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Abstract. An operator T acting on a Banach space X obeys property (gt) if the isolated points
of the spectrum (T ) of T which are eigenvalues are exactly those points  of the spectrum
for which T − is an upper semi-B -Fredholm with index less than or equal to 0. In this paper
we study the stability of property (gt) under perturbations by finite rank operators, by nilpotent
operators and, more generally, by algebraic operators commuting with T . Moreover, we study
the transfer of property (gt) from a bounded linear operator T acting on a Banach space X
and a bounded linear operator S acting on a Banach space Y to their tensor product T ⊗S .

1. Introduction

Let B(X ) denote the algebra of all bounded linear operator T acting on a Banach
space X . For T ∈ B(X ) , let T ∗ , ker(T ) , (T ) , (T ) , p(T ) and a(T ) denote
respectively the adjoint, the null space, the range, the spectrum, the point spectrum
and the approximate point spectrum of T . Let C denote the set of complex numbers.
Let us denote by (T ) the dimension of the kernel and by  (T ) the codimension
of the range. Recall that an operator T ∈ B(X ) is said to be upper semi-Fredholm,
T ∈ SF+(X ), if the range of T ∈ B(X ) is closed and (T ) <  , while T ∈ B(X )
is said to be lower semi-Fredholm, T ∈ SF−(X ) , if  (T ) <  . An operator T ∈
B(X ) is said to be semi-Fredholm if T ∈ SF+(X )∪SF−(X ) and Fredholm, T ∈ F ,
if T ∈ SF+(X )∩ SF−(X ) . If T is semi-Fredholm then the index of T is defined by
ind(T) = (T)− (T).

Let a := a(T ) be the ascent of an operator T ; i.e., the smallest nonnegative inte-
ger p such that ker(T p) = ker(T p+1) . If such integer does not exist we put a(T ) =  .
Analogously, let d := d(T ) be the descent of an operator T ; i.e., the smallest nonneg-
ative integer q such that (Tq) = (Tq+1) , and if such integer does not exist we put
d(T ) =  . It is well known that if a(T ) and d(T ) are both finite then a(T ) = d(T )
[24, Proposition 38.3]. Moreover, 0 < a(T − I) = d(T − I) <  precisely when 
is a pole of the resolvent of T , see Heuser [24, Proposition 50.2].

Mathematics subject classification (2020): 47A10, 47A11, 47A53.
Keywords and phrases: Weyl’s theorem, Weyl spectrum, polaroid operators, property (gt) .

c© � � , Zagreb
Paper OaM-17-19

259

http://dx.doi.org/10.7153/oam-2023-17-19


260 M. H. M. RASHID AND M. CHŌ

A bounded linear operator T acting on a Banach space X is Weyl, T ∈ W , if it
is Fredholm of index zero and Browder, T ∈ B , if T is Fredholm of finite ascent and
descent. The Weyl spectrum w(T ) and Browder spectrum b(T ) of T are defined by

w(T ) = { ∈ C : T − I is not Weyl}
b(T ) = { ∈ C : T − I is not Browder}.

Let E0(T ) = { ∈ iso(T ) : 0 < (T − ) < } and let 0(T ) := (T ) \b(T ) all
Riesz points of T . According to Coburn [18], Weyl’s theorem holds for T if (T ) =
(T )\w(T ) = E0(T ), and that Browder’s theorem holds for T if w(T ) = b(T ).

Here and elsewhere in this paper, for A ⊂ C , iso A denotes the set of all isolated
points of A and acc A denotes the set of all accumulation points of A .

Let SF−
+ (X )= {T ∈ SF+ : ind(T ) � 0} . The upper semi Weyl spectrum is defined

by SF−
+

(T ) = { ∈ C : T − /∈ SF−
+ (X )} . According to Rakočević [32], an operator

T ∈B(X ) is said to satisfy a-Weyl’s theorem, T ∈ aW , if a(T )\SF−
+

(T ) = E0
a (T ) ,

where
E0

a (T ) = { ∈ isoa(T ) : 0 < (T − I) < }.
It is known [32] that an operator satisfying a -Weyl’s theorem satisfies Weyl’s theorem,
but the converse does not hold in general.

For T ∈ B(X ) and a non negative integer n define T[n] to be the restriction T
to (Tn) viewed as a map from (Tn) to (Tn)(in particular T[0] = T ). If for some
integer n the range space (Tn) is closed and T[n] is an upper (resp., lower) semi-
Fredholm operator, then T is called upper (resp., lower) semi-B-Fredholm operator. In
this case index of T is defined as the index of semi-B-Fredholm operator T[n] . A semi-
B-Fredholm operator is an upper or lower semi-Fredholm operator [11]. Moreover, if
T[n] is a Fredholm operator then T is called a B-Fredholm operator [9]. An operator T
is called a B-Weyl operator if it is a B-Fredholm operator of index zero. The B-Weyl
spectrum BW (T ) is defined by BW (T ) = { ∈ C : T − is not B-Weyl operator}
[12].

An operator T ∈ B(X ) is called Drazin invertible if it has a finite ascent and
descent. The Drazin spectrum D(T ) of an operator T is defined by D(T ) = { ∈
C : T − is not a Drazin invertible} . Define also the set LD(X ) by LD(X ) = {T ∈
B(X ) : a(T )< and (Ta(T)+1) is closed} and LD(T )= { ∈C : T − /∈LD(X )} .
Following [14], an operator T ∈ B(X ) is said to be left Drazin invertible if T ∈
LD(X ). We say that  ∈ a(T ) is a left pole of T if T −  ∈ LD(X ) , and that
 ∈ a(T ) is a left pole of T of finite rank if  is a left pole of T and (T − ) <  .
Let a(T ) denote the set of all left poles of T and let 0

a denote the set of all left poles
of T of finite rank. From [14, Theorem 2.8] it follows that if T ∈ B(X ) is left Drazin
invertible, then T is an upper semi-B-Fredholm operator of index less than or equal to
0.

Let (T ) be the set of all poles of the resolvent of T and let 0(T ) be the set of all
poles of the resolvent of T of finite rank, that is 0(T ) = { ∈ (T ) : (T − ) <} .
According to [24], a complex number  is a pole of the resolvent of T if and only if
0 < max{a(T − ),d(T − )}<. Moreover, if this is true then a(T − ) = d(T − ) .
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According also to [24], the space ((T −  )a(T− )+1) is closed for each  ∈ (T ) .
Hence we have always (T ) ⊂ a(T ) and 0(T ) ⊂ 0

a (T ) . We say that a-Browder’s
theorem holds for T ∈ B(X ) , T ∈ aB , if a(T ) = 0

a (T ) . Following [13], we say
that generalized Weyl’s theorem holds for T ∈ B(X ) , T ∈ gW if g(T ) = (T ) \
BW (T ) = E(T ) , where E(T ) = { ∈ iso(T ) :(T − ) > 0} is the set of all isolated
eigenvalues of T, and that generalized Browder’s theorem holds for T ∈ B(X ) , T ∈
gB , if g(T ) = (T ) . It is proved in [6, Theorem 2.1] that generalized Browder’s
theorem is equivalent to Browder’s theorem. In [14, Theorem 3.9], it is shown that an
operator satisfying generalized Weyl’s theorem satisfies also Weyl’s theorem, but the
converse does not hold in general. Nonetheless and under the assumption E(T )= (T ),
it is proved in [15, Theorem2.9] that generalizedWeyl’s theorem is equivalent to Weyl’s
theorem.

Let SBF+(X ) be the class of all upper semi-B-Fredholm operators, SBF−
+ (X ) =

{T ∈ SBF+(X ) : ind(T )� 0} . The upper B-Weyl spectrum of T is defined by SBF−
+

(T )
= { ∈ C : T −  /∈ SBF−

+ (X )} . We say that generalized a-Weyl’s theorem holds
for T ∈ B(X ) , T ∈ gaW , if g

a(T ) = a(T ) \SBF−
+

(T ) = Ea(T ) , where Ea(T ) =
{ ∈ isoa(T ) : (T − ) > 0} is the set of all eigenvalues of T which are isolated
in a(T ) and that T ∈ B(X ) obeys generalized a-Browder’s theorem, T ∈ gaB , if
g

a(T ) = a(T ) . It is proved in [6, Theorem 2.2] that generalized a -Browder’s theo-
rem is equivalent to a -Browder’s theorem, and it is known from [14, Theorem 3.11]
that an operator satisfying generalized a-Weyl’s theorem satisfies a -Weyl’s theorem,
but the converse does not hold in general and under the assumption Ea(T ) = a(T )
it is proved in [15, Theorem 2.10] that generalized a -Weyl’s theorem is equivalent to
a -Weyl’s theorem.

The organization of the paper is as follows: In section 2, we study the property
(gt) in connection with Weyl type theorems. We prove that an operator T possessing
property (gt) possesses generalized a -Weyl’s theorem, but the converse is not true in
general as shown by Example 2.5. And we obtain the equivalence of generalized a -
Weyl’s theorem and property (gt) if the operator T is a generalized scalar. In section
3, we study the stability of property (gt) under perturbations by finite rank operators,
by nilpotent operators and, more generally, by algebraic operators commuting with
T . Section 4 is devoted to study the transfer of property (gt) from a bounded linear
operator T acting on a Banach space X and a bounded linear operator S acting on a
Banach space Y to their tensor product T ⊗S .

2. Property (gt) for bounded linear operators

Let g
+(T ) = (T )\SBF−

+
(T ) .

DEFINITION 2.1. ([39]) An operator T acting on a Banach space X obeys
property (gt) if the isolated points of the spectrum (T ) of T which are eigenval-
ues are exactly those points  of the spectrum for which T − is an upper semi-B-
Fredholm with index less than or equal to 0, that is, T ∈ B(X ) possesses property
(gt) if g

+(T ) = E(T ).



262 M. H. M. RASHID AND M. CHŌ

THEOREM 2.2. If T ∈ B(X ) satisfies property (gt) , then (T ) = a(T ) .

Proof. Since a(T ) ⊆ (T ) holds for every operator T , we need only to prove
(T ) ⊆ a(T ) . Let  ∈ (T ) . Since T satisfies property (gt) , we have  ∈ E(T ) .
If  /∈ SBF−

+
(T ) , then  ∈ iso(T ) ⊆ a(T ) . If  ∈ SBF−

+
(T ) , it is easy to see that

 ∈ a(T ) , that is, (T ) = a(T ) . �

THEOREM 2.3. If T ∈ B(X ) obeys property (gt) , then E(T ) = Ea(T ) .

Proof. Suppose that T satisfies property (gt) , then (T )\SBF−
+

(T ) = E(T ) , it

follows from Theorem 2.2 that (T ) = a(T ) , and so E(T ) = Ea(T ) . �
Combining Theorems 2.2 and 2.3, we have

THEOREM 2.4. If T ∈ B(X ) obeys property (gt) , then T satisfies generalized
a-Weyl’s theorem.

The following example shows that generalized a -Weyl’s theorem is weaker than
property (gt) .

EXAMPLE 2.5. Let T : �2(N) → �2(N) be the unilateral right shift operator de-
fined by

T (x1,x2, · · ·) = (0,x1,x2, · · ·) for all x = (x1,x2, · · ·) ∈ �2(N) .

Then (T ) = D , a(T ) = SBF−
+

(T ) = D and E(T ) = Ea(T ) = /0 , where D denote

the closed unit circle and D denote the unit circle. It follows that a(T )\SBF−
+

(T ) =
Ea(T ) , then T satisfies generalized a -Weyl’s theorem. Whilst T doesn’t obeys prop-
erty (gt) , since (T )\SBF−

+
(T ) 
= E(T ) .

THEOREM 2.6. Let T ∈ B(X ) . Then T obeys property (gt) if and only if the
following conditions hold:

(i) T satisfies generalized a-Browder’s theorem;

(ii) (T ) = a(T );

(iii) E(T ) = a(T ) .

Proof. If T obeys property (gt) , it follows from [39, Propsition 2.7] and Theorem
2.2 that T satisfies generalized a -Browder’s theorem, E(T ) = a(T ) and (T ) =
a(T ) . Conversely, if T satisfies generalized a -Browder’s theorem, E(T ) = a(T )
and (T ) = a(T ) , then

(T )\SBF−
+

(T ) = a(T )\SBF−
+

(T ) = a(T ) = E(T ),

that is, T obeys property (gt) . �
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THEOREM 2.7. Let T ∈ B(X ) . Then T obeys property (gt) if and only if the
following conditions hold:

(i) T satisfies generalized Browder’s theorem;

(ii) BW (T ) = SBF−
+

(T );

(iii) E(T ) = (T ) .

Proof. If T obeys property (gt) , then it follows from [39, Theorem 2.10] that T
satisfies generalized Weyl’s theorem and BW (T ) = SBF−

+
(T ) and T satisfies general-

ized Browder’s theorem and E(T ) = (T ) . On the other hand, if T satisfies general-
ized Browder’s theorem, BW (T ) = SBF−

+
(T ) and E(T ) = (T ) , we have

(T )\SBF−
+

(T ) = (T )\SBF−
+

(T ) = (T ) = E(T ),

that is, T obeys property (gt) . �

Following [23] we say that T ∈ B(X ) has the single-valued extension property
(SVEP) at point  ∈C if for every open neighborhood U of  , the only analytic func-
tion f : U −→ X which satisfies the equation (T −) f () = 0 is the constant func-
tion f ≡ 0. An operator T ∈B(X ) is said to have the SVEP if T has the SVEP at ev-
ery point  ∈ C. An operator T ∈B(X ) has the SVEP at every point of the resolvent
(T ) := C \(T ) . The identity theorem for analytic functions ensures that for every
T ∈B(X ), both T and T ∗ have the SVEP at the points of the boundary (T ) of the
spectrum (T ). In particular, that both T and T ∗ have the SVEP at every isolated point
of (T ) = (T ∗). The SVEP is inherited by the restrictions to closed invariant sub-
spaces, i.e., if T ∈ B(X ) has the SVEP at 0 and M is closed T -invariant subspace
then T |M has SVEP at 0. Let S(T ) := { ∈ C : T does not have the SVEP at  }.
Observe that T ∈ B(X ) has SVEP if and only if S(T ) = /0.

REMARK 2.8. If T ∗ ∈ B(X ) has the SVEP, then it is known from [27, Page
35] that (T ) = a(T ) and from [38, Corollary 2.9] we have SBF−

+
(T ) = BW (T ) .

Hence Ea(T ) = E(T ) , g(T ) = g
a(T ) and g

+(T ) = g(T ). Moreover, it is known
that from [3, Theorem 2.6] that if T ∗ has the SVEP, then SF−

+
(T ) = w(T ) and hence

E0
a(T ) = E0(T ) , a(T ) = (T ) and +(T ) = (T ).

Let Hnc((T )) denote the set of all analytic functions, defined on an open neigh-
borhood of (T ) , such that f is non-constant on each of the components of its domain.
Define, by the classical calculus, f (T ) for every f ∈ Hnc((T )).

A bounded operator T ∈ B(X ) is said to be polaroid (respectively, a-polaroid)
if iso(T ) = /0 or every isolated point of (T ) is a pole of the resolvent of T (respec-
tively, if isoa(T ) = /0 or every isolated point of a(T ) is a pole of the resolvent of
T ).
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THEOREM 2.9. Let T be a bounded linear operator on X satisfying the SVEP.
If T − I has finite descent at every  ∈ Ea(T ), then property (gt) holds for f (T ∗),
for every f ∈ Hnc((T )) .

Proof. Let  ∈ Ea(T ), then p = d(T −  I) <  and since T has the SVEP it
follows that a(T − I) = d(T − I) = p and hence  is a pole of the resolvent of T
of order p , consequently  is an isolated point in a(T ). Then X = K(T − I)⊕
H0(T − I), with K(T − I) = (T − I)p is closed, Therefore,  ∈ a(T ) . Hence,
T is a -polaroid. Now the result follows now from [39, Theorem 3.6]. �

The quasinilpotent part H0(T − I) and the analytic core K(T − ) of T − are
defined by

H0(T − ) := {x ∈ X : lim
n−→

‖(T − )nx‖ 1
n = 0}.

and

K(T − ) = {x ∈ X : there exists a sequence {xn} ⊂ X and  > 0 for which

x = x0,(T − )xn+1 = xn and‖xn‖ �  n‖x‖ for all n ∈ N} .

We note that H0(T − ) and K(T − ) are generally non-closed hyper-invariant
subspaces of T −  such that (T −  )−p(0) ⊆ H0(T −  ) for all p = 0,1, · · · and
(T − )K(T − ) = K(T − ) .

The class of operators T ∈ B(X ) for which K(T ) = {0} was introduced and
studied by M. Mbekhta in [28]. It was shown that for such operators, the spectrum is
connected and the SVEP holds.

THEOREM 2.10. Let T ∈ B(X ) . If there exists  such that K(T − ) = {0},
then f (T ) ∈ gaB , for every f ∈ Hnc((T )) . Moreover, if in addition ker(T − ) = 0,
then property (gt) holds for f (T )

Proof. Since T has the SVEP, then by [6, Theorem 3.2], generalized a-Browder’s
theorem holds for f (T ) . Let  ∈ ( f (T )) , then

f (z)− I = P(z)g(z),

where g is complex-valued analytic function on a neighborhood of (T ) without any
zeros in (T ) while P is a complex polynomial of the form P(z) = n

j=1(z− jI)k j

with distinct roots 1, · · · ,n ∈ (T ). Since g(T ) is invertible, then we deduce that

ker( f (T )− I) = ker(P(T )) =
n⊕

j=1

ker(T − jI)k j .

On the other hand, it follows from [28, Proposition 2.1] that p(T ) ⊆ {} . If we
assume that ker(T − I) = 0, then T − I is an injective and consequently p(T ) = /0.
Hence ker( f (T )− I) = 0. Therefore, p( f (T )) = /0. Now, we prove that

a( f (T )) = E( f (T )).
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Obviously, the condition p( f (T )) = /0 entails that

E( f (T )) = Ea( f (T )) = /0.

On the other hand, the inclusion a( f (T )) ⊆ Ea( f (T )) holds for every operator T ∈
B(X ). So also a( f (T )) = /0. Hence property (gw) and generalized a -Weyl’s theo-
rem hold for f (T ) and so SBF−

+
( f (T )) =BW ( f (T )) =(T ) = a(T ). It then follows

by [39, Theorem 2.10] that f (T ) obeys property (gt). �
In [29] Oudghiri introduced the class H(p) of operators on Banach spaces for

which there exists p := p( ) ∈ N such that

H0( I−T ) = ker(T − I)p for all  ∈ C .

Let P(X ) be the class of operators T ∈ B(X ) having the property H(p). The class
P(X ) contains the classes of subscalar, algebraically wF(p,q,r) operators with p,r >
0 and q � 1 [37], algebraically w-hyponormal operators [34], algebraically quasi-class
(A,k) [33]. It is known that if H0(T − I) is closed for every complex number  , then
T has the SVEP (see [1, 25]). So that, the SVEP is shared by all operators of P(X ) .
Moreover, T is polaroid, see [2, Lemma 3.3].

THEOREM 2.11. Let T be a bounded operator on X . If there exists a function
g∈Hnc((T )) such that g(T ∗)∈ P(X ∗) , then property (gt) holds for f (T ) , for every
f ∈ Hnc((T )).

Proof. Suppose that g(T ∗) ∈ P(X ∗), then by [29, Theorem 3.4], we have T ∗ ∈
P(X ∗) . Since T ∗ has the SVEP, then as it had been already mentioned, we have

a(T ) = (T ), SBF−
+

(T ) = BW (T ), Ea(T ) = E(T )and g
+(T ) = +(T ),

it suffices to show that a(T ) = Ea(T ) . For this let  ∈ Ea(T ) , then  is an isolated

eigenvalue of a(T ) . So X ∗ = H0(T ∗ −  )⊕K(T ∗ −  ) , where the direct sum is

topological. Since T ∗ ∈ P(X ∗) , then there exists t = d ∈ N such that H0(T ∗− I) =
ker(T ∗ − I)t , and hence X ∗ = ker(T ∗ −)t ⊕K(T ∗ −). Since

((T − I)t) = (T −)t(K(T − I)) = K(T − I),

so
X = ker(T − I)t ⊕((T − I)t),

which implies, by [1, Theorem 3.6], that a(T ∗ −  I) = d(T −  I) � t, hence  is a
pole of the resolvent of T ∗ , so that T ∗ is polaroid. Hence we have X ∗ = ker(T ∗ −
 I)t ⊕(T ∗ − I)t and (T ∗ − I)t is closed. Therefore, (T − I) is closed and
X = ker(T ∗ − I)⊥ ⊕(T ∗ − I)⊥ = ker(T − I)⊕(T − I). So  ∈ a(T ). As
T ∗ has the SVEP and T is polaroid, then f (T ) satisfies property (gt) for every f ∈
Hnc((T )) by [39, Theorem 3.6]. �
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THEOREM 2.12. Suppose that T ∈B(X ) is generalized scalar. Then T satisfies
property (gt) if and only if T satisfies generalized Weyl’s theorem

Proof. If T is generalized scalar then both T and T ∗ has SVEP. Moreover, T
is polaroid since every generalized scalar has the property H(p) . Then T satisfies
property (gt) by [39, Theorem 3.5]. The equivalence then follows from [39, Theorem
2.10]. �

EXAMPLE 2.13. Property (gt) , as well as generalized Weyl’s theorem, is not
transmitted from T to its dual T ∗ . To see this, consider the weighted right shift
T ∈ B(�2(N)), defined by

T (x1,x2, · · ·) :=
(
0,

x1

2
,
x2

3
, · · ·

)
for all (xn) ∈ �2(N) .

Then
T ∗(x1,x2, · · ·) :=

(x2

2
,
x3

3
, · · ·

)
for all (xn) ∈ �2(N) .

Both T and T ∗ are quasi-nilpotent, and hence are decomposable, T satisfies general-
ized Weyl’s theorem since (T ) = BW (T ) = {0} and E(T ) = (T ) = /0 and hence
T has property (gt). On the other hand, we have (T ∗) = a(T ∗) = SBF−

+
(T ∗) =

Ea(T ∗) = BW (T ∗) = E(T ∗) = {0} and a(T ∗) = /0, so T ∗ does not satisfy general-
ized Weyl’s theorem (and nor generalized a -Weyl’s theorem). Although T ∗ has SVEP,
But T ∗ does not satisfy property (gt).

3. Property (gt) under perturbations

we shall consider nilpotent perturbations of operators satisfying property (gt) . It
easy to check that if N is a nilpotent operator commuting with T , then

(T ) = (T +N) and a(T ) = a(T +N). (3.1)

Hence it follows from Equation (3.1)

E0(T ) = E0(T +N), E0
a (T ) = E0

a(T +N), E(T ) = E(T +N) (3.2)

and
Ea(T ) = Ea(T +N). (3.3)

By [43, Corollary 3.8] we have

a(T ) = a(T +N) and (T ) = (T +N). (3.4)

THEOREM 3.1. Suppose that T ∈B(X ) and N ∈B(X ) is a nilpotent operator
commuting with T . Then T obeys property (gt) if and only if T +N obeys property
(gt).
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Proof. Suppose that T obeys property (gt) we have g
+(T ) = E(T ). It follows

from [43, Corollary 3.1] that SBF−
+

(T ) = SBF−
+

(T +N) . Hence

E(T +N) = E(T ) = (T )\SBF−
+

(T ) = (T +N)\SBF−
+

(T +N).

That is, T +N obeys property (gt). The converse follows by symmetry. �
The next example shows that the commutativity hypothesis in Theorem 3.1 is es-

sential.

EXAMPLE 3.2. Let T : �2(N) → �2(N) be defined by

T (x1,x2, · · ·) =
(
0,0,

x1

2
,
x2

4
,
x3

8
, · · ·

)
for all x = (x1,x2, · · ·) ∈ �2(N)

and
N(x1,x2, · · ·) =

(
0,0,−x1

2
,0,0, · · ·

)
for all x = (x1,x2, · · ·) ∈ �2(N) .

Clearly N is nilpotent, (T ) = SBF−
+

(T ) = {0} and E(T ) = /0 . If follows that (T )\
SBF−

+
(T ) = E(T ) , i.e., T obeys property (gt) . On the other hand, (T + N) =

SBF−
+

(T +N) = {0} and E(T +N) = {0} , it follows that (T +N)\SBF−
+

(T +N) =
/0 
= E(T +N) , that is, T +N doesn’t obeys property (gt) .

THEOREM 3.3. Suppose that T ∈ B(X ) is polaroid, N ∈ B(X ) is a nilpotent
operator commuting with T . If T ∗ has SVEP and f ∈ Hnc((T )) then property (gt)
holds for f (T )+N .

Proof. By [39, Theorem 3.5], T satisfies property (gt) . The SVEP for T ∗ implies
that (T ) = a(T ), so every isolated point of a(T ) is a pole of the resolvent of T . It
follows from [39, Theorem 3.7] that property (gt) holds for f (T ) . Since ( f (T )) =
f ((T ))= f (a(T )) =a( f (T )) we have by Theorem 3.1 f (T )+N satisfies property
(gt) . �

REMARK 3.4. It is somewhat meaningful to ask what we can say about the oper-
ators f (T +N) , always under the assumptions of Theorem 3.3. Now, if T is polaroid
then T +N is polaroid, by [3, Theorem 2.10]. Moreover, by T ∗ +N∗ = (T +N)∗ has
SVEP by [1, Corollary 2.12]. Hence by [39, Theorem 3.7] f (T +N) satisfies property
(gt) for every f ∈ Hnc((T )) .

Note that Theorem 3.1 does not extend to commuting finite rank operators as
shown by the following example.

EXAMPLE 3.5. Let S : �2(N) → �2(N) be an injective quasinilpotent operator
and let U : �2(N) → �2(N) be defined by U(x1,x2, · · ·) = (− x1

2 ,0,0, · · ·) for all x =
(x1,x2, · · ·) ∈ �2(N) . Define

T =
(

1
2 I 0
0 S

)
and F =

(
U 0
0 0

)
.
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Then (T ) = SBF−
+

(T ) = {0, 1
2} and E(T ) = /0 . It follows that (T ) \SBF−

+
(T ) =

E(T ) , i.e., T obeys property (gt) . On the other hand, since (T +F) = SBF−
+

(T +

F) = {0, 1
2} and E(T + F) = {0} , then (T + F) \SBF−

+
(T + F) = /0 
= E(T + F) ,

i.e., T +F does not obeys property (gt) . Note that F is finite rank operator commuting
with T .

LEMMA 3.6. Suppose that T ∈ B(X ) obeys property (gt) and F is a finite
operator commuting with T such that a(T +F) = a(T ) . Then a(T +F) ⊆ E(T +
F).

Proof. As T obeys property (gt) then it follows from [39, Theorem 2.4] that T
obeys property (gw) and hence the result then follows by [36, Lemma 2.13]. �

Recall that a bounded operator T ∈ B(X ) is said to be isoloid if every isolated
point of (T ) is an eigenvalue of T .

THEOREM 3.7. Suppose that T ∈ B(X ) is isoloid, F is an operator that com-
mutes with T and for which there exists a positive integer n such that Fn is finite rank.
If T satisfies property (gt) , then T +F satisfies property (gt) .

Proof. Suppose that T obeys property (gt) . It follows from [39, Proposition 2.8]
that T satisfies generalized Browder’s theorem and BW (T ) = SBF−

+
(T ) , and hence

T +F satisfies generalized Browder’s theorem and BW (T +F) = SBF−
+

(T +F) . By

Theorem 2.7, in order to show that T +F satisfies property (gt) , we need only to show
(T + F) = E(T + F) . Since (T + F) ⊆ E(T + F) holds for every operator, it is
sufficient to prove E(T +F) ⊆ (T +F) . Let  ∈ E(T +F) . If T − is invertible,
then T + F −  is B-Fredholm, and hence  ∈ E(T + F) . If  ∈ (T ) , it follows
from [30, Lemma 2.3] that  ∈ iso(T ) . Since T is isoloid, we have 0 < (T +F)
as Fn is a finite rank operator commuting with T , (T +F− )n|ker(T− ) = Fn|ker(T− )
has finite-dimension range and kernel, it is easy to obtain that ( − T ) <  , i.e.,
 ∈ E0(T ) . We have  ∈ 0(T ) by Theorem 2.7, then  −T is Browder. It follows
that  − (T +F) is also Browder, hence  ∈ (T +F)\b(T +F) = 0(T +F) , i.e.,
T +F satisfies property (gt) . �

The following example shows that Theorem 3.7 fails if we do not assume that T
is isoloid.

EXAMPLE 3.8. Let T be defined as in Example 3.5. Then (T ) = SBF−
+

(T ) =

{0, 1
2} and E(T ) = /0 , it follows that (T )\SBF−

+
(T ) = E(T ), i.e., T obeys property

(gt) . On the other hand, since (T +F) = SBF−
+

(T +F) = {0, 1
2} and E(T +F) =

{0} , then (T +F)\SBF−
+

(T +F)= /0 
= E(T +F) , i.e., T +F does not obey property

(gt) . It is easy to verify that Fn is a finite rank operator commuting with T and T is
not isoloid.
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COROLLARY 3.9. Suppose that T ∈B(X ) is isoloid, F is a finite rank operator
that commutes with T . If T satisfies property (gt) , then T +F satisfies property (gt) .

THEOREM 3.10. Suppose T ∈ B(X ) and isoa(T ) = /0 . If T obeys property
(gt) and F is a finite rank operator commuting with T , then T +F obeys property
(gt) .

Proof. Suppose that T obeys property (gt) . It follows from Theorem 2.7 that T
satisfies generalized Browder’s theorem, BW (T ) = SBF−

+
(T ) and (T ) = E(T ) and

hence T +F satisfies generalized Browder’s theorem and so

BW (T +F) = D(T +F) = D(T ) = BW (T ) = SBF−
+

(T )

= LD(T ) = LD(T +F) = SBF−
+

(T +F),

i.e., BW (T +F) =SBF−
+

(T +F). In order to show that T +F obeys property (gt) , we

need only to show (T +F) = E(T +F). Since (T +F)⊆ E(T +F) holds for every
operator, it is sufficient to prove E(T +F)⊆ (T +F) . Since isoa(T ) = /0 and F is a
finite rank operator commuting with T , by [5, Theorem 2.8] that a(T ) = a(T +F),
then isoa(T + F) = /0 . Since iso(T +F) ⊆ isoa(T +F) , iso(T + F) = /0 . It
follows that E(T +F) = /0 and so E(T +F) ⊆ (T +F) , i.e., T +F obeys property
(gt) . �

Recall that T ∈ B(X ) is said to be a Riesz operator if T − ∈ F for all  ∈ C\
{0}. Evidently, quasi-nilpotent operators and compact operators are Riesz operators.

EXAMPLE 3.11. In general property (gt) is not transmitted from an operator to a
commuting quasinilpotent perturbation as the following example shows.

If we consider on the Hilbert space �2(N) the operators T = 0 and Q defined by

Q(x1,x2, · · ·) =
(x2

2
,
x3

3
, · · ·

)
for all xn ∈ �2(N) .

Then Q is quasinilpotent operator commuting with T . Moreover, we have (T ) =
{0},SBF−

+
(T ) = /0, E(T ) = {0}. Hence T obeys property (gt). But property (gt) fails

for T +Q =Q. Indeed, SBF−
+

(T +Q)= {0},E(T +Q)=E(T )= {0} and (T +Q) =
{0}.

REMARK 3.12. It is well-known that if Q is a quasi-nilpotent operator commut-
ing with T then

(T +Q) = (T ) and a(T +Q) = a(T ).

THEOREM 3.13. Let T ∈ B(X ) and Q is a quasinilpotent which is commutes
with T . If T obeys property (gt) and has the SVEP, then T +Q obeys property (gt).
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Proof. It follows from [10, Lemma 2.5, Lemma 2.7] that SBF−
+

(T ) = SBF−
+

(T +
Q) and E(T ) = E(T +Q) . As T obeys property (gt) we have g

+(T ) = E(T ). Hence
E(T +Q) = E(T ) = g

+(T ) = g
+(T +Q). That is, T +Q obeys property (gt). �

THEOREM 3.14. Let T ∈B(X ) and F ∈B(X ) be a finite rank operator com-
muting with T . If T obeys property (gt) , then the following assertions are equivalent.

(a) T +F obeys property (gt);

(b) E(T +F) = a(T +F);

(c) E(T +F)∩(T ) ⊂ E(T ).

Proof. (a)⇔ (b) If T +F obeys property (gt) , then from [39, Proposition 2.8],
E(T +F) = a(T +F). Conversely, assume that E(T +F)= a(T +F) , since T obeys
property (gt), then by [39, Proposition 2.8], T satisfies generalized a -Browder’s the-
orem and hence LD(T ) = SBF−

+
(T ). Since F is a finite rank, from [16, Lemma 2.3]

we have LD(T +F) = BF(T +F). As T commutes with F , from [17, Theorem 2.1]
we have LD(T ) = LD(T + F). So LD(T + F) = SBF−

+
(T + F). As E(T + F) =

a(T +F) , then from [7, Theorem 2.6], T +F satisfies property (gw) . Since (T ) =
(T +F) , it then follows by [39, Theorem 2.4] that T +F obeys property (gt).

(c)⇒(b) Assume that E(T + F) ∩ (T ) ⊂ E(T ). Let  ∈ E(T + F). If  /∈
(T ), then  /∈ LD(T ). Since F commutes with T , from [14, Theorem 4.2] we
have LD(T ) = LD(T + F). As  ∈ (T +F), then  ∈ a(T + F). If  ∈ (T ),
then  ∈ E(T +F)∩(T ) and by hypothesis we have  ∈ E(T ). As T obeys prop-
erty (gt), it follows that  ∈ a(T ). As LD(T ) = LD(T + F) and  ∈ (T + F)
then  ∈ a(T + F). Finally we have E(T + F) ⊆ a(T + F). Conversely, assume
that  ∈ a(T +F) , then  /∈ LD(T +F) = LD(T ). As T obeys property (gt) then
 /∈ SBF−

+
(T ) = SBF−

+
(T + F). and E(T ) = a(T ) Hence  is an isolated point of

(T ) = (T ∗) and therefore, both T and T ∗ have SVEP at  . Since T − I ∈ gaB it
then follows that 0 < m = a(T − I) = d(T − I) < . Furthermore, since  ∈ E(T )
we also have (T − I)> 0, thus T − I ∈ gaB and hence also T +Q− I ∈ gaB, by
[26, Theorem 2.1 ]. Hence  is an isolated point of (T +Q) and (T +Q− I)> 0.
On the other hand, (T +Q− I)m+1 has closed range and since  ∈ a(T +Q) it then
follows that (T +Q− I) > 0. Thus  ∈ E(T +Q).

(b)⇒ (c) Assume that E(T + F) = a(T + F) and let  ∈ a(T + F)∩(T ),
then  ∈ E(T + F)∩(T ). Therefore  /∈ LD(T + F). As LD(T + F) = LD(T )
and  ∈ (T ), then  ∈ a(T ). As T obeys property (gt) we have  ∈ E(T ). �

In the next theorem, we consider an operator T ∈B(X ) obeying property (gt) , a
nilpotent operator commuting with T , and we give a necessary and sufficient condition
for T +N to obey property (gt).

THEOREM 3.15. Let T ∈ B(X ) and N ∈ B(X ) be a nilpotent operator com-
muting with T . If T obeys property (gt) , then the following assertions are equivalent.
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(a) T +N obeys property (gt);

(b) SBF−
+

(T +N) = SBF−
+

(T );

(c) E(T ) = a(T +N) and a(T +N) = (T +N) .

Proof. (a)⇔(b) Assume that T +N obeys property (gt), then

(T +N)\SBF−
+

(T +N) = E(T +N).

As (T + N) = (T ) and E(T ) = E(T + N), then (T ) \SBF−
+

(T + N) = E(T ) .
Since T obeys property (gt), then (T ) \ SBF−

+
(T ) = E(T ). So SBF−

+
(T + N) =

SBF−
+

(T ). Conversely, assume that SBF−
+

(T +N) = SBF−
+

(T ) , then as T obeys prop-

erty (gt) it follows that T +N obeys property (gt).
(a)⇔(c) Assume that T +N obeys property (gt), then from [39, Proposition 2.8]

that E(T + N) = a(T + N) . Hence E(T ) = a(T + N) . By [39, Theorem 2.6], we
give (T + N) = a(T + N). Conversely, assume that E(T ) = a(T + N). Since T
obeys property (gt), then by [39, Theorem 2.4] that T obeys property (gw) . By [43,
Theorem 3.1] we have SBF−

+
(T +N) = SBF−

+
(T ) . Hence

E(T +N) = E(T ) = a(T )\SBF−
+

(T ) = a(T +N)\SBF−
+

(T +N)

= (T +N)\SBF−
+

(T +N).

That is T +N obeys property (gt). �

DEFINITION 3.16. A bounded linear operator T is said to be algebraic if there
exists a non-trivial polynomial h such that h(T ) = 0.

From the spectral mapping theorem it easily follows that the spectrum of an alge-
braic operator is a finite set. A nilpotent operator is a trivial example of an algebraic
operator. Also finite rank operators K are algebraic; more generally, if Kn is a finite
rank operator for some n ∈ N then K is algebraic. Clearly, if T is algebraic then its
dual T ∗ is algebraic, as well as T ′ in the case of Hilbert space operators.

THEOREM 3.17. Suppose that T ∈ B(X ) and K ∈ B(X ) is an algebraic op-
erator which commutes with T .

(i) If T ∗ is hereditarily polaroid and has SVEP, then T +K obeys property (gt).

(ii) If T is hereditarily polaroid and has SVEP, then T ∗ +K∗ obeys property (gt).

Proof. (i) Obviously, K∗ is algebraic and commutes with T ∗ . Moreover, by [5,
Theorem 2.15], we have T ∗+K∗ is polaroid, or equivalently, T +K is polaroid. Since
T ∗ has SVEP then by [3, Theorem 2.14], we have T ∗+K∗ has SVEP. Therefore, T +K
obeys property (gt) by [39, Theorem 3.5 (i)].
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(ii) It follows from the proof of Theorem 2.15 of [5] that T +K is polaroid and
hence by duality T ∗ + K∗ is polaroid. Since T has SVEP then it follows from [3,
Theorem 2.14] that T +K has SVEP. Therefore, T ∗ +K∗ obeys property (gt) by [39,
Theorem 3.5 (ii)]. �

THEOREM 3.18. Suppose that T ∈ B(X ) and K ∈ B(X ) is an algebraic op-
erator which commutes with T .

(i) If T ∗ is hereditarily polaroid and has SVEP, then f (T +K) obeys property (gt)
for all f ∈ Hnc((T )).

(ii) If T is hereditarily polaroid and has SVEP, then f (T ∗+K∗) obeys property (gt)
for all f ∈ Hnc((T )).

Proof. (i) We conclude from [5, Theorem 2.15] that T +K is polaroid and hence
by [4, Lemma 3.11], we have f (T + K) is polaroid and from [3, Theorem 2.14] that
T ∗ + K∗ has SVEP. The SVEP of T ∗ + K∗ entails the SVEP for f (T ∗ + K∗) by [1,
Theorem 2.40]. So, f (T +K) obeys property (gt) by [39, Theorem 3.7 (i)].

(ii) The proof of part (ii) is analogous. �

4. Property (gt) and tensor products

Let s(S) = { ∈ (S) : S− is not surjective} denote, the surjectivity spectrum.
Let −(X ) be the class of all lower semi B-Fredholm operators, +

−(X ) = {S ∈
−(X ) : ind(S −  ) � 0} . The lower semi B-Weyl spectrum of S is defined by
SBF+−

(S) =
{
 ∈ C : S− /∈+

−(X )
}

. Define RD(X ) = {S ∈ B(X ) : dsc(S) =

d <  and (Sd+1) is closed
}

. The right Drazin spectrum is defined by RD(S) =
{ ∈ C : S−  /∈ RD(X )}. It is not difficult to see that D(S) = LD(S)∪RD(S) .
Moreover, LD(S) = RD(S∗) [8]. Then S satisfies generalized s-Browder’s theorem
if SBF+−

(S) = RD(S) . Apparently, S satisfies generalized s-Browder’s theorem if and
only if S∗ satisfies generalized a-Browder’s theorem. A necessary and sufficient con-
dition for S to satisfy generalized a-Browder’s theorem is that S has SVEP at every
 ∈ g

a(S) [20, Theorem 3.1]; by duality, S satisfies generalized s-Browder’s theorem
if and only if S∗ has SVEP at every  ∈ s(S)\SBF+− (S) . More generally, if either of
S and S∗ has SVEP, then S and S∗ satisfy both generalized a-Browder’s theorem and
generalized s-Browder’s theorem. Either of generalized a-Browder’s theorem and gen-
eralized s-Browder’s theorem implies generalized Browder’s theorem, but the converse
is false. generalized a-Browder’s theorem fails to transfer from A and B to A⊗B [21,
Example 1].

The problem of transferring property (Bb) , property (Sw) , generalized Weyl’s
theorem and Property (gw) from operators T and S to their tensor product T ⊗S was
considered in [41], [40], [42]. The main objective of this section is to study the transfer
of property (gt) from a bounded linear operator T acting on a Banach space X and a
bounded linear operator S acting on a Banach space Y to their tensor product T ⊗S .
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THEOREM 4.1. Let T ∈ B(X ) and S ∈ B(Y ) such that T and S are isoloid
and 0 /∈ iso(T ⊗S) . If property (gt) holds for T and S , then the following statements
are equivalent.

(a) T ⊗S satisfies property (gt) .

(b) SBF−
+

(T ⊗S) = SBF−
+

(T )(S)∪(T )SBF−
+

(S) .

Proof. (a)=⇒ (b): Assume that T ⊗S satisfies property (gt) . Let

 ∈ E(T ⊗S) = (T )SBF−
+

(S)∪SBF−
+

(T )(S).

Since 0 /∈ iso(T ⊗ S) , then  
= 0. Hence  ∈ iso(T ⊗ S) = iso(T ) iso(S) .
That is,  =  with  ∈ iso(T ) and  ∈ iso(S) . Since T and S are isoloid, then
 ∈ E(T ) = (T )\SBF−

+
(T ) and  ∈ E(S) = (S)\SBF−

+
(S) , and hence  =  /∈

SBF−
+

(T )(S)∪(T )SBF−
+

(S) . Thus

SBF−
+

(T )(S)∪(T )SBF−
+

(S) ⊆ SBF−
+

(T ⊗S).

Conversely, let  ∈ (T ⊗S)\ (SBF−
+
(T )(S)∪(T )SBF−

+
(S)) , then for  =  we

have that  ∈ (T ) and  ∈ (S) , hence  ∈ E(T ) and  ∈ E(S) . Thus  =  ∈
E(T ⊗S) = (T ⊗S)\SBF−

+
(T ⊗S). Therefore,

SBF−
+

(T ⊗S) = SBF−
+

(T )(S)∪(T )SBF−
+

(S).

(b)=⇒ (a): Since T and S obey property (gt) , then

(T )\SBF−
+

(T ) = E(T ) and (S)\SBF−
+

(S) = E(S).

Assume that
SBF−

+
(T ⊗S) = SBF−

+
(T )(S)∪(T )SBF−

+
(S).

Let  ∈ E(T ⊗S) . Then there exists  ∈ iso(T ) and  ∈ iso(S) such that  =  .
Since T and S are isoloid, then  ∈ E(T ) and  ∈ E(S) . Hence  /∈ SBF−

+
(T ) and

 /∈ SBF−
+

(S) . Then  /∈ SBF−
+

(T ⊗S) . Thus

E(T ⊗S)⊆ (T ⊗S)\SBF−
+
(T ⊗S).

Conversely, assume that  /∈ (T ⊗ S) \SBF−
+
(T ⊗ S) , then there exists  ∈ (T ) \

SBF−
+

(T ) and  ∈ (S)\SBF−
+

(S) such that  =  . Since

T ⊗S = (T − )⊗S+ I⊗ (S−),

then we can see that  ∈ E(T ⊗S) . Hence T ⊗S obeys property (gt) . �
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EXAMPLE 4.2. Let T be a non-zero nilpotent operator and let S be a quasinilpo-
tent which is not nilpotent. Then it is easy to see that

(T ) = {0} = E(T ), SBF−
+

(T ) = /0 and (S) = SBF−
+

(S) = {0},E(S) = /0.

Hence T and S satisfy property (gt) . Since T ⊗S is nilpotent then 0 is a pole and then
SBF−

+
(T ⊗S) = /0 . Hence T ⊗S satisfies property (gt) . However

(T )SBF−
+

(S)∪(S)SBF−
+

(T ) = {0} 
= SBF−
+

(T ⊗S).

Here 0 ∈ iso(T ⊗S) .

The following example show that there exist two operators T,S ∈ B(X ) such
that T ⊗S obeys property (gt) but T and S do not obey the property (gt) .

EXAMPLE 4.3. Let S = U +U∗ , where U is the unilateral shift on �2 . Since S
is self-adjoint, then

(S) = { ∈ C : | | � 1}
and hence from [1] that

BW (S) = SBF−
+

(S) = { ∈ C : | | = 1}.

Hence
(S)\SBF−

+
(S) = { ∈ C : | | � 1} \ { ∈ C : | | = 1}.

Since E(S) = /0 , then property (gt) fails for S . In the other hand, if I is the identity
acting on �2 , then I⊗S is self-adjoint, hence

(I⊗S) = SBF−
+

(I⊗S) = { ∈ C : | | � 1}.

Therefore,
(I⊗S)\SBF−

+
(I⊗S) = /0 = E(I⊗S).

Thus I⊗S obeys property (gt) .

T ∈ B(X ) is polaroid implies T ∗ polaroid. It is well known that if T or T ∗ has
SVEP and T is polaroid, then T and T ∗ satisfy generalized Weyl’s theorem. Note the
well known fact, [39, Theorem 3.5], that if T is polaroid and T ∗ (resp., T ) has SVEP,
then T (resp., T ∗ ) satisfies property (gt) . The following theorem is the tensor product
analogue of this result.

THEOREM 4.4. Suppose that operators T ∈B(X ) and S∈B(Y ) are polaroid.

(i) If T ∗ and S∗ have SVEP, then T ⊗S satisfies property (gt) .

(ii) If T and S have SVEP, then T ∗ ⊗S∗ satisfies property (gt) .
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Proof. (i) The hypotheses T ∗ and S∗ have SVEP implies

(T )=a(T ), (S)=a(S), SBF−
+

(T ) =BW (T ), SBF−
+

(S)=BW (S)

and
T ∗,S∗ and T ∗ ⊗S∗ satisfy generalized s-Browder’s theorem.

Thus generalized s-Browder’s theorem and generalized Browder’s theorem (general-
ized s-Browder’s theorem =⇒ generalized Browder’s theorem) transfer from T ∗ and
S∗ to T ∗ ⊗S∗ [40]. Hence

SBF−
+

(T ⊗S) = SBF+−
(T ∗ ⊗S∗) = s(T ∗)SBF+−

(S∗)∪SBF+−
(T ∗)s(S∗)

= a(T )SBF−
+

(S)∪SBF−
+

(T )a(S) = (T )BW (S)∪BW (T )(S),

and

BW (T ⊗S) = BW (T ∗ ⊗S∗) = BW (T ∗)(S∗)∪BW (S∗)(T ∗)
= (T )BW (S)∪(S)BW(T ).

Consequently,
SBF−

+
(T ⊗S) = BW (T ⊗S).

Evidently, T ⊗ S is polaroid [22, Lemma 2]; combining this with T ⊗ S satisfies gen-
eralized Browder’s theorem, it follows that T ⊗S satisfies generalized Weyl’s theorem,
i.e., (T ⊗S)\BW(T ⊗S) = E(T ⊗S). But then

(T ⊗S)\SBF−
+
(T ⊗S) = (T ⊗S)\BW(T ⊗S) = E(T ⊗S),

i.e., T ⊗S satisfies property (gt) .
(ii) In this case (T )=a(T ∗) , (S)=a(S∗) , BW (T ∗)=SBF−

+
(T ∗) , BW (S∗)

= SBF−
+

(S∗) , (T ∗ ⊗S∗) = a(T ∗ ⊗S∗) , polaroid property transfer from T and S to
T ∗ ⊗ S∗ , and both generalized s-Browder’s theorem and generalized Browder’s theo-
rem transfer from T and S to T ⊗S . Hence

SBF−
+

(T ∗ ⊗S∗) = SBF+− (T ⊗S) = s(T )SBF+− (S)∪SBF+− (T )s(S)

= a(T ∗)SBF−
+

(S∗)∪SBF−
+

(T ∗)a(S∗)

= (T )BW (S)∪BW (T )(S)
= BW (T ⊗S) = BW (T ∗ ⊗S∗).

Thus, since T ∗⊗S∗ polaroid and T ⊗S satisfies generalized Browder’s theorem imply
T ∗ ⊗S∗ satisfies generalized Weyl’s theorem,

(T ∗ ⊗S∗)\SBF−
+

(T ∗ ⊗S∗) = (T ∗ ⊗S∗)\BW (T ∗ ⊗S∗) = E(T ∗ ⊗S∗),

i.e., T ∗ ⊗S∗ satisfies property (gt) . �
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