2n—1
0 = (% + ab) 3 (- 1) g% p? 2zS 2 )g? p 21)Sl( )

0<i<n 0<i<n

( +ab)(p2n+ 2 z 21p2n 2zS(Zn))

1<i<n
2n—1
_azqz(p2n+ 2 (—1) quIp(Zn 2l)S(n ))

1<i<n

= (PP +ab) (P + T (—1)g¥p* 215(2'1 1)
1<i<n
2 1,21 2n-21 o(2n—2
w3, X (D)
1<i<n

(p2n+ 2 z #'p (2n— 21)Sl(2n—1))

1<I<n
n—21— 2n—2
= abQri-1(q) + W, (AP +ab) Y, (1) g2
0<i<n—1
2.2 2
a‘q”+ab
= abQ2n—1(‘1) - w%n¥Q2n—2(q)'

Therefore, g is a root of

Q2n—2(2)
Vab? + (@ + b)) +ab

Gzn(z) = asznfl( ) Wzn(a Z +ab)
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Particular cases

Replacing wp =1 and a = b =1 in Theorem 2.6, we get the determinantal
polynomial of the operator T'(wy,1,1,1,...) as

Gi(z) =2 +1-wiz%.

This polynomial is also obtained in [14]. The zeros of Gj(z) determine the nu-
merical radius w(T (wy, 1,1,1,...)) (cf. [1]).

Replacing wy =1 and a = b =1 in Remark 2.7, we get the determinantal poly-
nomial of the operator T (1,w,,1,1,...) as

Ga(z) = (2 + 1) =22 —wi(PZ+1).

This polynomial is also obtained in [14]. The zeros of Gj(z) determine the nu-
merical radius w(T (L, w,,1,1,...)) (cf. [5]).

. Replacing @ = b =1, our operators reduces to the weighted shift operator with

weights (wy,wa,...,wy, 1, 1,...). From Theorem 2.6 and Remark 2.7 we get the
determinantal polynomial G,(z) = Q,—1(z) — w2z>Qn—2(z) Which is obtained in
[14].

For n = 2, our operator reduces to weighted shift operator 7 with weights
(wi,w2,a,b,a,b,...). If bwl+ (a+b)w3 > (a+b)*b, then o = |[Re(T)| > 52
is an eigenvalue of Re(7'). By Remark 2.7 we have,

Ga(z) = a{a(b2 —w3) 2+ b(a* 4+ b? —wr — i) + abz}.

The minimal positive root less than 1 of G(z) =0 is

2ab
(W3 +w3 —a?2—b?) —|—\/ 2+ b2 —wi —w3)? —4a*(b? —w3)

q:

and using 4w(T)? = ab <q2 + q%) +a®+ b%, we get the numerical radius of 7.
This formula is obtained in [4].

EXAMPLE 2.8. Consider the weighted shift operator T = T(3,4,5,2,1,2,1,...).

Then by Theorem 2.6 we have

Gs(z) = —487° + 847 — 8872 + 4.

The eigenvalue greater than 1.5 of the self-adjoint operator Re(7') lie in the set

1 1
{E 2<zz+—2>+5 :0<z<1,—48z6+84z4—88z2+4:0}.
Z

The only element of this set is 3.4334 (approx.) for z=0.218070005 and therefore the
approximate value of the numerical radius of 7'(3,4,5,2,1,2,1,...) is 3.4334.
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EXAMPLE 2.9. Consider the weighted shift operator T =7(4,5,6,7,1,2,1,2,...).
Then by the Remark 2.7 we have

G4(z) = —90z° + 13002° + 3878z* — 4647% + 8.

The eigenvalues greater than 1.5 of the self-adjoint operator Re(7') lie in the set

1 1
S1/2@+ ) +5 10 <2< 1, =902 +13002° + 38782 — 46427 + 8 = 0
Z

The elements of this set are approximately 5.0153 and 2.5623 for z = 0.144662 and
0.308082 respectively. Since the eigenvalue 5.0153 > 2.5623 therefore the approxi-
mate value of the numerical radius of 7 =T7T(4,5,6,7,1,2,1,2,...) is 5.0153.

Acknowledgements. We would like to thank the anonymous reviewer for the con-
structive suggestions throughout the formation of the article.
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