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REVERSE OF FUJII-SEO TYPE LOG-MAJORIZATION AND
ITS APPLICATION TO THE TSALLIS RELATIVE ENTROPIES

JIAN SHI*, YING DAI AND JIAHANG XU

(Communicated by E. Poon)

Abstract. In this paper, firstly, we shall show reverse of Fujii-Seo type log-majorization, and
discuss the equivalence between the log-majorization and Furuta inequality with negative power.
At last, we show its application to the Tsallis relative entropies.

1. Introduction

Throughout this paper, a capital letter, such as 7', means an n X n matrix. We
denote T > 0 if T is a positive semidefinite matrix and 7 > 0 if T is positive definite.
For positive semidefinite A and B, let us write A < B and refer to log-majorization if

(log)

k k

[TA4@A) <[JrB) (*k=1,2,---.n—1)

i=1 i=1

and
n n

[T14@A) =[] (B) (ie detA=detB)
i=1 i=1
hold, where A;(A) > A,(A) > -+ > A,(A) and A(B) > A»(B) > -+ > A,(B) are the
eigenvalues of A and B respectively arranged in decreasing order. There are many
perfect log-majorization, see [3, 4, 6, 8, 12] for details.

Recently, in [5], M. Fujii and Y. Seo obtained the following log-majorization.

THEOREM 1.1. ([5], Fujii-Seo type log-majorization) If A,B > 0, then

AT (A-EBrA~ByiAT < AT BIAY
(log)

holds forall p > q >0 and 0 < g < 1.

In this paper, we shall show reverse of Fujii-Seo type log-majorization inspired by
the idea of “reverses of log-majorization” from [ 1], then we show its application to the
Tsallis relative entropies.

In order to prove the result, we list some lemmas first.
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LEMMA 1.1. ([7, 10], Lowner-Heinz inequality) If A > B > 0, then
A% > B%
holds for all 0 < o < 1.

LEMMA 1.2. ([9, 11, 13, 15], Furuta inequality with negative power)
IfA)B}OandA>O then

() A™ > (A~ 2BPA~ )P g holdsfor 1L 2 p>t>0, p
(I A~ > (A" 5BPA~ z)w holds for 1 >t >p >0, 1
(I) A2~ > (A5 BPA—5) 7+ holds for > p>1> 0;
(IV) A2P~1=1 > (A~5BPA™ ) i holds for 1 >t >p >
LEMMA 1.3. ([2], Araki’s inequality) If A,B > 0, then

i

>3
Zp;

1
o

ATB'AY < (A2BAZY
(log)

holds for 0 <t < 1

2. Main results

In this section, we shall show reverse of Fujii-Seo type log-majorization, and the
equivalence between the log-majorization and Furuta inequality with negative power.

THEOREM 2.1. If A,B > 0, then

AR BTN < (AT (A-EBrA ) iAT T (2.1)
(log)
holds for 0 < 4 <p <g<1.
Furthermore, (2.1) is equivalent to (I) in Lemma 1.2.
Proof. We only need to prove that
L, ._p _p4 1. 1=p
{A2(A72BPA™2)PAZ}Ta < I (2.2)
ensures that . . 1
O
AT BTIA T < (2.3)
(2.2)is equivalent to (A~5BPA=5)7 <A~'. Let A; =A~' and B, = (A~5BrA~5)7,

we have By <A, A=A]' and B = (A

v = p. Then the assumption 0 < 4 < p < g < 1 implies 0 <v<u <1 and u > % and
so it follows from (I) in Lemma 1.2 that

(A, B”A )
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which is just (2.3).
We have proved that (2.1) can be derived from (I) in Lemma 1.2 above. Next, we
shall show (I) in Lemma 1.2 can be derived from (2.1), too.
=P 1—g

1— _
By (2.1), {A7(A—%BPA~%)5A2} T4 <[ ensuresthat A =" BT49A4"=* <I. There-
1-p
fore, (A‘gBI’A_g)% < A~ ensures that BT49 < AP~!,

LetAj=A"!, B = (A*%BI’A*g)%, u= %, v = p above. Notice that A :A_l,

_p 2 _p
B=(A;’B{A;*)? and 0 < p < 51_7 <1, 51_7 . We have that B; < A; ensures (2.4)

holds for 0 <v<u <1, u>1
Hence the proof of Theorem 2.1is completed. [l

1—q 1—q
= A2 BIA™2 holds

D=

COROLLARY 2.1. If A,B >0, then A2(A~5BPA~5)7A

(log)
for0<i<p<qg<l.
Proof. Notice that 1, = l%g € (0,1]. By (2.1),
(AT BTHIATE) T < AY(a~bpra—t)bad (2.5)
(log)
By Lemma 1.3
1— 1— 1I-p 1l-p I-p l=g
ATBIAT < (AT BTIATT )T (2.6)
(log)
Together with (2.5) and (2.6), we have
ANATEBPATEYIAY - A BIAY
(log)
Hence the proof of Corollary 2.1 is completed. [J
THEOREM 2.2. If A,B > 0, then
ATEBTTATE < {Ar(A B BPA Ry PAz )T (2.7)
(log)
holdsfor O<p<1,qg>1, g=2p.
Furthermore, (2.7) is equivalent to (II) in Lemma 1.2.
Proof. We only need to prove that
{AS(AEBPA~5 )P ARy 7T < (2.8)
ensures that
PP D
A IBTTATT <. (2.9)
. . 4 JNE S J4 p 4
(2.8) is equivalentto (A"2BPA" ) <A™l Let A=A~ and B =(A"2ZBPA™ )P,

P

y L 1 L1
we have B] <Aj, A=A7' and B= (A5B7A%)» = (A ZB"A )7, Letu="2
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v = p. Then the assumption 0 < p <1, ¢ > 1 and g > 2p implies 1 > v >u >0 and
% 2 and so it follows from (II) in Lemma 1.2 that

A7 > (AT BIA )T 2.10)

which is just (2.9).
We have proved that (2.7) can be derived from (II) in Lemma 1.2 above. Next, we
shall show (IT) in Lemma 1.2 can be derived from (2.7), too.

By (2.7), {A2(A~5BPA=5)7A2}a'T <[ ensures that A~ 5B 145 < <. There-
fore, (A’gBI’A’g)% < A~ ensures that BT <AP. LetAj=A"',Bj=(A

u= %, y = p above. Notice that A=A;!, B= (AnggAf )11’ and 1> p > >0
with % > 2 We have that B; < A; ensures (2.10) holds for 1 > v > u > 0, 1 3 ZU.

(2.10) is obvious if u = 0.
Hence the proof of Theorem 2.2 is completed. [

COROLLARY 2.2. If A,B > 0, then A}(A~¥BPA=5)5 A% = AT BIAT" holds
(log)
forO<p<l1l,g>1, p+1=2g=>2p.

Proof. Notice that t) = %1 € (0,1]. By (2.7,

(A~8BFTA )T < at(a-tpra-hyialb. (2.11)
(log)
By Lemma 1.3
— — D 1
AT BIAT < (AEBTTACE) (2.12)
(log)
Together with (2.11) and (2.12), we have
AYA-EBraE)iad AT pIAT
(log)
Hence the proof of Corollary 2.2 is completed. [J
THEOREM 2.3. If A,B > 0, then
— 2p—p:
AR AT < (abatBrah)iad) o (2.13)
(log)
holds for 0 <2p < g < 1.
Furthermore, (2.13) is equivalent to (III) in Lemma 1.2.
Proof. We only need to prove that
Lo po o pod 1 b
{A2(A"2BPA"2)P A2} - T (2.14)
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ensures that

< (2.15)

Sl

(2.14) is equivalent to (A" TBPA5)» <A™'. Let Ay =A"! and B, = (A‘ngA_g)% ,
N _p 2 poq

we have B; <Ay, A=A[" andB:(ATBfAli)E =(A,’B/A,*)r.Letu= 5, v=p.

Then the assumption 0 < 2p < ¢ < 1 implies % > u > v >0 and so it follows from

(IIT) in Lemma 1.2 that

v

A (AT BIAL )RS, (2.16)

which is just (2.15).

We have proved that (2.13) can be derived from (IIT) in Lemma 1.2 above. Next,
we shall show (IIT) in Lemma 1.2 can be derived from (2.13), too.

1 r N 2”;”‘7 p 2[) P4 p_p

By (2.13), {A2(A"2BPA"2)? A2} o= IensuresthatAq IBTq Aa 2
Therefore, (A‘gBI’A_g)% < A~! ensures that B Hf <A 7 Let A = A*I, B =

> 4 i 1
(A_’TBI’A_%)Z u= Z v = p above. Notice that A=A", B :(Al *B{A,?)? and
é > p > 0. We have that By <A ensures (2.16) holds for 1 yzu>v>0.

Hence the proof of Theorem 2.3 is completed. [l

COROLLARY 2.3. If A,B > 0, then A}(A5BPA=5)5 A} = A'2"BIA2" holds
(log)
for0<2p<q<1, 2p—pq—q+q2>0.
Proof. Notice that 13 = 2p pq € (0,1]. By (2.13),
, 2 ,
WE SRR FS < A atara-byial, (2.17)
(log)
By Lemma 1.3
1— 1— p_p 20-pg p_p. g
A2 BIA? < (A1 2B -9 A4 2)2pa, (2.18)
(log)
Together with (2.17) and (2.18), we have
AT(A~EBraAEyiAz » AT BIAY,
(log)
Hence the proof of Corollary 2.3 is completed. [J
THEOREM 2.4. If A,B > 0, then
p—pg— 2p— pq*q
ATEIRTT AT S Ak (A yiAr) o (2.19)

holds for p <1< q <2p.
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Furthermore, (2.19) is equivalent to (IV') in Lemma 1.2.
Proof. We only need to prove that

2p—pg—q

{A'(A_TBPA__)PAZ} ¢ L] (2.20)
ensures that
p_p_1 2p—p4—q p_p_1
Ad"272IB T-a Aqd 22 L. (2.21)

(2.20) is equivalent to (A5 BPA=5)7 <A~!.Let A; =A~ and B, = (A~ BPA~5)7,
L 1 _p 2 _p 1
wehave By <Ay, A=Ay and B=(ATB{AY)7 = (A, *B{ A, *)7 . Letu=2,v=p.

Then the assumption p < 1 < g < 2p implies 1 > v >u > 5 and so it follows from
(IV) in Lemma 1.2 that

2u—v—1

(AjfB”A 7)B APl (2.22)

which is just (2.21).
We have proved that (2.19) can be derived from (IV) in Lemma 1.2 above. Next,

we shall show (IV) in Lemma 1.2 can be derived from (2.19), too.
2p—p4—q L
By (2.19), {AZ(A TBPA” 7)”A2} o~ <I ensuresthat A7 2~ B 2t i ATE
2p
< I. Therefore, (A~ BPA=%)% < A1 ensures that B-To " < AITP=F |

Let Ay =A~", By = (A"5BPA"5)5  u= 12, v = p above. Notice that A =A; !,

_p b
B= (A, *B/A, )Il’ and 1> p > > 1. We have that By < A; ensures (2.22) holds

forl>v>u>1 5.
Hence the proof of Theorem 2.4 is completed. [

COROLLARY 2.4. If A,B >0, then A%(A*%BPA%)%A% = A2 BIAZ holds
(log)
for p<1<g<2p.
; (1-9)q
Proof. Notice that t4 = T pi—d € (0,1]. By (2.19),
AFEIBTT AR S < atatmahial, 23
(log)
By Lemma 1.3,
14 14 p_p_1 2p-pg—q p_p_1 (=9
AT BIATT < (A4 27 2B T4 Ad 2 2)Zpid, (2.24)
(log)
Together with (2.23) and (2.24), we have
AY(A-Epra~h)ial » AT pIATY
(log)

Hence the proof of Corollary 2.4 is completed. [J
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THEOREM 2.5. If A,B > 0, then
4

Aa-tBra~byral - B
holds for 0 < p < 1.
Proof. We only need to prove that
ensures

(2.25) is equivalent to
A 5BrA- By <Al

545

(2.25)

(2.26)

(2.27)

For 0 < p < 1, applying Lowner-Heinz inequality to (2.27), we have ATBPATT <

A~P_ which ensures (2.26) obviously.
Hence the proof of Theorem 2.5 is completed. [

p

THEOREM 2.6. If A,B >0, then A} (A~5BPA=%)7A% ~ A

(log)
0<p<1, p<qg<p+1with2p—pg—q+q*=0.

7.

Y

Figure 1: Region of (p, q) in Theorem 2.6

14
2

BIAY holds for

Proof. Together with Corollary 2.1, Corollary 2.2, Corollary 2.3, Corollary 2.4
p 1- —
and Theorem 2.5, A%(A_gBPA"?)%A% = A"T*BIAZ" holds when (p,q) satisfies

(log)
one of the following:
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0<i<p<g<l,
O<p<l.g>1l,p+1=>2qg22p,
0<2p<qg<land2p—pg—q+q*>0,
ps1<q<2p,

O<p<l,g=1.

Summing up these conditions we obtain Theorem 2.6. [

3. Application

The famous Tsallis relative entropy ([1]) of two positive definite matrices A and
B is defined by
TrA — Tr[A'~%BY]

Da(AlB) = =2,

where o belongs to (0,1]. The generalized Tsallis relative entropy of two positive
definite matrices A and B is defined by

R TrA — Tr[A!~*B%
Daalp) = TAZTATEY,

where o belongs to R\{0}.
Another famous entropy, which is called Tsallis relative operator entropy ([14]) of
two positive definite matrices A and B is defined by
AfaB—A
Tu(alp) = 2224,

where AfyB = A2 (A’%BA’%)O‘A% and o belongs to (0,1]. The generalized Tsallis
relative operator entropy of two positive definite matrices A and B is defined by

. AfgB—A
fu(alp) = 2 =4,
o
where Af,B :A%(A’%BA’%)O‘A% and o belongs to R\{0}.
In [5], Fujii and Seo obtain that

I—q

Duo(A|B) < —Tr[A T (Aq|Bq)] (3.1)

holds for ¢ > o > 0 and 0 < ¢ < 1. Next, we shall show the reverse of (3.1).
By Theorem 2.6, it is easy to obtain the following theorem.

THEOREM 3.1. If A,B >0, then
142 (A~ $BIA~ ) T3 ||| > []]a" 2" B2A || (3.2)

holds for 0 < g <1, g < a0 < q+1 with 2q— g — a+a? >0, where |||.||| stands
for any unitarily invariant norm.
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THEOREM 3.2. IfA,B >0,

A A
D (A|B) > —Tr[

547

then

I—q

A

(41B7)]

a
q

holds for 0 < g <1, g < o0 < g+ 1 with 2g — o.g— ot +a> > 0.

Proof. By Theorem 3.1,

Tr[A'"*B¥ =Tr(A =

5% BeA ") < Tr[A

(A~iBia~1)7a})

Nl—

holds for 0 < ¢ < 1, g < o0 < g+ 1 with 2g — atg — o+ o> > 0. Tt follows that

Dy(A|B) =—Tr
>—"Tr

=-—Tr

—Tr

REMARK 3.1. Itis still unknown that whether (3.3) holdsfor 0 < ¢ <1, g< «

<

g+1 with 2 — oig — o+ o> < 0.
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