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SOME REFINEMENTS OF REAL POWER FORM INEQUALITIES
FOR CONVEX FUNCTIONS VIA WEAK SUB-MAJORIZATION
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Abstract. The main goal of this article, is to develop a general method for improving some
new real power inequalities for convex and log-convex functions, which extends and unifies
two recent and important results due to M. Sababheh [Linear Algebra Appl. 506 (2016), 588—
602] and D. Q. Huy et al. [Linear Algebra Appl. 656 (2023), 368-384]. Then by selecting
some appropriate convex and log-convex functions, we obtain new mean inequalities for scalars
and matrices, some new refinements and reverses of the Heinz and Holder type inequalities for
matrices. We get also some new and refined trace and numerical radius inequalities.

1. Introduction and preliminaries

Convex functions have played a key role in different fields, including mathematical
inequalities, optimization, functional analysis, applied mathematics and mathematical
physics. Recall that a function f : I — R is said to be convex on the interval [ if

f(I=Vv)a+vb) < (1-V)f(a)+vf(b), (1)

forall a,b el and v € (0,1). If this inequality is reversed, then f is said to be concave.
If log f is convex, then f is called log-convex. Accordingly, a log-convex function
is a positive function satisfying

F((1=Vv)a+vb) < f(a)' "V f(b)", 2)

for the same parameters as in (1).

Recent studies of the topic have investigated possible refinements of the above in-
equalities, where adding a positive term to the left side becomes possible. This idea has
been treated in [6, 17, 18, 19, 21, 22], where not only refinements have been investi-
gated, but also reversed versions and much more have been discussed. Research related
to the above discussion includes obtaining new forms that generalize these inequalities,
getting refinements that minimizes the difference between the two sides of the inequal-
ities and adding some acceptable terms that reverse such inequalities. For example, the
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inequality (1) was refined and reversed in [7]. Namely, the authors show the following
two inequalities

F((1=V)a+vb) < (1—v)f(a)+VvF(b)—2r0 (f(a);’f(b) —f(a;“b)), 3)

and

(1= V)7 (@) + v (8) < £ = Vja v 2R (FETTEL - (222))

where a,b €I, o =min{v,1 — v} and Rp = max{v,1 —v}.
A generalisation of the inequalities (3) and (4) is presented in [18] as follows.

THEOREM 1. Let f:[0,1] — [0,%) is a convex function, 0 < v < 7 < 1 and
A>1. Then

VAR (L=V)FO) + v = fA(v) _ (1-v\*
(2) < Corosrr= A <<1—1> | ®

The main objective of this paper is to provide a unified treatment of convex and
log-convex functions. More precisely, we will present a general improvement of Theo-
rem 1. As applications, by selecting some appropriate convex and log convex functions
we will derive improved versions of some classical inequalities, that includes scalar
and operator means, Heinz and Holder type inequalities for matrices and the numerical
radius.

Before ending this section, let us fix some notations and remind the reader to
related concepts about matrices. Let M, be the algebra of all complex matrices of
order n x n. A matrix A € M,, is called Hermitian if A = A*, where A* is the adjoin
of A. The notation A > 0 (A > 0) is used to mean that A is positive semi-definite
(positive definite), if A and B are Hermitian and A — B is positive semi-definite, then
we write A > B. The set of all positive semi-definite matrices is denoted by M,T and
the set of all definite matrices in M, is denoted by M,f . The singular values of a
matrix A € M, are the eigenvalues of the positive semi-definite matrix |A| := (A*A)'/2,
denoted by s;(A) for j=1,2,3,...,n; arranged in a non-increasing order. A unitarily
invariant norm |||+ ||| on M, is a matrix norm that satisfies the invariance property:
II|lUAV ||| = |||A|l| for every A € M,, and for all unitary matrices U,V € M,,. The trace
norm is given by [|A[|; := tr|A| = X)_;s;(A), where tr is the usual trace. This norm
is unitarily invariant. An important example of unitarily invariant norm is the Hilbert-
Schmidt norm || - ||, defined by

1Al := tr(AA")? = (Zlai,,f2> o (A= (ay)-

Speaking of the eigenvalues of a Hermitian matrix A, we use the notation 4;(A)
to mean the j-th eigenvalue of A, when written in a decreasing order.
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The comparison between matrices has been done in different ways, among which
the Lowener partial order < is the strongest. More precisely, when A and B are Her-
mitian such that A < B, we infer that A;(A) < 4;(B),Vj, which is another perspec-
tive to compare between A and B. Notice that the relation 1;(A) < A;(B),Vj implies
2’;21 Ai(A) < 2’;21 Aj(B) for 1 <k < n. This last comparison is what we call weak
majorization, and is denoted by <,,. Thus, we have

A< B=1j(A) < A(B),Yj =A<y B=[l[All| <||BIl

where |||.||| stands for unitarily invariant norms. For A,B€ M, ", v €[0,1] and p €
R\ {0}, the operators arithmetic, geometric, harmonic and power means are defined

\%
respectively, by AVyB:= (1 —V)A+ VB, At B:=A!/> (A—1/2BA—1/2) A2 AL B =
(1=v)A~'+vB~ )~ and

1
Aty B = Al ((1 —V)I+ v(A—1/2BA—1/2)P) A2 p e R\ {0}

Thus, the value p — 0 gives the geometric mean, while the values p =1, —1 give the
arithmetic and harmonic means, respectively.
In the sequel, we will adopt the following notations for a,b > 0 and v € (0, 1).

aVyb = (1—V)a+vb, atyb=a'"Vb" anda!yb= ((1—-v)a '+ vb )7,

to denote the arithmetic, geometric and harmonic means respectively. The arithmetic
means for scalars and operators can be rewritten by simplification as aVb and AVB for
v=1.

This paper is organized as follows. After the forgoing section, we state and
prove our main results concerning the refinement of Theorem 1 using the weak sub-
majorization in the second section. In section 3, we present the application of our main
results to scalar means. Section 4 is devoted to present some new refinement of matrix
inequalities. In section 5, we discuss a new matrix norm inequalities via convexity and
log-convexity and we finish this paper by given some new inequalities for the general-
ized numerical radius in section 6.

2. Some new inequalities for convex functions via weak sub-majorization

In this section, we give an improved version of Theorem 1. We begin with recalling
the theory of weak sub-majorization. Throughout this section, we denote by a* =
(aj,...,a;) the vector obtained from the vector ¢ = (ay,...,a,) € R" by rearranging
the components of it in decreasing order. Then, for two vectors a = (ay,...,a,) and
b= (by,...,by) in R" a is said to be weakly sub-majorized by b, written a <,, b, if

M~
M=

a; < ) b}

1 1

forall k=1,...,n. An important feature of the theory of weak sub-majorization which
will be used in proofs of our results is given by the following lemma.



216 M. A. IGHACHANE AND M. BOUCHANGOUR

LEMMA 1. [14, pp. 13] Let a = (a;)l_,,b = (bi)l_, € R" and J C R be an
interval containing the components of a and b. If a <,, b and ¢ : J — R is a continuous
increasing convex function, then

n n
D0 (ar) <D0 (bi)
i=1 i=1
In order to accomplish our results, we need some preliminary results as follows.

LEMMA 2. Let f:[0,1] — [0,+e0) be a convex function and let 0 < v < 7 < 1.
Then we have

FOVI(1) > F(v)+ 2 (FOVef (1) £(0) + 200 (£OVF(R) - £ () )

where ro = min{¥,1 — X }.

Proof. By using the inequality (3), we have

\%

FOVyf(1) = —(f(0)Vef(1) = f(7))

T
(1-2) 1)+ 5(x)

> 1((1-2)0+ %) <20 (s 1 (3))
= fW)+2m(FOVFR)-£(3)). O

REMARK 1. Notice that Lemma 2 presents one refinement term of the first in-
equality in Theorem I, for A = 1.

LEMMA 3. Let f be a convex functionon [0,1], 0<v <1< 1 and a= (ay,az,as3),
b= (b1,by,b3) € R3 be two vectors with components

ar = f(v), aa=—(f(0)Vef(1)), a3 =2r0(f(0)Vf(1)),

Q<

and

b= FOVof (1), br = f(2), by=2nf (3

where to = min{ %, 1 — Z}. Then, we have a <., b, namely, the vectors a* and b* have
components sattsfylng that

aj < by, (6)
aj +a; < by +b3, )
aj+as+a; < b)+b5+b3. (8)
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Proof. In order to prove (6) remark that b} is exactly b;. Indeed, on one hand we
have by —ay = (1—¥) f(0) > 0. This shows that by > a,. Since a3 > by, then we get
that b; > b, . On the other hand, we have

by—a3=(1-v—r10)f(0)+vf(1)—rof(7). ©)

First of all remark that

At this point, we distinguish the following two situations.
Ifve (0, %] , then 1o = ¥, and so (9) becomes

bi—ay = (Z=v) fO)+vi) = (1-2) f(7)
= (3= v)FO + v = (1=2) £+ (1= 2) (FOV=r (1)

- (1-3) Vs )
> (U220 o)+ v o)
0

This implies that b; > a3. Furthermore, we have a3 > b3, and so by > b3. Hence b} =
b1. Moreover, by the previous notes, we have a; < by for every i = 1,2,3. Whence
ay < bj.

The third inequality comes from Lemma 2 and we have

ay+ary+az < by +by+ bs. (10)
To prove the second inequality (7), the following inequalities should be shown.

ay+ay < by + b, (11)
ay+az < by +bs, (12)
ar+az < by + bs. (13)
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The first inequality (11) comes easily from the first inequality in (5) for A = 1. For the
second inequality (12), since b, < a; together with (10), we get that

ar+a3 <by+b3—(ar—by) < by +bs.

Now, let us treat our last inequality (13). We discuses the following two cases.
If v € (0,%], then ro = £. We have

b1+ (an-+a) = SOVf 1)+ 510) = (LA OVer(1) + 22 (O (2)) )

_ (1:—12v>f(0)

= 0.

If ve[§,1),thenrg=1—%. Hence

b1+by — (az +a3)
= FOV () + > (2 = (21OVef (1) +2 (1= 1) (FOV/ (1))

2v— ) (1)

Thus complete the proof. [

|
o —

In the following, we state our first main results. Our arguments are influenced by
the ones given in [10]. The following results as mentioned before generalize the results
given by Sababheh in [18].

THEOREM 2. Let f be a convex function on [0,1] and ¢ be a strictly increasing
convex function defined on R*. Then for 0 < v < 1< 1, we have

O (FOVof (1) = 9o f(v)+6 (Z(FOV=/ (1))
0 (2/(0) +9 (201 (O£ (2)))
9 (2n0f (%)) . (14)

where o = min{%,1 - X}.

Proof. Let a= (ay,az,a3) and b = (by,bs,b3) two vectors in R? where the com-
ponent are the same as Lemma 3. Let ¢ be a strictly increasing convex function defined
on R* andlet f:[0,1] — [0,c0). Since a <,, b, by applying Lemma 1, we get that

O(ar) +¢(az) + ¢(az) < ¢(b1) + 0 (b2) + ¢ (b3),
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or equivalently,

¢(b1) = 9(a1) + (9(az2) — ¢(b2)) + (¢ (az) — 9(b3))
Thus complete the proof. [

The following theorem represent the reversed version of the previous one. Here
we use the previous theorem and some special variable change to get the proof. We also
mention that we can prove the following theorem using the same ideas as in Theorem
2.

THEOREM 3. Let f be a convex function on [0,1] and ¢ be a strictly increasing
convex function defined on RY. Then for 0 < v < 1< 1, we have

O OeF(1) > 007(2) 0 (1o (7OTus(1) ~0 (1 =5r))

\%

~0(Ro(F()VF())) ~ 0 (ZRof (”TV» , (s)

where R :min{i_;f/, 1— i:—f/}

Proof. First notice that if the function f(x) is convex in [0, 1], then f(1 —x) is
convex in [0,1]. f 0 < v <7< 1, then we have 0 < 1 —7< 1—v < 1. So by changing
f(x), vand 7 into f(1—x), 1 —7 and 1— v, respectively in the Theorem 2. We obtain
the desired results. [

Notice that Theorems 2 and 3, represent the general version and the general re-
versed version of Lemma 2, respectively. In the following, by selecting some appropri-
ate convex functions, we gain some very nice and interesting refinement for the corre-
spondent inequalities for convex and log-convex functions that improve the main results
of [18].

Replacing f into log f, we obtain the following inequalities for log-convex func-
tions.

COROLLARY 1. Let f be a log-convex function on [0,1] and ¢ be a strictly in-
creasing convex function defined on R™. Then for 0 <v < T < 1, we have

6 (1og (£ (0)£* (1)) > dlog f(v)+ ¢ (log (£ *(O)£7(1)) *) ~ ¢ (logf¥ (1))
0 (log (f%<0>f%<r>)2‘°) —¢(loe/™(3)), o)

where ro =min{¥,1— %} and
T)
-V

¢ (log /T (v)) +9 (log (ﬁ(l)f%(v))m“)

9 (10gszo (”TV» , an

6 (log (/' (0)£%(1))) > ¢ olog f(r) + ¢ (1og (0 (1)
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where Ry =min{{=%,1— }=L}.

Now, by selecting ¢ (x) =x* for A > 1, in Theorems 2 and 3, we get the following
corollary.

COROLLARY 2. Let f be a convex functionon [0,1], 0<v<1<1and A > 1.
Then we have

OV > v+ (2 (V) - £(0)

+ @) (FOVFE) =1 (3)) as)
where 1o = min{ %,1 — X}, and
OV > o+ (1) (o - w)
+(2Ry)* ((f(l)Vf(v))l - <I;V)> , (19)

where Ro =min{{=%,1— =L}

Now, by selecting ¢(x) = exp(x), in Corollary 1, we get the following new and
important refinement and reversed for log-convex functions.

COROLLARY 3. Let f be alog-convex function on [0,1]. Thenfor 0< v <1<1,
we have

PO (1) = f0)+ (777 0) 7 (1) T - £ (7))
HAOA@) " - (3), 20)

where ro =min{¥,1 — X}, and

1 1 2Ro I+v
+(rr ) —f2R°< ) @
where R = min{{=%,1— 1= }.
REMARK 2. Before proceeding to further results, we explain a little about the re-

lation among the Corollary 2 and Theorem 1. Notice that the first inequality in Theorem
1 can be written as follow

(3)A (PO () = 4(0)] < POV (1) = (), 22)

T
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with 0 < v <7< 1 and A > 1. While the second inequality in the same theorem can
be stated in the following way

A
(125) [G@Vur)) =) < GO -0, @)
where 0 < v <7< 1 and A > 1. Consequently, the first inequality in Corollary 2
present one refining term of (22), while the second inequality in Corollary 2 present
one refining term of (23). Therefore, Corollary 2 gives a considerable refinement of
Theorem 1. Since Theorem 1 was a generalization of the results in [3, 12, 13], it follows
that our results in this section provide better new estimates than the results in these
references. This is the main significance of our results. In the next sections, we present
explicit examples of refined inequalities for both scalars and matrices.

3. Applications to scalar means

In this section, by selecting some appropriate convex functions, we present differ-
ent means inequalities that may be derived from our convexity results, which present
one term refinements of the main results of [3, 12, 13].

When a,b >0 and p € R\ {0} the function f(x) = af,.b:= ((1—x)a? +xb?)!/P
is convex on [0,1]. Applying Corollary 2 to this function we obtain the following the-
orem, that proves one term refinement and generalisation of the difference between the
arithmetic and the power mean inequalities presented in Theorem 2.3 of [12].

THEOREM 4. Let a,b>0, 0<v<t<1, peR\{0} and A > 1. Then

<2fo>k<(av(aﬁ(p,r)b)) — (af(p,1) ))

(2) (taveb)? ~ tatp 0 +
< (Wvb)A _ <aﬁp,vb) : (24)

where 1o = min{ %,1 — X}, and

(; :f,)l ((ava)l - (ati(p,v)b)’l) + (2RO>l ( (bV (@p0)b)) " — (@t 12, b)z>
< (aV1b>7L - (aﬁ(mr)b)A, (25)
where Ro = min{{=%,1— 1=}

By taking the limit for p — 0 in Theorem 4, we obtain the following theorem,
which present one refinement term of the main result of [3].

THEOREM 5. Let a,b >0, 0< v <1< 1 and A > 1. Then we have
(9" (Ve —(ateby?) + (200) " (¥ ateb) — ety
<aV b) <aﬁvb> , (26)
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where to = min{ %,1— X}, and

( 1— *L')l ((ava)/1 - (aﬁvb)/1> + (ZRO>’l ( (bV (atvb))* — (at 1y b)l>

1—v v
A A
< (aV1b> - (aﬁ1b> : 27)
where Ry =min{{=%,1— }=L}.
Take p = —1 in Theorem 4, we obtain the following theorem, which is the correspond-

ing refinement of theorem 2.1 in [13].

THEOREM 6. Let a,b >0, 0< v <1< 1 and A > 1. Then we have

<

(%)A ((@Veb)* — (ateb)?) + (200)" ((@V(ateb))*  (atgb)?)
A A
(av2)" = (avb)" (28)

where to = min{ %,1— X}, and

(A=5)" ((@Veb) — (@b ) + (2R0) ((6¥(ahb) ~ (at b))

1—v v

< (aVeb) ~ (areb)", (29)

where Ro =min{{=%,1— }=L}.

4. Some refinements of matrix inequalities

In this section, we present some new matrix inequalities, that extend some known
results in the literature. We point out that the results in this section are valid for the
algebra () instead of M,,. However, our discussion will be limited to M,, only.
We start this section by the following Lemma quoted from [16, p. 3].

LEMMA 4. Let A€M, be Hermitian. If f and g are both continuous real valued
Sunctions on an interval that contains the spectrum of A, with f(t) > g(t) for t € Sp(A)
(where Sp(A) stands for the spectrum of A), then f(A) > g(A).

The following theorem represents the matrix version of Theorem 4.

THEOREM 7. Let A, BEM,; ", 0<v<1<1, peR\{0} and A > 1. Then we
have

(- >/1 (A%2(AV:B) — Aty (At,.:B) ) + <2ro>’1 (A2 (AV(A2,.2B)) — A%, 5B) )
< A4 (AVyB) — A (A, vB), (30)
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where to =min{ %,1 — X}, and
1—1\% A
(=) (482aVuB) — 4 (a8,0B)) + (2Ro) " (A2, (BV(Aty.cB)) — A%, 1o B) )
< Ay (AV:B) — At (AfpB), (31)

where Ry =min{{=%,1— =L}

Proof. Let a=1 in inequality (24), then

<X>/l (((1 —1) —1—1:b)7L —((1—1) —i—rb”)%)

T
I\ A A
+(2r0)k (14—((1—;)—1—’[]917)/7) —<<l—%>+%bp>p
<((1=v) £ vb)* — (1 V) +vb") 7. (32)

The matrix C:= A7 BA7Z has a positive spectrum, then by Lemma 4 and inequality
(32) we get

(%)%((l—r)l—HC)l —((1—1)1+rcp)%)
1\ 4 A
) <I+((1—T2)I+TCI7)17> —((1—%)1+%cf’)5

A
P,

< (1= V)I+VvC)* — (1 —=Vv)I+vCP) (33)

Finally, multiply the inequality (33) by A7 on the left and right hand sides we get
vy4 A
(;) (Ajj,l (AV:B) — At (Ajij)) + <2r0> <Aﬁ,1 (AV(At+B)) —Aﬁp.’%B)>
< Ay (AVyB) — Aty (AlpvB).

Using the same technique, we can obtain the other inequality. This completes the
proof. [

The following lemma sets up the essential features for proving the next corollary.
LEMMA 5. ([24]) Let A,B€ M, andlet o, 3 two real numbers. Then

Ao (AflgB) = AflopB.

Take the limit as p — 0 in Theorem 7 and using Lemma 5, we obtain the follow-
ing corollary which presents the matrix version of Theorem 5.
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COROLLARY 4. Let ABEM;", 0<v<1<1 and A > 1. Then we have
AN A
(5)" (At(AVeB) — AtyoB) + (2n0) " (A% (AV(A4:B)) — A 3B) )
< Afy(AVyB) — Al B, (34)

where 1o = min{ %,1 — X}, and

- " (At (AVVB) — Aty B) + (2Ro) " (At (BV(AteB)) — Af 1 B)
v 2

1
< Ay (AV:B) — AfB, (35)
where R = min{{=%,1— 1=}

By taking p = —1 in Theorem 7, we get the following result, which presents the
matrix version of Theorem 6.

COROLLARY 5. Let AABEM;", 0<v <1< 1 and A > 1. Then we have

<¥>z (422 (AV:B) — At (41:B) ) + <2r0)l (482 (AV(ALB)) ~ A15B))
< At (AVyB) — A, (A!VB), (36)

where 1o = min{ %,1 — X}, and

_ A A
(:_—‘T/) (Am(AVVB) . Am(A!VB)> n <2R0> (Am (BV(A!;B)) —A!%B)>
< Afy(AV:B) — Al (Al:B), (37
where R = min{{=%,1— 1=}

5. Matrix norm inequalities

In this part of the paper, by selecting some appropriate convex and log-convex
functions, we obtain new refinements of some results in [18].

5.1. Matrix norm inequalities via convexity

The classical Young inequality afyb < aV,b has been extended to matrices as
follows
A*YXBY (|| < (1= v)|[|AX|[| + v[[XB][|,0 < v < L. (38)

It is known that for two matrices A,B € M, and X € M,,, the function f(v) =
||A'=YXB||| is convex on [0,1], for any unitarily invariant norm ||| - ||| on M,, (see
[19]). Then by using Corollary 2 we obtain the following theorem which present one
refinement term of the corresponding Young’s inequality (38) for matrices.
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THEOREM 8. Let A, BEM,/", X e M,\{0}, 0<v<t<1and A > 1. Then
we have

()" (axwelixsin - qia'xs71)*)

A _ A _z z
+(2ro)* (X[ VA7) — a1~ Ex B3 |17)
A A
< ((=wlllax |+ viixall) = (IIa=xs*I) " (39

where 1o = min{¥,1 — 2}, and

(75) " (aximu sy - ia=—xe"1)*)

A - A _Liv Lv g
+(2Ro)* ((IIXBIIVIIIATXBY ) — ] X85 )
A A
< ((=mlaxii+<nxal)” = (A =xs )", @o)
where Ry =min{{=%,1— =L}

Also it is known that for two matrices A,B € M, the function f(v) = tr(A'"VBY)
is convex on [0, 1], (see [19]). Then by using Corollary 2, we obtain the following
theorem which present one refinement term of the corresponding Young’s inequality
for trace of matrices.

THEOREM 9. Let A\ BEM,, 0<v <17<1and A > 1. Then we have

A
(;) {tr’l (AV.B) — t* (AI’TBT)}
+ (2r0) ( (tr(A)Vir(A!~TB))* — 11t (Al—%B%))
<t* (AVyB) —u* (A'VBY),

where 1o = min{ %,1 — X}, and

(1 - T)/1 {u* (aV,B)—u* (a1vBY) |

1—v
2 1—v pvy)\ 4 1-5Y p5r 2
+(2Ry) ((tr(B)Vtr(A BY))" —tr(A B2 )
<t (AV.B) —tr* (A'7BY),
where Rozmin{i_;fﬂ —ii—i}

Now, for two matrices A,B € M,/ and X € M,,, we consider the function f(v) =
|[A*"VXBY +AYXB'V||| . From [18], we know that this function is convex on [0, 1],
for any unitarily invariant norm |||.||| on M,,. Consequently, we may apply Corollary 2
for this function to get the following Heinz-type inequality [1].
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THEOREM 10. Let A\BEM;and X e M;,X #0,0<v<1t<1and AL > 1
Then, for any unitarily invariant norm |||.|||, we have

llAX +XB|||* > [||A'"XB* +A"XB" ||}
+ (;)A (1A% + X B [* |41~ XB" +ATX B )
(o) (114X +XBJ|[V][|A' X B + ATxB'7|)*
— A" ExB3 + ATxB | ),
where 1o = min{ %,1— X}, and
llAX +XB|[* > [[|A'*XBT+ ATXB' 7|}
+ (i:—z)k (IlAx +XB|* — |4 *XBY +A*XB' ")
+<2Ro>ﬂ(<H|AX+XBH|VH|A1—VXBV+AVXBI—V||\>*
A XB T AT X B P )
where Ry = min{ﬁ, - —}

Let A and B be two Hermitian matrices and let g be convex function on R. Then
k
2 g(1—1)A+1tB)),1<k<n

is convex functionon R forany k € {1,...,n}. By applying Corollary 2 for the function
Si(t) = 2’;21 Ai((1—1)A+1B),0 < r <1, we obtain the following eigenvalues version.

COROLLARY 6. Let A and B be Hermitianin M,, and let 0 < v <t < 1. Then
for 1 <k<nand A > 1, we have

(i 1—Vv)A;(A)+VvA;(B )A <ZA 1—vA+vB)>

G ((y ) (2/1 1_TA+TB>))A

A

A « A
><X>l (2((1_T)A,(A)+m,-(3))> —<Z7Lj((l—r)A+rB)> :
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where to =min{ %,1 — X}, and

P A

(2 (1—=1)4j(A)+TA;(B ))) - (
- k j )
2R0 ((21, )V( lj((l—V)A-i-VB)))

(Ba((-5)ae )

! k A
> (;_5) (2((1—V)7LJ(A)+V7L,/(B))> —(

On

1

A
Ai((1—-1)A+ TB))

.
Il M»
—

j=1

.
Il Mk‘
—

A
Ai(1=v)A+ vB)) ,

where Rg = min{{=%,1— 1=}

Notice that 3¥ j—14j(A) becomes the Ky Fan’s norm [|A[|(

r when A is positive
[1]. In this case, the above inequality may be stated as follows.

COROLLARY 7. Let ABEM, and 0 <v < 1<I.
A > 1, we have

(((1 ~V)|Al g+ VIBllw)* — (11— v)A+ vBllua)A)
| (1Al 910 - 94+ w8l ~ (] (1- %)A%BH(H)A]

(5" (-0l + Blw) — (10~ 04+ 2Bl )"

where 1o = min{ %,1 — X}, and

Then for 1 <k <n and

1

WV

((1=)|All @ + 7I1Bll )" —(||<1—r>A+rB||(k>)A

1+v 1+v
_(2R0)7L (HBH(k)VH(I—V)A—FVBH (H(l——) +TB

A
(k)>

A
> (:jj) (1 =v)liAll+VIBlig)* = (11 =v)A+vBlw)").

where R = min{{=%,1— 1=}

5.2. Matrix inequalities via log-convexity

For all A,B € M,,, any real number » > 0 and every unitarily invariant norm, Horn
and Mathias [8, 9] obtained the following matrix Cauchy-Schwarz inequality

IHA™BI™ [ < [1I(A™A)|[111(B*B) - cay)
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Bhatia and Davis proved in [4] a more general form of Cauchy-Schwarz inequality; for
A, BEM} X €M, and r >0,

[HA™XB|" || <[] |AA™X[" [[|. I [XBB*|" [I|, (42)
which is equivalent to,
Lo 1
I [AZXBZ|" [|[> < (|| |AX]" |||l [XB|" ||| (43)

For A,B €M, and v € [0,1], we have the Holder type inequality [11]

ITIATYXBY (I < L AX (11 X Bl ] (44)
Let A,Bc M/}t and X € M,,, the function f(v) = ||| |A'"YXB"|" ||| is log-convex on
[0,1], for any unitarily invariant norm ||| - ||| on M, (see [11]). By applying Corollary

3, we obtain the following new refinement and reverse of the Holder type inequality
(44).

THEOREM 11. Let AL BEM, ", X €M, and 0 < v < 1< 1. Then
T 1AX " YL XBI Y = AT XBY| ||
+(IHAX I X BY () = (I |A X BT |7

21‘0
+ (VI LB 1) = 1A,

where 1o = min{¥,1 — X}, and

ITIAX 1M1 XBI T = (1T A" X BT |

T

_ :v _ 1-1
+(IAX T IYATIXBI Y)Y = (1A "X BT | =

p A =I5y gy Ry
+ (\IHXBI LA XBY ) = (A5 X B | PR,

where R = min{{=%,1— 1= }.

For every A,B € M,/ ™ and X € M,,, the function f(v) = ||| |JAYXBY|" ||| is log-
convex on [0, 1], for any unitarily invariant norm ||| - ||| on M,, (see [11]). Applying
Corollary 3, we obtain the following new refinement and reverse of the Holder type
inequality (44).

THEOREM 12. Let ABEM;", X €M, and 0 < v < T < 1. Then
[ TAXB" [V XI7 1Y > (I AYXBY|" ||

y
T

— v
+ (IAXBI NI X I17) = (I |ATXBT|" ||| =

21‘0 z z
+ (VITIAXBI TATXBT ) = Il lAsX B3 |,
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where to =min{ %,1 — X}, and
IAXBI" |11 1X 17 (1117 = |l JATXBF|" ||
R l-t
+ (IHAXB] [[[¥ (11X " 1Y) = [ JATX B[ ||| =

14+v

2Ry L Ly
+ (VITIAXBI TAYXBYIT) ™ = A XB | |12,
where Ro =min{{=%,1— =L}

Notice that Theorem 12 present two refining terms and it reversed for the corre-
spondent Holder type inequalities for unitary invariant norm. In particular for X =1,
we get the following theorem which present two refinement terms and reverses of the
classical inequality ||| [AB|" |||V = ||| |AVBY|" |||, for 0 < v < 1.

THEOREM 13. Let A\BEM;'" and 0 < v < 1< 1. Then
Il [ABI" [I" = I11AYBY|" |l
+(I 1ABI" %) — I |A"B"" || ?
+ (VITABFTTIABT )™ 1 B3 1,
where 1o = min{ %,1 — T}, and
I ABI"[I[* = ([ 1A™B*|" ||
+(Il 4B )= ] \ATXBT\’ s

14v _14v
+ (VITRBE TTAVBT ) I 1A B %,

where Ro =min{{=%,1— }=L}.

It was shown in [11], that the function f(v) = tr(A!~VB") is log-convex on [0,1].
Applying Corollary 3, we obtain the following new refinement and reverse of the Holder
type inequality for traces.

THEOREM 14. Let ABEM;", X €M, and 0 < v < T < 1. Then
tr' =V (A)tY (B) > tr(A'"VBY)
+ (e (A" (B))
Zm : :
+ ( tr(A)tr(Aerr)> 20 <A1*737> :

where to = min{ %,1 — X}, and

y
T

—tr7 (A'77BY)

tr' "7 (A)r®(B) > tr(A'"7B)

A

1ot 1-7

+(e'V(A)uY(B)) Y — T (A'VBY)

+< tr(B)tr(Al"B")>2r0 {210 (A“* %>’
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where Ry =min{{=%,1— }=L}.

The previous Theorem present two refining terms and it reversed for Holder type
inequalities for the trace.

6. Inequalities for generalized numerical radius

The generalized numerical radius for A, denoted by wy(A), is obtained via the
supremum of the norm over the real parts of all rotations of A i.e.

wn(A) = SE%N (Re (ei9A>> .

Where X = Re(X)+iIm(X) is the Cartesian decomposition of X € M,,,Re(X) = X+2X*

and Im(X) = % and X* denotes the adjoint of X . Simple computation shows that
when N is the usual operator norm inherited from the inner product on H then wy(+)
coincides with the usual numerical radius norm w(-) which is defined as

w(A) = sup [{Ax,x)|.
[Ixll=1
On the other hand, it is known that if A, B € M, and X € M,,, then the function f(v) =
wy(A'"VXBY +AVXB'~) is convex on [0, 1], for any unitarily invariant norm N(.) on
M, [1]. Consequently, we may apply Corollary 2 for this function to get the following
Heinz-type inequality for the numerical radius.

THEOREM 15. Let A, BE M, and X e M,,X #0,0<v<t<1and 2 > 1

wy(AX +XB)* > wy(A'"VXBY +AYXB! V)
v A A -1 T . A
+(?> <WN(AX+XB) —wy(A"TXBT+ ATXB ) )
()" ( (wy (AX +XB)Viwy(A'"*XB* + ATXB'7))*
—WN(AI_%XB§ +A%XBI_§)A>,
where ro = min{{,1— ¥}, and
wy(AX +XB)* > wy(A'XBT+ATXB! )

A
1—
+ (ﬁ) <wN(AX +XB)* —wy(A'7VXBY +AVXBl‘V)7“>

14+v 1+v

—wy(A'" T XB T

+y

+(2R0)7L<(WN(A +XB)Vwy(A'"VXBY +AYXB'V))*
+ AT XB!- T)A),

where Ro =min{{=%,1— =L}
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Let A,B € M, and X € M,,, then the function f(v) = wy(A'"VXB) is convex

n [0, 1], for any unitarily invariant norm N(.) on M, (see [1]). Consequently, we

may apply Corollary 2 for this function to get the following Young-type inequality for
the numerical radius.

THEOREM 16. Let A,BE M, and X e M,,,X #0,0<v<t<1and 2 > 1
Then, for any unitarily invariant norm N(.), we have

(wn (AX)Vywy (XB)*
> wh(A'"VXBY) + (%)A ((WN(AX)VTWN(XB)))L —w%,(Al_TXBT)>

Han)” ( (wn (AX) Vo (417X B7)) " — WN(AI*%XB%)A>,

where 1o = min{¥,1 — 2}, and

(wy(AX)Vewy (XB))*
A
> wh(A"TXB) + G_;\T,) ((WN(AX)VVWN(XB)))L —W%V(Al—VXBV))

1+v

+(2Ro)* ((ww(XB) Vi (a' X BY)" —wy(al X)),
where R = min{{=%,1— 1=}

On the other hand, by using [ 1] and Proposition 2.5 of [23] it is known thatif A,B €
M, and X € M,,, then the function f(v) =wy(AYXB") is log-convex on [0,1], for
any unitarily invariant norm N(.) on M, [1]. Consequently, we may apply Corollary 2
using this function to get the following Heinz-type inequality for the numerical radius.

THEOREM 17. Let ABEM;", X €M, and 0 <v < T < 1. Then
wy ¥ (X)w) (AXB)
> wy(AYXBY) + (wy "(X)wk (AXB)) T —wy (A"XB")

TY BT 210 20 Al-5y B3
+ (V/wn(AXB)wy(ATXBT))  —wy?(A'"ZXB7),
where 1o = min{ %,1 — X}, and

wy " (X)wy (AXB)

1-7

—V (Al VXBI V)

);

> wn(ATXBT) + (W} (X)w (AXB)) T —w

14+v 14+v
2

20 2r0 -1
+ (Vwy(X)wy(AVXBY) ) —wy°(A'" T XB

where Ro =min{{=%,1— =L}
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In particular for X = I we get the following theorem.
THEOREM 18. Let AL BEM, ", X €M, and 0 < v < 1< 1. Then

WY (AB) > wy(AYB") + (Wi (AB))T — wi (AB")

2r, 1
+ (Vv AB)wy (AXBT) ) —wi (41383,

where 1o = min{ %,1— 1}, and

-7 1z

W (AB) > wy(ABY) + (wh(4B)) I —wl ¥ (4! VB )

2r, v v
+ (V@B i al T,

1—

where Ro =min{{=%,1— {=L}.
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