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ON WEAVING FRAMES IN HILBERT SPACES

DONGWETI L1, JING JIANG AND YUXIANG XU

(Communicated by D. Han)

Abstract. In this paper, we obtain some new properties of weaving frames and present some
conditions under which a family of frames is woven in Hilbert spaces. Some characterizations
of weaving frames in terms of operators are given. We also give a condition associated with
synthesis operators of frames such that the sequence of frames is woven. Finally, for a family of
woven frames, we show that they are stable under invertible operators and small perturbations.

1. Introduction

Frames in Hilbert spaces were first introduced by Duffin and Schaeffer [10] for
studying some problems in nonharmonic Fourier series, reintroduced in 1986 by Dau-
bechies, Grossman, and Meyer [9] and popularized from then on. Redundancy of
frames is one of the key features that are important in both theory and application,
and it provides flexibility on constructions of various classes of frames. Just as the nice
properties of frames, frames have been applied to wide range of science and technology
fields such as signal processing [14], coding theory [4, 13, 15], sampling theory [16],
quantum measurements [, 11] and image processing [6], etc.

Let H be a separable space and J a countable index set. A sequence {f;}ics of
elements of H is a frame for H if there exist constants A, B > 0 such that

AlFIP < ZWALHF <BISP. vfen.
jeJ
The numbers A, B are called lower and upper frame bounds, respectively. If A = B,
then this frame is called an A-tight frame, and if A = B =1, then it is called a Parseval
frame.
Suppose {fj}jes is a frame for H , then the frame operator is a self-adjoint posi-
tive invertible operator, which is given by

S:H —H, Sf=2{f.fi)f

jeJ
The following reconstruction formula holds:

F=X 1) S i =287 ) i

jeJ jeJ
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where the family {fj};c; = {S™'f;}jes is also a frame for H, which is called the
canonical dual frame of {f;}je;. The frame {g;};c; for H is called an alternate dual
frame of {f;} s if the following formula holds:

f=2f1)gi=2(f&)f

jer jer

forall feH [12].

Weaving frames were introduced in [2] and investigated in [3, 5]. The concept
of weaving frames is motivated by distributed signal processing, which have potential
applications in wireless sensor networks and quantum communications that require dis-
tributed processing under different frames, as well as pre-processing of signals using
Gabor frames. For example, in wireless sensor network, let two frames F = {f, j} jeJ
and G = {g;} je; be measure tools. At each sensor, we encode signal f either with f;
or g, so the encode coefficients is the set of numbers {{f, fj)}jcc U{(f.8;)} jeoc for
some 0 CJ. If {fj}jecU{g)}jcoc is still a frame, then f can be recovered robustly
from these coefficients.

But {fj}jcc U{gj}jcoc may or may not be a frame for H for any o C J. For
example, let {ej}ézl be an orthonormal basis for H , F = {fj}?zl ={e1,ez,e1 +e3}
and G = {g.f}3=l ={ej,e3,e1 +ez}, then F and G are two frames for H . If we choose
o ={1,2},then {fj}jcc U{g)}jcoc = {e1,e2,e1 + €2} is not a frame for H .

What is the condition such that {f;}jcc U{g;}jcoc is a frame for H for any
cClJ?

In this paper, we give some sufficient conditions under that a family of frames is
woven in Hilbert spaces, and we also consider those perturbations that can be applied
to woven frames so as to leaves them woven.

Throughout the paper, let [m] = {1,2,---,m}. We first recall some concept and
properties of woven frames.

DEFINITION 1. [2] A family of frames {F; = {fi;} jes}icim for H is said to be
woven if there are universal constants A and B such that for every partition {0;};c(y|
of J the family {f;;} jearicim) 18 a frame for H with lower and upper frame bounds A
and B, respectively. And {f;;} jeariclm) 1s called a weaving frame (or a weaving).

The following proposition gives that every weaving automatically has a universal
upper frame bound.

PROPOSITION 1. [2] Ifeach F;={f;;}jcs is a Bessel sequence for H with bound
B; for all i € [m], then every weaving is a Bessel sequence with Yicm Bi as a Bessel
bound.

Let {Oi}c|n be any partition of J, now we define the space:

@ 52(05) = {{Cij}jeo,-,ie[mﬂcij c C7 o; C J, i€ [m}, 2 |Cij‘2 < ‘X’} s
]

ic[m] JjEoi,icm
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with the inner product

({cij} jecicim {dij} jeoicm) = 2, leijdijl,

Jjeaiclm]

itis clear that ;¢ ¢*(0y) is a Hilbert space.
Let the family of frames {F; = {fi;} e/ }ic[m be woven for 7, for any partition
{0i}icim of J. W ={fij} jco,icm is a frame for H , the operator Tiy : Dic | 2(0;) —

‘H defined by
Ty ({cij}) = 2 Tr.Do,({cij}) = 2 2 cijlfijs
ic[m] i€[m] j€O;

is called the synthesis operator, where T, is the synthesis operator of F; and Dy, is a
|/| x |J| diagonal matrix with dj; = 1 for j € o; and otherwise 0. The adjoint operator
of Ty is given by:

T‘;;H - @62(01')7 T‘;[k/(f) = 2 DG:TIgl*(f) = {<f7fij>}j€0'i,i€[m]7 VJCG’]—L

ic[m] i€[m]

and is called the analysis operator. The frame operator Sy is defined as

(X T5Ds)( Y, TrDa,) (f)

Sw:H —H, Sw(f)=TwTy(f)

i€[m] i€[m]
=2 SEN) =X Affi)fi
i€[m] /€0’,-,i€[m]

where S, is the frame operator of F; and Sg_" is a “truncated form” of Sr,. The operator
Sw is positive, self-adjoint and invertible.

2. Main results

We first give some properties of weaving frames. The following result can be
direct obtained from Proposition 1.1.4 of [7].

PROPOSITION 2. Let two frames F = {f;}jc; and G = {g;}je; be woven with
synthesis operators Ty and Tg, respectively. For any ¢ C J, a weaving {f;}jcc U
{gj}jeoc is an A-tight frame for 'H if and only if TrDsTy 4+ TgDoe T = Aly, which
Dg is a |J| x |J| diagonal matrix with d;; =1 for j € ¢ and otherwise 0, Dge is a
|J| x |J| diagonal matrix with dj; =1 for j € 6 and otherwise 0.

Proof. Forany ¢ C J, then the synthesis of weaving frame W = {f;} jcc U{g;} jece
is TrDg + TgDoe . Then the frame operator

SW = (TFDG + TGDG")(TFDO' + TGDO'C)*
B TFDgT;‘( + TFD()'DO'K‘ TG* + TGD()'(‘DO'T; + TGDGL‘ TG*
= TFD(;T};k + TGDO—rTg. U
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If two frames are woven, one may ask whether their canonical dual frames are also
woven. The following result presents a condition such that their canonical dual frames
are also woven when two frames are woven.

PROPOSITION 3. Let two frames F = {f;}jc; and G = {g;}jes be woven with
universal constants A, B and frame operators Sp and Sg, respectively.
—1_ g1 —1_ g1 —1 —1
I |ISFIISE' =S < 5 (or [SallISz" —Sg' Il < %), then Sz'F = {Sg fi} jes
and S;'G = {S5'g;} jes are also woven.

Proof. We only consider the case of ||S¢||[|Sz' —Sg'|| < 4. Now for every o C J
and each f € H , we have

(2!<f,SF I+ X 1868 )"

= (Ll h)f +/§C|<Salf7g,->!2)”2
(R S 1050+ 55 5: ) )

(1§|<SF Ol +,§o (5" 7)) - (g(K ~si e
> VIS 1= (X 1(655" =18 N

> VA|Sg' fll = VBISg' =g If]

\/_ 1 —1
> (g~ VEISs! =571 )11

and

Z|<f»S;1fj>}2+ Z }<fvS(_;lgj>| \§|<f7SFlfJ | +2|<f7 G g,)}

jeo jeo¢ JjeJ
= S USE LA+ X (S5 e
jeJ jeJ

<BUISE' I+ 1S IR O

In Proposition 3, for any ¢ C J, {fj}jcc U{g;}jcoc is a frame for H, and
{SF'fi}jeo U{S5'gj} jeoe is also a frame, it should be noted that {S;'f;}jcc U
{S5'g;} jeoe is not a dual frame of {f;} e U{g,}jeoc in general.

EXAMPLE 1. For two given frames F = {f;}7_;, G = {g;}}_,,

P {o] LRI e {B)E AL
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It is easy to verify that F' and G are woven, and S;lF and S&lG are woven. Suppose
o = {1,2}, then the weaving is given by

(R tRHE RN

W:{S;lfl,S;lf%SElgﬁ:{[ %%H_%H % ]}

_3 ~
We compute TWT‘;/ = [ ! 76} #+ L«7, thus W is not a dual frame of W .

217
36

The following result give a simple characterization of dual frames of a weaving.

PROPOSITION 4. Suppose that the family of frames {F; = { fij} jes }ic|m is woven.
Let {G,-},-e[m] be any partition of J, then the synthesis operator of dual frame of weaving

frame W = {fij} e, icim| is given by Sy Tw +U, where Yiepm TrDs,U™ = 0.

Proof. A simple calculation yields this. O

We next give a characterization of weaving frames in terms of bounded linear
operators.

THEOREM 2. For i € [m], let F; ={f;;}jes be a sequence for H . The following
conditions are equivalent:

(i) The family of sequences {F:}ic|m is woven frames for H .

(ii) For any partition {G,-},-e[m] of J, there exists A > 0 such that there exists a
bounded linear operator T : Dicjy 2(0;) — H such that T(u;;) = f;j for all
Jj € 0i,i € [m], and ALy, < TT*, where {u;j} jcq, ic|m i the standard orthonor-
mal basis for ey (o).

Proof. (1)=(ii): Suppose A is a universal lower frame bound for the family of se-
quences {F;} iy, let Ty be the synthesis operator associated with W = {f;;} je g, ic(m) -
Choose T = Ty , then

T(wij) = Tw(uij) = Y, TeDo,(uij) = fij, Jj € 01,i € [m],

i€[m]

where {u;j} jeg, ic|m is the standard orthonormal basis for ;¢ (0y).
Furthermore, for all f € H , we have

AN =AIP< X A =T (AP = IT* (DI = (TT*f.f).

jeoy,ilm]

This gives Al < TT*.
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(i)=(i): For any partition {G;};cp, of J, for {cij} € Dicpm (0;) and T :
Bicim *(01) — H , we have

<T({Cij})»f>:<T( > ]Cijuij)7f>=< > ]cijTu,-j7f>

Jjeo;iclm Jjeo;ic€lm

= < D Cijfijaf> = Y /. fij)
JjEo;.ic€[m] JEO;.i€[m]
This gives
T*(f) :<f7ﬁj>,€0—7l€[m]v vaH (2.1

Since Al < TT*, by using (2.1), we have

AP <@ ) =T NIP="3 3 (0]

i€[m] jE€O;

On the other hand, for any f € H , we have

3 S A = 1T IR < ITH PR,

i€[m] jEo;

Hence, {fij}jecq,icim is @ frame for H and the family of sequences {F;}ic, is wo-
ven.

We know that any pair of Bessel sequences can be extended to a pair of dual
frames [8]. In fact, any two Bessel sequences can also be woven on certain condition.
The following result gives a sufficient condition such that two Bessel sequences are
woven.

THEOREM 3. Let F ={f;}jc; and G ={g;}jes be two Bessel sequences for H
with synthesis operators Tr and Tg, respectively. Forany ¢ CJ, if Iy = TrT5 =TTy
and TETZ" =TZTZ", then F and G are woven frames for H., which T and TS are
“truncated form” of Tr and Tg for o C J, respectively.

Proof. Let By and B, be Bessel bounds for F and G, respectively. For any
feH,oC ], wehave f=3;c;(f.fi)8i=Xjes([-&) fi»and e (f.fi) 8 =
Yjco (f.85) fj- By using (a+b)* < 2a*+2b?, we compute

A1 =148

jer

= <Z (ffirgit 2 <f7f.f>gj,f>

JjeEo jeo*

2

2
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2

N
)

2+2‘< > <f,fj>g,-,f>

jeo¢

2+2‘< > <f7gj>f/7f>

JEOC

<2 <f7fj>gj’f>

JjeEo

=2 < > <f,fj>g/7f>

JjEo

2

2 2

JjEo

22’<f f/>| Z’<f,gj>| +2 Z ’<f,g,>’ Z ’<f f/>’

Jjeo Jjeo jeo* jeo*

2B\ fIP X [ 2Bl (e

jeo jeoe¢

<2max{m 8 AA)+ T () ):

JjeEo jeo*

jeo*

Therefore, for all f € H , we have

1

s B I S S AP+ X (e < B+ Bl

JjeEo jeo*
Hence, F and G are woven. [J

When a set of operators is applied to a frame, the following result gives a sufficient
condition such that a set of frames are woven.

THEOREM 4. Let F ={f;} je; be a frame for H with bounds A, B, and {Ui}c |y
CL(H). For ke, if Uy has aleft inverse V € L(H ) and n_1;1kx||Uk—U,-H <\ /ﬁ.
1

L

v’ then the family of frames {UiF}ie[m] is woven.

Proof. Since VU = by , then ||l — VUl| = |V (Ux —~ U)| < \/ g \f<

1. Therefore, VU; is invertible for i € [m]. Consequently, U; has a left inverse. Hence,
for any i € [m], U; is bounded below by 4, i.e., A||f|| < ||Uif]| forany f € H . Since
A% Ly <UU; and A Iy < Sp < B- I, then

AL? Iy < A-UFU; < Syr < B-UFU; < B|U|1* - Iny.

Hence {U;f;} jes is a frame for any i € [m]. Let {0i}c|, be any partition of J. Then,
forevery f € H we have

> Y ruml =X T Kuirml< X XU
i€[m] j€o; i€[m] j€o; i€[m] j€J

<B Y (U217

i€[m]
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On the other hand,

> X Kru)l

i€[m] jJEO;

= X (R0l o+ AU+t T KA

Jjeoy JEO; JEOK
+o4 Y (AU
J€6n7
= }<f»(U1—Uk+Uk)fj>|2+”'+ > |<f7(Ui_Uk+Uk)fj>|2
Jjeor JjEOo;
+ot Y ’<f»kaj>|2+"'+ D |<f7(Um_Uk+Uk)fj>|2
JEOK JjEOm
2 } f»kaJ | +2 } vaka | _2 } fv (Ui— ka/>}
jeo jeo; jeo;
+ X LU= 3 - f))
JEo] Jeoy
toot S AU = 3 | Un = U )
JEOM JEOm
> LU =3 2 1 Ui—uf))
= iZkjeoi
=S = X T U=
jeJ ik jeo;
> AU 2= 3 3 | U~ U )
iZk jed
2Hf||2 BY |\Ui — Uil £11P
||VH o

A 2 2
> —=—(m—1)Bmax||U;—-U .
<V||2 (m—1) l.?chH i kll ) 1]

This completes the proof. [l

Next, we present a characterization of weaving frames by synthesis operators of
frames.

THEOREM 5. For i€ [m], let F; ={fi;}jes be a frame for H with bounds A;, B;.
Assume forany k€1, ||Tr, —Tg, || < Wﬁ, then the family of frames {F}ic
is woven.

Proof. It is clear that the family {f;;} jeariclm) 18 a Bessel sequence with Bessel
bound mm[a?Bi. Forany f e H,
i€lm

ITE A1 = 3 i)l < S f) P = 1T 1P < Tl P
jer

Jeo;
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hence || 75"[| < ||7x]|. And then

i Oy i 0y * i Oy i Oy i Oy i Oy
T T — T TR | =TT —T' T + T T —T5 Tr |
< |\ T/ (T —T;: )H+||(T£’—T§’)T£' |

~
<N TN Tr = Tr | + 175 — T | T
<

(VBi+ /B Te, — Tr||.
Therefore,

Y sp= Y, Sf;;+sfékk

i€ ielm\{k}
S Sféj+<SFk— Y S?,ﬁ)
ic[m)\{k} i€[m]\{k}
:SFk+ 2 (ng_sgi)
ek}
>Ac = Y |ISE = SE I
i€\ {k}
> (A= Y, (VBi+ /BYITr —Trl)-
iem\{k}

Hence, the sequence {fi;} jeq, ic[m s a frame for  , and the family of frames {F;} ¢y
is woven. [

THEOREM 6. For i€ [m], let F; ={fi;} jes be a frame for H with bounds A;, B;.

Forany 6 CJ and a fixed k €1, let P?(f) =Y co <f,f,-j>f,-j —Yjeo <f,fkj>fkj for
i#k. If PP is a positive linear operator, then the family of frames {F,-},-e[m} is woven.

Proof. Let {0;}c|,y be any partition of J. Then, for every f € H , we have

AP <SS =X S )P

jeJ i€[m] jEOo;
= YA Ffipfis f) = XX AL figfij = BT (F). )
i€[m] jeoi ic[m] jeoi
= 2 A X ffidfijs ) = AR (). f)
i€[m] JEO; i=1
< YA S fipn ) = 2 X Wl
i€[m] jeoi ic[m] jeo;

<Y U< (Z Bz-) 117

i€[m] j€J i€[m]



818 D. LI, J. JIANG AND Y. XU

thus,

AdFP< Y S Al < X Bl

i€m] jeo; i€[m]
The proof is completed. [J

Finally, we consider the perturbation of a set of frames that is woven. We first
need the following definition.

DEFINITION 2. Let F = {f;}e; and G = {g}jcs be sequences in Hilbert space
H,let 0 < pu, A <1.1If

SN =) <A DN+ w1

jer jer

then we say that G is a (A, 1) -perturbation of F.

THEOREM 7. For i€ [m], let F; ={fi;} jes be a frame for H with bounds A;, B;.
For a fixed k € 1, let F; be the (A, L;) -perturbation of Fy for all i € [m]. If

Z)Li < landA; > M,
por 1=Yiuk

then the family of frames {F}ic|yy) is woven.

Proof. Let {0;}c|,y be any partition of J, observe that

> (ki = 5 < TN f = F)[

JEO; jeJ

For every f € H , we have

3

(%f") A
EEBIEAT D]

i#k jeo;

P

z |<f,fkj>l2+i§;<j§il<f,ﬁj—fkj+fkj>’2
" &
&

(I P+ X 2 (i) =2 XN f = fi)

i#k jeo; ik jeo;

Z | ffk1>} _2 Z |<f Jij = fk1>}

| j€o) i#k jEO;
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> XS =X E Wi = fi)

= iZk jed
=D |<f,fkj>}2—2 lliz |<f,fkj>}2+llif||2]
= Pl I

. Kl_ ;3) A %u] IR

Hence the family of frames {Fi}c|, is woven with bounds (1 — ;s A1)Ax —
YizkMi and Xic Bio U

EXAMPLE 8. Let {ej}i 1 be an orthonormal basis for R>, let g; = e;, g» =
er,83 = e +ep, and let f; = zg,, h; = 2gj for all j=1,2,3. Then F = {f,}, 1>
G= {gj}§ , and H = {hj}j:1 are frames for H with frame bounds (3,%7), (1,3)
and (%, 4) respectively.

Choose A; = é, W = g and A, = g U = %. Then A; +4; <1 and A >

Mty
T=(Aip) - Forany f €M, we compute

w

Jj=1

SN e =3 S 00l =5 1 0P
i3

| )P+ il £,

and

\Dl-lk

Mm

0wl = 2 ) =5 2 1000

3
X Y|+ a1
j=1

Hence by Theorem 7, F, G and H are woven. In fact, for any partition {0},02,03}
of N,

S+ X e+ X [(m))

jEoy JjEOH JEO3

= 3 [(£.d7 i+ dPgi+d7; >‘

jeN
3d"1 d"3
< —+d ) )(g1)>

where d;.”' =1 for j € o; (i=1,2,3) and otherwise 0. Thus {f;}jco, U{g}} e, U
{hj}jco, is a frame for H .

2

-y ,

jeN
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In the following result, we give some conditions that under those, perturbation of
wovens are woven again. The following definition is needed.

DEFINITION 3. Let F ={f;}je; and G = {g;}jes be sequences in Hilbert space
H,let 0 <A < 1. Let {cj}jes be an arbitrary sequence of positive numbers such that
ZjGJC? < oo, If

| 2 cilfi =gl < Al{es}tjeslls (2.2)

jeJ

then we say that G is a A -perturbation of F'.

THEOREM 9. Let the family of frames {F; = {fij} jes }iem) be woven with bounds
A,B, and F, = {fi/j}jgj be A;-perturbation of F;. If Ai < ZAW forall i € [m], then
the family of frames {Fi/}ie[m} is woven in Hilbert space H. .

Proof. Let Tf, be the synthesis operator of F;, by (2.2) it follows

7F, — TF_’ | <A
Let {Oi}ie|m be any partition of J, for every f € H

AP < X T (NIP < BIAIP.

i€[m]

Therefore,

3 [ | - 3 Jrin - ol
<23 [ —Tg"*(f)H2+2_Z el
<23 [(rg-m) [ree2 3 o]
) ( » A?) 112+ 28] 71

ic[m]

=2 <B+ > Aﬁ) 1P

ic[m]

On the other hand, by using the inequality

(a1+art - tay) < \/m(@+ a3+ +ad) (a>0),
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for any f € 'H , we have
S o)
=3 g1 <f>+TF‘,.’f*<f>H2

5 (| g cn-rz el
P (HT H2+HTé"*m—TF‘,.’f*<f>H2—2HTF‘,.’f*<f>H Hrg*m—rgf*mu)
*<f>H -2 3 [ | o0 -]

o —2%%}f||i€%]Hrgf*<f>H
m Y T (s

ic[m]

> Allf|I? - 2VmB?El;1>]c{?w}llfH2-

WV | [ WV
= -
Q

\\/
ﬂ
9

>A\\f||2—2?€1%{?w}llf\\ )2

This completes the proof. [l
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